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Nowadays, housing prices is one of the burning issues in some of the current
main economies in the world (such is the case of the United Estates of America,
the United Kingdom, Spain, among others, as well as in Poland). This is the
reason of the increasing literature about methodologies for estimating them,
because the valuation of the real estate properties is crucial for fiscal issues, it
influences the consumption and the rate of economic growth, etc. Model-driven
orientation has been traditionally used for estimating housing prices (hedonic
models, spatial autoregressive models, mixed regressive spatial autoregressive
models, models with spatial dependence in the error term, spatial Durbin models,
etc.). But there is another alternative approach, the data-driven approach, which
includes, among others, shape functions, methods based on inverse distance
weighting, kriging and cokriging, the last two ones having shown to provide
excellent results due to the fact that they take into account the structure of the
spatial dependence existing in the data. Having said that, the paper shows how
kriging and cokriging work, and provides their equations in several situations
(constant and unknown mean, existence of trend, homotopic, partial and
complete heterotopic cases, etc.). It includes three different applications in the
real estate market of Toledo (Spain).
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1. Introduction

The importance of space as the fundamental concept underlying the essence of
social science is unquestioned. Since 1950s, a large number of spatial theories
and operational models have been developed, which have gradually disseminated
into the practice of urban and regional policy and analysis. However, this
theoretical contribution has not been matched by a similar advance in the
methodology for the econometric analysis of data observed in space.

“Spatial” means each item of data has a geographical reference so we know where
each case occurs on a map. This spatial indexing is important because it carries
information that is relevant to the analysis of the data. The term “spatial
analysis” has a background in geography that can be traced back at least the
1950s. Spatial analysis is a term widely used in the Geographical Information
Systems (GIS) and Geographical Information Science (GISc) literature. A
definition of spatial analysis is that represents a collection of techniques and
models that explicitly use the spatial referencing associated with each data value
or object that is specified within the system under study. The main idea when the
spatial effects appear is how these effects can be measured. So, in this sense is
very important to show that the spatial effects can be considered as special cases
of general frameworks in standard econometrics, and to outline how they need a
separate set of methods and techniques, encompassed within the field of spatial
econometric.

The term “spatial econometrics” was coined by Jean Paelinck in the early 1970s
to designate a growing body of the regional science literature that dealt
primarily with estimation and testing problems encountered in the
implementation of multiregional econometric models. In their book Spatial
Econometrics, Paelink and Klaassen outline the following characteristics of the
field in terms of the types of issues considered: the role of spatial
interdependence in spatial models, the asymmetry in spatial relations, the
importance of explanatory factors located in other spaces, and the space
modelling.

On the one hand, the distinction between “spatial econometric” and “statistics
econometric” is easy and essential. If activities such as the estimation of spatial
interaction models, the statistical analysis of urban density functions, and the
empirical implementation of regional econometric models are analysed applying
standard econometric, the study of the models in question will tend to ignore
specific spatial aspects. On the other hand, the distinction between “spatial
econometrics” and “spatial statistics” is less straightforward, and methods tend
to be categorized as belonging to one or the other field depending on the
personal preference of the researcher. One possible categorization can be
extracted from Haining (1986) and Anselin (1986). They refer to “the data driven



orientation” in spatial statistics' and to “the model driven approach” in spatial
econometrics?. Moreover, spatial econometric typically deals with models related
to regional and urban economics, whereas a substantial body of the spatial
statistical literature is primary focused on physical phenomena in biology and
geology. This paper shows briefly “the model driven approach”, studies widely
“the data driven orientation” (kriging and cokriging methodologies), and
provides several applications of these spatial techniques to the real estate case,
due to the importance that this issue has nowadays.

Of course, it is clear the importance that the construction sector has into the
economic activity, not only because of its contribution to the Gross Value Added,
but also by its driving character of the rest of the economic sectors and its
influence in the employment. Moreover, within the construction sector, the
housing sub-sector has special characteristics due to the social impact it presents,
being the house a liability of utmost importance, whose purchase requires a great
economic effort. So, this is why the housing price indexes are one of the issues
that worry the citizens and the economic authorities greatly. Due to the
importance that the housing market has nowadays in the whole developed
countries, it generates a lot of literature. Some interesting recent contributions
from several points of view are, among others, the following ones: Dubin (1998)
uses multiple listing data to predict house prices; Basu and Thibodeau (1998)
examine spatial autocorrelation in transaction prices of single-family properties
in Dallas, Texas; Gamez et al. (2000) deal with the estimation of punctual house
prices in some particular locations; Din et al. (2001) compare various real estate
valuation models and the manner in which they take into account environmental
variables; Clapp et al. (2002) deal with spatial prediction models that take into
account different sources of spatial variation; Fik el al. (2003) present an
interactive variables approach and test its ability to explain price variations in an
urban residential housing market; Case et al. (2004) report results from a
competition on modelling spatial and temporal components of house prices; Han
(2004) examines the spatial distribution pattern of housing prices in Beijing and
Jakarta; Mathur et al. (2004) provide new evidence on the effects of impact fees
on housing prices; Militino et al. (2004) compare different statistic techniques to
analyze the behaviour of used dwelling market prices; Gelfand et al. (2004)
incorporate spatial information in explaining the evolution of house prices over
time; Thlanfeldt and Shaughnessy (2004) present the results from estimating the
effects of development impact fees on the prices of new and existing single-
tamily homes; Montero and Larraz (2006a) suggest punctual kriging to estimate
the price of a house in a particular location and Anderson and West (2006) use
hedonic analysis to estimate the effects of proximity to open space on sales price.

' Representative examples are the most of the writings of Cliff and Ord (1973, 1981), Bartlett
(1975), Bennett (1979), Griffith (1980, 1987), Ripley (1981), Watenberg (1985), Upton and
Fingleton (1985) and Wackernagel (2003).

Z Tllustrative examples are the work of Hordijk (1974), Hordijk and Paelinck (1976), Blommestein
(1983), Anselin (1980, 1988), Foster and Gorr (1986) and Fisher and Nijkamp (1984).



There is no doubt that prices of houses but also premises are spatially correlated
(things that are closer are likely to be more similar than the remoter ones). This
lack of independence has been widely commented, as can be seen, among others
in Granelle (1970), Guigou (1982), Richardson (1986), Roca (1988), Chica (1994),
Dubin (1998), Montero and Larraz (2006a) and Yiu and Tam (2007) and can be
easily checked in any case throughout the existing autocorrelation test such as
Moran’s I or Geary's ¢ statistics. The existence of this spatial correlation has lead
us to suggest the above mentioned techniques (kriging and cokriging) as the
more suitable ones when trying to estimate real estate prices.

The rest of the paper is organized as follows. Section two investigates briefly
into the traditional spatial econometric approach. Section three sets up
methodological issues related with the spatial statistics, suggesting kriging and
cokriging as an alternative. In section four three different applications are
shown. Finally, section five summarizes the paper and concludes.

2. The traditional econometric approach

As Anselin pointed out (1988), spatial effects are the essential reason for the
existence of a separate field of spatial econometrics. Spatial effects can be
classified in two general types: spatial dependence or spatial autocorrelation and
spatial heterogeneity. While spatial dependence can be considered as the
existence of a functional relationship between what happens at one point in space
and what happens elsewhere, spatial heterogeneity implies that functional forms
and parameters vary with location and are not homogeneous throughout the
data set.

We are going to focus on spatial dependence but, due to the multidirectional
nature of dependence in space, it is needed a different methodological framework
than used in the one-directional situation in time. It is well known that the
consequence of spatial dependence and heterogeneity is that the observations
contain less information than if there had been independence. The statistical
properties for estimators and hypothesis tests in the standard econometric
approaches will not hold in the presence of those spatial errors. In order to
obtain approximately the same degree of information as in an independent set of
observations, the structural information of spatial pattern will be needed.

The main characteristic of spatial econometric is the way in which spatial effects
(in our case, spatial autocorrelation) are taken into account. Typically, the use of
a spatial weight matrix achieves that spatial models can be applied to many
empirical contexts, provide that the spatial dependence is properly expressed in
the weights and that the spatial heterogeneity is accounted for in the
specification of the model. The most important taxonomies for spatial regression
models have been written by Anselin (1988 and 2001) and Florax y Folmer
(1992), and the rest of the section is devoted to briefly show the primary ones
used when valuating properties.



The simple regression model (SRM) and multiple linear regression model (MLRM)
have been widely used in the valuation of properties, but usually they did not
take into account the location of properties. The introduction of the micro-
localization factors and the spatial dependence within the regression models
implies the definition of the concept of vicinity and the well known matrix W of
vicinities. The ultimate objective of the use of W in the specification of spatial
econometric models is to relate a variable at one point in space to the
observations for that variable in other spatial units in the system.

There are two basic alternatives to introduce W in the model: including WY
and/or WX as exogenous variables (substantive dependence) or including a
spatial autoregressive disturbance, or both. These alternatives lead to the
following models:

1) The first-order spatial autoregressive model (SAR (1)), was suggested by Besag in
1974 and consists of a linear relationship between a conditional expectation of
the dependent variable and its values in the rest of the system. It can be
expressed in the following form:

y = oWy +u

u=N(0,0°T S
in which y is a vector of observations on the dependent variable expressed in
distances between data points and the mean, p the autoregressive parameter, W
denotes a spatial weight matrix, u a vector of independently normally distributed
errors with zero expectation and variances 0 and I the identity matrix. In SAR
(1) the value of an observation in a point of the space is conditioned by the values
of the observations in other points. In this sense, it is a pure autoregressive
model. For example, in the case of properties valuation the price of a property is
obtained from the prices of the properties nearby. It does not take into account
exogenous variables X.

2) The spatial lag model (SLM) is a general spatial autoregressive model, in
which explanatory variables include a spatial lag for the dependent variable as
well as a set of exogenous variables. It can be expressed as:

y = PpWy+X[+u

u=N(0,0°l) @)
where y is the vector of responses, p is the autoregressive parameter, Wy is the
spatial lag for y, X is a matrix of explanatory variables, B is an vector of

parameters and u a vector of independent and normally distributed errors. SLM
is suitable when the spatial dependence is significant and remains regardless of
the explanatory variables added, then 'substantive spatial dependence' is present.
This implies that the value of a variable observed at each location is truly jointly
determined with that at other locations, so is unreliable the independent premise.



In the real estate case, this model could be useful to estimate, for example,
housing values, when data about explanatory variables (quality of the
construction, age of the building, width of the street in which is located, and
height in the case of buildings, if it has or has not a lift, the number of
bathrooms, etc.) are available but the price of the houses not only depend on such
as exogenous variables but also on the price of properties in their
neighbourhood.

