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A B S T R A C T

Brain metastases (BMs) are the most common intracranial tumor type and a significant health concern,
affecting approximately 10% to 30% of all oncological patients. Although significant progress is being made,
many aspects of the metastatic process to the brain and the growth of the resulting lesions are still not
well understood. There is a need for an improved understanding of the growth dynamics and the response
to treatment of these tumors. Mathematical models have been proven valuable for drawing inferences and
making predictions in different fields of cancer research, but few mathematical works have considered BMs.
This comprehensive review aims to establish a unified platform and contribute to fostering emerging efforts
dedicated to enhancing our mathematical understanding of this intricate and challenging disease. We focus on
the progress made in the initial stages of mathematical modeling research regarding BMs and the significant
insights gained from such studies. We also explore the vital role of mathematical modeling in predicting
treatment outcomes and enhancing the quality of clinical decision-making for patients facing BMs.
1. Introduction

Brain metastases (BMs) are the most common intracranial tumors
in adults with an incidence of around 10% to 30% of all oncological
patients [1,2]. Autopsy studies have revealed that 30%–40% of can-
cer patients had BMs, suggesting that the true prevalence could be
larger [3]. In the United States alone, the number of patients affected
by BMs was around 250,000 in 2021 [4]. The figures of BM diagnoses
are increasing which could be attributed to two primary factors. Firstly,
medical imaging technology has improved, enabling better resolution
and detection of even small metastases. Secondly, the increasing num-
ber of patients affected by primary cancers and their longer survival
could contribute to the overall increase in BM cases [2,5].

These statistics reveal that BMs represent a disease burden compa-
rable to that of the most common cancers, such as prostate, breast, or
lung cancer. Despite the significant number of patients affected by BMs,
the number of active prospective studies in 2021 was fewer than 200.
In contrast, there were over 1000 active prospective studies in prostate
cancer and nearly 2000 in lung cancer [4].

The metastatic process in the brain starts with individual tumor
cells or cell clusters that move from a primary site to the brain.
Typically, these cells invade the surrounding tissue and travel through
the bloodstream from the original tumor site. Upon reaching the brain,
metastatic cells come to a halt at branch points in microvessels, then
move out of vessels, and remain nearby to microvessels, when they

∗ Corresponding author.
E-mail addresses: Beatriz.Ocana@uclm.es (B. Ocaña-Tienda), Victor.PerezGarcia@uclm.es (V.M. Pérez-García).

expand by vessel cooption [6,7]. Their growth is possible if they can
evade the immune system and adapt to their new environment [8].
When cancerous cells line up alongside capillaries, they create elon-
gated clusters of metastatic cells called micrometastases [9]. The colo-
nization of brain cells is a lengthy and highly inefficient process. This is
due to the fact that the majority of cells that invade the brain die [10].
While the mechanisms governing the initial phases of tumor cell dis-
persion [11] and the later stages of macrometastatic development are
relatively well understood [12,13], the factors determining the survival
and successful adaptation of cancer cells that have spread to the brain
remain partially unknown, and a substantial amount of basic biological
research is being developed to obtain a deeper understanding of these
processes.

The advent of mathematical modeling has presented a promising
avenue for unraveling the complex interplay of many biological ele-
ments in cancers. Its application in this field has garnered recognition
due to its potential to provide deeper insights into the mechanisms
governing cancer development, pinpoint potential targets for therapy,
and generate novel hypotheses [14]. Beyond that, mathematical models
offer the opportunity to fine-tune drug dosing and scheduling, leading
to enhanced treatment efficacy and minimized toxicity [15]. Conse-
quently, the integration of mathematical modeling in cancer research
holds the power to advance the field, paving the path toward more
efficient and personalized treatment approaches.
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Mathematical models have been widely used in the study of primary
brain tumors, specifically gliomas such as glioblastoma multiforme
(GBM) or low-grade gliomas (LGGs). A wide variety of model types
has been utilized to capture the complexities of GBM, ranging from
ordinary differential equations (ODEs) [16–18] to partial differential
equations (PDEs) [19–21], stochastic differential equations (SDEs) [22],
cellular automata (CA) [23–25], and evolutionary game theory models
(EGTs) [26]. Through these diverse methods, mathematical models
have successfully addressed various aspects of GBM, shedding light
on critical points such as the tumor’s response to chemo- and radio-
therapy [27–38], or other types of treatments [39–43], the develop-
ment of resistances [44–46], as well as phenotypic changes induced by
treatments [47–49]. Moreover, mathematical models have been used to
identify biomarkers with prognostic value [50–54]. However, despite
the much larger incidence of BMs over primary brain tumors, the
number of studies devoted to using mathematical tools to understand
BMs has been very limited.

Mathematical models have been previously employed to study the
metastatic process, encompassing various aspects such as the growth
and dissemination of untreated metastases [55–59], extravasation [58,
60–62], interactions between primary and secondary tumors [63–67],
and therapeutic strategies [68,69]. Nonetheless, BMs exhibit unique
characteristics that distinguish them from other types of metastases,
primarily due to the presence of the blood–brain barrier. This barrier
acts as a formidable obstacle, preventing the entry of foreign substances
and cells into the brain and posing a significant challenge for research
in this area. Moreover, BMs differ from GBMs in several key aspects.
They demonstrate less infiltrative behavior, tend to be smaller in size
on diagnosis, and their molecular origins are substantially different,
leading to distinct clinical courses and management approaches. These
distinctions make the study of BMs a specialized and important area of
focus in oncology research.

A previous review by Peng et al. [70] addressed computational
models in conjunction with bioinformatics techniques and statistical
models. The aim of the present review is to highlight the applications
of mathematical models in the study of BMs since the development
of effective preventive or therapeutic strategies for metastatic cancer
requires a comprehensive understanding of the underlying mechanisms
at each stage of the metastatic cascade.

This paper reviews 16 research studies, outlined in Table 1, that
have addressed different aspects of the formation, growth, and response
to treatments of BMs using mathematical tools.

2. Models of the initial stages of BM development

2.1. A model for BM development linked to primary tumor growth

Bilous et al. [71] described the development of BMs as a process
dependent on the primary tumor growth. The authors studied different
types of mathematical models by combining several biological con-
siderations. The different scenarios studied in the model correspond
to different biological assumptions and are summarized in Fig. 1: (a)
A model where BMs are disseminated just by primary tumors (PT)
and using the same parameters for PT and BM growth. (b) A model
with different parameters for PT and BMs. (c) A model with secondary
dissemination, where BMs are able to disseminate new BMs. (d) A
model with delayed dissemination. (e) A model with BM dormancy
phases.

Primary tumor description. To describe primary tumor growth the
authors assumed that the number of cells in the primary tumor 𝑆𝑝(𝑡)
before treatment 𝑡 < 𝑇𝑑 follows the Gompertz growth model, i.e.
𝜕𝑆𝑝

𝜕𝑡
= 𝛼0,𝑝𝑆𝑝 − 𝛽𝑝 ln(𝑆𝑝)𝑆𝑝, ∀𝑡 < 𝑇𝑑 , (1a)

where time 𝑡 = 0 corresponds to appearance of the first cancer cell
𝑆𝑝(𝑡 = 0) = 1, 𝛼0,𝑝 is the specific growth rate ( 1

𝑆𝑝

𝑑𝑆𝑝
𝑑𝑡 ) at this time and

𝛽 is the exponential rate of decrease of the specific growth rate.
2

𝑝

Fig. 1. Scenarios studied by Bilous et al. [71]. Brain metastasis (BM) development
was assumed to be dependent on the primary tumor, having both lesions a Gompertzian
growth. Five models were defined and studied corresponding to different scenarios: (a)
Primary tumors (PTs) are the only source of BMs and the same growth dynamics is
assumed for BMs and PTs. (b) The growth of PT and BMs may be different. (c) BMs can
give place to new BMs. (d) A delayed dissemination is considered. And (e) a dormancy
phase is taken into account.

