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for his dedication and thoroughness and for introducing me to the field of research.

I would like to acknowledge the financial support from the European Union

through the project SiNGULAR, under Grant 309048 within the 7th Framework

Programme FP7/2007–2013, and the Junta de Comunidades de Castilla-La Mancha

under Grant PRE2014/8064. I also wish to thank the Cátedra UCLM-ENRESA for
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studi di Cagliari. Thanks also to all the people I met in Edinburgh and Cagliari,

especially to Martin, Alejandro, Lucy, Michele, Barbara, Matteo, Claudia, and Cris.

vii



I would also like to thank the rest of faculty staff composing the Power and

Energy Analysis and Research Laboratory, Natalia, Raquel, José Ignacio, and Luis,
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Summary

This doctoral dissertation addresses the multistage expansion planning problem of

distribution systems. Using a thesis-by-article format, the main findings of the

research conducted by the candidate are presented as reported in four journal

papers, namely:

1. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Joint expansion planning

of distributed generation and distribution networks,” IEEE Transactions on

Power Systems, vol. 30, no. 5, pp. 2579–2590, September 2015. JCR

impact factor: 3.342, position 22 of 257 (quartile Q1) in Engineering, Elec-

trical, and Electronic. R©[2015] IEEE. Reprinted, with permission, from [G.

Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Joint expansion planning

of distributed generation and distribution networks,” IEEE Transactions on

Power Systems, vol. 30, no. 5, pp. 2579–2590, September 2015].

2. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Multistage generation

and network expansion planning in distribution systems considering uncer-

tainty and reliability,” IEEE Transactions on Power Systems, vol. 31, no. 5,

pp. 3715–3728, September 2016. JCR impact factor: 5.680, position 16 of

260 (quartile Q1) in Engineering, Electrical, and Electronic. R©[2016] IEEE.

Reprinted, with permission, from [G. Muñoz-Delgado, J. Contreras, and J. M.

Arroyo, “Multistage generation and network expansion planning in distribu-

tion systems considering uncertainty and reliability,” IEEE Transactions on

Power Systems, vol. 31, no. 5, pp. 3715–3728, September 2016].

3. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Reliability assessment

for distribution optimization models: A non-simulation-based linear program-

ming approach,” IEEE Transactions on Smart Grid, in press, 2017. JCR

impact factor: 6.645, position 14 of 260 (quartile Q1) in Engineering, Elec-

trical, and Electronic. R©[2016] IEEE. Reprinted, with permission, from [G.

Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Reliability assessment for
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distribution optimization models: A non-simulation-based linear program-

ming approach,” IEEE Transactions on Smart Grid, in press, 2017].

4. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Distribution network

expansion planning with an explicit formulation for reliability assessment”.

Under review.

The first paper addresses the deterministic multistage expansion planning prob-

lem of a distribution system where investments in the distribution network and in

distributed generation are jointly considered. Thus, the optimal expansion plan

identifies the best alternative, location, and installation time for the candidate

assets. The resulting optimization problem is cast as a mixed-integer linear program.

The second paper extends the work described in the first paper by incorpo-

rating both the uncertainty related to demand and renewable energy sources and

the assessment of reliability. A novel algorithmic approach combining stochastic

programming, mixed-integer linear programming, and simulation-based reliability

assessment is presented.

The third paper provides a new non-simulation-based linear programming ap-

proach to compute the standard network-dependent reliability indices that are

widely used in reliability-constrained distribution optimization models.

Finally, the fourth paper investigates the multistage expansion planning problem

of a distribution network considering reliability, which is implemented through

algebraic expressions based on the findings of the previous paper. The resulting

optimization problem is cast as an instance of mixed-integer linear programming.
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Chapter 1

Introduction

The main purpose of this dissertation is to present a mathematical programming

framework for the multistage distribution system expansion planning problem con-

sidering some relevant aspects in order to assist the distribution planner in deciding

the optimal investment plan. This first chapter provides an introduction to the

work reported in this document.

Section 1.1 introduces the reader to the basic concepts associated with dis-

tribution system planning and describes the motivation and assumptions for the

developed methods. A detailed review of the state of the art is presented in Section

1.2. In Section 1.3, the main objectives of the thesis and the solution methodology

are both stated. Finally, the remaining chapters of this document are outlined in

Section 1.4.

1.1 Background, Motivation, and Assumptions

Power systems are used to produce, transport, and distribute electric power from

generation centers to consumers. A power system usually consists of generation

units, transmission and subtransmission networks, distribution networks, consump-

tion centers, system protection devices, and control equipment [1]. Distribution

networks are an important part of the electric system since they supply energy

from distribution substations to end users. The main components of the distribution

network are the distribution substations and the distribution feeders. Distribution

substations are fed by one or several subtransmission networks, although sometimes

they can be directly connected to the transmission network. Through the use of

transformers, distribution substations reduce the voltage level from high voltage to
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1. Introduction

medium voltage ranging between 4.16 kV and 34.5 kV. Moreover, from distribution

substations, energy is injected into the distribution grid by means of one or several

primary feeders [2].

Regardless of their topologies, which may be either meshed or radial, most

distribution networks are operated in a radial way since it is the cheapest and

simplest method from the planning, design, and system protection viewpoints.

Traditionally, these networks have been designed with wide operating ranges, which

allows them to be passively operated, thereby resulting in a more economical man-

agement. However, investment in distribution networks is several times more costly

than investment in transmission grids [1], which reveals the economic importance of

distribution system planning. Moreover, a viable investment plan must not only be

economically driven, but it must also satisfy several criteria and guidelines related

to design, components, layout, or performance [3].

From a centralized standpoint, distribution companies are responsible for the

operation and planning of distribution networks so that the growing demand is

continuously satisfied with quality standards and in a secure fashion. Therefore,

planning models are used to obtain an optimal investment plan at minimum cost

while meeting the security and quality requirements. Traditionally, these planning

models determine the optimal expansion decisions related to the reinforcement

and installation of branches, substations, and transformers [3, 4]. However, the

widespread growth of distributed generation (DG), mainly due to its numerous

operational and planning benefits [5] and to the impetus of renewable energy,

inevitably requires the inclusion of this kind of generation in distribution planning

models [4, 6]. This new context where DG comes into play calls for changes in the

way distribution systems are operated and planned [3].

DG comprises small-scale power units located close to consumption centers.

Manifold technologies are currently used for DG including wind turbines, photo-

voltaic (PV) plants, mini hydro plants, fuel cells, cogeneration plants, micro gas

turbines, internal combustion engines, and energy storage devices such as batteries

[5, 7]. The use of DG has numerous advantages related to system planning and

operation [8], such as:

1. Reduction in energy losses.

2. Control of the voltage profile.

3. Improvement of power quality.

4. Increase in system reliability.

2



1.1. Background, Motivation, and Assumptions

5. Reduction or deferral of network expansion.

6. Decrease in CO2 emissions.

7. Short lead time.

8. Low investment risk.

9. Modularity.

10. Reduced physical size.

11. Availability of a wide range of DG technologies.

The presence of DG may have a significant impact on power flows, voltage

profiles, system efficiency, and protection devices. As a consequence, traditionally

passive distribution networks are transitioning to a new paradigm where an active

role is played. The operational impact of DG depends on many factors such as the

type, size, and location of generation units; the types of control equipment; and the

characteristics of feeders and loads, among others.

The increasing penetration of nondispatchable renewable-based technologies for

DG, such as wind and photovoltaic energy, calls for the consideration of the uncer-

tainty associated with the high variability of these energy sources. Furthermore,

load demand is another source of uncertainty with a huge impact on generation. Al-

though many tools have been successfully developed to accurately forecast demand

as well as wind and PV energy production, the incorporation of such uncertainty

sources in planning models is still challenging.

Another crucial aspect in distribution system planning is reliability, which is

defined as the ability to continuously meet the electricity needs of end users with

the required quantity and quality [3, 9]. It should be noted that most service

interruptions experienced by end users take place at the distribution level [1,9,10].

Therefore, expansion plans should be driven not only by cost minimization, but

also by reliability standards. Distribution system reliability evaluation consists in

assessing the adequacy of the various system components to perform their intended

functions. Reliability is customarily incorporated in distribution system planning

through the computation of standard reliability indices [9–12] and their associated

costs.

Unfortunately, exact solution methodologies are currently unavailable for ex-

isting reliability-constrained distribution network expansion planning models [4].

This relevant methodological issue is a consequence of two factors, namely (i) the

3



1. Introduction

Table 1.1: Comparison of Models for Distribution Network Expansion Planning Disregard-
ing Reliability

Reference Multistage Uncertainty Reconfiguration Radiality Presence of DG

[16,17] 5 5 5 5 5

[18, 24,26] 3 3 5 5 5

[19] 5 3 3 5 3

[20, 21,28] 5 5 5 3 5

[22, 23] 3 5 5 3 3

[25] 5 5 3 3 5

[27] 5 5 3 3 3

dependence of reliability indices on the network topology, which, in turn, is an

outcome of the optimization, and (ii) the use of simulation for the computation

of reliability indices in the absence of analytical expressions modeling reliability in

terms of topology-related decision variables.

The above considerations constitute the main motivation of the work developed

throughout this thesis and have led to the analysis of the distribution system

expansion planning problem incorporating relevant aspects associated with DG and

reliability.

1.2 Literature Review

This section reviews the most relevant technical references that are related to this

thesis using two criteria, namely the consideration of investment in DG and the

incorporation of reliability. Thus, references are classified into four groups: (i)

those that disregard both aspects, (ii) those that neglect investment in DG while

considering reliability, (iii) those that include investment in DG and do not account

for reliability, and (iv) those that consider both aspects.