8) The spatial autoregressive model with spatial error dependence consists of a linear
relationship between a conditional expectation of the dependent variable and its
values in the rest of the system with spatial dependent in the error terms. It can
be written as:

y=pWy+u
u=AW,u+eg (3)
£=N(0,0°]);

where y is the vector of observations on the dependent variable, o0 is the

autoregressive coefficient, W denotes a spatial weight matrix, A is the
coefficient in a spatial autoregressive structure for the disturbance u, € is a
vector of independently normally distributed errors whit zero expectation and

variances g° and I the identity matrix.

4) In the linear regression model with a spatial autoregressive disturbance or spatial
error model (SEEM) the explanatory variables contain only exogenous variables
but the error term follows a spatial autoregressive process. It is usually
expressed as

y=Xp+u
u=AWu+eg (4)
£e=N(0,0°1)

In this specification, [ is a vector of parameters associated with exogenous

variables X and A the coefficient in a spatial autoregressive structure for the
spatially correlated errors. It can also be considered as a second order spatial
autoregressive structure for the error term

u=AWu+A Wu+tg
{s = N(0,0°1)

where W', W? are spatial interaction matrices, or a moving average structure
u=6Wge+e
{a = N(0,0°1)

where 8 is a scalar parameter associated to We.

()

(6)

5) By combining the SLM and the spatial autoregressive model with spatial error
dependence, and adding one or more spatially lagged exogenous variables it is



obtained the mired-regressive-spatial autoregressive model with a spatial
autoregressive disturbance or general spatial regression model (GSRM):

y=PWy + X5 + W,RS, +u
u=/AW,u+¢ (7)
e=N(0,0°]);

where R is the matrix of the exogenous variables, which could entirely match up

with the matrix X or not.. Obviously, the number of specifications can be
duplicated by allowing heteroskedasticity of a specific form.

Taking as point of departure GSRM and setting to zero sub-vectors of the
parameter vector @Z[p,BI,BZ,}»] the above mentioned models are easily
obtained (among others), as can be seen in Figure 1.

Figure 1: Taxonomy of models with spatial dependence
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Source: Chasco. C., (2003) “Econometria Espacial Aplicada a la Prediccion-Extrapolacion de datos
Microterritoriales”. Tesis Doctoral. Universidad Auténoma de Madrid.



3. Rriging and cokriging as as alternative.

These approaches facilitate realistic modelling that account for the complexity of
natural and economic phenomena and help solve economic and development
problems in mining, oil exploration, geology, hydrology, real estate,
environmental engineering, and other real-world situations involving spatial
uncertainty. In real world, it is impossible to get exhaustive values of data at
every desired point because of practical or economic constraints. Thus,
interpolation is important and fundamental to graphing, analysing and
understanding of two-dimensional data. Among all the existing interpolation
methods, kriging and cokriging takes advantage of the structure of the spatial
dependence that the phenomena present. In this sense, kriging is a method of
interpolation which estimates unknown values from data observed at known
locations (univariate approach) while cokriging estimates unknown values using
also additional information about other phenomena correlated with the main one
(multivariate approach).

3.1. Kriging methods: Univariate approach

Kriging is a geostatistical technique that allows us to interpolate the value of a
random function at an unobserved location from observations of its value at
nearby locations. There are several natural and economic phenomena such as ore
body —the extent and value of ore where it is located— , extraction of
petroleum or coal, mineral concentrations, soil moisture, house prices, premises
prices, among others, which can be considered as a random function or stochastic
process, X(s) (ie. an infinite family of random variables constructed at all points

of a given region) , being s the different locations where the data are or could
been observed (e.g. where minerals are located or houses are sited). It means that

each variable X(s,) takes different values depending on its spatial location. This
function used to be spatially autocorrelated, being the sample a particular
realization x(s) of X (s). When this correlation between the variables exists, it is

necessary to take it into account for estimating the mean value of the phenomena
and for making punctual estimations at an unobserved location.

In this case, when the variables of the random function are spatially correlated,
kriging is considered as a suitable estimation method because it incorporates the
structure of that spatial correlation computing the best linear unbiased
estimator. Depending on the purpose, it is necessary to take into account two
versions of kriging: kriging the mean to estimate the mean value over a region
(section 3.1.1.1.) and punctual kriging to estimate a value at a particular point of
a region (section 3.1.2). And depending on the kind of stochastic process we deal
with, three different types of punctual kriging can be distinguished: simple
kriging —if the random function is second-order stationary with known mean—,
ordinary kriging —if the random function is second-order or intrinsically
stationary with unknown mean— and universal kriging —if the random function
1s non-stationary.



3.1.1. The importance of spatial correlation when estimating parameters.

The presence of spatial correlation between the variables of a random function or
stochastic process affects to the traditional methodology used to estimate the
population parameters. The estimator variance varies from the case of
independence to the case of spatial dependence. Assuming that we deal with a
random function, which presents positive autocorrelation, it will imply a higher
estimator variance when estimating the population mean. Therefore, if the
estimators that have been designed for the independence case are used when
positive autocorrelation exists (the real estate case) then, the confidence intervals
of the mean value in the interested area will be too narrow.

As an example, suppose that X(s,),X(s,),...,X(s,) are random variables
denoting the price of the houses located, respectively, in the geographic locations
S,,8,,...,8, of a domain. Suppose that every variable are independent and has

. 2 .
unknown mean f and known varianced”. The well-known unbiasedness and
minimum variance estimator of the parameter u is:

7:iX(Si)

X (8)

i=1 n
2

. . g
with mean 4 and variance —.
n

Suppose now the more realistic assumption in the spatial case that the variables
are positive autocorrelated and that such dependence decreases with the distance
between them. This implies, for example, that?

c(x(s), x(s))=a?p" i j=12,....n 0<p<l 9)

being the estimator variance

V(X) zle(iX(S,-))zl{naz +2Zazp“"”}=
n =l n i)

o’ o’ 1 X -
:7”-,7[(”‘1),0 +(n=2)p> +...tn-(n-Dp"]]| =
=C 42 25 -] ' =

n n- k=

3 The covariance function has been obtained from the classic example writen by Cressie (1993), p. 14. This

function is obtained from an autorregresive first-order processs X (5;)=0 X (s,;) T &(s;) =1 where
£(s;) ate random independent and equally distributed Gaussian vatiables with nule mean and variance
o’(1- p?), independent from X (s,) . Nevertheless, in this paper X = (X(sl),. . ,X(s")) are spatial data
in G so that the prediction of X (s,) ot X(S%) is so appropriated as the one from X ($,,,) .



=02{1+2h:ﬂn-h]p”}=

n n n=1
-7 1+2p(1—1j—2[ P j I=p" (10)
n 1-p n I-p n

From the above expression it is deduced that the term in square brackets is
greater than one if 0 >0-—as in the real estate case— while is lower if p<0.
Therefore, the presence of spatial dependence between the housing prices makes
the estimator variance higher respect to the independence case it 0 >0, and

lower if <0 —though this is not the housing case. In other words, when

spatial correlation exists, the variance of the arithmetic mean can be expressed as

follows
2

V(X)zol; (11)

being n' the number of independent observations that are equivalent to a certain
number of observations, n, with the spatial dependence abovementioned.
n n

= = 2 (12)
1+=> (n=-h)p’ 1+2p(1_1j_2( 14 j 1-p
= 1-p n 1-p n
So, the positive spatial autocorrelation aftects substantially to the accuracy of the
mean estimator. And it happens even when the sample size is high. Note that, in
this case,

. n

n =
1+p0
I-p

(13)

Of course, the presented results depend on the correlation model that has been
chosen. There are simpler covariance models —for example, the perfect spatial
correlation— or more complex ones, but all they drive us to the same conclusion
(see, for example, Grenander, 1954, Grenander and Rosenblatt, 1984 and
Haining, 1988): The arithmetic sample mean lose accuracy estimating the
population mean, increasing it with the spatial correlation. It means that in the
case that a confidence interval was computed, if spatial correlation exists and it is
not considered, we would obtain too narrow intervals. In other words, if we
maintain the size of the confidence interval built under the independence
assumption, the confidence level would be reduced.

Faced with the accuracy lost by the arithmetic mean estimating the population
mean under the presence of positive spatial correlated variables, it can be
deduced that this estimator is not the best linear one. In this sense, the aim will
be to determine which the best among the linear ones is.

10



3.1.1.1. Kriging the mean as an alternative

Having been exposed that the arithmetic mean is not a BLUE estimator of the
mean value over a region when sample variables are not independent, in the case
of spatial correlation D.G. Rrige proposes the following weighted mean:

(=T AXG) (14)

where the “best” weights are obtained by minimizing the variance of the
estimation error respecting the unbiasedness condition. In the real estate case,

X(s,) is the price per square meter in the locations,, being z the sample size.

In order to determine the weights A, assuming that the stochastic process is
second-order stationary with constant mean 4/, it would be desirable that the

estimation error was nil in average, E[/J * —,u] =0.