After treatment starts at 𝑡 = 𝑇𝑑 , the number of tumor cells was
assumed to follow an exponential growth with growth rate 𝛼1, a log-kill
effect of the therapy with parameter of efficacy 𝜅 and an exponential
decrease of the treatment effect due to resistance, with half-life 𝑡𝑟𝑒𝑠 is
incorporated in their model, i.e.
𝜕𝑆𝑝

𝜕𝑡
= 𝛼1𝑆𝑝 − 𝜅𝑒−

𝑡−𝑇𝑑
𝑡𝑟𝑒𝑠

ln 2𝑆𝑝, ∀𝑡 ≥ 𝑇𝑑 . (1b)

Description of the metastatic process. To incorporate both phases
of metastasis development – dissemination and colonization – into their
model, the authors based their work on the framework established
by Iwata et al. [87]. That led to the formulation of Eq. (2). The
dissemination rate 𝑑, i.e., the number of successfully born BMs per unit
of time, is a function of the number of cells in the primary tumor 𝑆𝑝

and is described by

𝑑(𝑆𝑝) = 𝜇𝑆𝛾
𝑝 , (2a)

where 𝜇 is the probability of cells overcoming the BM formation process
and the parameter 𝛾 specifies the geometric location of cells that can
create a BM across the primary tumor. Assuming the surface cells of
the primary tumor as the source, 𝛾 = 2∕3. A Gompertzian growth rate
𝑔(𝑠) is assumed

𝑔(𝑠) = (𝛼0 − 𝛽 ln(𝑠))𝑠, (2b)

where 𝑠 is the size of the metastasis and 𝛼0 and 𝛽 are the growth
parameters that depending on the scenario could be equal or different
to the ones for the primary tumor 𝛼0,𝑝 and 𝛽𝑝.

The authors introduced a size-structured density 𝜌(𝑡, 𝑠) to model the
population of metastases. The transport partial differential equations
describing the density 𝜌 are

𝜕𝑡𝜌(𝑡, 𝑠) + 𝜕𝑠(𝜌(𝑡, 𝑠)𝑔(𝑠)) = 0, (3a)
𝑔(𝑆0)𝜌(𝑡, 𝑆0) = 𝑑(𝑆𝑝), (3b)

where 𝑠 ∈ (𝑆0,+∞) with 𝑆0 represents the size of a BM at birth (one
cell) and 𝑔(𝑡 = 0) = 0. The most significant quantity in the study was
the number of visible lesions, i.e. the number 𝑓 (𝑡, 𝑆𝑣𝑖𝑠) of BMs with
sizes larger than 5 mm. The size threshold for BM detection can vary
between studies and depending on the resolution of the medical images
used. Nonetheless, several studies have supported 5 mm as a common
threshold [88,89]. The number of BMs (> 5 mm) 𝑓 (𝑡, 𝑆𝑣𝑖𝑠) is given by

𝑓 (𝑡, 𝑆𝑣𝑖𝑠) =
∞

𝜌(𝑡, 𝑠′) 𝑑𝑠′, (4)
∫𝑡(𝑆𝑣𝑖𝑠)
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Table 1
List of papers reviewed. This summary contains the year of publication, aspects of BMs behavior explored, and type of mathematical model
used for the analysis. Abbreviations: BMs — Brain Metastases, ODE — Ordinary Differential Equation, PDE — Partial Differential Equation, RN
— Radiation Necrosis.

Reference Year Study focus Type of Mathematical Model

Bilous et al. [71] 2019 Formation of BMs PDEs

Benzekry et al. [72] 2023 Formation of BMs PDEs

Smith et al. [73] 2016 Formation of BMs and ODEs

preventive therapy

Yoo et al. [74] 2011 Growth of untreated BMs Linear equation

Garcia et al. [75] 2018 Growth of untreated BMs Linear equation

Kobets et al. [76] 2020 Growth of untreated BMs Linear equation

Shin et al. [77] 2023 Growth of untreated BMs ODE

Pérez-García et al. [78] 2020 Growth of untreated BMs ODE

Ocaña-Tienda et al. [79] 2023 Growth of untreated BMs ODE

and response to treatment

Watanabe et al. [80] 2016 Growth of untreated BMs ODEs

and response to treatment

Nawrocki & Zubik-Kowal [81] 2015 Response to treatment Reaction–diffusion equations

Butner et al. [82] 2021 Response to treatment ODEs

León-Triana et al. [83] 2021 Response to treatment ODEs

and radiation necrosis

Dohm et al. [84] 2021 Radiation necrosis Biophysical model

Ocaña-Tienda et al. [85] 2022 Radiation necrosis ODEs

versus progression

Ocaña-Tienda et al. [86] 2023 Radiation necrosis ODEs and discrete

stochastic simulator
with

𝑡(𝑆𝑣𝑖𝑠) = − 1
𝛽
ln
(

1 −
𝛽
𝛼0

ln(𝑆𝑣𝑖𝑠)
)

, (5)

in the case of Gompertz growth.
In addition to the previously mentioned considerations, the authors

accounted for another three scenarions. The first one was assuming that
BMs can spread themselves. In that scenario the creation of BMs would
depend on the primary tumor but also on other BMs, leading to an
additional term in Eq. (3b) [87]. The updated equation is now given
by

𝑔(𝑆0)𝜌(𝑡, 𝑆0) = 𝑑(𝑆𝑝) + ∫

∞

𝑆0

𝑑(𝑠)𝜌(𝑡, 𝑠) 𝑑𝑠. (6)

As a second consideration, they introduced a delay 𝑡0 before the
onset of metastatic dissemination, with the number of BMs being
determined by

𝑓𝑑𝑒𝑙𝑎𝑦(𝑡, 𝑠) = 𝑁𝑑𝑒𝑙𝑎𝑦(𝑡 − 𝑡(𝑠)) = 𝑁(𝑡 − 𝑡(𝑠)) −𝑁(𝑡0). (7)

Finally, they included a period of dormancy lasting 𝜏, during which
newborn BMs remain at size 𝑆0. The time required to reach any given
size 𝑠 is given by 𝑡𝑑𝑜𝑟𝑚(𝑠) = 𝑡(𝑠) + 𝜏.

The dormancy model (e) provided the most accurate fit to the
patient data, although it slightly overestimated the number of small
visible BMs at 40 months. The remaining models performed worse in
fitting the data, suggesting that their assumptions may not contain
enough biological richness to provide valid explanations of BM dy-
namics. The delayed dissemination model (d) had the second best fit
although this had an unrealistic 𝑡 of 6 months’’.
3

𝑑

The authors used the dormancy model to make several clinical
predictions. These predictions included estimating the time of initial
primary tumor appearance, tracking the emergence of new BMs (both
measurable and non-measurable, i.e., less than 5 mm in size), and high-
lighting the potential of this computational approach as a personalized
predictive tool for managing BMs. They even suggested considering
preventive whole-brain radiotherapy (WBRT) when invisible lesions are
predicted. However, it is appropriate to note that for practical clinical
use, these models would need from available diagnostic or initial BM
occurrence data for validation and model calibration.

In a subsequent study by the same research group [72], the authors
used Eqs. (1a) and (2a) to describe the progression, in terms of number
and size, of BMs. They also validated the results with a cohort of
20 patients with non-small cell lung cancer (NSCLC). Their results
confirmed the predictive potential of the two model parameters, 𝛼 and
𝛽, which were found to correlate with overall survival.

2.2. The impact of prophylactic cranial irradiation on the formation of BMs

Smith et al. [73] developed a computational model to study the
effects of prophylactic cranial irradiation on reducing brain metastases
risk and burden in breast cancer. The results were validated with
experiments in animal models.