1.2.1 Distribution Network Expansion Planning Disregard-

ing Reliability

Distribution network expansion planning has been extensively investigated in the

literature [3, 4, 13–15]. In this area of research, investment decisions related to the

installation of network assets such as substations, transformers, and branches are

taken into consideration. Some relevant works addressing this problem are [16–28],

which are compared in Table 1.1 according to several modeling criteria. In this

table, symbols “3” and “5” respectively indicate whether a particular aspect has

been considered or not.
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1.2. Literature Review

Reference [16] formulated the distribution network expansion planning problem

as a mixed-integer linear program driven by the minimization of the net present

value of the total cost. The same problem was formulated through mixed-integer

quadratic programming in [17], wherein a heuristic solution approach was devised.

Carvalho et al. [18] applied an evolution-inspired optimization technique, namely

a hedging algorithm, while considering demand uncertainty. In [19], the planning

problem was formulated as a mixed-integer nonlinear program, which was solved

by a genetic algorithm.

Paiva et al. [20] applied mixed-integer linear programming to model the planning

of primary-secondary distribution networks. In [21], hybrid algorithms were used

to solve the mixed-integer nonlinear programming problem for distribution network

planning, in which substations and feeders were planned separately in two different

subproblems. In [22] and [23], a multistage distribution network planning problem

in the presence of DG was addressed through a mixed-integer linear programming

approach. As a salient modeling aspect, a linearized network model adapted from

the dc model used for the transmission network was developed. References [24]

and [26] solved the problem presented in [18] through a balanced genetic algorithm,

outperforming conventional genetic algorithms.

More recent works addressing the distribution network expansion planning prob-

lem are [25, 27, 28]. Reference [25] described the application of a constructive

heuristic algorithm. In [27], radiality constraints in distribution systems with DG

were analyzed and both planning and reconfiguration problems were solved through

mixed-integer nonlinear programming. Reference [28] proposed the use of mixed-

integer quadratically-constrained programming.

1.2.2 Distribution Network Expansion Planning Considering

Reliability

As described in Section 1.1, reliability plays a key role in distribution network expan-

sion planning. Some relevant works addressing the reliability-constrained planning

problem are [29–49]. Table 1.2 summarizes the distinctive modeling aspects of those

works.

In [29], a genetic algorithm was prescribed to solve the multistage planning of

distribution networks. Reliability was evaluated through the approximate calcu-

lation of the expected energy not supplied. An iterative metaheuristic approach

was applied in [30] to solve a multistage planning model where reliability was

incorporated into the objective function via outage costs. In [31], a value-based

5



1. Introduction

Table 1.2: Comparison of Models for Distribution Network Expansion Planning Consid-
ering Reliability

Reference Multistage Uncertainty
Topological

Reconfiguration Radiality
Presence Renewable-based

changes of DG generation

[29] 3 5 3 3 3 5 5

[30, 48] 3 5 3 5 5 5 5

[31, 33] 5 5 3 5 5 5 5

[32] 5 5 3 5 3 5 5

[34] 5 3 5 3 5 3 5

[35] 5 3 5 5 5 3 3

[36] 5 5 3 5 3 3 5

[37, 40,41] 5 5 5 5 5 5 5

[38, 45] 5 5 3 5 5 5 5

[39, 46,49] 5 3 3 5 5 5 5

[42] 5 3 3 3 5 3 3

[43] 5 3 3 5 3 3 3

[44] 3 5 3 5 3 5 5

[47] 3 5 3 3 5 5 5

reliability planning approach based on simulation was presented. Bhowmik et

al. [32] addressed this problem through a three-step iterative algorithm, each step

corresponding to substation-related decisions, feeder-related decisions, and relia-

bility assessment, respectively. Reliability evaluation was made through outage

cost optimization. Reference [33] applied an evolutionary algorithm to solve the

proposed multiobjective planning problem where both expansion cost and network

reliability, represented by the expected energy not supplied, were simultaneously

optimized.

Reference [34] applied a three-step procedure based on a heuristic optimization

algorithm while considering uncertain DG penetration and demand growth. In

[35], a probabilistic load flow was implemented within a heuristic optimization

algorithm to find the best distribution network architecture. References [34] and

[35] both computed the reliability cost as a function of the average number and

duration of service interruptions. A method based on parallel tabu search was put

forward in [36] to solve the proposed mixed-integer nonlinear programming problem

for distribution network expansion planning where reliability was represented by

customer outage cost. Reference [37] extended the model described in [31] by pre-

senting a probabilistic value-based reliability planning model. In [38], the optimal

design of electric distribution networks was addressed by a multiobjective approach

minimizing both the monetary cost and the fault cost. The latter was expressed in

terms of the number and duration of faults. Pareto-optimal solutions were found

using a problem-specific genetic algorithm.

6
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Reference [39] used an immune-based evolutionary optimization algorithm to

solve the problem under nodal demand uncertainty. The fault cost was used to

estimate the reliability of the network. References [40] and [41] formulated the

problem as a horizon planning model which was solved using continuous constrained

nonlinear programming methods. Reliability was assessed through an analytical

method, namely simplified radial network modeling, by computing standard re-

liability indices. In [42], several heuristic optimization techniques were applied

to solve the distribution network expansion planning problem in the presence of

DG. Uncertain demand and generation were considered by using suitable normally-

distributed probability density functions. As done in [34] and [35], the reliability

cost was computed as a function of the average number and duration of service

interruptions. Reference [43] modeled the problem as a multiobjective mixed-

integer nonlinear program simultaneously minimizing investment, operating, and

reliability costs, which was solved using Benders decomposition. The uncertainty of

load demand and wind-based DG was integrated using a fuzzy power flow whereas

reliability was assessed by the cost of the expected energy not supplied. Lotero et

al. [44] used an iterative algorithm based on standard mathematical programming to

generate a pool of candidate topologies with no regard to reliability. Subsequently,

for each candidate topology, reliability was assessed by calculating several standard

reliability indices and costs using simulation.

Reference [45] formulated the planning problem of primary distribution networks

as a multiobjective mixed-integer nonlinear program considering the reliability cost

of the system. This cost term was expressed as a function of the non-supplied energy

under contingency events. The proposed problem was solved by a metaheuristic

technique, namely a multiobjective reactive tabu search. In [46], a genetic algorithm

and a branch exchange method were applied to an instance of distribution system

expansion planning accounting for the uncertain location of load demands. A

contingency analysis method was proposed to calculate customer interruption costs.

Reference [47] presented a tabu search algorithm for distribution network expansion

planning using a multiobjective and multistage formulation based on mixed-integer

nonlinear programming. Reliability was assessed by the non-supplied energy under

contingencies. Heidari et al. [48] proposed a genetic algorithm to solve a profit-

based model for distribution network expansion planning. Moreover, a method

for distribution reliability evaluation in metaheuristic-based planning studies was

proposed. Reliability was considered in the objective function through the cost

of the expected energy not supplied and in the set of constraints by imposing

thresholds on two standard reliability indices. Finally, reference [49] proposed a

7



1. Introduction

Table 1.3: Comparison of Models for the Joint Expansion Planning of Distribution Network
Assets and Distributed Generation Disregarding Reliability

Reference Multistage Uncertainty
Topological

Reconfiguration Radiality
Renewable-based

changes generation

[7, 51,53,69] 5 5 5 5 5 5

[50] 5 5 5 5 5 3

[52, 60,64,67] 3 3 5 5 5 3

[54, 56,61,62,66] 3 5 5 5 5 5

[55] 5 3 3 5 5 3

[57–59] 3 5 5 5 5 3

[63] 3 3 5 3 5 3

[65, 70] 5 3 5 5 5 3

[68] 3 3 3 5 5 5

[71] 3 5 3 3 3 5

[72, 73] 3 3 3 5 3 3

multiobjective framework for distribution network expansion planning considering

probabilistic customer choices on reliability. The resulting optimization problem

was solved through a non-dominated sorting genetic algorithm combined with a

fuzzy decision-making method to select the best result among the set of Pareto-

optimal solutions.

1.2.3 Joint Expansion Planning of Distribution Network As-

sets and Distributed Generation Disregarding Reliabil-

ity

The widespread use of DG in distribution systems calls for the consideration of

DG units as candidate assets within the traditional distribution system expansion

planning problem. Thus, unlike the models described in Sections 1.2.1 and 1.2.2, the

joint expansion planning problem involves investment decisions related to both DG

units and distribution equipment such as branches, transformers, and substations.

As summarized in Table 1.3, some relevant works addressing this problem are [7,

50–73].

Reference [50] presented a linear programming model to determine the optimal

siting and sizing of branches and generators in distribution systems. Reference [51]

proposed a procedure based on a genetic algorithm to identify the optimal allocation

of DG in an existing medium-voltage distribution network. Reference [7] proposed a

mixed-integer nonlinear programming model that was fed to commercially available

software with no guarantee of global optimality. Reference [52] showed the impact of

DG expansion on distribution network investment deferral by considering uncertain

demand and renewable-based generation. A probabilistic approach based on Monte

8



1.2. Literature Review

Carlo simulation was applied to analyze network flows. In [53], Gil and Joos

obtained a first approximation of the capacity deferral benefits brought about by

DG through the analysis of the value of investment deferral.

