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Abstract

Measuring lengths with a ruler poses a challenging task for young children, who often struggle with issues related to iden-
tifying the unit on the measuring instrument and interpreting the starting point of the measurement. This study introduces
RbySteps, a didactic sequencing proposal designed to address these difficulties by simulating the step-by-step construc-
tion of a ruler, significantly including the elements of the ruler: numbers, marks and units. A total of 36 children enrolled
in the final year of early childhood education (5-6 years old) participated in the study, of whom 19 were assigned to an
experimental group and utilized RbySteps, while the other 17, constituting the control group, followed a conventional
length teaching format. Following the intervention, the experimental group demonstrated enhanced proficiency in mea-
suring lengths with a ruler, whereas the control group showed no similar improvement. This leads to the proposal of a
Hypothetical Learning Trajectory (HLT) for length measurement with a ruler based on RbySteps.
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The tangible realm of physical objects and the conceptual
dimension of numbers share a connection, primarily through
magnitudes and measurement, among other aspects. Under-
standing these concepts is significant not only in fostering
the advancement of mathematics and experimental sciences
but also in the context of daily life. Specifically, the con-
cept of length serves as the foundation for other magni-
tudes, such as area or volume, underscoring its pivotal role
in the learning process. However, during early education,
the emphasis appears to lean towards shapes and numerical
counting, sometimes at the expense of the understanding of
measurements (Hindman, 2013; Sarama & DiBiase, 2004).

In addition, notwithstanding the apparent familiarity
with measurement, numerous studies highlight the chal-
lenges that young children encounter when using rulers
(Bragg & Outhred, 2004; Congdon et al., 2018; Cullen &
Barrett, 2010; Goémezescobar et al., 2018, 2023; Irwin et al.,
2004; Levine et al., 2009; Sisman & Aksu, 2016; Solomon
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et al., 2015). To address these challenges, particularly in
terms of identifying the unit in the measuring instrument
and interpreting the starting point of measurement, this
study introduces RbySteps. This article aims to elucidate
the significance of measurement units on the ruler, facilitat-
ing the transition from discrete units to the accurate use of
the ruler—a tool in which length is depicted as a continuous
magnitude.

The current study thus has two aims. The first is to evalu-
ate through an exploratory quasi-experimental study, the
effectiveness of an instructional proposal for teaching mea-
surement with a ruler, which we call RbySteps. The sec-
ond aim, derived from the first, is to propose a Hypothetical
Learning Trajectory (HLT) to guide the teaching-learning
process of ruler-based measurement.

Challenges in Measuring with Rulers

The ruler is a tool that portrays discrete units separated by
marks, with numbers underneath indicating the “distance
accumulation” up to a given point, a concept elucidated by
Stephan and Clements (2003). While the interpretation of
these elements (units, marks, and numbers) may initially
appear straightforward, children often encounter specific
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challenges, which are particularly evident in tasks involving
non-simple measurement situations.

Non-simple measuring situations refer to instances where
one end of the object being measured does not align with
the zero mark on the ruler. This category of task requires
comprehension of breaking down a continuous quantity into
multiple equal discrete quantities (Solomon et al., 2015) and
serves as a means to identify misconceptions in the concep-
tualization of measurements (Congdon et al., 2018).

The aforementioned studies and the thesis conducted
by Goémezescobar (2020) reveal that the main difficulties
children have in using rulers lie in the interpretation of two
aspects: the units on the ruler and the starting point for mea-
suring. These challenges are evident through the strategies
employed by pupils, which can be broadly categorized into
three main types: reading the number coinciding with the
end of the object or reading the number at the endpoint (EP),
counting marks (CM), and engaging with the interval (INT).

The effectiveness of the first strategy, reading the number
at the endpoint (EP), is contingent upon placing the object
at the zero mark beforehand or accurately interpreting the
starting point and the endpoint. Several studies (Bragg &
Outhred, 2004; Cullen & Barrett, 2010; Gémezescobar et
al., 2018, 2023; Levine et al., 2009; Nunes, Ligth, & Mason,
1993; Sisman & Aksu, 2016; Solomon et al., 2015) report
that when children encounter tasks involving shifted objects
or broken rulers (non-simple measurement situations), those
relying on the EP strategy often provide incorrect answers.
It appears that these pupils focus on the numerical value
without attributing any meaningful significance to it and
fail to recognize the importance of the starting point in their
measurements.

Meanwhile, some pupils believe that measuring simply
involves counting, leading them to count the marks (CM)
on the ruler, to which they assign the status of units (Géme-
zescobar, 2020). Consequently, these children struggle to
properly interpret the units indicated on the ruler.

Lastly, the most conceptually sophisticated strategy in
terms of measurement involves acting on the spatial inter-
val or unit, along with its subsequent counting (INT). This
approach demonstrates a keen understanding of the unit
within the measuring instrument.

Teaching Ruler Measurement

The traditional approach to teaching measurement in both
curriculum and instructional practices has historically
emphasized the arithmetic aspects, such as base 10 conver-
sion (Lee & Smith, 2011; Smith & Barrett, 2017), rather
than placing a strong emphasis on comprehending the con-
ceptual framework and procedural aspects of measurement.
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In the context of length, understanding units entails recog-
nizing them within the continuous attribute of an object.