This unbiasedness condition would be held it and only if the weights A, sum up
to one. Indeed,

Elp*-p = E[gAiX(si)—u} = 2/1,-5[)((&)] -p= ﬂZ/‘ -U=0
- A=l (15)

It would be also desirable the variance of the estimation error to be minimum
under the unbiasedness condition. Calculating the variance as follows,

V(,U*)=E[(,U*)2]‘,U2 :E“Z/‘iX(s:‘)jz}_ﬂz =iZn:Af/]fE[X(sf)D((sf)]_”2 =

i=l j=l

=Y S A ), x6 ]+ 2 -2 =Y ardxe ) xs,)| (e)

=1 = i=l j=l
we consider the Lagrange function, ¢, and we obtain the weights A, by the
method of Lagrange Multipliers
¢(/1[aa):V(tU*_tu)_2a[zAi_lj (17)
i=1
Setting the partial derivative with respect to the Lagrange multiplier and the
weights A, to zero it is obtained the following equation system

0p(A,,a)
aA,

09N, a) _ &

LT =N ), -1=0
oa Z:l: '

= Z”:/‘«/C[X(Si),X(sj)]—a =0 0i=1,.,n
A (18)

11



or with the usual notations?,
D ACGs,-s;)-a=0, Oi=l..n
I=

. (19)
YA =1
Jj=1
In matrix form it can be written as

C(0) C(s,—s,) C(s,—s;) - C(s,—-s,) -1\ A 0
C(s, —sy) C(0) C(s, =s;) - C(s,=s,) —1[4A, 0
C(S3:—Sl) C(S3:—Sz) C(:O) C(s3:_sn) _:1 /].3 - O (20)
C(Sn _sl) C(sn _SZ) C(sn _s3) C(O) _1 An O
1 1 1 1 0\ a
where the optimal A, A,,...,A, can be obtained from
A CO)  C(s,=sy) C(s,-s;) - Cls,=s,) —1)7(0
A |CG,=s) CO)  C(s,—sy) -+ C(s,—s,) —1| [0
/]3 _ C(s; —s;) C(s;—s,) C(0) o C(s;-s,) 1 0 (21)
An C(Sn _sl) C(sn _SZ) C(sn _s3) C(O) _1 0
a 1 1 1 1 0

Finally, to obtain the estimator variance, the expression (19) is included in (16)

V(s =)= > AAC6,=s) =D AD ACs, =s)=> Aa=a (22
i=1 j=l i=1

i=l j=1

Note that in case of spatially independent data, the system for the kriging of the
mean simplifies to:

AV[Xe)=a, Di=1,..n
Zn:/]i . (23)
i=l

where all weights are equal to A, = a'/V[X(s)] and sum up to one, so, all of them

have to be ). Therefore, in the independent case, the kriging estimator of the
mean becomes the arithmetic mean being the minimum variance

n n 2

V(u*— 1) ZZZAMJC(SZ' _Sj) :i/‘zz [H[X(Sl)] :ann o’ :0-7 (24)

i=1 j=1

4 C[X (s,), X (s, )] = C(s, —s ) because the covariance function only depends on the distance

between the pair of locations under the assumption of second-order stationarity.

12



Before ending this section, it is important to stress two issues:
1) Solving the equations system (20) it can be appreciate that the weights A, does

not depend on the available data but on the structure of the spatial dependence of
the phenomena.
ii) It is necessary to have at our disposal a covariance function, C(h), being h the

distance (length and direction) that links the locations. This covariance function
can be estimated from the classical estimator being adjusted, subsequently, to a
theoretical model among the existing ones (e.g. see Emery, 2000).

3.1.2. Punctual Kriging

The more important aim of this paper is to estimatex™(s,), a value of the

random variable in any location s, out of the sample. To deal with this aim, it is
proposed the kriging estimator

X*(sO)ZZn:/]iX(si), (25)

a welghted average of the prices in the sample locations {s.,7i =1,...,n1. As we
ghted ge of the p the sample locations {s,,i=1,...,n} . A

wish it to be the BLUE one, the error estimation has to be nil in average and
minimum variance. Depending on the kind of random variable we deal with,
different types of punctual kriging can be distinguised: simple kriging, ordinary
kriging and universal kriging.

3.1.2.1. Simple Kriging

If the random function X(s) is second-order stationary with known mean, /, it
can be written as X (s) = i +e(s), where e(s) has null expected value. Since the
mean [ is constant and known, it can be defined a new regionalized variable
Y(s)=X(s)—u with E[Y (s)] =0 and a simple procedure to estimate

X(s,)consists of estimating the zero-mean variable Y(s) in s,by the linear

estimator Y *(s,) = ZAI.Y (s;) adding the mean afterwards.

i=1

In this simple case, the estimation error is always zero on average for every set
of weights, because E[Y(s)] =0. To obtain the set of weights that minimize the
variance of the estimation error, it must be expressed as follows,

V[Y*(SO)—Y(SO)] :El(Y*(SO)—Y(so))ZJ:

= iiAiAjE[Y(si)Y(sj)] - 2i/liE[Y(si)y(so)] + E[(Y(so))Z] = (o6)

n n

=3 > AAC(s; =) —22"‘,/1iC(s[ -s,)+C(0)

i=1 j=1

13



where C(s, —s ) refers to the covariance between the random variables sited in
the locations s, and s, C(s; =s,) refers to the covariance between the random

variables in the locations s, and the location of interest s,, and C(0) is the

variance of the random function.

The minimization procedure leads to the following system with z equations and
n unknowns

Z”:/I/.C(sl. =s,)=C(s, =s,),Li =1,..,n (27)
This system can I;Z expressed in matrix notations as C[A =C,, where
C(0) C(s,—s,) -+ C(s;-s,) A C(s, —s,)
C= C(sz'—sl) C(.O) C(s, -s,) = A, C, = C(sz.—so) (28)
C(s,—s,) C(s,—s,) - C(0) A, C(s, —s,)

and its solution is A =C™ [c,.

Including this result in (26), the estimation variance gives

V[X*(s,) = X(s)] =V[Y *(s,) = Y(s,)] = C(0) - i)liC(si ~s,) (29)

3.1.2.2. Ordinary Kriging

If the random function is second-order or intrinsically stationary, with an
unknown mean, ordinary kriging is the suitable estimation method. When the
mean is unknown, unbiasedness is not guaranteed and it implies to impose the

conditioniﬂi =1,
E[X*(so)_X(so)] :E{i/];X(si)_X(so)} :i/]iE[X(si)] _ﬂX(Soj =

] ) (30)
=pY A -u=0e > A =1
i=1 i=1

Under this condition, the variance of the estimation error can be expressed in
variogram terms both if the random function is second-order stationary or if it is
intrinsically stationary?®.

> See Isaaks and Srivastava (1989) for ordinary kriging system in covariance terms when the
random function is second-order stationary.
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vl (s, - x(s,)] = E(x *s,) - X (s,)) ] = EKZ”"“S") —X(s@j } =

= EKZA (X(s)- X(s()))jz} =

=33 A E[(x(s) - x(s,))x(s) - X)) (1)

i=1 j=1

But adding and subtracting X(s,) in the variogram expression it follows that
1 1

Ws, =)= EE[(X(SZ.) -x6))]= EE{ (X)) - x(s))- (s ) - X))} =

=%E[(X(s,-) - X(s,))] +%E[(X<s,-) - x60)]- E[(x(5) - X50)X (s ,) - X(5))] =

= p(s, =80) *+ ¥(s, =) — E[ (X (s,) = X (s))X (5,) - X(50))] (32)
where

E[(X(s) - X)X (s,)— X (5))|= W(s, =s0) + ¥(s, =5,)—¥(s, —s,) (39)

Finally the variance can be written as:

VX *(s,) - X(s,)| =
=SV AA Y, ~s)+ XS AANs, ~5) =SS AA s, =s,)  (54)

i=1 j=1 i=l j=l i=1 j=1

Including the constraint on the weights, the equation (34) simplifies to

n n

PIC*5) = X6 22206, =5) =X X AA Vs, =) (39)

i=1 j=l

The optimal weights are obtained from standard Lagrangian techniques by
setting each of the z partial derivatives

Ap(A,.0))= a(%V[X*(s())—X(so)] —a(im —ID (36)

with respect to A, and @ to zero. This procedure provides a system of n+1

linear equations in n +1 unknowns (the n weights and the Lagrange parameter)
which is called ordinary kriging system.

i/}].y(si s +ta=ys,—s,),Ui=L..,n
j=1

S =1
i=1

This system can be expressed in matrix notations as I' A = I' | where

(87)
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¥(0) y(sl_sz) V(S1_Sn)1 /]1 y(sl_so)
y(s, =s)) ¥(0) y(SZ—Sn)l /]2 y(sz_so)
r=| S N RN A (38)
Vs, =s) ys,=sy) - y(0) 1 A, Vs, =so)
1 1 1 O a 1

with solution A =T"" l:l—‘o. Finally the minimum estimation variance can be

written as

v[Xx *(s,) - X(s,)] :Zn:/Ly(s,. ~s,) +a (39)

=1

The variogram )(h) necessary to solve this ordinary kriging system is defined

as the expected squared increment of the values between a pair of locations at
1 1

distance h: y(h) = 5 V[X(s +h)- X(s)] = 2E[(X(s +h)- X(s))z] . It summarises

the relationship between diftferences in pairs of measurements and the distance of
the corresponding points from each other. It has to be estimated (from the
observed sample values) fitting to the experimental variogram, usually calculated

by the classic moments estimator (Matheron, 1965)°
N(h)

y'(h) = 1 (X(sa +h)- X(sg))2 being N() the number of pairs at
2N(h) 3

distance h, one or some theoric variogram models following the linear model of
regionalization (Wackernagel, 2003)7. The usual variogram models can be seen
in Emery (2000). The variogam depicts the structure of the spatial correlation
that the process presents. It implies that a correct choice of the theoretical
variograms is essential to obtain good estimates.

3.1.2.3. Universal Kriging

A significant problem with punctual kriging is that it will not work unless the
regionalized variable is stationary. In the presence of a trend or a drift, a linear
estimation is no longer unbiased. The computed estimates will be systematically
shifted upwards and downwards from the true values upon the arrangement of
the points and the direction of dip of the surface.

The universal kriging (also called unbiased kriging of order #) provides an
unbiased linear estimator which takes the drift into account, provided that both
the form of the drift and the variogram of the non-stationary random function
are known. In this particular situation, the random function can be regarded as
having two components: a deterministic one, the drift term (s), and an

% Cressie and Hawkins (1980), Amstrong, (1984), Omre, (1984), Dowd, (1984) provide alternative
estimators.

7 See Chilés and Delfiner 1999, pp. 104-124.
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stochastic component, the residual term e(s), which can be treated as an

intrinsically stationary process with null expected value® , E (e(s)) =0.