In [54], a modified version of the ant colony search algorithm was proposed

for the dynamic planning of DG units, transformers, and branches. In [55], a

hybrid metaheuristic, namely the multiobjective memetic algorithm, was applied

to distribution system expansion planning considering the uncertainty associated

with demand and wind. A Monte Carlo-simulation-based method was proposed

to handle the correlated uncertainty. In [56], Piccolo and Siano analyzed the

preference of distribution network planners for the siting and sizing of new DG

units by evaluating the value of investment deferral using an optimal power flow

approach. Reference [57] presented a two-level hierarchical heuristic scheme. First,

the location and timing of distribution asset construction were identified through

mixed-integer linear programming. Subsequently, the sizing of distribution assets

as well as the operation-related decisions were obtained via nonlinear programming.

Reference [58] studied the impact of DG on network investment deferral using the

successive elimination algorithm within a multistage framework.

In [59], a mixed-integer nonlinear programming model was proposed for distri-

bution system planning within an electricity market. In [60], a genetic-algorithm-

based approach was applied to solve a mixed-integer nonlinear multiobjective op-

timization model characterizing the benefits of both the distribution company and

private DG investors. Uncertain demand, wind, and electricity prices were mod-

eled through their respective probability density functions by using the two-point

estimate method. Naderi et al. [61] extended the static planning model described

in [7] through the consideration of a dynamic setting and proposed a modified

genetic algorithm. Reference [62] used a differential evolution algorithm to solve a

co-optimized planning problem driven by the maximization of the benefits of the

distribution company and subject to constraints imposing non-negative profits for

DG investors. Reference [63] modeled the joint planning problem as a multiobjective

mixed-integer nonlinear program considering network reconfiguration and uncertain

renewable-based DG and demand.

In [64], a discrete genetic algorithm was applied to solve a dynamic two-stage

planning model where network upgrading, renewable-based DG, and demand re-

sponse were considered as planning options. Uncertain renewable-based generation

and demand were represented by scenarios. In [65], Zeng et al. presented a bilevel

programming expansion model that was solved by the artificial bee colony method.

Network investment decisions by the distribution company were determined in the

9



1. Introduction

upper level while considering the reaction of DG owners. Such a reaction was

modeled in the lower level, where system operation was also included. Reference [66]

proposed a heuristic two-step solution approach to solve the dynamic expansion

planning of distribution systems considering DG. In [67], a mixed-integer linear

programming model relying on two-stage stochastic programming was proposed

for the expansion planning of transformers and renewable-based DG. Uncertain

demand, wind speed, and solar irradiation were considered by scenarios based on

duration curves. Reference [68] used particle swarm optimization to address the

joint expansion planning problem considering load and price uncertainties under a

market framework. These uncertainties were modeled through probability density

functions and Monte Carlo simulation.

Reference [69] proposed a heuristic evolutionary algorithm based on binary

particle swarm optimization to solve the distribution system expansion planning

problem with both a single objective and several optimization goals. In [70], the

work of [65] was extended by formulating the problem as a trilevel programming

model where system operation and DG-related investment decisions were handled

separately. Similar to [65], the resulting trilevel program was solved by a meta-

heuristic, namely a genetic algorithm. In [71], Tabares et al. presented a mixed-

integer linear programming model to solve the joint multistage expansion planning

problem of distribution network assets and distributed energy resources. Finally,

in [72] and [73], a multistage stochastic mixed-integer linear programming model was

presented to support the decision-making process of distribution system planning.

1.2.4 Joint Expansion Planning of Distribution Network As-

sets and Distributed Generation Considering Reliabil-

ity

In the new context of co-optimized distribution system planning, the crucial role

traditionally played by reliability is stressed given the potential advantages of DG

in terms of distribution reliability improvement, which are strongly dependent on

the location and sizing of these assets. Thus, reliability and DG should be jointly

considered in the new distribution system planning framework. Some relevant works

addressing this problem are [74–97]. Table 1.4 presents the distinctive modeling

aspects featured by such works.

Reference [74] proposed a multiobjective genetic algorithm to solve the joint

expansion planning problem where reliability was represented by the cost of the

expected energy not supplied. In [75], a multiobjective evolutionary approach based
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Table 1.4: Comparison of Models for the Joint Expansion Planning of Distribution Network
Assets and Distributed Generation Considering Reliability

Reference Multistage Uncertainty
Topological

Reconfiguration Radiality
Renewable-based

changes generation

[74] 5 5 5 5 5 5

[75, 97] 5 3 5 5 5 3

[76, 81,83,93] 3 5 5 5 5 5

[77, 95] 5 5 3 5 5 5

[78, 82,87,89] 3 5 3 5 5 5

[79] 5 3 3 3 5 3

[80] 3 3 3 3 5 3

[84, 94] 3 3 5 5 5 3

[85, 86] 3 3 5 5 5 5

[88] 5 5 3 3 3 5

[90] 3 3 3 5 5 3

[91] 5 3 3 5 3 3

[92] 5 3 3 5 5 3

[96] 3 3 3 3 3 5

on a genetic algorithm and an ε-constrained method was applied. The uncertainty

associated with demand and wind was considered using a probabilistic load flow.

In addition, reliability was assessed through the cost of the expected energy not

supplied, for which the durations of branch faults were divided into two phases: fault

location and fault repair. Nazar and Haghifam [76] proposed a three-step algorithm

using the hybrid energy hub concept. Each step was related to distribution system

expansion planning, device allocation, and optimal restoration under contingency,

respectively. Reliability was evaluated using the customer interruption cost and

several standard indices relying on failure rates and repair times. Reference [77]

addressed the joint expansion planning problem through a genetic algorithm com-

bined with graph theory where reliability was evaluated by imposing an upper bound

on the annual duration of branch outages. In [78], a genetic algorithm combined

with an optimal power flow was described for a cost-minimization model wherein

reliability was included as the customer outage cost.

In [79], Martins and Borges proposed a genetic algorithm for a scenario-based

multiobjective planning model under uncertainty. Reliability indices and the cost of

the expected energy not supplied were calculated by an analytical method. In [80],

the work of [79] was extended to a multistage planning framework. In [81], a

modified discrete particle swarm optimization method was applied to an expansion

planning model wherein reliability was considered in the objective function as the

cost of energy not supplied. Reference [82] used a heuristic method based on hybrid

particle swarm optimization and shuffled frog leaping to solve a multiobjective

planning problem simultaneously minimizing investment and operating costs and

11



1. Introduction

reliability. Reliability was included through the energy not supplied index, which

was evaluated by an analytical approach relying on graph theory. Reference [83]

used a hybrid optimization method, referred to as modified discrete particle swarm

optimization. The reliability cost was represented by the cost of the expected energy

not supplied, which was dependent on fault location, failure rate, fault repair time,

and customer type.

Reference [84] proposed a multiobjective mixed-integer program, which was

solved by a genetic-algorithm-based methodology. Uncertain wind power generation

was modeled as a multistate variable by a probability density function. Reliability

was assessed by the calculation of nodal interruption costs based on Monte Carlo

simulation. In [85] and [86], an evolution-inspired heuristic, namely evolutionary

particle swarm optimization, was applied. The uncertainty related to load and elec-

tricity prices was modeled through Monte Carlo simulation, whereas failure mode

and effect analysis was employed to quantify the energy not supplied. Reference [87]

applied an algorithm relying on modified particle swarm optimization. Reliability

was included as the cost of the expected energy not supplied. Reference [88]

proposed a multiobjective optimization model driven by both the minimization

of investment and operating costs and the maximization of system reliability. A

heuristic method, namely improved teaching-learning optimization, was applied to

solve this problem. Reliability was represented by three standard indices included

in the objective function.

Reference [89] presented a multiobjective model wherein reliability was repre-

sented by the cost of expected customer interruptions. A hybrid self-adaptive global-

based harmony-search algorithm and an optimal power flow were used followed

by a fuzzy satisfying method in order to obtain the best solution. Bagheri et

al. [90] applied a hybrid genetic algorithm combined with an optimal power flow

in a multistage planning framework. Uncertain demand, electricity prices, and

wind were represented through scenarios that were generated using their respective

probability density functions. Reliability was assessed by the cost of the expected

energy not supplied. In [91], the work of [90] was presented in a single-stage planning

framework. In [92], Bagheri et al. presented an approach similar to that described

in [91]. In [93], an evolutionary technique, namely binary chaotic shark smell

optimization, was presented. An analytical method was used to assess reliability,

which was characterized by the cost of the expected energy not supplied.

Reference [94] proposed a method based on modified particle swarm optimiza-

tion. Uncertain demand and solar irradiation were handled by generating multiple

scenarios based on historical data, whereas the costs associated with two standard
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reliability indices were included in the objective function. Reference [95] presented

a comparison among several metaheuristic techniques used to solve the distribution

system expansion planning problem. The cost of the energy not supplied was

used to quantify the economic impact of reliability. This cost was determined

considering the curtailed load, the type of customer, and the outage duration.

In [96], a multiobjective model was formulated to represent the different objectives

of a distribution company and private DG investors under demand uncertainty.

The concept of system of systems was proposed to model the expansion of DG

owned by private investors. Reliability criteria accounted for average failure rates

and repair durations to evaluate the expected energy not supplied. Particle swarm

optimization was applied to solve the proposed model. Finally, Guo et al. [97]

presented a non-dominated sorting genetic algorithm to address a multiobjective

model considering the conflict of interests between a distribution company and

private DG investors. Uncertain demand and wind were considered by including

the reserve generation capacity whereas reliability was incorporated as a constraint

on the annual electricity shortage.

1.2.5 Mathematical Tools

This subsection provides a brief overview of the mathematical tools used to address

the models described in this dissertation.