Practical instruction for ruler measurements often focuses
on the procedural steps, instructing pupils to place one edge
of the object on the zero mark and read the number aligned
with the right end of the ruler. This purely mechanical
approach leads to some children completing primary school
without acquiring the ability to identify the unit of measure
for length on a ruler (Bragg & Outhred, 2004).

In many cases, the teaching of length measurement
abruptly transitions from using discrete units to employ-
ing a ruler, with insufficient connection between these tasks
(Levine et al., 2009). Consequently, students perceive these
activities as entirely independent. To address this issue,
studies recommend facilitating a smooth transition from
measurement with discrete units to measurement with an
instrument that presents length continuously, such as the
ruler (Irwin et al., 2004; Levine et al., 2009; Gomezescobar,
2020). However, it appears that both curriculum design and
sequencing proposals in the teaching of measuring magni-
tude, potentially due to their broad nature, do not adequately
emphasize this essential transition (Alsina, 2006; Belmonte,
2005; Barrett et al., 2017; Clarke et al., 2003; Van den Heu-
vel-Panhuizen & Buys, 2008).

To facilitate this transition, some studies suggest intro-
ducing the gradual construction of the length measurement
instrument, the ruler, in teaching (Bragg & Outhred, 2004;
Clements & Stephan, 2004). This recommendation is fur-
ther elaborated in the following section through the use of
RbySteps.

RbySteps: A Didactic Sequence Proposal for
Teaching Measurement with a Ruler

Recognizing the critical importance of accurately inter-
preting the components of a ruler (numbers, marks, and
intervals), of understanding the starting point of measure-
ments, and of facilitating the transition from discrete units
to measurement with a ruler, Gomezescobar et al. (2019)
propose a sequenced approach consisting of four ad-hoc rul-
ers for teaching ruler measurement. In the limitations and
improvements section of her thesis’s, Gomezescobar (2020)
suggests incorporating two additional rulers to complete the
sequence. This article details the entire written sequence:
RbySteps, a didactic proposal registered at the United
States Copyright Office with registration number “TXu
2-427-014".

RbySteps may be included in the framework of Hypo-
thetical Learning Trajectories (HLT), which have become
increasingly prevalent in the teaching and learning of math-
ematical concepts. These trajectories establish a devel-
opmental progression for pupils and instructional tasks
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Fig. 2 Task M5, displaced object with free response

for teachers, guiding the path to achieve specific learning
objectives. In the context of how children learn to measure
length with a ruler, previous research (Gomezescobar, 2018,
2020; Levine et al., 2009; Solomon et al., 2015) underscores
the challenge children face in interpreting the starting point
of measurements and understanding the unit on the mea-
suring instrument. This emphasizes the need for a specific
transition between measurement with discrete objects and
measurement with a ruler. This transition is addressed in
RbySteps, the didactic proposal tested in this study, which
gradually introduces the elements of the ruler in a simulated
construction.

RbySteps sets out a step-by-step construction of a ruler
comprised of seven distinct stages, which, if successfully
piloted, could form an HLT, the feasibility of which might
subsequently explored. The didactic sequence is positioned
within a broader developmental progression for the learn-
ing trajectory of length measurement, as defined and revised
by Clements et al. (2017). Specifically, RbySteps focuses
exclusively on length measurement with a ruler, starting at
the “End-to-End Length Measurer” level where children
use rulers with minimal guidance and some success, then
moving through the “Length Unit Relater and Repeater”
level characterized by measuring a length correctly with a
ruler aligned at the zero mark, and ending at the “Consis-
tent Length Measurer” level, where children can resolve
broken-ruler tasks effectively. This last task is conceptually
similar to the one suggested throughout the instructional
sequence: placing an object offset on the ruler. The final
stage of RbySteps aligns with Belmonte’s (2005) proposed
last phase, involving measurements with the decimal metric
system. RbySteps offers instructional guidelines for teach-
ing measurement with a ruler, which can be found in the
Procedure section.

Materials and Methods

The study presented in this article is exploratory and quasi-
experimental. The research method has received ethical
approval from the ethics committee at the Universidad
Auténoma de Madrid (CEI-121-2444).

Sample

The sample was comprised of 39 children aged 5 to 6 years
in the final year of early childhood education. This sample
size aligns with those of reference studies in the field of
length measurement (Barrett et al., 2012, 2017; Levine et
al., 2009; Nunes et al., 1993; Sarama et al., 2021; Solomon
et al., 2015). The choice of the last year of early childhood
education was deliberate, given that these pupils had not
received prior instruction in using a ruler in school. Addi-
tionally, previous studies indicate that this age group is
capable of performing specific measurement tasks (Boul-
ton-Lewis, 1987; Clements, 1999; Hiebert, 1981; Gome-
zescobar et al., 2023).

The entire sample attended the same school, with the
experimental group consisting of 19 children from one class-
room and the control group comprising 17 from another.
This design is quasi-experimental, as the children were not
randomly assigned to the control and experimental groups.
Three children were excluded from the study—one with
autism spectrum disorder and two due to curricular gaps.