The model incorporated several input parameters that were fitted to
match the experimental results. These parameters included the number
of disseminated tumor cells in the brain shortly after cell injection, the
efficiency with which metastases formed, and the interval between cell
injection and when metastases began to proliferate. Such optimization

was performed using a negative binomial and a Gaussian distribution.
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When a cell gives way to a BM, the BM grows according to the
Gompertz equation, where the number of cells in the BM is given by
the equation

𝑁(𝑡) = 𝑁(0)𝑒𝑘
[

1−𝑒−𝑏𝑡
]

, (8)

where 𝑁(0) = 1 is the initial number of cells, 𝑏 is the growth decel-
ration, and 𝑘 is the maximum tumor volume. Both parameters were
djusted from the experimental volume data.

To assess the effect of the radiation, the model also included an
quation for the surviving fraction of cells 𝑆(𝑑) as a function of the

radiation dose 𝑑,

𝑆(𝑑) = 𝑒−𝛼𝑑−𝛽𝑑
2
. (9)

where 𝛼 and 𝛽 were determined from the clonogenic survival of the
cells in monolayer cultures.

The researchers concluded that the timing of radiation treatment is
critical for reducing brain metastases in breast cancer. In the model,
early irradiation (a few days after cell injection) significantly reduced
the incidence of BMs, consistent with what they found in their animal
models.

2.3. Summary of BMs development models

Bilous et al. [71] and Smith et al. [73] present distinct compu-
tational models addressing BM development. The model of Bilous
et al. [71] showed a predictive value for overall survival associated
with the proliferation rate of tumor cells and the probability of metas-
tasis per day per cell. The calculation of such parameters requires
molecular gene expression signatures and radiomic features. Smith
et al. [73] reproduced the incidence of BMs over time and emphasized
the importance of early irradiation for effective prevention.

3. Growth of untreated brain metastases

Understanding the natural growth dynamics of BMs before receiving
any treatment is key for developing accurate models of response to
treatments. However, it is difficult to obtain quantitative data to de-
velop and validate mathematical models since acquiring longitudinal
data for untreated malignant tumors presents significant challenges.
Treatment decisions are often made quickly to address the urgency of
the situation and that limits substantially the availability of untreated
BM growth data in humans. In spite of those limitations, several studies
have collected pretreatment imaging data to understand better the
growth dynamics of untreated BMs.

3.1. Quantifying growth rates in untreated BMs

Several studies have based their analyses on volumetric BM data
collected at two pre-treatment time points. This is the most straight-
forward type of longitudinal information that can be used to deter-
mine pre-treatment tumor growth rates. The four studies reviewed
in this subsection collectively address the growth rates of BMs in
different primary cancer types. These studies highlight the importance
of growth rates in prognosis and also underscore their potential impact
on treatment planning and long-term patient outcomes.

Yoo et al. [74] investigated the natural growth rate of BMs by
analyzing data from 49 lung cancer patients who developed brain
metastases (3.6% of 1372 patients) after undergoing NSCLC (non-small
cell lung cancer) resections and during their hospital course. Among the
patients studied, 28.6% (14) were at stage I of lung cancer, 20.4% (10)
at stage II, and the remaining 51.0% (25) at stage III. Within this group,
27 patients exhibited a single BM, while 22 had multiple BMs. Notably,
34 patients exclusively developed metastases in the brain, whereas 15
had metastases in other organs as well. The authors assumed the initial
volume to be zero for all cases due to the absence of visible BMs in the
4

pre-diagnosis MRI scans and used the only time point available — the
MRI studies on BM diagnosis-. There were no statistically significant
differences in tumor growth rates based on lung cancer stages or the
use of chemotherapy. However, the rapid development of BMs within
a short period of time suggests that micrometastases may be present in
the brain even if they are not detectable on MRI. A serious limitation
of this study is that the computation of the growth rates requires two
time points and thus the results could be substantially influenced by
the author’s choice of the first time point/volume.

The study conducted by Garcia et al. [75], aimed to investigate
factors influencing the growth of BMs and their potential impact on
local control. They analyzed data from 411 BMs in 165 patients who un-
derwent fixed-frame SRS for BMs and had both pretreatment diagnostic
brain MRI and SRS-planning MRI scans available. Their results showed
that melanoma histology had a higher growth rate (𝑝 = 0.02), as did
larger lesions (𝑝 < 0.001). Factors such as local control, systemic disease
status, primary tumor control, and neurological symptoms were not as-
sociated with growth rate. The study also highlighted the importance of
considering margin expansions to account for growth between planning
MRI and SRS delivery. The fact that larger sizes were associated with
faster growth rates was not discussed in detail in the paper but is a
very interesting fact and in line with results found in other studies to
be discussed in detail later [79].

Kobets et al. [76] conducted a study to explore the natural growth
rates of BMs in cancer patients before the initiation of any central
nervous system-directed therapy. A total of 18 cancer patients (13 with
breast cancer and 5 with lung cancer) were included in the study,
involving 29 BMs. The authors observed that breast cancer BMs had
faster growth rates than lung cancer metastases. They also performed
a comparative analysis of the natural growth rate between patients
who had died by the end of the study and those who were still alive.
The results showed a significantly faster growth rate of lesions in the
deceased group, especially those with larger initial volumes, compared
to the cohort of patients who remained alive. However, although the
trend was clear, none of the results in this study reached statistical
significance (𝑝 = 0.38, 𝑝 = 0.19, and 𝑝 = 0.43, respectively). While the
current findings are promising, additional studies with a larger sample
size of lesions would be essential to definitively confirm these results.

The study conducted by Shin et al. [77] aimed to investigate the
value of pretreatment tumor growth rate in characterizing metastatic
disease. Out of the 1049 metastases examined at baseline, only 372
had pre-baseline measurements available. Since the authors intended
to calculate the growth rates for all patients in their database, for
the remaining cases (677 lesions), the researchers assumed a volume
of 0.1 cm3 90 days prior to the baseline. Besides, only 11 of 86
patients developed metastases in the brain. The tumor growth rate was
calculated using an exponential ordinary differential equation
𝑑𝑉
𝑑𝑡

= 𝛼𝑉 . (10)

They found that the growth parameter 𝛼 held significant prognostic
value not only for progression-free survival but also for overall survival
and observed that higher growth rates were associated with shorter
survival times, with a Spearman rank correlation coefficient of 𝑆𝑃 =
0.78 and a 𝑝-value of 𝑝 = 0.03. However, the use of overall survival
as an endpoint when studying metastatic patients may not be very
appropriate, as patients can pass away due to both the metastasis and
the primary tumor. Furthermore, more than half of the patients (64.5%)
had only one measurement available, so the authors evaluated the
initial volume but not the growth rate.

3.2. Using longitudinal data to evaluate the growth dynamics of untreated
BMs

The study by Pérez-García et al. [78] and its subsequent extension
by Ocaña-Tienda et al. [79] focused on patients for which imaging data
for three time-points before treatment were available. That information
allowed them to go beyond growth rates and characterize in more
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Fig. 2. Growth exponent for brain metastases (BMs): a. before treatment and b.
recurring after treatment. 1. Fitting of some patients data according to Eq. (11). 2.
Relative errors obtained when the growth exponent 𝛽 is fixed for the whole subgroup
of untreated (𝑛 = 10) and recurrent BMs (𝑛 = 72).
Source: Adapted from [79], Figure 3.

detail the growth law of brain metastasis beyond purely exponential
dynamics. In their study, they used the Von-Bertalanffy model [90],
𝑑𝑉
𝑑𝑡

= 𝛼𝑉 𝛽 − 𝑏𝑉 , (11)

to describe the growth of untreated human BMs. Their goal was to
find which model in this family (depending on the parameter 𝛽) was
best fitting the longitudinal growth in their dataset. First, the authors
assumed 𝑏 ≃ 0. In the metabolic interpretation of the Von-Bertalanffy
model [78] this implies assuming that during tumor growth, energy
used in biosynthesis is substantially larger than the one used for basal
metabolic maintenance. In this context, a 𝛽 value of 0 represents
linear growth, and a value of 1 represents exponential growth. Thus,
any 𝛽 value greater than 1 represents ‘‘accelerating growth’’. When
fitting individual exponents for untreated BMs (Fig. 2.a1), the median
value obtained was 𝛽 = 1.59 (𝑛 = 10) suggesting substantial growth
acceleration with 𝛽 ≈ 3∕2. When looking for the best growth exponent
fitting the subset of untreated patients, 𝛽∗ = 3∕2 was found to give the
best fitting (Fig. 2.a2).