1.2.5.1 Linear Programming

Linear programming is a well-established field of mathematical programming and

one of the most highly developed and widespread branches of management sci-

ence [98, 99]. A linear programming problem can be defined as the problem of

maximizing or minimizing a linear function subject to linear constraints. Linear

programming models consist of four basic components: (i) continuous decision

variables representing quantities to be determined by the optimization process, (ii)

an objective function representing how decision variables affect the optimization

goal, (iii) equality and inequality constraints on decision variables representing the

use of resources, which are available in limited amounts, and (iv) data quantify-

ing the relationships represented in the objective function and constraints. The

extraordinary computational efficiency and robustness of existing solution methods

together with the availability of high-speed digital computers have made linear

programming the most powerful optimization framework ever designed and the

most widely applied in business and economic environments.
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1.2.5.2 Mixed-Integer Linear Programming

Mixed-integer linear programming focuses on linear programs wherein some of the

variables are restricted to be integer. Such problems are thus combinatorial, which

is a complicating factor for their resolution [98–102]. Methodological advances and

improvements on general-purpose mixed-integer solvers, such as those reported in

[102], have paved the way for the application of mixed-integer linear programming

to manifold problems including power system planning, operations, and economics.

1.2.5.3 Stochastic Programming

Investment decisions in distribution systems are influenced by uncertain parameters

such as demand, wind speed, and solar irradiation, among others. These uncertain

parameters are considered in this thesis via scenario-based stochastic programming

[103]. Thus, uncertain input data are modeled by a finite set of scenarios where

each scenario is characterized by a plausible realization of uncertain parameters and

its associated probability of occurrence. The number of scenarios is set as a tradeoff

between accuracy and tractability in order to achieve an adequate representation

of the uncertain data with acceptable computational burden.

1.3 Thesis Objectives and Methodology

Considering the context presented in the previous sections, the main objectives of

this thesis are fourfold:

1. To develop a multistage distribution system expansion planning model where

investment decisions in distribution network assets and DG units are co-

optimized. The aim of this model is to minimize the net present value of

the total cost. The specific objectives related to this issue are listed below:

1.1. To model the operation of the distribution system within a planning

framework.

1.2. To incorporate specific constraints in order to impose radial operation of

the system when decisions on new DG and distribution assets are jointly

made.

1.3. To recast nonlinearities as linear expressions through a piecewise linear

approximation and integer algebra results.

1.4. To propose a solution methodology based on mixed-integer linear pro-

gramming.
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1.5. To examine two case studies including an illustrative example and a large

case study.

1.6. To assess the impact of DG on expansion planning.

1.7. To analyze the economic impact of the DG penetration level.

2. To incorporate uncertainty and reliability in the multistage joint expansion

planning of distribution network assets and DG. The specific objectives related

to this issue are stated as follows:

2.1. To extend the model presented in item 1 in order to account for uncer-

tainty through a scenario-based stochastic programming framework.

2.2. To model the correlated uncertainties of demand, wind speed, and solar

irradiation through a set of operating conditions and scenarios.

2.3. To evaluate distribution system reliability through an analytical assess-

ment relying on simulation.

2.4. To propose a solution methodology based on an iterative algorithm that

allows considering the effect of reliability for a pool of candidate cost-

driven expansion plans.

2.5. To examine three different case studies in order to validate the scalability

of the proposed approach for large-sized systems.

2.6. To assess the impact of DG on both investment and operational costs

and reliability costs.

2.7. To compare the results from the proposed approach with those achieved

by a methodology presented in the literature where scenarios were solved

separately.

3. To formulate a novel non-simulation-based linear programming approach for

the analytical reliability assessment of a distribution system in order to com-

pute the standard network-dependent reliability indices. The specific objec-

tives related to this issue are listed below:

3.1. To use an optimization process to equivalently implement the conven-

tional analytical simulation-based reliability assessment.

3.2. To present a set of relevant remarks that form the basis of the novel

optimization-based approach.
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3.3. To design analytical expressions for reliability assessment paving the way

for the incorporation of reliability in distribution operation and planning

models.

3.4. To test the proposed approach on several benchmarks including an illus-

trative example and a real-sized system.

4. To develop a multistage distribution network expansion planning model

wherein the reliability cost is explicitly cast in terms of the decision variables

of the resulting optimization problem. The aim of this problem is to minimize

the net present value of the total cost. The specific objectives related to this

issue are stated as follows:

4.1. To model the operation of the distribution system within a planning

framework.

4.2. To extend the reliability model described in item 3 to a planning setting

where the topology is unknown a priori.

4.3. To recast nonlinearities as linear expressions through a piecewise linear

approximation and integer algebra results.

4.4. To propose a solution methodology based on mixed-integer linear pro-

gramming.

4.5. To examine a case study in order to illustrate the performance of the

proposed approach.

4.6. To compare the results from the proposed approach with those achieved

by a heuristic methodology presented in the literature where reliability

is calculated ex post for a pool of candidate solutions.

1.4 Overview of the Remaining Chapters

This doctoral dissertation is structured as a compendium of four papers. The first

three papers, which have been already published in relevant international journals,

constitute chapters 2–4. Chapter 5 corresponds to the fourth paper, which is under

review.

The contents of the remaining chapters of this document are summarized as

follows:

Chapter 2 addresses the multistage expansion planning problem of a dis-

tribution system where investments in distribution network assets and DG are
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jointly considered. The optimal expansion plan identifies the best alternative,

location, and installation time for the candidate assets. The model is driven by the

minimization of the net present value of the total cost including the costs related

to investment, maintenance, production, losses, and unserved energy. Radiality

conditions are specifically tailored to accommodate the presence of DG in order to

avoid the islanding of distributed generators and the issues associated with transfer

nodes. The resulting optimization problem is a mixed-integer linear program. The

performance of the proposed approach is illustrated with two case studies. First, a

24-node test system is examined over a 3-year planning horizon. Subsequently, a

138-node test system is analyzed over a 10-year planning horizon.

Chapter 3 describes the incorporation of uncertainty and reliability in the

dynamic expansion planning of distribution network assets and DG. The optimal

expansion plan identifies the best alternative, location, and installation time for the

candidate assets under the uncertainty related to demand and renewable energy

sources. To that end, an iterative algorithm is devised to yield a pool of high-

quality candidate solutions in terms of total investment and operational costs. Each

candidate solution results from a stochastic-programming-based model driven by

the minimization of the expected investment and operational costs. The associ-

ated scenario-based deterministic equivalent is formulated as a mixed-integer linear

program. Standard metrics are subsequently applied to each candidate solution to

characterize its reliability so that valuable information is provided to the distribution

system planner. Three test systems comprising 54, 86, and 138 nodes, respectively,

are analyzed over a 10-year planning horizon.

Chapter 4 presents a new non-simulation-based approach to compute the

standard network-dependent reliability indices that are widely used in reliability-

constrained distribution optimization models. Reliability indices are equivalently

determined by an efficient approach based on linear programming where the network

topology is explicitly represented by decision variables of the optimization process.

The proposed equivalent formulation paves the way for the integration of reliability

in optimization models for distribution operation and planning, thereby enabling the

use of sound techniques different from the customary heuristics and metaheuristics.

Five test systems comprising 37, 85, 137, 417, and 1080 nodes, respectively, are

analyzed.

Chapter 5 investigates the multistage expansion planning problem of a dis-

tribution network considering reliability. Thus, the best alternative, location, and

installation time for the candidate assets are identified while jointly accounting

for economic and reliability aspects. As a major salient feature, the conventional
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simulation-based reliability assessment is equivalently implemented through alge-

braic expressions whereby the effect of the network topology is explicitly represented

by decision variables of the optimization process. For expository purposes, the focus

is placed on the expected energy not supplied, which is a widely-used metric for

reliability assessment. The resulting optimization problem is cast as an instance

of mixed-integer linear programming. A 54-node test system is analyzed over a

10-year planning horizon.

Chapter 6 concludes this dissertation and provides an overview of the docu-

ment, several concluding remarks, the main contributions, and some suggestions for

future research.
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Abstract—This paper addresses the multistage expansion plan-
ning problem of a distribution system where investments in the
distribution network and in distributed generation are jointly
considered. Network expansion comprises several alternatives
for feeders and transformers. Analogously, the installation of
distributed generation takes into account several alternatives
for conventional and wind generators. Unlike what is custom-
arily done, a set of candidate nodes for generator installation
is considered. Thus, the optimal expansion plan identifies the
best alternative, location, and installation time for the candidate
assets. The model is driven by the minimization of the net present
value of the total cost including the costs related to investment,
maintenance, production, losses, and unserved energy. The costs
of energy losses are modeled by a piecewise linear approximation.
As another distinctive feature, radiality conditions are specifically
tailored to accommodate the presence of distributed generation
in order to avoid the isolation of distributed generators and the
issues associated with transfer nodes. The resulting optimization
problem is a mixed-integer linear program for which finite con-
vergence to optimality is guaranteed and efficient off-the-shelf
software is available. Numerical results illustrate the effective
performance of the proposed approach.
Index Terms—Distributed generation, distribution system plan-

ning, multistage, network expansion, radiality.

NOMENCLATURE

A. Indices

Load level index.
Indices for investment alternatives.
Feeder type index.
Generator type index.
Node indices.
Time stage indices.
Transformer type index.
Index of the blocks used in the piecewise
linearization for energy losses.
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B. Sets

Set of load levels.
Sets of available alternatives for feeders,
generators, and transformers.
Set of feeder types.

where
and denote existing fixed feeder, ex-
isting replaceable feeder, new replacement
feeder, and new added feeder, respectively.
Set of generator types. where
and stand for conventional and wind

generation, respectively.
Set of time stages.
Set of transformer types.
where and denote existing
transformer and new transformer,
respectively.
Set of branches with feeders of type .