X(s) = U(s) + e(s) (40)

If, as usual, the drift is supposed to be a linear combination of any known
functions L(s) = Zp:ahfh (s), where {fh (s), h = 1,...,p} are p known functions, q,
constant Coefﬁcierhlztls and p the number of terms used in the approximation, then,
the unbiasedness condition implies that Zn:/t,u(si) = l(s,). Taking the drift

i=1
expression into account

SAYafi6)=Yafi60) = Ya Y AL6)=Ya ) (4)

i=1 =1 i=1

that verifies if and only if
2 A(8) = £(8), 0h=1,....p (12)
i=l

being this last expressions the p unbiasedness equations equivalents to the

unbiasedness condition ZA,. =1 relative to the ordinary kriging.

i=l

The variance of the estimation error, the unbiasedness conditions included, can
be expressed as follows

VIX*(s,) - X(s,)) = E [imnsi) —X(s())) } =

2

=E i/]iﬂ(si)_/j(so) +(i/1ie(si)_e(s0)) =

0

= E{(i&e(s» - e(so)J } (45)

Knowing that usually f,(s) =1, it implies thatZ/]i =1, and so

i=1

8 1, - . . .. . . S . . .
It is considered intrinsic because is constant in mean (in fact is null) but not in variance.
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E|:(i/]ie(si) _e(so)] :| = E{[i/]i(e(si) _e(so))] } -

' A El(es,) - e(s,))ets ) - e(so))

=l j=l

(14)

The expression (44) is similar to the one that appeared in the ordinary kriging
procedure, but using e(s) instead of the variables X (s).Therefore, following in

the same way, the estimation variance can be obtained in terms of the
variograms of the residual random function:

VICH ) = X)) 222 A (s =) = X DA V(s =s,) (49)
i=1 i=l j=1
To minimize this expression under the unbiasedness conditions it is necessary
the construction of the Lagrange function

¢(Ai,ak>=%V[X*<so>—X(so)]—iak[ZA[fk(s,->—fk<so>} (16)

and, setting the partial derivatives with respect to the weights A, and the

Lagrange multiplier @,, it is obtained the universal kriging system?:

N(sg) p
ZAjye(s[ _s_/) +zakfk (8,)=V.(s; =8¢),Li =1, N(s,)
j=l1 k=1 (47)
N(so)
DAL= fi(50), Tk =1, p
i=l
This system can be expressed in matrix notations as I' (€2 =T, where
ye(()) ye(s1_sz) ye(sl_sN(so)) 1 fz(s1) fp(sl)
JACR) y.(0) VS TSy L fa(sy) e f,(8,)
r= ye(szv(so) =s)) ye(sN(so) =s,) - Y. (0) 1 fz(sN(so)) fp(sN(So))
f>(s)) £5(85,) fZ(SN(so)) 0 0 0
: : : : : 0
fp(sl) fp(SZ) o fp(sN(so)) 0 O 0

? Note that in this case 7 = 1,..., N(8,) instead of i = 1,..., 7 because the drift expression is only
locally valid. In consequence, N (S, ) is the number of observations in the neighbourhood of

Sy (N(s,)<n).
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A Y.(s; =s,)

/12 ye(sz _So)
A s -s
Q= N(sg) and FO — ye( N(sy) 0) (4«8)
a, 1

a, 12(8¢)

a, S, (80)
being its solution Q = r .

The minimum estimation variance or “kriging variance” can then be written as
N(sg) »

Pexs) = X6)l= DAV =s)+ 2 a,fi(s) =Q T, (49)

k=1

In general, this model needs additional specifications because the variogram of
the residual random function can only be inferred in exceptional situations. In
the geostatistical literature some solutions to this problem are suggested:

Suppose that y, =), in a small neighbourhood (Samper and Carrera, 1996);

estimate the drift through the assumption of an initial variogram model and use
it to estimate the residuals by kriging (Davis, 1986); estimate the drift through
the median or mean polish method and estimate the residuals by ordinary
kriging (Cressie, 1993).

We do not want to finish this methodological section without stating that some
authors as Christakos (2000) consider the kriging procedure as a particular case
of the BME'© analysis. When the general knowledge is limited to the mean and
the (centered) covariance and the specitying knowledge includes only hard data
(i.e., accurate measurements obtained from real-time observation devices,
computational algorithms or simulation processes) the BMEmode estimates
coincides with the simple kriging estimate; when the general knowledge is
limited to the variogram and the specificatory knowledge includes only hard
data, the BMEmode estimates coincides with the ordinary kriging estimate.

3.2. Cokriging methods as an alternative: Multivariate approach

Cokriging is a multivariate interpolation technique that allows one to better
estimate map values if the distribution of a secondary process sampled more
intensely than the primary process is known. If the primary process is difficult or
expensive to measure, then cokriging can greatly improve interpolation

10 Bayesian Maximum Entropy.
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estimates without having to more intensely sample the primary process.
According to Wackernagel (2003, pp.158), cokriging is a natural extension of
kriging when a multivariate variogram (or covariance model) and multivariate
data are available. Cokriging allows estimating a variable of interest —the so-
called main process— at a specific location from data about itselt and about
auxiliary processes in the neighbourhood. This is an important advantage when
the size of the sample taken from the variable of interest is small and other
auxiliary variables, correlated with it and more sampled, exist. This multivariate
method allows improving the univariate estimates using the spatial correlation
among the processes involved in the study. As an example and related to the real
estate market, estimating prices of premises at any place of a particular area is
not an easy task because the information available regarding the price of
premises (not as comprehensive as that of the price of houses) usually is not
enough to provide good estimates. Furthermore, due to the fact that prices of the
real estate properties are spatially correlated, methods which are able to
incorporate the role of space into conventional estimates are needed. This two
tacts —little available information and spatial correlation- lead us to propose
cokriging as a methodology for the estimation of premises prices (main process)
when sample sizes are small, unfortunately the real situation, being helped by the
house prices (auxiliary process) in the same area, as it will be shown in section
4.3.

Trying to classify the different cokriging methods developed in the literature, it
iIs necessary to observe that the stochastic processes considered (the main
process and the auxiliary ones) can be sampled in the same geographical
locations or not and that the sampled sizes can be identical or not. In this sense,
the data set can be isotopic —if data is available for each variable at all sampling
points—, entirely heterotopic —if the variables have been measured on different
sets of sample points and have no sample locations in common— and partially
heterotopic — if the data set do not cover all variables at all sample locations.

These facts lead us to make the following punctual cokriging classification:

(i) Cokriging with partial heterotopy (Ordinary cokriging (OCK): when the
processes are second order stationary or intrinsically stationary and Universal
cokriging (UCK): when the processes are non stationary); (ii) Cokriging with
isotopy (second order stationary or intrinsically stationary and non stationary);
and (ii1) Cokriging with total heterotopy (second order stationary or intrinsically
stationary and non stationary). From now on it is going to be reviewed the
partial heterotopy cases because the isotopic situations are particular cases of the
partial heterotopy ones, when the observed values of the regionalized variables
are sited in the same locations. In this situation, the notation is clearly simpler.
Respect to the entirely heterotopy cases, when the sample sets are disjoint, the
experimental cross-variograms cannot be computed. So, the cokriging system
has to be expressed in direct and cross-covariance terms and it can only be made
in the second order stationary situation (see Wackernagel, 2003, pp. 158).
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3.2.1. Ordinary cokriging

This section reviews the theoretical considerations for Ordinary Cokriging
(OCK), in the joint intrinsic hypothesis, in the partial heterotopy case (some
variables share some sample locations). Consider X = (XI,XZ,...,Xm )t a vector
of intrinsic random functions, that is,
E[X,(s+h)-X,(s) =0,0i=1,,....m and (50)
cov| X, (s +h) = X,(s), X, (s +h) = X ()| = 2y, (h), i, j=1,...,m (51)
being s the locations where information is taken and h a vector linking any two
points s and s +h in the domain under study. Each variable is defined on a set of
samples with sizes n,n,,...,n, respectively.

Under these conditions, the OCK estimator of a particular variable X, at the
point s, is a weighted linear combination of the data values from the variables

X, (J=1,...,m)located at sampled points in the neighbourhood ofs,, .

X[ (s9) =D D2 X (s]) (52)
j=1 a=1
with {s{,, a= 1,...,nj} being the set of locations where the variable Xj ,
Jj =1,...,m, has been sampled. Expanding the first summation as follows,

m )

X[ (80) = D A X, (85) + D A0 X, (53) +---+ZAZX[(SZ)+---+Zm‘,/1?Xm(SZ)(53)
a=1 a=1 a=1 a=1

the estimator expression can be better appreciated as a linear combination of the
random variables corresponding to each of the m processes.

The weightsﬂg, a’=l,...,nj, j=1...,m, are calculated to ensure that the

estimator is optimal, in the sense that it is unbiased and minimum error-variance.
The unbiasedness is warranted by choosing weights which sum up to one for the
variable of interest and which have zero sums for auxiliary variables (see, for
example, Wackernagel, 2003, pp. 160)

E(X(s,)- X, (s9)) = E(iiwj (s))- X, <s0>] =SS A E(x,s1)- E(x, (50))=

j=1 a=1 j=1 a=1

n

i

=M =0 o SAEland YA =00 #i j=lm (54)

j=1 a=l a=1 a=l1

Due to the impossibility of expressing the OCK system in terms of covariances it
is suitable to express the variance of the estimation error in terms of direct and
cross variograms. Then
* _ * 2 * 2 _
V[X[. (so) _XI(SO)] - El_(X: (So) _X;(so)) J_[E(Xi (so) _Xi(so)) -

0
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=Eﬂii/‘2Xj(S£)-Xi(So)j ] (55)

j=1 a=1

and taking into account the unbiasedness constraints (46), this last expression
can be written as

VX sy) - X, ()] = E[{ii’% (x50 —Xi(so>)] } =

j=1 a=1

_ E[[ZZ/‘ (x,6s2) —X,.<s0>)j(i"2‘ﬂ2 b6y -x, (S‘M ]

j=1 a=1 k=1 B=1

m m N

= > AAE|x (51~ X, 5)) X, (55) - X,(5,)) (56)

n
j=1 k=1 a=l g=l

To express (56) in terms of direct and cross variograms we proceed as follows: In
the analytical definition of the cross variogram for a fixed pair of variables X,

Xy
yuss=shr =l sn-x splxespn-xsp] e
we add and subtract X ,(s,) in the first bracket and X (s,)in the second one
Vi (SZJ - SZ) =
B (CHOAES HCH) HEHCARSHH) ERCARSACH) S ERAESAS) E
B E[{(Xj (s2) = X, )X, 51) = X, (5)) - (X, (s2) = (s0) o, (55) - X, (so))—]

27 (L= (x5 = s, (52) = X, (50)+ (0, 55) = X, 50)J(x, (55) = X 6s0)
(58)
obtaining
yjk(s'; _sl,;) =
=y, (s} =8~ B, 50 = X, 65N, s5) - 5] -
? (59)

S CHCARS ) CATAES AEH) EYACES

At this point it is introduced the additional assumption related to the symmetry
of the covariances, that is C, (h) =C ;(h). It implies that

E|(x,s0) - X, 6s))dx, s5) - X, 5,)] =
= E|(x, s) - X, (s,))dx, (s)) - X, 5,))| (60)

The inclusion of this assumption leads to the expression
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yi(s,—s,)=
=Y, (sl =s) +y,(sh =s,) = E|(X ()= X, s)X, 55) = X, 5)|  (61)
having that
E|(x,s)) - X, (s )X, (s5) - X, (s))) =
:y/k(sfv_So)+yjk(sl;3_so)_yjk(s£_SZ) (62>

Finally, substituting (62) in (56), the variance of the estimation error can be
rewritten as

i ny

i Z/] A (y]k(s )+V,~k(sz_so)_yjk(sk§_SZ))z

j=1 k=1 a=1 B=l

NG

vl s, - x,60) =

22 A yjt(sé_sO) ZZ ZA/Akyjk(s _sﬁ) (63)
j=1 a=l1 j=l k=1 a=1 g=l

Remembering that the criterion to define the best weights /12 will be to reduce

as much as possible the variance of the estimation error, expression (63) has to
be minimized with the constraints (54) to obtain such weights. Following the
method of Lagrange we define the objective function

b w) = V[X7<s0>—X[<so)]—2a4("z;A[ —lj—ziw,ZAg,

J=Lo,m;a=1..n, (64)
that contains m Lagrange multipliers &, j =1,...,m, the number of constraints

that guarantees the unbiasedness of the OCK estimator.