Evaluation Instrument: Test

A written worksheet with 8 ruler measurement tasks was
used as the assessment instrument to evaluate pupils’ knowl-
edge of measuring length with rulers. The tasks included in
the test are similar to those proposed in previous landmark
studies (Bragg & Outhred, 2004; Cogndon et al. 2018; Cul-
len & Barrett, 2010; Irwin et al., 2004; Kamii, 1995; Levine
et al., 2009; Solomon et al., 2015). The first 4 measurement
tasks (M1, M2, M3 and M4) have response options (Fig. 1,
M1), while the last 4 (M5, M6, M7 and M8) do not, with
the response being free (Fig. 2, M5). In the first 4 tasks the
question is “How long is it? Circle the result”, and in the last
4 it is “How long is it? Write the result”.

In addition, in order to understand the measurement strat-
egy used, we followed the approach proposed in the study by
Levine et al. (2009). Specifically, in tasks M1, M2, M3 and
M4 the numerical options provided are designed to reflect
the correct answer or the different strategies: EP represents
the strategy where the participant reads the number at either
end of the object, and CM represents the strategy where the
participant counts the marks on the ruler. For example, for
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Fig. 1, “4” would be the correct answer, “2” and “6” would
correspond to the EP strategy, and “5” to the CM strategy.

Notably, in measurement tasks M4 and M8, the object is
aligned with the zero mark on the ruler (Fig. 3), while in the
remaining six measurements (M1, M2, M3, M5, M6, and
M7), the object is deliberately displaced.

The test underwent multiple iterative revisions by both
the teachers and the researcher. Adjustments were made
to the written test format (using capital letters for the writ-
ten question “HOW LONG IS IT?”), including a separa-
tion between tasks, the size of drawings of the rulers, and
the arrangement of answers. Regarding the latter, a deci-
sion was made to position the answer options to the right
of the ruler rather than below it. This change ensured that
the numerical options did not coincide with the numbers on
the ruler. Additionally, teachers were trained to assist the
children with reading, numeration, and other related tasks to
ensure they understood the questions and could participate
effectively.

As for the reliability of the instrument, Cronbach’s alpha
was used to measure the internal consistency of the test,
obtaining a value of 0.83.

Procedure

This section is structured as follows. It begins by comment-
ing on the guidelines for the administration of the pre-test,
and then specify issues common to the interventions carried
out. Next, the section delves into the interventions in the
experimental group with RbySteps and in the control group.
Finally, issues related to the post-test are reported.

Pre-Test

As previously mentioned in the characterization of the sam-
ple, no participant had been instructed on measuring length
with a ruler in a school context. However, the children
were familiar with the instrument, as they had rulers in the
classroom and used them to draw straight lines. For pupils
to focus on length measurement with a ruler and to avoid
obstacles related to numeration (counting, writing, etc.) in
the test, the teacher assisted each child in the pre-test.

The teachers were trained to refrain from intervening in
the correction of the answers; additionally for the presenta-
tion of the tasks, they were encouraged to use formulas such
as “how long is this strip?”, “if we were to inform a friend

Fig. 3 Task M4, object aligned on zero mark with response option
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of the length of this strip, what length should we tell them?”
or “write down (or circle) the length here”.

In order to work on “sensory estimation”, the first phase
for working with magnitudes as defined by Belmonte (2005),
which focuses on the appreciation of the magnitude, the pro-
cess started by asking the participant about their understand-
ing of measurement and their previous experiences with it
[“Can you tell me what you know about measuring things?
Have you ever measured anything before?”]. The child was
then instructed to run their fingers along a strip of cardboard
to emphasize the concept of length [“Please run your fin-
gers along this strip of cardboard. Can you feel how long it
is?”]. Subsequently, the teacher administered the test out-
lined in the preceding section “Evaluation instrument: test”:
pre-test. Importantly, the teachers refrained from indicating
the correctness of measurements but provided assistance
when pupils encountered challenges with numbering and/
or counting. For example, if a child struggled with counting
the marks on the ruler, the teacher might say, [“Let’s count
the marks together. One, two, three...”] or if a child had dif-
ficulty writing the numbers, the teacher might assist by say-
ing, [“Would you like me to help you write the number?”’]

Intervention: General Guidelines

The pre-test was followed the next day by the intervention.
The intervention in each group was implemented over two
one-hour sessions on two consecutive days. In each session,
the same intervention was repeated. To increase interaction
during instruction, both in the experimental group and in
the control group, four random subgroups were generated
in each instruction session. Thus, the experimental group
had three subgroups of 5 children and one subgroup of 4,
while the control group was divided into three subgroups of
4 students and one subgroup of 5.

In all the subgroups, the intervention, conducted by one
teacher, began by presenting a conventional ruler to the
children. They were asked to express their thoughts on its
purpose and characteristics. A consensus was reached that
it was an instrument designed for measurement, primarily
composed of numbers and marks.

Subsequently, the subgroups sat together and were given
a few minutes to experiment with the material (rulers, units
and cardboard strips for measuring). The intervention (exper-
imental or control) guided by the teacher for approximately
half an hour, was then conducted in each subgroup. Dur-
ing the intervention (experimental or control), the children
measured several strips of cardboard aligned and displaced
with respect to the zero mark on the ruler(s). In addition, at
each measurement, the teacher systematically asked, “how
much does it measure?” and “how did you know?”, so that
the participants were aware of their measurement strategies.
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Fig. 4 Measurement units

The last minutes of the intervention were used to mea-
sure strips of cardboard aligned and misaligned with the
zero mark on the ruler(s).