Sets of nodes connected to node by a
feeder of type , load nodes, system nodes,
candidate nodes for distributed generation,
and substation nodes.

C. Parameters

Width of block of the piecewise linear
energy losses for feeders and transformers.
Cost coefficients of energy supplied by
generators and substations, and unserved
energy.
Investment cost coefficients of feeders, new
transformers, generators, and substations.

Maintenance cost coefficients of feeders,
generators, and transformers.

Actual nodal peak demand and fictitious
nodal demand.
Upper limit for actual current flows through
feeders.
Rated capacities of generators and
maximum wind power availability.
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Upper limit for current injections of
transformers.
Sufficiently large positive constant.
Annual interest rate.
Investment budget for stage .
Feeder length.
Slope of block of the piecewise linear
energy losses for feeders and transformers.
Number of candidate nodes for installation
of distributed generation, number of
time stages, and number of blocks of the
piecewise linear energy losses.
System power factor.
Capital recovery rates for investment in
feeders, new transformers, generators, and
substations.
Lower and upper bounds for nodal voltages.

Unitary impedance magnitude of feeders
and impedance magnitude of transformers.
Duration of load level .
Lifetimes of feeders, new transformers,
generators, and substation assets other than
transformers.
Loading factor of load level .
Penetration limit for distributed generation.

D. Variables

Costs of production, maintenance, energy
losses, and unserved energy.
Amortized investment cost.

Present value of the total cost.

Nodal unserved energy.

Actual and fictitious current flows through
feeders.
Current injections corresponding to
generators and transformers, and fictitious
current injection at substation nodes.
Nodal voltage magnitude.
Binary investment variables for feeders, new
transformers, generators, and substations.

Binary utilization variables for feeders,
generators, and transformers.
Current in block of the piecewise linear
energy losses for feeders and transformers.

I. INTRODUCTION

T HE remarkable operational and planning benefits of dis-
tributed generation (DG) have boosted its implementa-

tion in worldwide distribution systems. In essence, DG refers to

small-scale generation units located near consumption centers.
The new context where DG comes into play calls for changes in
the way distribution systems are operated and planned [1].
In this paper, we propose the incorporation of DG expansion

decisions in the distribution expansion planning problem.
Within a centralized framework, the distribution planner is re-
sponsible for expansion decisions in order to meet the growing
demand in an economic and secure fashion. The proposed dis-
tribution expansion planning problem consists in determining
the timing, location, and sizing of distribution network and
generation assets to be installed in an existing network so
that investment and operating costs are minimized over the
planning horizon. Other decisions, such as the modification
of the network topology or the interconnection of isolated
systems, may also be considered part of this problem. The
proposed co-optimization avoids the weaknesses associated
with the functional decoupling of distribution network planning
and distributed generation planning that may lead to economic
losses and a suboptimal use of resources. From a practical
viewpoint, the proposed joint expansion planning may be used
by the distribution planner to determine suitable investments in
distributed generation that would require appropriate incentives
for investors for their eventual installation. Note that the design
of such incentive mechanisms is beyond the scope of this paper.
Despite the considerable research effort devoted to the clas-

sical distribution expansion planning problem [1]–[11] and to
the decisionmaking associated with the investment in DG facili-
ties [12]–[16], relatively little attention has been paid to the joint
expansion problem where the set of candidate assets includes
both DG units and distribution equipment such as feeders, trans-
formers, and substations.
Relevant works addressing the expansion planning of the

distribution network in the presence of distributed generation
are [6], [7], and [10]. However, those works disregarded ex-
pansion decisions on distributed generation. In other words,
the location and timing of distributed generation were known
ex ante, thereby constituting parameters of the optimization
process. References [17]–[20] considered DG units as invest-
ment alternatives within the framework of distribution system
planning. However, the emphasis was mainly placed on the im-
pact of DG expansion on distribution investment deferral rather
than on addressing the optimization problem characterizing
the joint expansion planning model. From a methodological
perspective, several relevant approaches are [21]–[24]. In [21],
El-Khattam et al. proposed a mixed-integer nonlinear program-
ming model that was fed to a commercially available software
with no guarantee of global optimality. In [22], Naderi et al.
extended the model described in [21] and proposed a genetic
algorithm. Finally, another evolution-inspired heuristic, namely
evolutionary particle swarm optimization, was applied in [23]
and [24] to solve the mixed-integer nonlinear programming
formulation of the co-optimized expansion planning.
The methods in [21]–[24] neither acknowledge global opti-

mality nor provide a measure of the distance to the optimum.
Additionally, in [21]–[24], investment decisions associated with
the distribution network are exclusively related to the reinforce-
ment of feeders and substations, thereby disregarding the con-
struction of new distribution assets. As a consequence of this

21



MUÑOZ-DELGADO et al.: JOINT EXPANSION PLANNING OF DISTRIBUTED GENERATION AND DISTRIBUTION NETWORKS 2581

modeling simplification, the radial topology of the network is
not subject to modification and, hence, constraints imposing the
radial operation of the network are not required. Moreover, the
models described in [21]–[24] only consider DG comprising
conventional units.
Based on the mixed-integer linear programming framework

used in [4], [6], [7], and [9] for the expansion planning of the dis-
tribution network, this paper presents a new approach to simul-
taneously expand the distribution network and distributed gen-
eration. Unlike [21]–[24], investment decisions comprise both
the reinforcement of assets and the installation of new equip-
ment. This modeling aspect requires the incorporation of spe-
cific constraints to impose the radial operation of the resulting
network. However, the use of traditional radiality constraints
such as those implemented in [4], [6], [7], [9] is insufficient
since radiality is no longer guaranteed when decisions on new
DG and distribution assets are jointly made. Based on the find-
ings of [10], new radiality constraints relying on fictitious de-
mands are imposed. As another salient feature over [21]–[24],
DG comprises not only conventional units but also wind power
generation.
The resulting model is formulated as a mixed-integer non-

linear programming problem where nonlinearities are related to
1) quadratic energy losses in the objective function, and 2) bi-
linear terms involving the products of continuous and binary
decision variables in the equations associated with Kirchhoff's
voltage law. Both nonlinearities are recast as linear expressions
by using a piecewise linear approximation for energy losses, and
integer algebra results for the bilinear terms. The proposed solu-
tion approach yields a mixed-integer linear program for which
effective off-the-shelf branch-and-cut software is available [25].
Note that mixed-integer linear programming (MILP) guarantees
finite convergence to the optimum while providing a measure of
the distance to optimality along the solution process [26].
The main contributions of this paper are as follows:
1) From a modeling perspective, a new formulation is pre-

sented for multistage planning of distribution systems. Un-
like previously reported works, the timing, location, and
sizing of not only distribution assets but also distributed
generation units are modeled while explicitly imposing the
radial operation of the system.

2) From a methodological perspective, mixed-integer linear
programming is proposed to jointly expand the distribu-
tion network and distributed generation. To the best of the
authors' knowledge, there is no current literature contri-
bution referring to the application of mixed-integer linear
programming to such problem.

The rest of this paper is organized as follows. Section II de-
scribes the proposed formulation. In Section III, two test sys-
tems and the corresponding results are described as a validation
of the proposed model. Some relevant conclusions are drawn in
Section IV. Finally, the piecewise linearization for energy losses
is provided in the Appendix.

II. PROBLEM FORMULATION

The proposed model is built on the distribution network ex-
pansion planning models described in [6], [9], and [21] wherein:

1) a multistage planning framework is adopted, 2) a discretiza-
tion of the annual load curve into several load levels is used
to characterize the demand, 3) radial operation of the distribu-
tion network is explicitly imposed, 4) an approximate network
model is used, 5) costs of losses are included in the objective
function, and 6) several investment alternatives exist for each
asset. Unlike [6], [9], [21]–[24], it is assumed that the distribu-
tion planner has the capability to make strategic investment de-
cisions on the joint installation of new feeders and DG including
both conventional and wind power generation. In addition, it is
worth emphasizing that DG location is a result of the optimiza-
tion process.

A. Objective Function and Cost-Related Terms
According to [9], the optimization aims at minimizing the

present value of the total cost:

(1)

As done in [9], expression (1) includes three terms. The first
term corresponds to the present worth value of the investment
cost under the assumption of a perpetual or infinite planning
horizon [27]. In other words, the investment cost is amortized
in annual installments throughout the lifetime of the installed
equipment, considering that after the equipment lifetime has
expired there is a reinvestment in an identical piece of equip-
ment. The second term is the present value of the operating costs
throughout the time stages. Finally, the third term represents
the present value of the operating costs incurred after the last
time stage. As can be noted, such term relies on the operating
costs at the last time stage and also assumes a perpetual plan-
ning horizon.
The total cost in (1) comprises amortized investment, main-

tenance, production, energy losses, and unserved energy costs
which are formulated as follows:

(2)

(3)
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(4)

(5)
(6)

where capital recovery rates are computed as

; and
.