These high values for the growth exponents are likely attributed to
the complex evolutionary dynamics within the tumor and the interplay
among various cell types, reflecting the tumor’s heterogeneity. The
authors further validated these findings through in silico simulations
employing a stochastic discrete mesoscopic model and analyzing data
from experiments in animal models.

3.3. Summary of the growth of untreated BMs

This section outlines studies that focus on understanding the growth
dynamics of untreated brain metastases (BMs). The studies were based
on either two [74–77] or three time points [78,79]. Although these
studies may not have immediate clinical applications, it is crucial to
define the natural course of these lesions to guide treatment strategies.
Additionally, these studies suggested that melanoma histology and
larger lesion size correlate with increased growth rates, and there is
evidence of faster growth in breast cancer BMs compared to lung cancer
BMs.

4. Mathematical models of brain metastases response to treat-
ments

Because of the poor penetration of most systemic treatments into
the brain, the management of BMs has mainly consisted of local thera-
pies such as stereotactic radiotherapy or large-field radiation therapy,
5

along with resection when necessary [91,92]. This is why radiation
therapy was the foundation for most reviewed mathematical models
that describe the response to treatment.

4.1. Von Bertalaffny-type models to describe the regrowth of treated BMs

After studying untreated BMs (Section 3.2), Ocaña-Tienda et al. [79]
also studied data from patients treated with either radiotherapy (RT),
chemotherapy (CT), or both and used again the Von-Bertalanffy model
given by Eq. (11). The median growth exponent for BMs growing under
CT, after completing RT, and for those having received RT and under
CT were 𝛽 = 0.64 (𝑛 = 16), 0.72 (𝑛 = 23) and 0.68 (𝑛 = 33), respectively.
In that study RT includes either whole brain radiation therapy (WBRT),
SRT, or a combination of both. Some fittings of the longitudinal growth
data of BMs growing after treatment are depicted in Fig. 2.b1.

When looking for the best growth exponent fitting the whole set of
treated patients (𝑛 = 72), 𝛽∗ = 0.71 led to the smaller error (Fig. 2.b2).
In their conceptual framework, the growth exponent is a measure of
the BM evolutionary capabilities, thus the drop in the growth exponent
after treatment was interpreted as a treatment-associated reduction in
the tumor heterogeneity. Such decrease in heterogeneity after treat-
ment is expected, as the more aggressive (i.e. faster proliferating)
subpopulations that drive faster than exponential growth would be
more impacted by radiotherapy. This is a very interesting fact since
it means that a macroscopic variable (the growth exponent 𝛽), that can
be obtained from the longitudinal macroscopic dynamics of the BM as
observed in MRI images, could provide information on a microscopic
variable, the tumor phenotypic/genetic heterogeneity.

4.2. Three models to describe the course of irradiated BMs

Watanabe et al. [80] developed a mathematical model of response
to radiation using data from five patients with BMs who had undergone
Gamma Knife stereotactic radiosurgery (SRS). They split the longitudi-
nal follow-up of the lesions into three distinct stages. The first phase
captured the growth occurring prior to treatment. The second stage
represented the period during which the effects of irradiation were
actively influencing the system and the last stage represented the period
after the effects of the treatment.

To characterize the pre-treatment growth dynamics, the authors
considered the total tumor volume 𝑉𝑇 to be given by the equations
𝑑𝑉𝑇
𝑑𝑡

= 𝜆(𝑡)𝑉𝑇 , (12a)
𝑑𝜆
𝑑𝑡

= −𝜃𝜆(0)𝜆, (12b)

where 𝜆(𝑡) is the tumor growth rate, 𝜆(0) is the initial tumor growth
rate, and 𝜃 is the vascular growth retardation factor. While the retar-
dation factor 𝜃 was considered to be constant with values between 0.53
and 0.99, the tumor growth rate slows down as the tumor size increases
with values between 0.02 days−1 and 0.12 days−1. Thus, the current
hypotheses lead to the well-known Gompertzian growth for the tumor
volume.

After studying the growth of untreated BMs, Watanabe et al. simu-
lated the growth of BMs after irradiation. To define the total tumor vol-
ume, the authors included two cell types in the model: the proliferating
tumor cells 𝑉𝑇 (𝑡) and the non-dividing cells 𝑉𝑁𝐷(𝑡).

A single irradiation of dose 𝐷 applied to the tumor at 𝑡𝑅 was
assumed. The influence of the radiation was considered to be active for
a duration 𝜏𝑟𝑎𝑑 , which covered the time interval from 𝑡𝑅 to 𝑡𝑅 + 𝜏𝑟𝑎𝑑 .
After this period, the radiation was assumed to have no further effects
on the system.

As illustrated in Fig. 3a, after irradiation and during the period
when the radiation effect is active, cells can either transition from
proliferating to a non-dividing state at a rate 𝑔(𝐷) or remain in a prolif-
erative state at a rate determined by the product of the tumor growth
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Fig. 3. a. Diagram of the Watanabe et al. model for the period of time when
radiation-effect is active, Eq. (13) adapted from [80]. b. Schematic representation of
the equations used to describe growth and response to treatment over time.

rate 𝜆(𝑡) and the cell proliferation probability 𝑝(𝐷). Non-dividing cells
are removed at a rate 𝜏𝑐𝑙.

The equations describing the tumor volumetric dynamics within the
time interval [𝑡𝑅, 𝑡𝑅 + 𝜏𝑟𝑎𝑑 ] are
𝑑𝑉𝑇
𝑑𝑡

= 𝜆(𝑡)𝑝(𝐷)𝑉𝑇 − 𝑔(𝐷)𝑉𝑇 , (13a)
𝑑𝑉𝑁𝐷
𝑑𝑡

= 𝑔(𝐷)𝑉𝑇 − 𝜂𝑐𝑙𝑉𝑁𝐷, (13b)
𝑑𝜆
𝑑𝑡

= −𝜃𝜆(0)𝜆, (13c)

where 𝜂𝑐𝑙 is related to the cell clearance time 𝑇𝑐𝑙 by 𝜂𝑐𝑙 = 0.693∕𝑇𝑐𝑙. The
probability 𝑝(𝐷) and the transition rate of tumor cells from proliferative
to non-dividing 𝑔(𝐷) are given as functions of the characteristic time
𝑇 ∗, the observation time 𝑇𝑚, and a dose-dependent constant 𝜒(𝐷),
which at the same time is a function of the radiobiological parameters
𝛼 and 𝛼∕𝛽 and the dose 𝐷,

𝑝(𝐷) = 1 − 𝑇 ∗

3𝑇𝑚
𝜒(𝐷), (14a)

𝑔(𝐷) =
𝜒(𝐷)
3𝑇𝑚

, (14b)

𝜒(𝐷) = 𝛼𝐷
(

1 + 𝐷
𝛼∕𝛽

)

, (14c)

with 𝑇 ∗ = 1 day, 𝑇𝑚 = 10 days, the radiological parameter 𝛼∕𝛽 = 10
days and the dose used for the simulation was the prescribed mean
dose. The active radiation-effect time 𝜏𝑟𝑎𝑑 was fixed to 8 days and the
authors assumed that 𝜆 was constant during that time, then, Eq. (13c)
equals to zero.

When the radiation has ceased to affect the system, starting from
𝑡𝑅 + 𝜏𝑟𝑎𝑑 , the tumor growth is defined by

𝑑𝑉𝑇
𝑑𝑡

= 𝜆(𝑡)𝑉𝑇 , (15a)
𝑑𝑉𝑁𝐷
𝑑𝑡

= −𝜂𝑐𝑙𝑉𝑁𝐷, (15b)
𝑑𝜆
𝑑𝑡

= −𝜃𝜆(0)𝜆. (15c)

During this period, non-proliferative cells are not produced since the
radiation is no longer having an effect. The growth is now governed
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Fig. 4. Examples of simulations for the growth of brain metastases during their
follow-up according to Watanabe et al. models: before treatment Eq. (12), when the
radiation-effect is active Eq. (13) and after the radiation effect Eq. (15). a. Complete
response. b. Partial response. c. Local control. d. Treatment failure.

by the same growth that we had before treatment plus the removal of
non-proliferative cells.