Intervention in the Experimental Group

1. Theteacher followed the seven-step RbySteps sequence,
which simulates the sequential construction of a ruler,
emphasizing the transition between discrete units and
the ruler, a continuous measurement tool. The seven
steps are as follows: Measurement of different objects
using discrete units (Fig. 4), similar to those contained
in the rulers of the set.

2. Under the pretext of minimizing the need for unit tes-
sellation with each measurement, the proposal suggests
presenting units pre-tiled on a support, resulting in the
creation of the first ruler in the set (see Fig. 5). This
ruler, along with the subsequent ones, underscores the
significance of measuring objects aligned and displaced
from the zero mark.

Fig.7 Ruler with tiled numbered units

In the second ruler of the sequence (Fig. 6), the units
are tiled and delimited by marks. In the previous ruler,
the ruler with tiled units (Fig. 5), marks are intention-
ally omitted to discourage counting them (CM strat-
egy), allowing the emphasis to remain on the units (INT
strategy).

As a solution to avoid counting units repeatedly during
measurements, the third ruler in RbySteps introduces
numbered units in a tiled arrangement (Fig. 7). This
ruler again underscores the importance of measuring
both aligned and displaced objects. When measured
from the zero mark, the number signifies an accumula-
tion of distance from that point. However, measuring
from a different mark alters the interpretation, leading
to the more common practice of counting the units con-
stituting the length of the object (INT strategy).

The next step involves eliminating the units to create
a ruler closely resembling the conventional version,
resulting in the fourth ruler consisting solely of marks
(Fig. 8). The crucial concept here lies in recognizing
marks as unit delimiters rather than standalone units.
Special attention is needed to understand the trace left
by the removed unit, requiring the counting of these

Fig.5 Ruler with tiled units

Fig. 6 Ruler with tiled units delimited by marks
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Fig. 8 Ruler with marks
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Fig. 9 Ruler with numbered space intervals

Fig. 10 Ruler with numbered marks

traces or spacing intervals between marks during mea-
surements (INT strategy).

6. Similar to the third ruler of the set, the ruler with tiled
numbered units (Fig. 7), the subsequent one (Fig. 9)
introduces numbers indicating the accumulated space
intervals (or units) from the zero mark to the correspond-
ing location. However, in order for the units to remain
visible, these numbers are positioned at the center of
each space interval (or unit), deviating from the conven-
tional ruler where numbers typically appear under each
mark. This incorporation of numbers again emphasizes
the need to concentrate on measurements from various
points on the ruler, considering both aligned and dis-
placed objects).

7. After comprehending the roles of numbers and marks
on the measuring instrument, along with the display of
units, the final ruler in RbySteps is presented (Fig. 10).
On this ruler, numbers are positioned below the marks,
mirroring the conventional ruler. This prompts the
incorporation of the number zero on the initial mark,
as, at this juncture, there is no accumulation of distance.
The zero mark serves as the boundary to the left of the
initial unit encompassing the ruler.

The concluding step in the sequence involves the use of a
conventional ruler. Conceptually, this ruler closely resem-
bles the last one proposed in the set—the ruler with num-
bered marks.
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Intervention in the Control Group

In the control group, the intervention was aligned with
traditional teaching methods of measuring length with a
ruler. However, it did not gradually bridge the connection
between measurement with discrete units and measurement
that presents length as a continuous magnitude. Initially, a
unit of measurement recognized by the subgroup was estab-
lished, adhering to the concept of standardization for mea-
surement communication proposed by Lehrer (2003). The
participants longitudinally arranged units similar to those
in Fig. 4 on strips of cardboard with integer measurements,
ensuring no overlap or gaps between units—a consideration
inspired by Lehrer’s tiling concept (2003). Following mea-
surement with discrete units, a conceptually conventional
ruler (Fig. 10) was introduced. Following the experimental
group in the study by Levine et al. (2009), the results of
measurements with this ruler were verified by placing units
on top of the ruler along the strip of cardboard to help visu-
alize the units.

Post-Test

One week after the interventions, the teachers administered
the test of the “Evaluation instrument” section (post-test) to
the individual pupils a second time.

Analysis

The data obtained were analyzed using the Statistical Pack-
age for the Social Sciences, SPSS, version 26. The number
of correct answers was treated as a numerical variable and
computed as a percentage.

As detailed in the section “Evaluation instrument: test”,
the strategies that children used to measure were inferred
from the results of each task. The following categories
are established: EP strategy (reading the number coincid-
ing with the end of the object or reading the number at the
endpoint), CM strategy (counting marks), OTH (others), or
correct response.

For example, in Fig. 1, if the student indicated “2” or “6”
as the result, it was categorized as using the EP strategy; if
the student indicated the result “5”, it was categorized as
using the CM strategy; if the student indicated “4”, it was
categorized as correct response. In the OTH category, for
example, the student indicated “5” as the result in the task in
Fig. 3, as the result does not correspond to any of the previ-
ous categories, EP or CM.