In (2), the amortized investment cost at each stage is formu-
lated as the sum of terms related to: 1) replacement and addi-
tion of feeders, 2) reinforcement of existing substations and con-
struction of new ones, 3) installation of new transformers, and
4) installation of DG. It should be emphasized that the invest-
ment cost for substations corresponds to the cost associated with
the upgrading or construction of this infrastructure excluding
the cost of transformers, which is explicitly considered in the
third term of (2). Expressions (3) model the maintenance costs
of feeders, transformers, and generators at each stage. Note that,
for each time stage, a single binary variable per conductor in
the feeder connecting nodes and is used to model the cor-
responding investment decision, namely . In contrast, two
binary variables, and , as well as two continuous vari-
ables, and , are associated with each feeder in order
to model its utilization and current flow, respectively. Note that

is greater than 0 and equal to the current flow through the
feeder between nodes and measured at node only when the
current flows from to , being 0 otherwise.
The production costs associated with substations and dis-

tributed generators are characterized in (4). Similarly to [9],
the costs of energy losses in transformers and feeders are
modeled in (5) as quadratic terms. The minimization of the
costs of energy losses constitutes another distinctive feature
over the model described in [6] and is motivated by the need to
avoid the undesired increase in energy losses associated with
an inadequate installation of distributed generation [14], [28].
Nonlinear costs of energy losses can be accurately approxi-
mated by a set of tangent lines as explained in the Appendix.
This approximation yields piecewise linear functions, which,
for practical purposes, are indistinguishable from the nonlinear
models if enough blocks are used. Finally, expressions (6) cor-
respond to the penalty cost of unserved energy. The selection
of a sufficiently large value for the cost coefficient ensures
that the unserved energy becomes zero when power balance
can be met with available generation and distribution resources.

B. Kirchhoff's Laws and Operational Limits

The constraints associated with the system operation are for-
mulated as

(7)

(8)

(9)
(10)

(11)

(12)

(13)

(14)

(15)

Constraints (7) set the bounds on the magnitudes of nodal
voltages. Thus, the upper bounds imposed in (7) prevent voltage
increase at the end of feeders due to the installation of DG. Simi-
larly, upper and lower limits on network- and generation-related
variables are modeled in (8)–(12). Note that in (8), (9) the upper
limits associated with feeders, , and transformers, , may
be less than the corresponding ratings in order to allow for an
operating reserve that might be required under contingency [1].
Analogously, the upper bound for wind power generation is the
minimum value between the generator rated capacity and the
available power associated with the corresponding level of wind
speed (12). DG penetration is limited in (13) as a fraction of
the demand.
Finally, based on the linearized network model that was first

proposed by Haffner et al. [6] and successfully applied in [7],
[9], constraints (14)–(15) represent the effect of the distribution
network. As described in [6], the linearized network model is
an adapted version of the dc model used for the transmission
network that is based on two assumptions: 1) all current injec-
tions and flows have the same power factor, and 2) the per-unit
voltage drop across a branch is equal to the difference between
the per-unit magnitudes of the nodal voltages at both ends of the
branch. Assumption 1) allows expressing Kirchhoff's current
law as a set of linear scalar equalities in terms of current mag-
nitudes, giving rise to nodal current balance equations (14). In
addition, assumption 2) allows formulating Kirchhoff's voltage
law for each feeder in use as a linear expression relating the
magnitudes of currents, nodal voltages, and branch impedances.
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Constraints (15) extend this result to account for the utilization
state of all feeders. Based on [29], nonlinear expressions (15)
have the following linear equivalents:

(16)

We recognize that the use of the simplified network model
described in [6] leads to results that may be optimistic and that
a complete study of the distribution network operation should
consider a full ac model. This generalization would, however,
render the problem essentially intractable through optimization
and would have to be solved by heuristics or repeated simu-
lations. This modeling limitation notwithstanding, the solution
of the joint expansion problem based on the linearized network
model is acceptable for the purposes of distribution planning
[6], [7], [9] and provides the planner with a first estimate of a
cost-effective expansion scheme.

C. Investment and Utilization Constraints
Investment and utilization decisions are constrained ac-

cording to the following expressions:

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

As per (17)–(20), a maximum of one reinforcement, replace-
ment or addition is allowed for each system component and lo-
cation along the planning horizon. Constraints (21) guarantee
that new transformers can only be added in substations that have
been previously expanded or built. Constraints (22)–(24) model
the utilization of feeders while explicitly characterizing the di-
rection of current flows. The utilization of new transformers and
distributed generators is formulated in (25) and (26), respec-
tively. Finally, constraints (27) impose a budgetary limit for in-
vestments at each stage.

D. Radiality Constraints
The proposed model includes the following traditional radi-

ality constraints [4], [9]:

(28)

(29)

Constraints (28) impose load nodes to have a single input flow
while expressions (29) set a maximum of one input flow for the
remaining nodes. It is worth mentioning that, in the absence of
DG, this formulation does not feature the shortcomings of that
described in [6] and [10] and is suitable to impose radial oper-
ation even when transfer nodes are part of the distribution net-
work. However, when DG is considered, (28) and (29) are in-
sufficient to prevent the existence of areas exclusively supplied
by DG and thereby topologically disconnected from all substa-
tions. This difficulty is overcome by adding the following set of
radiality constraints [10]:

(30)

(31)

(32)

(33)

(34)

(35)
(36)

As described in [10], the existence of isolated generators is
avoided through (30)–(36), whichmodel a fictitious systemwith
fictitious demands. According to [10], the fictitious demand at
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load nodes that are candidate locations for DG installation is
equal to 1 p.u., whereas the fictitious demand at the remaining
nodes is set to 0. Mathematically

(37)

Such fictitious nodal demands can only be supplied by ficti-
tious substations located at the original substation nodes, which
inject fictitious energy through the actual feeders.
Constraints (30) represent the nodal fictitious current balance

equations. Constraints (31)–(35) bound fictitious flows through
feeders. Constraints (36) set the limits for the fictitious cur-
rents injected by the fictitious substations. It is worthmentioning
that, to the best of the authors' knowledge, the combined use of
(28)–(36) to avoid the issues with transfer nodes and isolated
generators is novel, thereby constituting a relevant modeling
contribution of this paper.

III. NUMERICAL RESULTS

This section presents and discusses results from two case
studies. For didactical purposes, a 24-node system is first ana-
lyzed over a three-year planning horizon. The scalability of the
proposed approach is subsequently validated with a larger case
study comprising 138 nodes and a ten-year planning horizon.
The currency used in the simulations is U.S. dollars, hereinafter
denoted by $.
The following data are common for both case studies:
• The planning horizon is divided into yearly stages consid-
ering a 7.1% interest rate.

• Three load levels are considered with loading factors equal
to 70%, 83%, and 100% of the corresponding peak de-
mand, and durations equal to 2000 h/year, 5760 h/year, and
1000 h/year, respectively.

• The cost for unserved energy, , is $2000/MWh, as done
in [9].

• The systems are divided into three zones according to the
wind data reported in Table I. For the sake of simplicity, it
is assumed that wind speed data remain unchanged along
the time span.

• Investment decisions for substations consist of: 1) ex-
panding existing substations by adding a new transformer,
and 2) building a new substation from scratch. It is as-
sumed that is considerably larger than the lifetimes
of the other distribution assets. Thus, . Based
on [21], the costs of the energy supplied by all substations
are identical and equal to $57.7/MWh, $70.0/MWh, and
$85.3/MWh, for load levels 1–3, respectively.

• Based on [12], [24], [30], and [31], the economic and
technical features of candidate DG units are presented
in Table II, where two alternatives are considered for
each technology. Maintenance costs are set so that

. Wind generation limits, ,
associated with the wind speed levels given in Table I are
determined using the data available in [31] related to wind
generators E44 and E82, which correspond to alternatives

TABLE I
WIND SPEED DATA FOR EACH STAGE (m/s)

TABLE II
DATA FOR CANDIDATE DG UNITS

1 and 2, respectively. A 20-year lifetime is taken into
account for all units.

• A three-block piecewise linearization for energy losses is
considered.

• The system power factor is set equal to 0.9.
In order to assess the impact of DG on expansion planning,

both case studies have been first solved considering that the
only candidate assets for expansion are feeders, substations, and
transformers. Secondly, investment in DG is allowed.
Simulations have been implemented on a Dell PowerEdge

R910X64 with four Intel Xeon E7520 processors at 1.866 GHz
and 32 GB of RAM using CPLEX 12.6 [25] under GAMS 24.2
[32]. The stopping criterion is based on an optimality gap equal
to 1%.

A. Illustrative Example
This example is based on the 20-kV test system described in

[2]. As shown in Fig. 1, the system comprises 20 load nodes,
represented by circles; 4 substation nodes, depicted as squares;
and 33 branches, indicated by lines. Nodal peak demands and
branch lengths are presented in Tables III and IV, respectively.
Voltages at substation nodes are set to 1.05 p.u. on a 20-kV base,
whereas upper and lower bounds for voltages at load nodes are
equal to 1.05 p.u. and 0.95 p.u., respectively.
Existing substations, which are located at nodes 21 and 22,

include a 7.5-MVA transformer characterized by an impedance
equal to 0.25 and a maintenance cost equal to $1000. Nodes
23 and 24 represent the locations of candidate substations.
Expansion costs of substations at nodes 21–24 are $100 000,
$100 000, $140 000, and $180 000, respectively. Data for can-
didate transformers are provided in Table V, where the same
two alternatives are available for each substation. The lifetime
of all candidate transformers is 15 years.
Branches are categorized as existing and non-existing. Ex-

isting branches are further classified into two types: 1) those
with one feeder not subject to modification, represented by
solid lines in Fig. 1; and 2) those with one feeder that can un-
dergo replacement, depicted as solid double lines. Non-existing
branches where a candidate feeder can be installed are drawn
as dashed lines. The capacity and unitary impedance of existing
feeders are 3.94 MVA and 0.732 /km, respectively. Data
for candidate conductors in branches subject to replacement

25



MUÑOZ-DELGADO et al.: JOINT EXPANSION PLANNING OF DISTRIBUTED GENERATION AND DISTRIBUTION NETWORKS 2585

Fig. 1. One-line diagram of the 24-node system.