Some simulations of the model, that cover four typical scenarios
after treatment, are illustrated in Fig. 4.

Watanabe’s study employed three distinct models, each correspond-
ing to different stages of tumor development: one before treatment (Eq.
(12)), another during the radiation-effect phase (Eq. (13)), and a third
after the radiation effect (Eq. (15)). These models successfully simu-
lated tumor volume changes observed in BM patients undergoing SRS,
effectively replicating clinical data. The study suggested the potential
of the model to identify biological parameters that may have predictive
value for treatment outcomes.

4.3. A nonlinear reaction–diffusion model to investigate the influence of RT

Nawrocki and Zubik-Kowal [81] developed a nonlinear reaction–
diffusion model to describe the spatial and temporal dynamics of a
genetically and phenotypically homogeneous BM cell population. Be-
fore treatment, the tumor cell density 𝑛 was assumed to obey a FKPP
equation of the form
𝜕𝑛
𝜕𝑡

= ∇ ⋅ (𝐷∇𝑛) + 𝜇𝑛(1 − 𝑛∕𝑛0), (16)

where 𝐷 is the diffusivity of tumor cells in the brain (generally spatially
dependent), 𝜇 is the cell proliferation rate and 𝑛0 is a reference tumor
cell density. The initial condition was assumed to be of the form

𝑛(𝐱, 0) = 𝑛0𝑒
−‖𝐱−𝐱0‖2∕𝜀, (17)

describing a symmetric cell density distribution with a Gaussian pro-
file. The problem was posed in a spatial domain 𝛺 corresponding to
the bounded region in which the BM grows, with no-flux boundary
conditions,

𝐧 ⋅ 𝐉 = 0, (18)

on the boundary 𝜕𝛺. In Eq. (18) n, is the unit outward normal the
boundary 𝜕𝛺 of the domain and 𝐉 = −𝐷∇𝑛 is the diffusive flux of tumor
cells.

To account for the radiation effect, the fraction of surviving cells 𝑆
after each radiation dose 𝑑 was assumed to depend on the biologically
equivalent dose (BED) as

𝑆 = exp −BED = exp
(

−𝛼𝑑 − 𝛽𝐺𝑑2
)

, (19)
( )
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where the biological parameter 𝛼 refers to the yield rate for lethal
lesions, and 𝛽 corresponds to the yield rate for sublethal lesions that
become lethal as usual in the linear-quadratic response model [93]. The
dose protraction factor 𝐺, given by

𝐺 = 2
𝑑2 ∫

𝑡

0
𝑑𝜏′𝐼∕𝜏′ ∫

𝜏′

0
𝑑𝜏𝐼(𝜏)𝑒−𝜆(𝜏

′−𝜏), (20)

where 𝜆 = ln(2)∕𝑇1∕2 is the repair rate, where 𝑇1∕2 is the half-time for
repair and 𝐼(𝑡) is the dose rate, related to the cumulated dose delivered
by time 𝑡. 𝐺 equals 1 in the linear quadratic model. However, in the case
of high radiation doses, which is the case with SRT, this approximation
is not accurate. Therefore, 𝐺 should be reformulated for high dose rates
as discussed in [93].

Once the fraction of surviving cells was defined, the model ac-
counted for cell death induced after irradiation, by adding an extra term
to Eq. (16) of the form
𝜕𝑛
𝜕𝑡

= ∇ ⋅ (𝐷∇𝑛) + 𝜇𝑛(1 − 𝑛∕𝑛0) − 𝜒(𝑛, 𝑡 − 𝑡0), (21)

Since radiotherapy was assumed to be applied at 𝑡 = 𝑡0 (and to have
no effect for 𝑡 < 𝑡0), the last term in Eq. (21) accounts for those effects.
As treatment is expected to reduce cell proliferation, the proliferation
rate was allowed to vary after radiation.

Using the model, numerical simulations were conducted to inves-
tigate the influence of radiotherapy on the growth dynamics of brain
cancer tumors. The simulations accurately reproduced the clinical data
across a broad range of values, affirming the mathematical model’s
potential to accurately depict brain tumor growth dynamics when
radiation therapy effects are taken into account.

4.4. A model of immunotherapy response

Butner et al. [82] developed a mathematical model to describe BM
response to immune checkpoint inhibitors. In this model, tumor volume
changes are characterized by the intrinsic growth of the tumor and the
reduction caused by the rate at which cancer cells are eliminated by
the treatment, mathematically,
𝑑𝜌
𝑑𝑡

= 𝜌(𝛼baseline − 𝜇 + 𝛬𝜇) + 𝜌2(−𝛬𝜇), (22)

where 𝜌 is the normalized tumor volume (with 𝜌(0) = 1), 𝛼baseline is
the natural tumor growth rate, 𝜇 is the kill rate of cancer cells by
immune cells, and 𝛬 is the ratio of tumor to immune cells within the
tumor, which represents the immune system health state. The long-term
solution,

𝜌∞ =
𝛼baseline − 𝜇 + 𝛬𝜇

𝛬𝜇
= 𝐴

𝛬𝜇
, (23)

correlates with the final volume. Finally, the time-dependent solution
has the form

𝜌(𝑡) =
𝜌∞

1 − (1 − 𝜌∞)𝑒−𝐴𝑡
. (24)

The accuracy of the model was demonstrated by its ability to
represent the immune response and the final size of 21 BMs together
with a patient response classification by ROC curve with an AUC = 0.76.
Of particular note, the study conclusions emphasized the importance of
the term 𝛬𝜇, which is directly related to the ratio of tumor volume to
immunotherapy efficacy. This relationship depends on variables that
can be modified in a clinical setting such as dosing or immune cell
fitness, and these modifications can be adjusted to meet the individual
needs of each patient. Consequently, the model has the potential to
make a significant contribution to the development of personalized
treatment plans, which can enhance the overall effectiveness of the
immunotherapy treatment.
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Fig. 5. Schematic representation of the mathematical model constructed by
León-Triana et al. ruled by Eqs. (25) and (26).
Source: Figure adapted from [83].

4.5. A compartmental model to capture the response of BMs to radiosurgery

Another model to describe the response of BMs to radiosurgery was
developed by León-Triana et al. [83]. Their approach was compart-
mental but unlike Watanabe et al. model [80], the whole process was
described by the same model for all times. The researchers described
the dynamics after irradiation with four ordinary differential equations
accounting for the dynamics of the different populations. The first
one is proliferating tumor cells 𝑃 (𝑡), assumed to grow exponentially
at a rate 𝜌. The second one is lethally damaged cells 𝐷(𝑡), which
eventually become necrotic 𝑁(𝑡) (third compartment). Finally, necrotic
cells activate immune cells 𝐼(𝑡) at a rate of 𝛼. The immune cells are
responsible for clearing out necrotic cells and die at a rate of 𝜆𝐼 , as
summarized in Fig. 5.