Given the nature of the data, non-parametric statistics
are used. The association between the performance of the
experimental and control groups for each of the test tasks
was examined through %2 tests for independent samples).
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Table 1 Percentage of correct measurements in the experimental and control group in the pre- and post-test, and significance of mean pre- and
post- intervention differences

Task Experimental group Wilcoxon test Control group Wilicoxon test
PRE POST For related samples PRE POST For related samples
M1 21,1% 89,5% 7=-3.61,p<0.0 0% 11,8% Z=-1.41,p=0.16
M2 10,5% 89,5% 7=-3.87,p<0.00 0% 5,9% 7Z=-1.00, p=0.32
M3 10,5% 84,2% Z=-3.50,p<0.00 0% 5,9% Z=-1.00, p=0.32
M4 73.,7% 94,7% Z=-2.00, p=0.04 100% 100% Z=0,p=1.00
M5 10,5% 89,5% 7Z=-3.87,p<0.00 0% 5,9% Z=-1.00, p=0.,32
M6 5,3% 89,5% 7Z=-3.77, p<0.00 0% 5,9% =-1.00, p=0.32
M7 15,8% 89,5% Z=-3.50,p<0.00 0% 5,9% 7Z=-1.00, p=0.32
M8 78,9% 89,5% 72=-0.82, p=0.41 100% 100% 2=0,p=1.00

Table 2 Frequency and percentage of strategies used by both groups
in the pre-test

Correct CM EP OTH
Ml 4 (11.1%) 8 (22.2%) 24 (66.7%) 0
M2 2 (5.6%) 2 (5.6%) 32 (88.8%) 0
M3 2 (5.6%) 5(13.9%) 29 (80.5%) 0
M4 31 (86,1%) 3(8.3%) 1 (2.8%) 1(2.8%)
M5 2 (5.6%) 6 (16.7%) 27 (74.9%) 1 (2.8%)
M6 1 (2.8%) 6 (16.7%) 27 (74.9%) 2 (5.6%)
M7 3 (8.3%) 6 (16.7%) 24 (66.7%) 3 (8.3%)
M8 32 (88.9%) 2 (5.6%) 1 (2.8%) 1(2.8%)

Note: counting marks (CM); reading the number coinciding with the
end of the object or reading the number at the endpoint (EP); others
(OTH)

Comparisons between the measurements and strategies con-
ducted in the pre- and post-study were carried out using the
Wilcoxon test for related samples (Z).

Results
Correctness of Measurements

In the pre-test, both the experimental and control groups
obtained percentages below 22% for correct measure-
ments with the displaced object (M1, M2, M3, M5, M6, and
M7): these percentages can be found in Table 1. For these
measurements, no statistically significant differences were
observed between the performances of the experimental
and control groups (32=1.89, p=0.17 for M2, M3 and MS5;
12=0.92, p=0.34 for M6 and ¥2=2.93, p=0.09 for M7),
except for task M1 (x2=4.03, p=0.04), where the experi-
mental group obtained better results than the control group.

Continuing with the results obtained by the experimental
and control groups in the pre-test, the tasks that positioned
the object at the zero mark of the ruler (M4 and M8) achieved
higher percentages of correct responses. Here, however,
there were differences in the groups (¥2=5.19, p=0.02 for
M4 and ¥2=4.02, p=0.04 for M8), with the complete con-
trol group measuring correctly in these two tasks.

After the intervention with RbySteps, in the post-test, it
can be observed that the percentages of correct responses
significantly increased in the experimental group, being
statistically confirmed for all measurements except for M8
(Table 1). On the other hand, in the control group, there
were no statistically significant pre- or post- intervention
differences for any of the measurements.

Measurement Strategies

Because there were no differences in the results of the pre-
test measurements in virtually any of the tasks (except
M1), the pre-test results of the experimental and control
groups are presented together. Table 2 shows the percent-
age of correct answers and the strategies used in the case of
incorrect answers (EP, CT, OTH). It worth noticing that, in
measurements M4 and M8, using the EP strategy (reading
the number at the end) implies indicating zero (far left) as
the answer, as reading the number to the right of the object
would give a correct answer.

As differences were observed in the experimental group
after the intervention, it is delved into the use of strategies
in this group. Table 3 displays the strategies employed in
each measurement before and after the intervention. The
last column of the table presents the mean difference statis-
tic for related samples, as the strategies before and after the
intervention are recorded for the same participant. Signifi-
cant differences are observed in the measurements with the
object displaced (M1, M2, M3, M5, M6, and M7), with no
such differences appearing when the object was located at
the zero mark of the ruler (M4 and MS).

Discussion

RbySteps Vs. Traditional Instruction in Length
Measurement with a Ruler

One of the aims of this study was to evaluate the effective-
ness of RbySteps, a didactic approach designed to enhance
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Table 3 Frequency and percentage of strategies, and mean differences in the pre- and post-test for the experimental group

PRE POST Wilcoxon test for related samples
Correct CM EP OTH Correct CM EP OTH

M1 4(21.1%) 5(263%) 10(52.7%) O 17 (89.5%) 1(53%) 1(53%) O Z=-2.67,p=0.01

M2 2(10.5%) 2(10.5%) 15(78.9%) O 17 (89.5%) 1(53%) 1(53%) O Z=-3.70; p<0.00

M3 14 (73.7%) 2(10.5%) 3(15.8%) O 16 (84.2%) 1(5.3%) 2(10.5%) 0 Z=-3.34; p<0.00

M4 14 (73.7%) 3 (15.8%) 1(5.3%) 1(5.3%) 18(94.7%) O 0 1(53%) Z=0;p=1

M5 2(10,5%) 4(21.1%) 12(63,1%) 1(53%) 17(89.5%) O 2(10.5%) 0 Z=-2.02; p=0.04

M6 1(5.3%) 3(15.8%) 13 (68,4%) 2(10,5%) 17(89.5%) 1(53%) 1(53%) O Z=-3.09; p=0.02