TABLE III
24-NODE SYSTEM—NODAL PEAK DEMANDS (MVA)

TABLE IV
24-NODE SYSTEM—BRANCH LENGTHS (km)

TABLE V
24-NODE SYSTEM—DATA FOR CANDIDATE TRANSFORMERS

and non-existing branches are provided in Table VI. Note that
two conductor alternatives are available per branch. As in [9],

TABLE VI
24-NODE SYSTEM—DATA FOR CANDIDATE CONDUCTORS

TABLE VII
24-NODE SYSTEM—YEARLY LEVELS OF PRODUCTION AND LOSSES (GWh)

maintenance costs and lifetimes for all feeders are equal to
$450/year and 25 years, respectively.
The yearly investment budget is equal to $6 million. More-

over, when investment in DG is allowed, the penetration limit,
, is set equal to 25%, which is well beyond the targeted level in
Europe for 2020. In addition, the set of candidate nodes for DG
installation are , and

.
Under the aforementioned stopping criterion, CPLEX re-

quired 20.39 s for the case without DG and 12.01 s for the case
with DG. This computational result reveals the case-dependent
behavior of the branch-and-cut algorithm. The solutions for
both cases are depicted in Fig. 2. As can be observed, the
topologies of both distribution systems significantly differ at
all stages. As another salient difference, capacities of feeders
and transformers installed for the case with no DG are greater
than or equal to those of the feeders installed for the case with
DG, thereby incurring larger investment costs in feeders and
transformers. In the case with DG, it is worth mentioning that
the progressive increase in demand is partially compensated for
by the installation of wind power generators, mainly at nodes
belonging to zone A, where wind is more effective. Moreover,
conventional generators are installed at load nodes outside
zone A.
Table VII lists the yearly levels of production and energy

losses for both cases. As can be noted, the incorporation of DG
leads to a substantial reduction in the level of energy supplied
by the transformers located at substation nodes. Moreover, for
the case with DG, energy losses in feeders and transformers are
lower than those with no DG, except for energy losses in trans-
formers at stage 2, which are slightly higher for the case with
DG even though the energy supplied by transformers is lower.
This result stems from the larger impedance magnitudes of the
transformers used in the case with DG.
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Fig. 2. Solutions for the 24-node system. (a) Without DG. (b) With DG.

TABLE VIII
24-NODE SYSTEM—YEARLY COSTS ( $)

Table VIII presents cost information on a yearly basis for both
cases. As can be noted, for the case with no DG, the largest in-
vestment cost is incurred at stage 2 and corresponds to the con-
struction of two new substations at nodes 23 and 24, including
the installation of two new transformers at those nodes. For the
case with DG, the largest investment is made at stage 1, in which
1) a substation and a transformer are added at candidate node
23, and 2) three DG units are installed at nodes 3, 4, and 7. In
addition, for both cases, the operating costs related to mainte-
nance, production, and losses rise along stages due to the in-

Fig. 3. Present value of the total cost versus penetration level of DG for the
24-node system.

crease in total demand. As can also be seen, no load shedding
is required by both solutions. This result corroborates the suit-
ability of the choice for . Moreover, the incorporation of DG
yields higher investment and maintenance costs. However, this
expected cost increase is offset by the decrease in costs related
to production and energy losses. Table IX lists the present values
of the different costs associatedwith the solutions for both cases.
It should be noted that a significant 7.55% reduction in the total
cost is attained by the solution with DG.
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Fig. 4. One-line diagram of the 138-node system.

TABLE IX
24-NODE SYSTEM—PRESENT VALUES OF TOTAL COSTS ( $)

The model is also useful to assess the economic impact of
the penetration level for DG. Fig. 3 shows the evolution of
the present value of the total cost, , for penetration levels
ranging between 0% and 25%. Note that decreases as the
level of penetration increases.

B. 138-Node Case Study
The proposed MILP-based model has been applied to a

13.8-kV test system based on that described in [8] and depicted
in Fig. 4. The system comprises 135 load nodes, represented

by short bars; 3 substation nodes, depicted as long bars; and
151 branches, indicated by lines. For reproducibility purposes,
data for nodal peak demands and branch lengths can be down-
loaded from [33]. Voltages at substation nodes are set to 1.05
p.u. on a 13.8-kV base, whereas upper and lower bounds for
voltages at load nodes are equal to 1.05 p.u. and 0.95 p.u.,
respectively. Candidate locations for distributed generation
are , and

.
Existing substations, which are located at nodes 201 and 202,

include a 12-MVA transformer characterized by an impedance
equal to 0.16 and a maintenance cost equal to $2000. Node
203 represents the location of a candidate substation. Expansion
costs of substations at nodes 201–203 are $100 000, $100 000,
and $150 000, respectively. Data for candidate transformers are
provided in Table X, where the same two alternatives are avail-
able for each substation. The lifetime of all candidate trans-
formers is 15 years.
The capacity and unitary impedance of existing feeders are

6.28 MVA and 0.557 /km, respectively. Data for candidate
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TABLE X
138-NODE SYSTEM—DATA FOR CANDIDATE TRANSFORMERS

TABLE XI
138-NODE SYSTEM—DATA FOR CANDIDATE CONDUCTORS

conductors in branches subject to replacement and non-existing
branches are provided in Table XI. Note that two conductor al-
ternatives are available per branch. As in [9], maintenance costs
and lifetimes for all feeders are equal to $450/year and 25 years,
respectively.
For a yearly investment budget equal to $5 million, CPLEX

required 334.01 s for the case without DG and 907.86 s for the
case with a 25% penetration limit for DG. Investment plans for
both cases are reported in Table XII, where single figures denote
nodes, pairs of figures connected by a hyphen denote feeders,
and the symbols in brackets are consistent with the notation de-
scribed in the legend of Fig. 2. Table XIII presents cost infor-
mation on a yearly basis for both cases. As can be observed,
for the case with no DG, the largest investments are made at
stages 3 and 4 and are respectively associated with the expan-
sion of the existing substation at node 202, and with the con-
struction of a new substation at node 203. For the case with
DG, the largest investments are made at stages 1, 5, and 9 and
correspond to expansion decisions related to transformers and
DG units (Table XII). In addition, the results for both cases are
characterized by two relevant aspects also observed in the il-
lustrative example: 1) unserved energy costs are zero, thereby
validating the adequacy of ; and 2) the operating costs re-
lated to maintenance, production, and losses rise along the time
span as the total demand increases. Futhermore, when DG is
allowed, the expected growth in investment and maintenance
costs is compensated for by the reduction in production and en-
ergy losses costs. Table XIV lists the present values of the dif-
ferent costs for both cases. As can be seen, the total cost attained
by the solution with DG represents a significant 7.56% reduc-
tion over that incurred without DG.
This case study is useful to substantiate the use of the pro-

posed piecewise linear approximation for energy losses, which
is motivated by the inability of CPLEX to find high-quality
solutions with reasonable computational effort when quadratic
terms are considered in the objective function. For the case
with DG, CPLEX was unable to reduce the optimality gap
under 50.7% after 50 000 s when the proposed model was
implemented with quadratic losses. Moreover, the quality of
the piecewise linearization has been assessed by solving the

TABLE XII
138-NODE SYSTEM—INVESTMENT PLANS

problem with quadratic losses wherein binary investment and
utilization variables were fixed to the values attained by the
proposed mixed-integer linear program with a three-piece lin-
earization for losses. For this particular case study, the total cost
only differs by 0.35%. Such result validates the appropriateness
of the piecewise linear approximation in terms of solution
quality.

IV. CONCLUSION
This paper has investigated the incorporation of investment

decisions on distributed generation in the multistage distribu-
tion expansion planning problem. The proposed tool allows the
distribution planner to devise the least-cost investment strategy
to address the estimated demand growth. As a significant mod-
eling feature, the proposed problem formulation prevents the
issues with isolated nodes and transfer nodes characterizing tra-
ditional radiality constraints when network expansion and dis-
tributed generation installation are co-optimized. The resulting
model is formulated as a mixed-integer nonlinear programming
problem. The subsequent use of some well-known linearization
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TABLE XIII
138-NODE SYSTEM—YEARLY COSTS ( $)

TABLE XIV
138-NODE SYSTEM—PRESENT VALUES OF TOTAL COSTS ( $)

schemes yields a mixed-integer linear program suitable for ef-
ficient off-the-shelf software.
The proposed methodology has been successfully validated

with two test systems. Numerical results reveal that incorpo-
rating distributed generation investment decisions in distribu-
tion planning leads to a substantial reduction in the total cost
over the case with no generation investments. Moreover, sim-
ulations show that the computational performance of the pro-
posed approach, albeit case dependent, is acceptable bearing in
mind that a multistage planning problem is solved.
Ongoing research is focused on the stochastic nature of de-

mand and wind. Further work will be devoted to the consider-
ation of other generation technologies. Another interesting av-
enue of research is the analysis of the issues associated with
distributed generation such as demand supply unbalance in a
fault condition, power quality decline, and reduction of relia-
bility levels.

APPENDIX

Based on [34], a piecewise linear approximation is used for
the quadratic terms in (5) representing energy losses in trans-
formers and feeders. Thus, expressions (5) are replaced by

(38)

(39)

(40)

(41)

(42)

where (38) are the linearized costs of energy losses, while
(39)–(40) and (41)–(42) are related to the linearization of
energy losses in transformers and feeders, respectively.
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Abstract—This paper describes the incorporation of uncertainty
and reliability in the dynamic expansion planning of distribution
network assets and distributed generation. Several alternatives for
the installation of feeders, transformers, and distributed genera-
tion are considered. Thus, the optimal expansion plan identifies
the best alternative, location, and installation time for the candi-
date assets under the uncertainty related to demand and renew-
able energy sources. To that end, an iterative algorithm is devised
to yield a pool of high-quality candidate solutions in terms of total
investment and operational costs. Each candidate solution results
from a stochastic-programming-based model driven by the mini-
mization of the expected investment and operational costs. The as-
sociated scenario-based deterministic equivalent is formulated as
a mixed-integer linear program for which finite convergence to op-
timality is guaranteed and efficient off-the-shelf software is avail-
able. Standard metrics are subsequently applied to each candidate
solution to characterize its reliability so that valuable information
is provided to the distribution system planner. Numerical results
illustrate the effective performance of the proposed approach.
Index Terms—Distributed generation, distribution system

planning, multistage, network expansion, reliability, stochastic
programming, uncertainty.