Setting the first order partial derivatives to zero the OCK system (65) is
obtained.

SNy, —sh)+w =y (si=s,)  Ti=lL.,m; Oa=l..n,
L . (65)
Sa=g=1 "0

prar 0 sii#]

The solution of this system provides the optimal weights A/ for the estimation

of the particular variable X, at the points,. Finally, rewriting the first equation
of (65) as

m Ny

DDAVl =s) =y, s, =sp)~w,  Oji=lL.,m; Oa=l..,n, (66)

k=1 p=1
and including (66) into the variance expression (63), the minimal cokriged
estimation variance is obtained as

VX (s0) - X,(s0)] =
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=23 Y M8t =80) =22 2 D ApApy i (sh —sp) =

j=la=1 _j:lk=1a=1,8=1

m ”/ . . m n/. . . m ’1/ .
=222Aéyji(s{7 =Sg) = Zzﬂéyﬁ(sé‘so)‘zzﬂéwj =

j=la=1 j=la=1 j=la=1

e —so>—{zz’ﬁz;y,.,.<sz; )w]

j=la=1 Jj=la=1

m n_/

:ZZA{]V/‘I‘(S; _s0)+a)i (67)

j=1 a=1

Cross and direct variograms, y,, and J, respectively, are obtained in two steps:

First, point estimates of the variograms are obtained using the classical

variogram estimator based on the method-of-moments
. 1
v, (h) = S (X, (s, +h) = X, (s,)) X (s, +h) = X ,(s,)) (it is supposed
2N(h) N(h) ‘ ‘

constant-mean, see Lark and Papritz, 2003). The second step is to fit a
theoretical variogram function to the sequence of average dissimilarities,
according to the linear model of corregionalization (see, for example, Journel and
Huijbregts, 1978, pp. 171-175; Goovaerts, 1997, pp. 108-115 and Wackernagel,
2003, pp. 175-176) because it is the usual strategy to ensure a positive definite
model.

3.2.2. Universal cokriging

Consider that we deal with a non-stationary vector of stochastic
processes X = (X1 . ST, ¢ )t . It means that at least one process presents a drift
term:E[Xl. (S)] = 4.(s) for any location sOSOR’ and for some i=1,..,m.
Under this assumption, as in the univariate case, each process X, can be broken

up in a deterministic component and a stochastic one as follows:

X, ()= (s)*+e(s), LUi=1,..,m (68)

Now, suppose that ﬂ(s)Z(,ul(s),...,,um(s))t is the vector of the drifts

corresponding to the m random fuctions'!. As in the univariate case, suppose that
each of them can be expressed as a linear combination of p any known

functions f;/ (S),...,fpj (s), j=L...,m.

" For those processes with no trend, H; (s)= H; LIs , remembering that a vector is considered as non

stationary if at least one process has trend.
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1= alfi) (69)

h=1
being a,{ constant coefficients. Imposing to the estimation error the null
expected value,

E(x s,)-X, s,)=E [iin(s) X, (s, j >SS NEX ()~ E(x, 5,))=

j=1 a=1 j=1 a=1

m n;

=33 A (s)) = p4(s,) =0 (70)

Jj=1 a=1
we obtain

J

>3 {Za f/(si»} =ia2f5(so) (71)

Jj=1 a=1
that verifies if and only if

ZA fh (S _fhi(so)dg/ =

_{(J)”;(so) ST mh=tp (1)

si i%]j

Following the classic procedure to find the best linear estimator, it is necessary
to minimize the variance of the estimation error, which can be written as follows,

vl 0= x, 0] = B0 50 = X, )] |- [E (Y 500 - X, 50 =

0

—E[ZZ%’X (1)~ X, (s, )J =E(iiﬁz(uj(sg)+ej<sz;>)—(ﬂi<s0)+ei<so>)J =

j=1 a=1 j=1 a=1

(D TACARIACHES 3) FACIETACH (73)

0

If, as usually, we suppose that f; =1, then the first unbiasedness condition can
be written as

SA =1 and YA =0, Oj#i (74)
a=1 a=1

Under this condition, the expression (73) can be rewritten as

m n

S A5 1ls,) + 3D, (51) e (5,)

j=1 a=1 j=1 a=1

0
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» (e,(s;)—e,(so))j }

453

S KA Ele, 55 -es)fe S —es0)  (79)

B=

nj

NgE

=~

1 a=

~.
1l
AL

This last expression (75) can be expressed in cross-variograms error terms as in
(61), only changing the process X by the errors e.

V., (s, —st)=
Vo (s, =s) 4y, (5 =s,) — Elle,s))—e,(s,) e, 5 —e,(5,))  (76)

Working out the value of El(ej (s1) —e; (so))(ek (SZ) —e, (So))J and replacing it in

(75) we finally obtain the variance of the estimation error,

V(X! (s,)- X, (s))= 222/1 V. (sh=s0)- ZZZZAjﬁﬁyejk(sg ~s%)(77)
Jj=l a=1 j=1 a=1 k=1 g=1

To minimize this variance it is necessary to construct the following Lagrange
function:

p0ag@,) =V 0= X, 50)- 22%{& TACARVCNIE
(78)
—222&),1] ZA 76D, Gi=1...,m, Oa =l,..,n;, Oh=1,...,p
h=1j=1 '
being @, the mxp Lagrange multipliers. Setting the first order partial
derivatives to zero the universal cokriging (UCK) system (79) is obtained:

ZZ/]k,yejk(sj,—s’[‘;)+2whjfh-’(s{,)=yeﬁ(s{,—so), 0j=L...,m, Da=1,...n,
k=1 B=1 h=1

Z/] fh (SJ) fh(so)
(79)

As it can be seen in system (79), the variograms that appear correspond to the
stochastic component of the initial break-up (68). Nevertheless, as in the
univariate case, with unknown trends it is not possible to compute these
variograms. This is why, in practice, one can use any of the methods mentioned
in the univariate case —e.g. OCK over the residuals— in order to solve this
problem.

A thorough presentation of the theory of multivariate geostatistics is available in

Chiles and Delfiner (1999), Wackernagel (2003) and Webster and Oliver (2004),
among others.
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4. Application in the real estate market

This section includes three applications about economic phenomena involving
spatial autocorrelation related with the real estate market. The first one gives an
alternative to the official housing statistic in Spain proposing the kriging the
mean to estimate mean housing prices. The second one estimates the house
prices in any location of the city of Toledo (Spain) using ordinary kriging to map
the price of houses in this historical area. Finally, the third application consists
on estimating premises prices in Toledo, using ordinary cokriging because of the
small sample size of the premises compared with the valuated houses.

4.1. Spatial correlation in housing price indexes

From an official point of view it is necessary to deal with statistical methods that
provide a credible mean price of houses in geographical areas of interest
(municipality, regions and the whole country), being the final aim to provide
credible housing price indexes. As it has been pointed out in section 3.1.1., we
want to stress at this point the importance that to consider the space or not has
when estimating a parameter. In spite of this fact, in Spain, official authorities
deal with the available data as if prices were independent and they continue
using the arithmetic average of sampled prices as an estimator of the mean price
of houses in an area. Obviously, in the case of spatial correlation the arithmetic
mean is not the BLUE estimator. This is why in this section we suggest to
compare several estimations of the mean house price in order to show the
differences that could appear between the kriging the mean estimator and the
official methodology. Trying to show how using one or other methodology the
final results can vary, we have compared the results obtained in the estimation of
housing prices in the last two years —2005 and 2006, quarterly data— in
particular, estimating the mean price in Madrid (Spain), the Spanish city where
the housing price per square meter used to be the highest over the country. We
have computed our results for the non state-subsidized market because the
official statistic does not provide the number of the valuated state-subsidized
houses in each quarter. This is why we have not been able to aggregate, finally,
the mean price to any type of house. We have tried to reply the data provided in
the official web site because, obviously, we do not have the data at our disposal
due to its secret character. Therefore, we have generated normal random sets of
data with the mean matching up with the official one, as it is reported in Table 1.
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Table 1: Official housing prices corresponding to the non state-subsidized
market in Madrid (Spain) (€/m?).

Price per square meter Number of valuations

R el
2005 Q1 3632 .4 3289.2 3342.8 2185 11785 13973
2005 Q2 3741.0 3437.1 3504.7 3136 10973 14109
2005 QB 3799.5 3483.1 3564.6 1755 5061 6816
2005 Q‘l« 40144 3489.0 3603.1 2319 8359 10678
2006 Ql 3916.9 3576.1 3657.0 3675 11799 15474
2006 Q2 3990.2 3633.7 3699.7 3080 18558 16638
2006 Q3 3976.0 3643.1 3717.2 2172 7585 9757
2006 Q4 3914.6 3660.3 3728.4 3452 9430 12882

For each data set, one for each quarter, we also do not know the exact spatial
location of the corresponding valuated house but this does not seem to be an
impediment to continue the procedure because the official methodology does not
use this spatial characteristic, so, its results would not change in any case,
whatever the spatial location is. Therefore, the available information has been
spatially disposed in order to obtain a geographical distribution according to the
existence of a positive autocorrelated process.

Three difterent covariance functions —which describes the correlation between
the variables at any pair of locations s and s+h— have been selected to asses the
estimating power of the investigated technique, in order to compare the different
results that could appear, depending on the type of spatial structure that the
stochastic process would follow. In this point, we assume that the simulated data
are spatially disposed so that the structure of the spatial dependence between the
random variables of the stochastic process is according to one of the theoretical
models reported in Table 2 and represented in Figure 2.