M7 3(15.8%) 3(15.8%) 10(52.7%) 3(15.8%) 1(53%) 1(53%) 1(53%) O Z=-3.39; p<0.00

M8 15(78,9%) 2(10.5%) 1(5.3%) 1(53%) 17(89.5%) O 0 2(10.5%) Z=-0.11;p=091

Note: counting marks (CM); reading the number coinciding with the end of the object or reading the number at the endpoint (EP); others (OTH)

understanding of the role of measurement units on the con-
ventional ruler when measuring lengths. This is achieved
through a sequential set of six rulers that simulates the con-
struction of a ruler, lending meaning to its elements—num-
bers, marks, and units.

In the pre-test, both the experimental and control groups
yielded similar results. Coinciding with research proposing
measurement tasks involving objects aligned and displaced
with respect to the zero mark of the ruler (Congdon et al.,
2018; Levine et al., 2009; Solomon et al., 2015), perfor-
mance when the object was aligned at the zero mark was
significantly higher than when the object was displaced.
Specifically, Solomon et al.‘s study (2015), conducted with
children in early childhood education and 2nd grade of pri-
mary education, revealed that the early childhood education
group did not exceed 25% correct answers in ruler mea-
surement tasks with numbers and displaced objects in their
experiments 1 and 2, mirroring our sample’s performance
in the pre-test in measurements M1, M2, M3, M5, M6, and
M7. Levine et al.‘s study (2009), involving 2nd graders,
reported approximately 30% correct results in the pre-test
measurements with the displaced object.

It appears that the children, despite lacking explicit
instruction in the use of the ruler, are familiar with and
employ the mechanical measurement procedure: placing the
object at the zero mark and reading the number that aligns
with the right-hand end (EP). According to Solomon et al.
(2015) and Gomezescobar et al. (2023), in displaced object
task, participants often fail to consider that numbers repre-
sent the accumulation of units up to that specific point. This
is because they fail to consider the starting point for mea-
surement. Therefore, the lack of understanding of the role of
numbers in the measuring instrument hinders the compre-
hension of length measurement at these ages.

Strategies Employed in Length Measurement with a
Ruler Before the Interventions

In the pre-test, in tasks involving the displaced object (M1,
M2, M3, M5, M6, and M7), the predominant strategy was
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to read the number coinciding with the end of the object or
reading the number at the endpoint (EP), leading to incor-
rect results. Thus, in measurements with the object aligned
at the zero mark (M4 and M8) where the percentage of cor-
rect answers was significantly higher, use of the EP strategy
was minimal and would correspond to reading the number
on the far left, representing zero.

The predominant use of the reading the number at the
endpoint strategy (EP) in these measurements aligns with
findings from several studies. Bragg and Outhred (2004),
Kamii (1995), and Levine et al. (2009) also investigated
tasks involving the displaced object, reporting varying
percentages of EP strategy use, ranging from 20% in 2nd
graders (Levine et al., 2009), and 5% in 4th graders (Kamii,
1995), to 24% in 6th graders (Bragg & Outhred, 2004).
Gomezescobar et al. (2023), working with a similar age
group as in the present study (the final year of early child-
hood education and 1st graders), found the EP strategy to be
predominant, with percentages of 57.4% and 60.6%, respec-
tively. Similarly, the results appendix of Goémezescobar’s
(2020) thesis demonstrates that over 50% of children aged 4
to 7 use the readking the number at the end strategy (EP) to
measure with a ruler with numbers under the marks, similar
to the ruler used in the evaluation instrument of this study.

Strategies Employed in Length Measurement with a
Ruler after the Interventions

Following the didactic interventions, there was a notice-
able shift in trend within the experimental group. This
change was not observed in the control group, however.
Let us recall that the control group adhered to traditional
methods of teaching length measurement, initially utilizing
discrete units for measurement before transitioning to ruler
measurements. Additionally, to underscore the significance
of units on the ruler, measurements taken with the ruler
were verified and compared by placing measurement units
atop the ruler along the cardboard strip. It is worth notic-
ing that in all groups, measurements were considered both
with the object aligned and displaced with respect to the
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zero mark on the ruler. Similar guidelines were employed
in experimental group in the study conducted by Levine et
al. (2009). However, in contrast to the participants in their
study, the children in our control group showed no signifi-
cant improvement after this type of instruction. This lack of
performance could be related to the age of the participants,
7-8 years in the group of Levine et al. (2009) and 5-6 years,
in our case.

Conversely, the experimental group in our study expe-
rienced benefits stemming from the RbySteps instructional
approach, involving the use of six tailored rulers that sys-
tematically guide the construction of a ruler. These advan-
tages were manifested in an increase in the number of correct
measurements involving displaced objects with respect to
the zero mark of the ruler. It is worth noting that such tasks
necessitate a more profound conceptual understanding, as
they require interpretation of the role of measurement units
and the starting point for measurements. The rise in correct
measurements corresponds to a decline in error-inducing
strategies. Specifically, there was a reduction in the use of
the strategy where students read the number coinciding with
the end of the object (EP) and the strategy where they count
the marks on the ruler (CM).