The equations that govern the response are
𝑑𝑃
𝑑𝑡

= 𝜌𝑃 , (25a)
𝑑𝐷
𝑑𝑡

= −
𝜌
𝑘
𝐷, (25b)

𝑑𝑁
𝑑𝑡

=
𝜌
𝑘
𝐷 − 𝜆𝑁𝑁𝐼, (25c)

𝑑𝐼
𝑑𝑡

= 𝛼𝑁 − 𝜆𝐼𝐼, (25d)

where 𝑘 represents the average number of mitosis cycles completed
before cell death, which is a commonly used hypothesis in mathemat-
ical models for various tumor types [94,95], 𝑘∕𝜌 gives a time for the
death of the population of damaged cells, generally long and 𝜆𝑁 is the
constant that modulates the elimination of necrotic cells by the action
of immune cells. The initial conditions are

𝑃 (𝑡0) = 𝑆𝑓𝑇 (𝑡0), (26a)

𝐷(𝑡0) = (1 − 𝑆𝑓 )(1 − 𝜀)𝑇 (𝑡0), (26b)

𝑁(𝑡0) = (1 − 𝑆𝑓 )𝜀𝑇 (𝑡0), (26c)

𝐼(𝑡0) = 0, (26d)

where 𝑆𝑓 is the survival fraction and 𝜀 accounts for the fraction of dam-
aged cells that become necrotic directly by the action of the treatment.
Simulating the system described in Eq. (25) with the initial conditions
given by Eq. (26), leads to a variety of dynamics in agreement with
those observed in real patients as exemplified in Fig. 6.a-c.

Thus, this study presented a set of ODEs that effectively captured the
longitudinal dynamics of brain metastases after SRS with remarkable
accuracy.

4.6. Summary of models for the response to treatment

The examined mathematical models for BMs treatment response
offer distinct insights into various therapeutic modalities. The model
of Watanabe et al. [80] showed a promising predictive ability re-
garding volume changes after treatment, based on two key model
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Fig. 6. Fittings of brain metastasis patient response data to stereotactic radio-
surgery according to León-Triana et al. [83]. a-c. Solutions to Eq. (25) for a. a
complete response, b. a partial response and c. a treatment failure. d. Solutions to Eqs.
(25a)–(25d), (27) in a case in which radiation necrosis was diagnosed. Dots represent
volumetric measurements and the continuous lines are the best fits obtained by the
model.

parameters: 𝛼 and 𝜃. 𝛼 represents a radiological parameter, while 𝜃
denotes the vascular growth retardation factor, which represents the
deceleration of growth as the tumor expands. Determination of the
vascular growth retardation factor requires data from multiple pre-
treatment time points to provide a comprehensive understanding of
each tumor’s natural growth trajectory. Butner et al.’s immunother-
apy response model demonstrated predictive accuracy of response to
therapy based on tumor growth rate and strength of immune response
parameters, which are related to clinically modifiable variables such as
dosage or immune cell fitness [82]. The remaining models described
in this section are devoted to the better understanding on the growth
dynamics of BMs after treatment. Ocaña-Tienda et al. [79] showed
a decrease in the growth exponent 𝛽 after treatment, indicating re-
duced tumor heterogeneity. Nawrocki and Zubik-Kowal’s nonlinear
reaction–diffusion model provided a broad understanding of BM growth
dynamics under irradiation [81]. And León-Triana et al. [83] unified
pretreatment, radiation-induced effects, and post-radiation dynamics in
the same model, contributing to a comprehensive understanding of BM
response to radiosurgery.

5. Mathematical models of radiation necrosis

Radiation necrosis (RN) is the most relevant adverse radiation effect
after SRS treatment [96]. It is an inflammatory reaction resulting from
vascular damage together with immune activation [97] and it appears
between 6 and 24 months following SRS [98,99]. The incidence of RN
ranges from 5 to 30% across studies [98,99].

Although RN itself can be managed easily and often resolves spon-
taneously, it mimics true progression in terms of both appearance and
clinical symptoms [100]. Both entities appear as growing contrast-
enhanced masses in MR images. However, despite their similarities,
treatment options are very different. While RN can often be managed
with conservative treatment, avoiding further radiation, progressive
tumors may be treated with either repeated SRS or surgical resec-
tion [101]. Also, the coexistence of tumor and RN further compli-
cates diagnosis. Biopsy sampling is the gold-standard diagnostic tech-
nique for distinguishing tumor progression from RN, however, it is an
invasive procedure that has some limitations [102].
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5.1. A compartmental model to capture the response of BMs to SRS: RN

To describe radiation necrosis events that occur after radiosurgery,
León-Triana et al. [83] adjusted their model’s equation that govern
the dynamics of necrotic cells Eq. (25c). Necrotic cells resulted from
the death of damaged cells and were cleared by immune cells. To
incorporate radiation necrosis, they introduced a third term represent-
ing healthy cells surrounding the BMs, which are killed by radiation,
triggering an inflammatory reaction. The modified equation now reads

𝑑𝑁
𝑑𝑡

=
𝜌
𝑘
𝐷 − 𝜆𝑁𝑁𝐼 + ℎ(𝑡), (27)

with ℎ(𝑡) = 𝑎 ⋅ Normal(𝜇, 𝜎), a Gaussian function. A solution from
Eqs. (25a)–(25d), (27) is shown in Fig. 6.d fitting a case of radiation
necrosis.

This study presented a mathematical model that effectively de-
scribes the response to treatment but also radiation necrosis instances.
The model was discussed to hold promise as a potential foundation for
biomarkers aimed at distinguishing between radiation necrosis and true
progression, but did not address the problem in detail using patient’s
data.

5.2. A biophysical model for RN

A biophysical model of tumor growth was developed by Dohm et al.
to distinguish RN events from tumor progressions [84,103]. The same
model had been previously used to describe the response of breast
tumors to neoadjuvant chemotherapy [104–106]. The tumor is assumed
to have a logistic growth, which is parametrized from postcontrast T1-
weighted MR images, while the surrounding tissue, edema visualized
on Fluid-Attenuated Inversion Recovery (FLAIR) images, is compared
with mechanical stress fields, Fig. 7.

The equations modeling the system are

𝜕𝑁(𝑥, 𝑡)
𝜕𝑡

= ∇ ⋅ (𝐷∇𝑁(𝑥, 𝑡)) + 𝑘𝑁(𝑥, 𝑡)
(

1 −
𝑁(𝑥, 𝑡)

𝜃

)

, (28a)

𝐷 = 𝐷0𝑒
−𝛾𝜎𝑉𝑀 (𝑥,𝑡), (28b)

∇ ⋅ 𝜎 − 𝜆∇𝑁(𝑥, 𝑡) = 0, (28c)

with

∇ ⋅ 𝜎 = ∇ ⋅ 𝐺∇𝑢 + ∇ 𝐺
1 − 2𝜈

(∇ ⋅ 𝑢). (29)

Eq. (28a) models how the number of tumor cells 𝑁(𝑥, 𝑡) changes at
each location and time as a combination of tumor cell diffusion and
logistic growth, where 𝑘 is the growth rate (dependent of space) and 𝜃
is the tumor cell carrying capacity.

Eq. (28b) represents the apparent cell diffusion 𝐷(𝜎𝑉𝑀 , 𝑥, 𝑡) linked
to the surrounding tissue stiffness/ mechanics, where 𝜎𝑉𝑀 is the von
Mises stress, 𝛾 is an empirically derived coupling constant, and 𝐷0 is
the diffusion of tumor cells in the absence of external stress. The von
Mises stress describes the loading circumstances brought on by tumor
growth. It represents local distortional strain energy. This behavior
mimics the mechano-inhibitory effects seen from in vitro and in vivo
investigations, which show that cancer cells reduce their diffusivity
when in contact with regions of high-stress intensity.

Eq. (28c) describes mechanical equilibrium subject to an external
expansive force determined by changes in tumor cell number and a
coupling constant 𝜆. This equation governs the response of the displace-
ment vector 𝑢 to tumor cell growth. 𝐺 represents shear modulus, an
intrinsic mechanical property of tumor tissue 𝐺 = 𝐸∕2(1 + 𝜈), where 𝐸
is the material property of Young’s modulus and 𝜈 is the Poisson’s ratio.

The authors quantified the model’s ability to differentiate between
tumor progression and radiation necrosis by doing an univariate analy-
sis for the change in the longest dimension of the lesion in T1-weighted
MR images (ROC AUC = 0.73), change in lesion volume (ROC AUC =
0.61) and FLAIR/T1 lesion quotient (ROC AUC = 0.55). Also, they did
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Fig. 7. Schematic of the biophysical model used in [84] for prediction of radiation necrosis and tumor progression by using MR T1-weighted and FLAIR images.
Source: Figure adapted from [84].
a radiomic analysis of 1080 radiomics features per patient with a ROC
AUC of 0.82 and 0.77, depending on the training/validation dataset
subsampling.