Tabla 2: Theoretical covariance functions

Model Omnidirectional Covariogram Range (meters)
3

3h 1(h

Spherical Chy=m|l-——+—| — 1500
2a 2\a

. h
Exponential Chy=mea 1500
Gaussian C(h)y=m e_Zé 1500

Note: m :sill; @ : range; h . distance.
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Fig. 2: Graphic representation of theoretical covariance functions

C(0) m C(0) m C(0) m

a 3a h a3 h

Spherical model Exponential model Gaussian model

Assuming that the range remain constant during the lag period considered
(2005-2006) and using the above mentioned covariance functions, 48 kriging the
mean equation systems have been solved in order to obtain the estimation of the
housing price per square meter, for the eight quarters considered, for new and
second-hand houses in Madrid. The estimation of the optimal weights A, that
have to be included in the kriging the mean estimator to obtain the housing price
estimation in presence of spatial dependence have been computed using R-
language and Isatis software developed by Geovariances and L’Ecole des Mines
de Paris. The kriging the mean estimations are reported in Table 3.

Table 3: Kriging the mean housing prices corresponding to the non state-
subsidized market in Madrid (Spain) (€/m?).

Price per square meter

Model Spherical Exponential Gaussian
More Less More
Time L;s;ezkizn than Total than 2 than Total L;s;ezkizn M;;i;?:n Total
2 years years 2 years
2005 Q1 3543.3 3045.3 3122.5 3506.1 3003.4 3081.4 3645 .4 3349.1 3394.7
2005 Q2 3665.9 3159.7 8272.2 3670.9 3170.4 3281.6 3751.2 3489.6 3547.7
2005 Q3 3708.4 3190.2 3323.6 3688.7 3145.0 3285.0 3765.2 3395.0 3490.3
2005 Q4 3987.5 3204.4 3374.5 4012.1 3166.9 3350.5 4008.8 3421.1 38548.7
2006 Q1 3887.4 3822.8 3456.9 3954.4 3307.7 3461.3 3985.7 3688.9 8759.4
2006 Q2 3923.8 3456.1 3542.7 3987.2 33874.0 3487.5 3889.0 3556.3 3617.9
2006 Q3 3957.0 38477.0 3583.9 4123.3 3687.2 3784.3 4123.9 8782.6 3858.6
2006 Q4 3891.3 3489.6 3597.2 3990.9 3556.4 3672.8 3925.6 3677.5 3744.0

As it can be appreciated in the study that has been carried out, the official
methodology shows different housing prices that those computed through the
kriging the mean estimator, which considers the spatial dependence that the
housing prices presents. Moreover, the results obtained through the three
different covariance functions considered in the analysis are also quite different,
which talks about the importance of considering the structure of the spatial
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correlation that the house prices presents in each geographic area and about the
need to being able to estimate it well. The great differences can be clearly seen in
Figure 3a to 3¢ where the housing price series are depicted. The figures compare
the housing price series for the new houses (3a), the second-hand houses (3b) and

the total (3c¢).

Figure 8a: New and non state-subsidized housing price series in Madrid (Spain)
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Figure 8b: Second-hand and non state-subsidized housing price series in Madrid

(Spain) (€/m?).
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Figure 3c: Non state-subsidized housing price series in Madrid (Spain) (€/m?).
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However, this is only an example, a simulation carried out through a particular
layout of the data in the surface of the geographical area considered. The real
important issue is that the presence of spatial correlation moves us further away
from the results provided by the Housing Department and, as a consequence, it
generates quite different housing price series.

Once we have obtained the kriging the mean estimations of the housing price for
each quarter, we have proceeded to compute the housing price indexes when
spatial correlation exists. To develop this task we have first computed the simple
indexes for each quarter and for each type of house (new or second hand), being
the base period 1995 Q1. Then, we have calculated the complex spatial indexes
as a weighted average of the simple ones. The results are reported in Table 4.

Table 4: Spatial housing price indexes corresponding to the non state-subsidized
market in Madrid (Spain) (€/m?).

Spatial Price Indexes

Model Spherical Exponential Gaussian

Time Lo Mo gy L Mo gy Lo ol
2005 Q1 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
2005 Q2 103.5 103.8 103.7 104.7 105.6 105.5 102.9 104.2 104.1
2005 Q3 104.7 104.8 104.7 105.2 104.7 104.8 103.3 101.4 101.6
2005 Q4 112.5 105.2 105.8 1144 105.4 106.1 110.0 102.1 102.8
2006 Q1 109.7 109.1 109.2 112.8 110.1 110.4 109.3 110.1 110.1
2006 Q2 110.7 113.5 113.3 113.7 112.3 112.4 106.7 106.2 106.2
2006 Q3 111.7 114.2 114.0 117.6 122.8 122.4 113.1 112.9 113.0
2006 Q4 109.8 114.6 114.1 113.8 118.4 118.0 107.7 109.8 109.6
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Together with these housing price indexes, which consider the spatial
dependence that the stochastic process presents, we have also compared these
results with the indexes deduced from the official methodology. Table 5 shows
the cited comparison.

Table 5: Spatial and Ofticial housing price indexes corresponding to the non
state-subsidized market in Madrid (Spain) (€/m?).

Spatial Price Indexes IO fficial
ndexes
Model  Spherical Exponential Gaussian
Time
2005 Ql 100.0 100.0 100.0 100.0
2005 Q2 108.7 105.5 1041 1044
2005 Q3 104.7 104.8 101.6 105.8
2005 Q‘L 105.8 106.1 102.8 106.4
2006 Ql 109.2 110.4 110.1 108.6
2006 QQ 113.3 112.4 106.2 110.4
2006 Q3 114.0 122.4 113.0 110.7
2006 Q4< 114.1 118.0 109.6 110.9

From Table 5 it can be deduced that while the official authorities provides a 10.9
growing rate at the end of 2006, the spherical model, for example, provides that
the non-state subsidized houses have increased its prices in a 14.1 percent.
Similar differences can be seen between the covariance functions considered and
the official methodology as well as in the rest of the quarters.

Another very important issue we would like to stress is what would happen with
the confidence intervals in the case that they were provided by the official
authorities. Only trying to serve as an example, we have computed the
confidence intervals of the mean house price, at a 90% confidence level, in three
different cases, depending on the estimator used and on the hypothesis about the
independence or spatial dependence of the variables assumed. The results are
reported in Table 6.

Table 6: Confidence intervals for the housing prices of the non state-subsidized
market in Madrid (Spain)

2006 Q4 Confidence Intervals
Model
Spherical Exponential Gaussian Official price
House Price (€/m?) 8597.2 3672.8 3744.0 3728.4

Official mean/Independence - - - ?
Official mean/Spatial dependence - - - [8811.5;4145.3]

Kriging estimator/Spatial dependence  [3231.2 ;3963.3]  [8293.3;4052.3]  [3361.0;4126.9] -
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In the first case, assuming what the official methodology says is true (the
independence of the sample), we cannot construct the confidence interval because
they do not provide the data and so its standard deviation. In the case that it
exists, it would be narrower than the ones when considering the spatial
correlation, but this is not the real situation. In the second case, considering that
the spatial dependence exists but still estimating with the arithmetic mean, and
assuming normal distribution, we conclude that the real mean price lies in the
interval [3311.5 ; 4145.37] with a 90% confidence level. Finally, if we try to do
the things well-done, considering that the spatial dependence exists and so,
using the kriging the mean estimator, and assuming normal distribution, we
conclude that the real mean price lies in the interval [3231.2 ; 3963.37, [3293.3 ;
4052.37] or [3361.0 ; 4126.97, dependeing on the covariance model considered,
with a 90% confidence level. This last intervals are quite different that the
second one. They are narrower —because the standard deviation of the kriging
the mean estimator is the minimum— and settled in a different point —the
kriging the mean estimation.

4.2. Mapping house prices using kriging in the historical area of Toledo
city (Spain)

In the real estate case, the aim of estimating a value of the random variable in
any location s, out of the sample, x*(s,), seems to be more important than the

estimation of the housing mean price due that a particular citizen would be
interested on knowing the price of a particular house instead of the mean price
over a region. To apply punctual kriging method to house prices it has been
selected the historical area of Toledo city, in Spain. The reason for having chosen
this emblematic area is that it represents an ideal site because it has neither
geographic accident nor artificial barriers inside the walls that could benumb the
spatial dependence structure. However, the study can be performed without a
priori any difficulty, in any area, village or city. The study area and its position in
Spain are depicted in Figure 4.

Fig. 4: Historical part of Toledo city

I oledo
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The database was collected during September 2003 and so the results will be
referred to that date!2. The database contains information about 121 houses and
it has been obtained from the following Real Estate Agencies: Imagil Gestién
Inmobiliaria, Zocopiso, Amian Inmobiliaria, Imperial Inmabel S.L., Agencia
Inmobiliaria Gudiel, Inmobiliaria Castafio, Agrufinca, Acrépolis, Albatros,
Teleinmobiliaria, Inmobiliaria Epoca, Inmobiliara Abaco, Simar, Agencia
Inmobibliaria Orgaz and Fondo Piso Toledo. The information we asked for was
referred to the location of the house, condition (complete renovation needed,
little renovation needed, in a enough good condition, new or completely
renovated), surface (less than 60 m?, from 60 to 120 m?, from 120 to 200 m? and
more than 200 m? ), garage (yes or not), elevator (yes or not), a particular use
yard (yes or not), floor, views (yes or not) and, of course, sale price. However,
whatever the house's location, only its condition, surface and if it had garage or
not had significant effects on the price. This is the reason why only these three
tactors, besides the geographical location, were taken into account in the
analysis. Percentages of houses with each level of the above mentioned factors
are shown in Figures 5 to 8.

Fig. 5: House Condition Fig. 6: House Surface
7% 6%
17% 0
4% 40%
57% 22% 47%
@ 0-65 m2
O Completely renovation needed W 65-120 m2

M Little renovation needed
dIn a enough good condition 0 120-200 m2
ENew or completely renovated m >200 m2

'2 Obviously, it woluld be desirable to carry out this analysis mensualy or quarterly. It would
imply the incorpporation of a temporal dimension to the kriging methods (see Li and Revesz
(2004), De Iaco, Myers and Posa (2002), among others ). However, in Spain mensual or quarterly
collection of data is not possible for researchers. Nevertheless, the objective we pursuit is to show
that for a particular temporal reference not only is possible the estimation of the mean price of
the houses in a particular area, but also, and more important, the estimation of prices in any
location of the area.
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Fig. 7: Garage Fig. 8: Sample location base map
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Making the houses "equivalent": In order to isolate the spatial component of the
house prices (the analysis has been developed in price per square meter terms)
the effects on prices of the levels of factors have been estimated by analysis of
variance. Once these effects have been eliminated from the house prices, the new
prices are supposed to correspond to equivalent houses (new or renovated, from
60 to 120 m?, and without garage). The differences in the prices of the
"equivalent" houses are supposed to be due to its geographical location. The
structure of the spatial correlation among the prices of the "equivalent" houses
has been estimated through a variogram that has been incorporated in the
kriging equations to map the price of houses in the historical area of Toledo city
or to kriging the mean. Evidently, in the first case, once the punctual estimates
have been obtained, the effects of the factors "house condition", "surface" and
"garage" are incorporated.