Upon closer examination of the erroneous strategies
employed for expressing measurements in the experimental
group, it is evident that two children consistently used the
CM and EP strategies, respectively. This observation sug-
gests a lack of interpretation regarding the role of units on
the ruler. Given the small number of participants involved
(only two), it is challenging to ascertain the progression
between strategies, as proposed by works such as those
by Levine et al. (2009), Solomon et al. (2015), and Géme-
zescobar et al. (2023). The theoretical progression of strate-
gies typically starts with reading the point at the end (EP),
considered a less advanced strategy than mark counting
(CM), which stands closer to action on the interval (INT).
The most conceptually sophisticated strategy in terms of
measurement involves acting on the spatial interval or unit,
along with its subsequent counting (INT). This approach
demonstrates a keen understanding of the unit within the
measuring instrument. This evolution, first EP and then CT,
could lead to children counting the units comprising the
length of the object being measured (INT).

In this sense, it is worth noting that, in the overall anal-
ysis of the post-test of the experimental group, there is a
decrease in the “Others” strategy (OTH). This suggests that
the children were responding in accordance with the mea-
surement strategies. Although these answers were not cor-
rect, they were inclined towards length measurement.

To conclude, alignment was found with previous studies
emphasizing the importance of highlighting the meaning and
interpretation of the unit within the measuring instrument

(the ruler) and discouraging the mere mechanical teaching
of ruler usage. Specifically, implementing RbySteps—a
proposal that sequences ruler construction through six ad-
hoc rulers and provides measurements of objects aligned
and displaced from the zero mark— yields effective con-
ceptualization of measuring length with a ruler.

Hypothetical Learning Trajectory

Given the insights into how children learn measurement and
the proposed didactic sequencing, RbySteps, in line with the
second aim of this work, a Hypothetical Learning Trajectory
(HLT) is proposed, which is exclusively focused on measur-
ing with a ruler. This HLT could complement the learning
trajectory (LT) presented by Clements et al. (2017), as their
proposal is more general, encompassing length measure-
ment in its entirety. The proposed HLT for length measure-
ment with a ruler extends Clements et al.’s (2017) LT by
providing a more detailed and structured progression of
levels specifically focused on the use of rulers for length
measurement. It introduces intermediate levels that address
common misconceptions and strategies used by children,
such as the counting marks strategy (CM) and the correct
interpretation of numbers and marks on the ruler. By doing
so, it offers a more granular approach to understanding and
teaching length measurement, which can help educators
better support students’ learning and address specific chal-
lenges they may encounter.

The HLT for length measurement with a ruler is out-
lined in Table 4 and is based on understanding ruler design
through the gradual introduction of its elements: numbers,
marks, and units. This foundational premise aligns with the
approach taken in RbySteps, where each level of the devel-
opmental progression is determined by a specific ruler.

The first level of the HLT, “Units measurer”, corresponds,
concerning the ruler, to the “End-to-End Length Measurer”
level proposed by Clements et al. (2017). This level speci-
fies that students “lay units end to end to create measures
for comparison” and “use rulers with minimal guidance and
some success”, indicating that children may “ignore the zero
point or report the number at the far end of the ruler” (p.63).
This aligns with the pre-test results, showing a preference
for using numbers on rulers following the EP strategy.

The next five levels of the proposed HLT would align
with the “Length Unit Relater and Repeater” level of Clem-
ents et al.“s (2017) LT. While this level focuses on the itera-
tion of units of measurement, it constitutes a more global
model for length measurement. Regarding ruler usage, it
emphasizes doing so “with minimal guidance and more suc-
cess than at the previous level. Measures a length accurately
with a ruler if aligned to the zero point”. Additionally, it
notes the misconception that “when an object does not align
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Table 4 HLT for length measurement with a ruler

Developmental
Progression

Actions on objects

Representative task

Unit measurer

Units tiled

on a support
measurer

Units tiled on a
support delim-
ited by a mark
measurer
Numbered units
tiled on a sup-
port measurer

Ruler with a
mark measurer

Ruler with
numbered
space intervals
measurer

Ruler with
numbered marks
measurer

Standard ruler
measurer

Tiles units along an object with no gaps or overlaps, counts units to state the measurement

Understands that embedding units in a holder avoids having to tile units each time they want to
measure.

Measures objects aligned at the zero mark and offset with a ruler showing tiled units.

Understands marks as delimiters of units, not as units in themselves.

Measures objects aligned at the zero mark and displaced with a ruler with units tiled and delimited by
marks.

Measures objects aligned at the zero mark and displaced with a ruler with tiled numbered units.
Understands the significance of numbers as indicators of distance accumulation from the zero mark to
the number location.

Measures aligned and displaced objects with a ruler with marks.

Understands marks as delimiters of units, not as units in themselves.

Understands units as the interval of space or trace left by units that have been removed from the previ-
ous ruler.

Measures aligned and displaced objects with a ruler with marks and numbers in the space intervals
between marks.