The study highlighted the successful differentiation of radiation
necrosis from tumor progression using an imaging-driven biophysi-
cal model, even prior to pathological confirmation. This mechanism-
based modeling method proved to be more effective than standard
radiographic analysis, suggesting its potential as a robust tool for
interpreting follow-up imaging.

5.3. The Von Bertalanffy model for the distinction between RN and pro-
gression

In an attempt to support clinicians in distinguishing between RN
and progression, Ocaña-Tienda et al. [85] conducted a study using
longitudinal data from patients after SRS. Their goal was to identify
the growth dynamics of both conditions, with a particular focus on
determining the growth exponents that best characterize progressive
disease and RN events within the framework of the Von Bertalanffy
model in Eq. (11).

The authors showed that growth exponents were the highest in
the case of RN events. The median value of the growth exponent for
progressive BMs following SRS (𝑛 = 60) was 𝛽 = 0.52, contrasting
with the median value of 𝛽 = 2.10 observed for RN events (𝑛 = 41).
This distinction proved to be statistically significant (𝑝 < 0.001), with
an area under the ROC curve of 0.74. This finding supports using this
variable as the basis for a classifier and may provide clinicians with
an additional tool for effectively discerning between RN and tumor
progression. The main advantage of this method is its reliance on T1-
contrast MR images, which are routinely acquired in clinical practice,
and the use of a very simple mathematical equation. In addition, the
results obtained for the ROC AUC showed improvements over those
previously obtained in univariate analyses [84].

5.4. A toy model of RN formation

The previously presented models are capable of fitting patient data
and can serve as a tool for distinguishing between progression and RN.
However, their primary focus is not on comprehending the underlying
biology of the RN effect. Ocaña-Tienda et al. [86] developed a mathe-
matical model to gain a better understanding of how RN events develop
from a cellular point of view.
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Fig. 8. Growth dynamics of a radiation necrosis event according to the model de-
scribed by Eq. (30). a. Dynamics of each population (tumor, necrotic and immune cells)
together with the total amount of cells over time b. Fitting curve to volumetric data
from a patient diagnosed with radiation necrosis (blue points) using the mathematical
model in Eq. (30) (continuous line).
Source: Figure adapted from [86].

The model accounts for three cell populations: tumor 𝑇 (𝑡), necrotic
𝑁(𝑡) and immune cells 𝐼(𝑡), with dynamics given by
𝑑𝑇
𝑑𝑡

= 𝜌𝑇 , (30a)
𝑑𝑁
𝑑𝑡

= 𝐻 − 𝜆𝑁𝐼𝑁, (30b)
𝑑𝐼
𝑑𝑡

= 𝛾𝑁 + 𝜃𝐼 − 𝜆𝐼𝐼. (30c)

Tumor cells were assumed to grow exponentially, with a growth rate
𝜌. The healthy cells surrounding the tumor that were killed by radiation
were the source of necrotic cells, which was expressed mathematically
as 𝐻(𝑡) = 𝑘 ⋅

(

tanh(𝑡𝑁 − 𝑡) + 1
)

∕2, where 𝑘 represent the total number
of healthy cells killed, which is proportional to the tumor’s initial
volume. Necrotic cells were cleared away by immune cells. Finally, the
immune population appeared at a rate 𝛾 with the presence of necrosis,
having a growth rate 𝜃 and a fixed death rate 𝜆. Fig. 8 shows the three
populations evolving on time (a) and a fitting to experimental data (b).

This straightforward model provides a reasonable explanation for
the growth patterns observed in medical images during instances of RN.
According to the mathematical model, this growth is consistent with the
activity of the immune system, which is increased by the presence of a
necrotic compartment of healthy cells killed by radiation. This model
accurately captures the growth patterns observed in patient data, sim-
ilar to the model proposed by León-Triana [83]. The main advantage
of this model is its simplicity, characterized by a reduced number of
parameters. However, it focuses exclusively on RN events and does not
capture the behavior of other types of treatment responses.
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Fig. 9. Spatial distribution of cell populations before and after SRS. Different
cellular populations may occupy each voxels, but the colors indicate the dominant
population in each one.
Source: Figure adapted from [86].

5.5. A discrete stochastic simulator for response to SRS and RN classifica-
tion

A discrete stochastic simulator was developed to better under-
stand the dynamics of tumor growth and inflammatory response after
SRS [86]. These models incorporate spatial and temporal detail, as
well as critical biological processes such as cell division, death, and
migration while minimizing computational cost [107].

Before treatment, it includes three cell populations: healthy, tumor,
and necrotic, with probabilistic events for cell division, death, and
migration. These events are defined by

𝑃Tdiv = △𝑥
𝜏Tdiv

(

1 −
𝑛𝑡 + 𝑛𝑛 + 𝑛ℎ

𝐾

)

, (31a)

𝑃Tmig = △𝑥
𝜏Tmig

(

𝑛𝑡 + 𝑛𝑛 + 𝑛ℎ
𝐾

)

, (31b)

𝑃Tdeath = △𝑥
𝜏Tdeath

(

tanh
(

10(𝑛𝑡 + 𝑛𝑛 + 𝑛ℎ −𝐾act)
𝐾

))

, (31c)

𝑃Hmig = △𝑥
𝜏Hmig

(

tanh
(

10(𝑛𝑡 + 𝑛𝑛 + 𝑛ℎ − 0.45𝐾)
𝐾

))

, (31d)

with 𝑛𝑡, 𝑛𝑛, and 𝑛ℎ representing the total number of tumor, necrotic, and
healthy cells in a voxel. The parameter 𝜏 determines the characteristic
time of each process and 𝐾𝑎𝑐𝑡, the voxel carrying capacity.

To model the response to SRS, three additional populations were
considered: immune cells, damaged tumor cells, and damaged healthy
cells (Fig. 9), with event probabilities

𝑃𝐷𝑑𝑖𝑒 = △𝑥
𝑘 ⋅ 𝜏Trep

, (32a)

𝑃Iact = △𝑥
𝜏act

⋅
𝑛𝑛
𝑛𝑖

(

1 −
𝑛𝑡 + 𝑛𝑛 + 𝑛ℎ + 𝑛𝑑 + 𝑛ℎ𝑑 + 𝑞 ⋅ 𝑛𝑖

𝐾

)

, (32b)

𝑃Ikill = △𝑥
𝜏kill

⋅
𝑛𝑖
𝑛𝑛

(

1 −
𝑛𝑡 + 𝑛𝑛 + 𝑛ℎ + 𝑛𝑑 + 𝑛ℎ𝑑

𝐾

)

, (32c)

𝑃Ideath = △𝑥
𝜏Ideath

, (32d)

𝑃Imig = △𝑥
𝜏Imig

(

𝑛𝑡 + 𝑛𝑛 + 𝑛ℎ + 𝑛𝑑 + 𝑛ℎ𝑑 + 𝑞 ⋅ 𝑛𝑖
𝐾

)

. (32e)
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The effect of SRS was incorporated as a reduction in lesion volume,
mathematically implemented as

𝑆𝑓 = 𝑆𝑓 ⋅ tanh
(

10(𝑛𝑛 − 0.45𝐾)
𝐾

)

, (33)

where 𝑆𝑓 is the maximum survival fraction. The probability of lesion
recurrence or radiation necrosis after SRS is influenced by the degree of
damage to healthy cells. Authors also used the stochastic simulator to
assess the model’s ability to distinguish between recurrent lesions and
RN events, obtaining a 97% accuracy (AUC = 0.97).

Through the use of a stochastic mesoscale simulator, this study
provides a detailed representation of the interactions occurring within
BMs. The effectiveness of the simulator was validated in distinguishing
between recurrent lesions and RN events, supporting the utility of the
growth exponent 𝛽 in this differentiation [85].