For the estimation of the effects on price of houses of the above mentioned
tactors we have proceeded as follows!?:

1. Firstly, we have planned a 2-way multiplicative model (fixed eftects) with
unbalanced data, being the @ and [ factors "surface" and "garage" respectively
(see Appendix 1b.)

yijk = 1L OB L (80)
where yjji are the houses prices.

2. Once the differences between @; and [ j effects are estimated it is created a

data base of prices corresponding to “equivalent” houses with respect to these
two factors. To estimate the "house condition" effect we have planned a 1-way

additive model (fixed effects) with unbalanced data (see Appendix 1e.)
*

yij =H+a; *ej (81)
*
where yj; are prices of "equivalent" houses with respect to the "surface" and

"garage" factors. The following Base Map provides a first view of these prices.

13 Estimations were made with SPSS 11.5.

35



Fig. 9: Equivalent house prices Base Map
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Once the prices of "equivalent" houses have been calculated we have tested
randomness versus positive correlation by using the Moran's I statistic, with a
contiguity matrix whose elements are the inverses of the distances among
locations. The sample value of the statistic I was 0.125 being E(I)=-0.0083 and
¥(1)=0.00082 in the random case'*. Therefore, the standardized value of the
Moran's statistic was 7.443 and this value leads to the rejection, at the 5% level
of significance, of the null hypothesis of randomness in favour of positive
autocorrelation.

The structure of that positive autocorrelation was estimated by the following
experimental variogram of prices ("equivalent" houses)

N(h)
Y=Y (x(s, +h) - X(s,)) . (82)

2N(h) &5

From Figure 10 it can be appreciated that the stochastic process is supposed to
be second-order stationary.

“R language for statistical computing was used to compute the sample value of the / statistic (see
http://www.cran.r-project.org)
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Fig. 10. Variogram cloud and experimental variogram of house prices.
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According to the linear model of regionalization, the following combination of
theoretical models has been selected to fit the experimental variogram.

Table 7. Linear Model of Regionalization

Model Sill Range
Nugget effect 20000
Spheric 50000 120 meters
Exponential 20002 136 meters

Fig. 11. Fitted variogram )y

viviendas

The fitted variogram has been checked using a cross-validation procedure, and
118 robust prices have been obtained out of 121 that form the original set,
because in 118 cases the standardized kriging estimates belong to the

interval [— 2'5; 2'5] (see Figure 12)
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Fig. 12. (a) Base Map showing the non robust data, (b) scatter diagram of the
true data versus the estimated value, (c) histogram of the standardized errors and
(d) scatter diagram of the standardized estimations errors versus the estimated
values.
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Once we have available a variogram that indicates the structure of the spatial
dependence among the prices of houses in the historical area of Toledo city, the
aim can be carried out: The estimation of particular house prices in any point of
such an emblematic zone —taking into account the mentioned spatial
correlation— obviously more useful for individual citizens than the mean price.

Once the combination of theorical variograms that better fits the structure of the
spatial dependence in the house prices has been determined, it is now time to
estimate the house price in all and each one of the locations sited inside the walls
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of the city of Toledo. As that variogram stabilizes around the estimated variance
of the process, the random function relative to the price of "equivalent" houses
can be considered second-order or intrinsically stationary. Therefore, the
procedure to map the estimations will be the ordinary kriging. In order to carry
out the kriging estimations we have drawn a regular grid of 36 meter side over
the map of the historic site of Toledo city, having performed the estimations in
the nodes of the grid. As the neighbourhood was a moving one, with a radius of
136 meters, 95550 estimations were carried out.

The basic statistics of mentioned estimates can be seen in Table 8 and all of them
can be seen, graphically, in the estimation map (Figure 13) and the estimation
surface (Figure 14) where the house price is seen as an elevator variable.

Table 8. Basic statistics of ordinary kriging estimations of prices of "equivalent"
houses

Standard Variation
Min. o5 50 5 Max. Mean . . .
Q Q Q Deviation coefficient
Estimated price
of "equivalent" 12440  1618.82 180541 193773  2810.0  1797.57 230.91 0.128457
houses (m2)
Standard
L 0 268.44 311.76 355.36 421.91 313.19 60.39 0.19283
Deviation

Fig. 13. Kriging house prices. Estimation map.
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Fig.14. Kriging house prices. Estimation surface.
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The Base Map (Figure 9), the experimental variogram (Figure 10), the fitted
variogram (Figure 11) the estimation map (Figure 13) and the estimation surface
(Figure 14) have been obtained using ISATIS, a spatial statistical program
jointly developed by Geovariances's and L'Ecole des Mines from Paris.

As it can be appreciated, in the estimation map as well as in the estimation
surface, the characteristics with respect to the factors “house condition”, “surface”
and “garage” being equal, it is easy to recognize the areas where house prices are
cheaper (red zones) and the locations where it has been estimated a higher price
(blue zones).

It can be remarked two well differenced zones where the price per square meter
overcomes 2200 €: northwest inside the walls, where it is sited the Diputacion,
including the Real Street and La Merced Street; in the northeast, nearer La
Silleria Street, San Agustin square and surrounding, so as the emblematic
Zocodover square and the nearest streets. In the central zone of the historical
area, near to San Juan Bautista church and the Sefardi city district, prices oscillate
between 1600 y 2200 euros per square meter. However, prices in the Sefardi
district are very close to the mean price, possibly due to the limited information
available in that particular zone. Finally, we can note prices lower than 1600
€/m? in Bajada del Barco street, la Cornisa zone and San Martin bridge.

Figure 15 shows the map of the standard deviation of the estimation error.
When the colour becomes green, the standard deviation decreases. It can be seen
121 points with the maximum colour intensity (in red colour) and, consequently
with null standard deviation. They correspond to the sampled locations because

15 See http://www.geovariances.fr
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kriging estimator is an exact interpolator. Note that where sampled locations are
more concentrated the variability of the estimation error, in standard deviation
terms, oscillate between 100 and 200 €/m? while in zones with few sampled
locations the standard deviation increases until 250-350 €/m?. That is why the
more accurate estimations have been placed near the Diputacion zone,
surrounding Silleria street, near the Zocodover square and the Alcdzar, so as the
Pozo Amargo area, decreasing the precision, logically in the centre of the
historical area, due to the amount of historic monuments there placed.

Fig. 15. Standard deviation of estimation error obtained by kriging the house
prices
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Therefore, the ordinary kriging procedure carried out in the historical area of
Toledo provides estimates in all and each location of this emblematic zone of the
city. These prices would correspond to an equivalent set of houses, and real
estimates would be easily computed by incorporating the factor eftects relative to
each house.

4.3. Cokriging estimation of premises prices in the Historic City of Toledo.

Having been exposed the theoretical concepts of cokriging methodology in the
case of the joint intrinsic hypothesis and partial heterotopy in section 3.2.1., we
next proceed to show the results obtained from the application of this
multivariate spatial estimation procedure to the premises prices in the old part of
Toledo city (Spain), taking the price of houses in that area as an auxiliary
process.

There are several reasons for having chosen this emblematic area: (i) It is a
World Heritage City, (ii) it is an excellent area for exploring the commercial real
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state market due to its tourist character and (iii) it has neither geographic
accidents nor artificial barriers inside the walls that could break down the spatial
dependence structure. The database contains information about 223 houses and
123 premises sited in the historical part of Toledo city. The locations of the
houses and premises within the study area are depicted in Figure 16.

Fig. 16. Premises (+) and houses (o) locations, being the symbols proportional to
the prices.

The information has been provided by the real estate agencies that operate in this
historical area and it refers to the market price, age, location, condition and
surface. Additionally, it is known whether the premises have basement or not,
and, in the case of houses, whether they have parking or not. Evidently, the age
of a property usually has an important influence in its price, but in a historical
part of a city as Toledo the influence of this factor vanishes. This is the reason
why it has not been considered in the analysis. Moreover, we have detected some
deficiencies in the measurement of the surface, having decided to consider it as a
categorical variable. Obviously, there also exist more explanatory variables but
unfortunately they are not provided by the real estate agencies for research
purposes. The data correspond to commercial premises and houses for sale in the
third quarter of 2004

Obviously, in the original database the prices are unadjusted for housing and
premises mix. So, we do not know at this point if the higher prices in some areas
reflect higher property values per square meter or if the houses or premises in
those areas possess some features that make them more expensive.

In order to isolate the spatial component of premises and house prices we have
proceeded to adjust for housing and premises mix as follows: It has been tested
if all the levels of every characteristic of premises and houses we have
information about (see Tables 9 and 10), have the same effect on the price. In the
case that this hypothesis is rejected, the significant differences have been
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estimated and removed from prices. Once removed these differences, houses and
premises are equivalent with regard to the features considered (in this sense we
have an “equivalent class” of houses and another one of premises) and the
variability of the “new” prices is attributable to the spatial location of the
properties. In concrete, factors and levels considered have been the following
ones:

Table 9: Premises. Factors and levels

Condition Surface Basement

Ready for business Less than 50 m? Yes
Premises Some renovation needed From 50 to 100 m? Not

Complete renovation needed ~ From 100 to 200 m?

Unfinished More than 200 m?

Table 10: Houses. Factors and levels

Condition Surface Parking
New or completely renovated  Less than 65 m? Yes

Houses In a good condition From 65 to 120 m?2  Not
Little renovation needed More than 120 m2

Complete renovation needed

From now to the end, the premises and house prices we work with are the
equivalent ones.

As pointed out in the introduction, from our point of view, the problem of
estimating premises prices can only be adequately analyzed by taking into
account the relative locations of the observations because spatial correlation is a
typical characteristic of price of properties. So, after having constructed the
databases of equivalent prices, we have next proceeded to represent the spatial
dependence in both houses and premises markets by the appropriate theoretical
variogram model, as well as to account for cross-dependence between both
processes selecting the suitable cross variogram.