Understands units as the interval of space or trace left by units that have been removed from the previ-
ous ruler and does not attribute the entity of unit to the marks.

Understands the significance of numbers as indicators of the accumulation of distance from the zero
mark to the location of the number.

Measures aligned and displaced objects with a ruler with marks and numbers under them.

Understands units as the interval of space between two marks and does not attribute unit meaning to
the marks.

Understands the meaning of numerals as indicators of the accumulation of distance from the zero mark
to the number location.

Measures aligned and displaced objects with a standard ruler.

Understands units as the interval of space between two marks and does not attribute unit meaning to
the marks.

Understands the meaning of numerals as indicators of the accumulation of distance from the zero mark
to the location of the numeral.

To measure objects
with units similar
to those on RbyS-
teps’ rulers (Fig. 4)
To measure objects
with the ruler with
tiled units (Fig. 5)
To measure objects
with the ruler with
tiled units delimited
by marks (Fig. 6)
To measure objects
with the ruler with
tiled numbered
units (Fig. 7)

To measure objects
with the ruler with
marks (Fig. 8)

To measure objects
with the ruler with
numbered space
intervals (Fig. 9)

To measure objects
with the ruler with
numbered marks
(Fig. 10)

To measure objects
with a standard
ruler

to start at zero on a ruler, children may include the initial
tick mark when they count tick marks to find length” (p. 64),
which corresponds to the use of the counting marks strategy
(CM), considered more advanced in terms of length concep-
tualization than reading the number at the end of the object
(EP) (Gomezescobar et al., 2023).

The primary aim of the abovementioned five levels is to
facilitate the transition or visualization of units on the mea-
suring instrument. Specifically, addressing the misuse of the
CM strategy is the focus of the third level, called “Units tiled
on a support delimited by marks measurer,” which intro-
duces marks on the measuring instrument. The meaning
of the numbers on the ruler is first introduced in the fourth
level, “Numbered units tiled on a support measurer.” The
subsequent levels, review and combine interpretations of
numbers, marks, and space intervals as different elements,
ultimately leading to the correct use of the standard ruler.

The last two levels of the proposed HLT, “Ruler with
numbered marks measurer” and “Standard ruler measurer,”
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would fit within the “Consistent Length Measurer” level
(Clements et al., 2017, p. 65). At this level, specific aspects
related to using the ruler and understanding its design are
delineated, including the zero point of the ruler, the accu-
mulation of distance, and the broken ruler task, which con-
ceptually resembles the shifted object task. While these
aspects are introduced in previous levels, the design of the
rulers used in these two levels is similar or identical to the
conventional ruler intended for use at the level proposed by
Clements et al. (2017).

Limitations and Future Directions

One of the most notable limitations of this study lies in the
sample being convenience-based, which may restrict the
generalizability of the findings. It would be beneficial to
increase both the size and diversity of the sample, in terms
of both quantity and geographical regions, to enhance the
applicability of the results.
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Another limitation of the study is related to inferring
the strategies used by the participants based on numeri-
cal results of their measurements. Although this technique
is deployed by other reference studies (Bragg & Outhred,
2004; Cogndon et al. 2018; Cullen & Barrett, 2010; Irwin et
al., 2004; Kamii, 1995; Levine et al., 2009; Solomon et al.,
2015), children verbalizing strategies through interviews is
suggested as a prospective approach. In addition, this would
allow for further exploration of the possible progression of
strategies: reading the endpoint (EP)-counting marks (CM)-
action on the interval (INT).

Another limitation may be related to the use of manipula-
tive material during interventions and graph-based assess-
ment. The transfer between different representations could
affect no children demonstrate their knowledge. Therefore,
in addition to the aforementioned interviews, including,
during instruction, worksheets with measurement situations
that require representation by rulers and cardboard strips is
suggested.

In addition, it is proposed to explore the Hypothetical
Learning Trajectory (HLT) focused on measuring lengths
with rulers. To validate its relevance, it is essential to carry
out a detailed analysis of each level of the HLT and the
activities associated with them. In addition, it is common
to make adjustments to HLTs to improve their effectiveness.
This approach allows the HLT to be adapted according to
the specific needs of the group of learners and to maximize
the learning outcomes of this fundamental skill.

Conclussion

In summary, this study reinforces the consensus found in
earlier research, underlining the crucial significance of
emphasizing the significance and interpretation of the unit
on the measuring instrument, such as the ruler. The findings
strongly advocate against a purely mechanical approach to
teaching ruler usage. Notably, the implementation of RbyS-
teps, a pedagogical framework that systematically sequences
ruler construction via six purpose-designed rulers and offers
measurement scenarios involving objects both aligned and
displaced from the zero mark, demonstrates a successful
proposal for fostering a profound conceptual understanding
of measuring length with a ruler. Moreover, this approach
gives rise to the formulation of a Hypothetical Learning
Trajectory (HLT) for length measurement, with each level
corresponding to a step in the RbySteps sequence.

Based on the findings that children often fail to consider
the starting point for measurement and the role of units in
the measuring instrument, future research should examine
instructional methods that explicitly address these concep-
tual gaps. Based on the findings that the RbySteps approach

significantly improves understanding of measurement units
and starting points, designers of early childhood learning
should consider integrating sequential ruler construction
activities into their curricula to enhance conceptual under-
standing of length measurement.
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