5.6. Summary of radiation necrosis models

In the field of mathematical models for RN after SRS, several
approaches offer valuable insights to distinguish RN from tumor pro-
gression and to understand the underlying biological processes. Dohm
et al. [103] presented a biophysical model using MR T1-weighted and
FLAIR images. They performed univariate analysis using change in
longest dimension of the lesion, change in lesion volume, or FLAIR/T1
lesion quotient, and improved their classification accuracy by incor-
porating radiomic features into their model. Ocaña-Tienda et al. [85]
relied solely on the growth exponent extracted from the volume at three
time points as a classifier. This method proved to be the most straight-
forward way to discriminate RN from tumor progression and showed
superior classification performance compared to the univariate analysis
performed by Dohm et al. The other models helped to better understand
the underlying process of radiation necrosis. León-Triana et al. [83]
introduced a compartmental model and provided a mathematical basis
for distinguishing between RN and true progression. Ocaña-Tienda
et al. [86] proposed a toy model that biologically describes RN in
the simplest way, and a stochastic simulator that provides a more
comprehensive understanding of the dynamics by incorporating spatial
and temporal details.

6. Discussion and future challenges

Despite the relevance of brain metastases and the historical interest
in the development of mathematical models of primary brain tumors,
the mathematical study of secondary brain tumors has been very scarce.
This review aims to build a foundation for the expansion of further
modeling work in the field of brain metastases.

We reviewed here the various mathematical modeling approaches
that have been used to gain insight into the formation and growth
of brain metastases (BMs). These modeling efforts encompass various
biological mechanisms, including cell behavior such as proliferation,
migration, and death, as well as cell interactions with primary tumors
and other cell types and the effect of different treatments.

The two models reviewed that addressed the mechanisms behind
the formation of BMs [71,73] approached the problem from the per-
spective of cells exiting a primary tumor. Subsequently, once they reach
a secondary site, these cells undergo growth following Gompertzian
dynamics. However, a number of studies have shown that the majority
of cancer cells that succeed in crossing the blood–brain barrier (BBB)
undergo cell death [6,10]. Those cells that manage to survive remain in
close contact with blood vessels via vascular co-option [7]. Given that
this scenario involves isolated cells interacting with their environment,
a discrete mathematical model could be a practical approach. Such
a model may be an effective way to illustrate how cells in the brain
gradually evolve until they become a metastasis.

Given the scarce availability of data regarding the natural growth
of BMs, the use of growth rates was employed in four of the reviewed
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studies [74–77]. Notably, the first three studies computed the growth
rate using a linear approximation, whereas the fourth one used an
exponential equation. Although both Yoo et al. and Kobets et al.
did not identify statistically significant differences in growth rates
across various study variables such as tumor type, cancer stage, and
chemotherapy use, Garcia et al. found that melanoma tumors exhibited
a higher growth rate compared to other tumor types. Additionally,
Shin et al. determined that the growth rate parameter had prognostic
value. However, further research is required because some of the cited
studies relied on measurements from only one time point, typically
on diagnosis, and made assumptions about the second one, typically
pre-diagnostic.

The remaining two studies focused on investigating untreated
BMs [79,80] and approached the subject from different perspectives.
Ocaña-Tienda et al. conducted the analysis using a dataset of patients
having three distinct time points for untreated BMs and used the von
Bertalanffy equation to compute the growth exponent. Remarkably,
their findings unveiled that the natural growth of BMs is characterized
by growth exponents larger than 1, where 1 corresponds to exponential
growth dynamics. However, the study was based on a limited number
of lesions, and it would be valuable to investigate the result in a larger
dataset. On the other hand, Watanabe et al. proposed a mathematical
model characterized by a tumor growth rate that decreases over time as
tumor size increases, which does not match the experimental evidence
of other works [78,79]. This dynamic resulted in the emergence of
Gompertzian growth patterns.

As to the response to treatment, three out of the five reviewed
studies [80,81,83] developed models to study the response of BMs to
stereotactic radiotherapy (SRS). The study by Ocaña-Tienda et al. [79]
characterized the growth of BMs after irradiation, chemotherapy, and
combined treatment using three consecutive time points, finding that
in terms of growth exponent, there were no differences between treat-
ments. This finding was interpreted as a reduction in the heterogeneity
of the tumor caused by all types of treatments regardless of their
effectiveness. The study conducted by Butner et al. [82] introduced
the response to immunotherapy, a promising treatment option for
patients with BMs [108,109]. Their model demonstrated the potential
to personalize immunotherapy treatments, enhancing the response for
individual patients.

Tumor progression and radiation necrosis (RN) events present sim-
ilar features on medical images, making it a challenge for clinicians
to differentiate between them without using invasive techniques. This
distinction is critical because the therapeutic approaches for these
two conditions are completely different. Given the challenges associ-
ated with RN following SRS, mathematicians have worked to develop
various models aimed at understanding the complex RN process and
effectively distinguishing it from true tumor progression. These models
include two ordinary differential equation (ODE) models, a biophysical
model, a discrete stochastic simulator, and the use of the growth
exponent derived from the von Bertalanfy equation. The findings from
these reviewed studies underscore the potential of mathematical mod-
els as valuable tools in tackling the crucial challenge of distinguishing
between disease progression and radiation necrosis (RN). However,
there remains room for improvement in achieving higher accuracy.
Notably, in the univariate analyses conducted by Dohm et al. [84],
which encompassed parameters such as the longest dimension of the
lesion, changes in volume, and FLAIR/T1 lesion quotient, the area
under the ROC curve did not exceed 0.75. Similarly, Ocaña-Tienda
et al. [85] achieved an area under the ROC curve of 0.74 using growth
exponents. While these results are promising, further refinement is
needed to enhance the accuracy of these models in clinical practice.

Surgery, either alone or in combination with radiation therapy, is
another treatment of choice for selected BM patients [1,110]. Resection
has been mathematically modeled in the case of gliomas [111–114],
but the authors are not aware of any article in which this treatment
11

has been mathematically described for BMs.
Radiomic studies have demonstrated enhanced classification capa-
bilities, but they demand substantial amounts of data to ensure credible
results and prevent overfitting. This is particularly critical in the case of
BMs, given their broad range of characteristics resulting from diverse
locations, primary tumor types, and varying sizes and shapes. Conse-
quently, mechanistic models are likely to outperform radiomics in this
scenario where data availability is limited. However, it is worth noting
that recently, several publicly accessible databases with annotated BMs
have emerged [115–117], increasing the feasibility and accessibility of
BM research to other research groups both using AI and mechanistic
mathematical models.

Notably, many of the reviewed studies were published in biomed-
ical or multidisciplinary journals and involved clinician co-authors
and simple mathematical modeling approaches. This highlights the
practical interest of mathematical models in managing BM patients.
Validating these models with additional clinical and experimental data
remains a crucial step in utilizing them as clinical tools aiding in the
decision-making process.

Significant distinctions between BMs and other types of metastases,
as well as the disparities between BMs and glioblastoma, emphasize
the critical importance of understanding the unique nature of BMs.
Despite the objective high impact of this devastating illness, it is
surprising to note that the mathematical community has shown a
limited interest in investigating and modeling BMs. All of the studies
based on clinical data considered were retrospective using available
data. In the future, large-scale retrospective and prospective studies
will be crucial to validate the value of the results already obtained
and develop improved mathematical models addressing the problems
considered here and many others. The integration of experimental,
mathematical, and computational approaches holds great promise for
addressing unresolved questions about BM development. By gaining a
deeper understanding of the BM formation process, targeted therapies
may be developed to prevent its occurrence at different stages. Such ad-
vances in the field require close interdisciplinary collaboration between
mathematicians and biomedical experts to promote the development of
more accurate models. This synergy fosters the creation of increasingly
practical models, thereby enhancing the feasibility of advancing brain
metastases research and improving patient care.
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