The experimental cross and direct variograms appear in Figure 17 with their
respective fitted models. The values of the parameters are reported in Table 11.
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Fig. 17: Experimental and fitted (a) premaises prices direct variogram, (b) house
prices direct variogram, (c) premaises prices-house prices cross-variogram.
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Table 11. Linear Model of Coregionalization

Sill

Premises prices-

Model Premises prices House prices direct .
. . . house prices Cross
dlrect Varlogram variogram .
variogram
Spherical — 330m. range 340978.332 142783.006 70505.189
Nugget effect 1 8000 -85
Gaussian — 165m. range 200000 10000 30000

Cokriging results are dependent on the autocorrelation model of the principal
and auxiliary processes, as well as on the cross-correlation model; hence, the
variogram modeling process and the need for high-quality models are of
paramount importance. The validation procedure may be done rigorously by
having a separate set of sample data against which to compare cokriged
estimates, but in research studies this means a waste of information, and
validation usually is done by cross-validation. This is the reason for what in our
case the proposed variograms have been checked for validity using the cross-
validation or “leave-one-out” procedure (see, for example, Sinclair and Blackwell,
2002, pp. 221). In concrete, models from Table 11 provide 119 robust estimates
when estimating premises prices (96,7% from a total of 123) and 214 in the case
of the house prices (96% from a total of 223), a estimate being robust when its
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standardized value belongs to the interval [—2.5; 2.5] (see Emery, 2000, pp. 117-
118 and Chiles and Delfiner, 1999, pp. 112-113). These percentages of robust
estimates (greater than 95%) lead us to consider models from Table 11 and
Figure 14 valid for cokriging estimation.

Once decided the combination of theoretical variograms that better fits the
structure of the spatial dependence in the area under study, we can proceed to
estimate the premises prices by using the cokriging methodology. In concrete, as
the fitted variograms stabilize around the variance of the data, the random
tunctions relative to the price of premises and houses can be considered second-
order stationary and OCK is used to map the estimates. We have also estimated
the price of premises by OK. The aim is to compare both procedures and check,
as expected from the theoretical literature, that OCK is more accurate than ORK.

To perform the OCK estimation we have initially designed a polygon
representing the outline of the study area (Figure 18), the holes corresponding to
the places occupied by cultural buildings, as the Cathedral, the Alcazar, Christian
churches, Islamic monuments, Synagogues, etc.

Fig. 18: Historic part of Toledo city’s polygon.

Subsequently, we have drawn a regular grid of 8.30 meter mesh over the above
mentioned polygon, having performed the estimation in the nodes of the grid. As
the neighborhood was a moving one with a radius of 132 meters, 68911
estimations were carried out.

Finally, these 68911 estimates are depicted in the OCK estimation map (Figure
19, where the price per square meter is considered as an XY projection) and the
OCK estimation surface (Figure 20, where the premises price is seen as an
elevator variable). The basic descriptive statistics of these OCK estimates are
reported in Table 12.
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Fig. 19. Cokriging estimation map for the “equivalent” premises prices (€/m?)
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Table 12. Basic statistics for ordinary cokriged estimates of the price of
“equivalent” premises

. Standard Variation
Min. o5 50 25 Max. Mean . . .
Q Q Q X deviation coefficient
Cokriged
. p 643.03 1399.28 1968.76 2316.51 447547 1975.77 738.18 0.874
price (€ /m?)
Standard
d . t [0} 229.74 339.98 544.91 852.95 395.83 197.74 0.499
eviation
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As it can be appreciated from the estimation map, the areas where premises
prices are cheap (red zones) are easily distinguished from the areas where they
are more expensive (blue zones). The estimation surface shows, even most
clearly than the estimation map, a general view of the cokriged prices of premises
across the area under study and the difterences among them.

In particular, the OCK estimation map (Figure 16) reveals that the highest prices
per square meter appear, as expected, in the tourist zone: (i) the north-east part
of the study area, corresponding to the emblematic Zocodover Square, the
Cathedral surroundings and the streets that connect both zones, and (ii) the
Sefardi district, in the south-west of the polygon. In both areas prices exceed
8000 ¥ .. There are other two areas with prices between 2500 and 3000 ¥ .,

corresponding to the nearby of the place where tourist buses leave visitors: the
escalator to the old city (in the north-west) and the old city’s main entry point
(Bisagra Gate, in the south-west). In the north, prices range from 1500 to
2500 %12 , while, finally, in the south-east area (the darkest one) prices are lower

than 1000 %12 )

Fig. 21. Standard deviation map obtained by cokriging
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Figure 21 shows the standard deviation map: The darker the colour, the higher
the standard deviation. It can be clearly appreciated 123 points in red, that is,
with null standard deviation; obviously they correspond to the sampled
locations, as OCK is an exact multivariate interpolator. Note that in the areas
more sampled, the variability of the estimation error, in standard deviation
terms, ranges between 100 and 200 €/m?, while in zones with few sampled
locations the standard deviation increases to 300-350 €/m? . It can also be
appreciated that the more is the distance between the estimated points to the
sampled locations, the more increases the standard deviation; this fact implies
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that the accuracy of the estimates decreases dramatically in locations separated
from the sample site.

The ordinary cokriging procedure carried out provides estimates in all and each
location of the area under study. These prices would correspond to an equivalent
set of premises, and real estimates would be easily computed by incorporating
the factor eftects relative to each premises.

Figures 16 to 21 have been obtained by using ISATIS, a spatial statistical
program jointly developed by Geovariances” and L'Ecole des Mines de Paris.

Once obtained the OCK estimation and surface maps, next we proceed to
compare the results obtained by OCK multivariate methodology and the OK
univariate procedure. Comparison is based on the same actual real estate data.
OK estimates have been computed incorporating in the weighting mechanism
the premises prices direct variogram reported in Table 11, in order to compare
them with the OCK ones. The comparison criterion is the interpolation accuracy
when carrying out a cross validation procedure. In particular, cokriging versus.
kriging estimation variances are compared. Aditionally, OCK and OK
standardized errors ((x*(SO)_X*(SO%*(SO)) have been calculated. Another possibility
could have been to create a test set and, eventually, compute the MAE and
RMSE (see Li and Revesz, 2004) of the differences between the estimated value
of price per square meter and the true value. However, taking into account the
sample size, it has been preferred the cross validation method. The comparison
results are reported in Table 13.

Table 13. Cross-validation results

Error Standardized error
Interpolation Method - -
P Mean Variance Mean Variance
Kriging -1.672 91186.233 -0.015 1.097
Cokriging 1.501 80621.447 0.0045 0.922

From Table 13 it can be concluded that when comparing OK versus OCK
results, as expected (the correlation coefficient between premises and house
prices, computed with the 65 pairs of prices corresponding to the homotopic
case, 1s 0 =0.696), OCK procedure has several advantages: (i) The mean
estimation error decreases by 10.2% (from -1.672 to 1.5011) the OKR result, (ii)
the mean error, in standardized terms, decreases by 70% (from -0.015 to 0.0045),
(iii) the variance of the estimation errors decreases by 11.6% (from 91186.233 to
80621.447) the variance of the OK ones and (iv) the reduction in variance
increases to 15.95% (from 1.097 to 0.922) when standardized errors are
considered.
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5. Summary and conclusions

This paper has analyzed how the space can be taken into account when
estimating a value from two different points of view: a spatial econometric and a
spatial statistic approaches. Related to spatial econometric, the models with
spatial dependence have been briefly shown and related to spatial statistic,
kriging and cokriging have been widely exposed. The aim of kriging is to
estimate the value of a random function at an unobserved point, given the values
of the function at some other points, when the variables are spatially correlated.
It provides the best linear estimator, in the sense that it is unbiased and
minimum error variance in the presence of spatial dependence. This method uses
variogram to express the spatial variation being its main advantage over other
univariate statistic methods, i.e., it takes into account the structure of the spatial
dependence existing between the variables of the stochastic process. However, if
the process of interest is difficult or expensive to measure and if some additional
information about other phenomena correlated with the principal one exists,
then, cokriging improve kriging estimations in the sense that it obtains
estimations with less variance of the estimation error using the multivariate
variogram and the multivariate data available.

In first and second applications, we have shown how the importance of house
prices knowledge seems to be evident in an actual context where the activity of
the economic agents is very intensive. To estimate the mean of house prices in a
particular area, and taking into account that prices of houses are spatially
correlated, it has been proposed the kriging of the mean estimator because it is
the best linear one in this case. Evidently, the kriging estimator of the mean
provides a different estimate than the arithmetical mean does and its variance
decreases notably with respect to the variance of the Spanish official estimator.
But what is really useful for citizens is to know the price of houses anywhere
they want to buy or sell them. To obtain an estimation map and an estimation
surface of house prices over a geographical area, taking into account that prices
of houses are spatially correlated, it has been proposed some punctual kriging
methods applied to the called “equivalent" houses, that is, houses with the same
characteristics. These procedures have been applied to the historical area of
Toledo city, having estimated, firstly, the structure of the spatial dependence
among the prices of the equivalent houses by a linear regionalized model and,
finally, having obtained an estimation map and an estimation surface. Of course,
these methodologies are easy to expand to another village or city. The
important thing is that the estimation maps and the estimation surfaces, with no
doubt, would be more useful to sellers, buyers and economic authorities than the
now known mean prices.

In the third application also related to the real estate market, we have shown the
importance of considering the structure of the spatial dependence among the
prices of properties when estimating them. Furthermore, the existing correlation
between the prices of different types of properties (in our case, houses and
premises) has been used to obtain more accurate estimates, as available
information about premises prices is usually smaller than available information
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about house prices. Before obtaining any estimates, we have proposed a
procedure to study the spatial structure. It comprises three steps: (i) Adjusting
for housing and premises mix in order to isolate the spatial component of
premises and house prices; (ii) Testing for spatial correlation and identifying a
global pattern of that spatial correlation; (iii) Modelling the direct and cross-
variograms according to the linear model of corregionalization to ensure a
positive definite model. Next, we have considered the OCK methodology to
improve OK estimates by adding an auxiliary stochastic process corresponding
to the house prices in the study area. As expected, and in agreement with
specialized literature on geostatistics, our results have shown that OCK has a
clear advantage over OK in comparison with estimation using only the data of
the target variable. Therefore, the results have indicated that the use of an
auxiliary variable improves OK estimates, what is crucial when the extent of the
information on the main variable is not the desirable. This is precisely the case
when estimating premises prices as information on them is usually scarce.
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