NOMENCLATURE

A. Indices
Index for time blocks.
Index for the blocks used in the
piecewise linearization of energy
losses.
Indices for nodes.
Indices for available investment
alternatives.
Index for feeder types.
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Indices for iterations.
Index for generator types.
Index for segments dividing the
cumulative distribution functions.
Indices for time stages.
Index for transformer types.
Index for interruption types.
Index for scenarios.

B. Sets
Index set of time blocks.
Index sets of available alternatives for
feeders, generators, and transformers.
Set of feeder types.

where
, , , and

denote existing fixed feeder, existing
replaceable feeder, new replacement
feeder, and newly added feeder,
respectively.
Set of generator types.
where , , and stand for
conventional, wind power, and
photovoltaic generation, respectively.
Index set of time stages.
Set of transformer types.

where and
denote existing transformer and new
transformer, respectively.
Set of interruption types.

where and
stand for repair and switching,

respectively.
Sets of branches with candidate feeders
for addition where no investments and
investments have been respectively
made at iteration .
Set of branches with feeders of type
and subset of those branches with

switchable feeders under normal
operation.
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Set of branches with a feeder at stage .
Index sets of nodes connected to node
by a feeder of type , load nodes, system
nodes, candidate nodes for distributed
generation, and substation nodes.
Index set of nodes affected by an
interruption of type due to a fault in
the feeder connecting nodes and at
stage .
Set of scenarios for time block .

C. Parameters
Width of block of the piecewise
linear energy losses for feeders and
transformers.
Average system availability index for
stage .
Cost coefficients of energy supplied
by generators and substations, and
unserved energy.
Investment cost coefficients of feeders,
new transformers, generators, and
substations.
Maintenance cost coefficients of
feeders, generators, and transformers.
Cost of customer interruption at stage .
Present value of the cost of customer
interruption.
Target for the customer interruption
duration.
Customer interruption duration at node
and stage .

Cost of customer interruption duration
at stage .
Target for the customer interruption
frequency.
Customer interruption frequency at
node and stage .
Cost of customer interruption frequency
at stage .
Actual nodal peak demand and fictitious
nodal demand.
Net demand at node and stage for
time block and scenario .
Duration of interruption type .
Expected energy not supplied at stage
associated with feeder outages.
Cost of the expected energy not
supplied at stage associated with
feeder outages.
Present value of the cost of the expected
energy not supplied associated with
feeder outages.

Upper limit for actual current flows
through feeders.
Rated capacities of generators and
maximum power availability.
Upper limit for current injections of
transformers.
Annual interest rate.
Investment budget for stage .
Sufficiently large positive constant.
Feeder length.
Slope of block of the piecewise
linear energy losses for feeders and
transformers.
Number of time blocks, number of time
stages, and number of scenarios per
time block.
Minimum number of topology
differences among expansion plans.
Number of candidate nodes for
installation of distributed generation
and number of blocks of the piecewise
linear energy losses.
Number of segments for demand factors
and number of segments for factors for
generation of type at each time block.
Total number of customers at node
and stage .
System power factor.
Capital recovery rates for investment in
feeders, new transformers, generators,
and substations.
Cost of system average interruption at
stage .
Present value of the cost of system
average interruption.
Target for the system average
interruption duration.
System average interruption duration
at stage .
Target for the system average
interruption frequency.
System average interruption frequency
at stage .
Lower and upper bounds for nodal
voltages.
Value of variable at iteration .

Given value of variable .
Unitary impedance magnitude of
feeders and impedance magnitude of
transformers.
Duration of time block .
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Average failure rate of the feeder
connecting nodes and .
Lifetimes of feeders, new transformers,
generators, and substation assets other
than transformers.
Average factors for demand and
generation for segment .
Average demand factor of time block
and scenario .

Penetration limit for distributed
generation.
Probabilities of the average factors for
demand and generation in segment .
Probability of scenario of time block
.
Penalty factors.

D. Variables
Expected costs of production,
maintenance, energy losses, and
unserved energy.
Amortized investment cost.
Present value of the expected total cost.
Nodal unserved energy.
Actual and fictitious current flows
through feeders.
Current injections corresponding
to generators and transformers, and
fictitious current injection at substation
nodes.
Nodal voltage magnitude.
Binary investment variables for feeders,
new transformers, generators, and
substations.
Binary utilization variables for feeders,
generators, and transformers.
Current in block of the piecewise
linear energy losses for feeders and
transformers.

I. INTRODUCTION

M ULTISTAGE distribution system planning has been
traditionally implemented by distribution companies

within a centralized framework with the ultimate goal of
meeting the growing demand along the planning horizon within
quality standards and in a secure fashion [1]. Therefore, plan-
ning models are devised to obtain an optimal investment plan
at minimum cost while complying with the security and quality
requirements. Conventional planning models have typically
determined the optimal expansion of distribution network
assets including the replacement and addition of feeders, the
reinforcement of existing substations and construction of new
substations, and the installation of new transformers [1]–[3].

However, practical experience reveals that most service in-
terruptions take place at the distribution level [4]. Therefore,
further emphasis should be placed on the relevance of reliability
in distribution system planning. Furthermore, the widespread
growth of distributed generation (DG), mainly due to its nu-
merous operational and planning benefits [4] and to the impetus
of renewable energy, inevitably requires the inclusion of this
kind of generation in distribution planning models [3], [5].
In the new context of co-optimized distribution system

planning, uncertainty and reliability play key roles, thereby
requiring particular attention. The increasing penetration of
non-dispatchable renewable-based technologies for DG, such
as wind and photovoltaic (PV) energy, calls for the inclusion of
the uncertainty associated with the high variability of these en-
ergy sources, which is strongly dependent on the meteorology.
Furthermore, load demand is another source of uncertainty with
large impact on generation. Moreover, given the potential ad-
vantages of DG in terms of distribution reliability improvement
[4], which are dependent on the location and sizing of these as-
sets [6], reliability aspects have become essential drivers of the
co-optimized expansion planning problem. Notwithstanding,
the reliability improvement associated with renewable-based
DG may be compromised due to the intermittency of the energy
sources. Thus, uncertainty and reliability should be jointly
considered in the new distribution system planning framework.
To the best of our knowledge, little attention has been paid

so far to such joint consideration in the extensive literature on
multistage distribution system planning including DG [3], [5],
being relevant exceptions [7]–[11].
In [7], a genetic algorithm based on a probabilistic load flow

was applied. Uncertainty was modeled through different sce-
narios of load demand and wind power generation according
to a probability density function. In addition, based on the ex-
pected cost of energy not supplied and several standard indices,
reliability was assessed in two phases, namely fault location and
fault repair.
In [8], uncertainties in demand and DG were also represented

through multiple scenarios. However, rather than optimizing
over a set of scenarios, the expansion planning was solved for
each scenario on an individual basis through the application of
a genetic-algorithm-based approach. Subsequently, a heuristic
decision-making process was implemented to yield a single ex-
pansion plan taking into consideration the scenario-dependent
plans and their probabilities of occurrence. Reliability indices
and the expected cost of energy not supplied were calculated by
an analytical method considering both DG units and all protec-
tion devices installed in the distribution network.
In [9], uncertain wind power generation was modeled as

a multistate variable by a probability density function. The
use of a genetic algorithm allowed assessing reliability by the
calculation of nodal interruption costs based on Monte Carlo
simulation.
Finally, in [10] and [11], another evolution-inspired heuristic,

namely evolutionary particle swarm optimization, was applied.
Uncertainty related to load and electricity price was modeled
through Monte Carlo simulation, whereas the failure mode
and effect analysis was employed to quantify the energy not
supplied.

36



3718 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 31, NO. 5, SEPTEMBER 2016

The difficulty of incorporating reliability into distribution ex-
pansion planning models stems from the need to know the net-
work topology in order to calculate (i) the reliability indices
that characterize the system, and (ii) the operation under contin-
gency, which is also topology dependent. However, the optimal
network topology is an outcome of the optimization process
characterizing the expansion planning problem wherein relia-
bility is part of the model. As a consequence of this catch-22
conundrum, researchers have resorted to using metaheuristics
[7]–[11] where a population of candidate plans is iteratively
handled without being able to acknowledge optimality. In con-
trast, methods based on standard mathematical programming
are currently unavailable in the technical literature and, hence,
new approaches are yet to be explored.
In this paper, we propose a novel two-step algorithm to in-

corporate uncertainty and reliability in the multistage joint ex-
pansion planning model. First, a cost minimization model ex-
plicitly characterizing uncertainty is iteratively used to obtain
a pool of low-cost expansion plans with different topologies.
In this model, a scenario-based stochastic programming frame-
work [12] is used to minimize the present value of the expected
investment and operational costs under the correlated uncer-
tainty of renewable-based generation and demand.
Subsequently, standard reliability indices [2], [13]–[16] and

their associated reliability costs [16] are calculated for each so-
lution of the pool. This information allows the decision maker
to analyze the impact of reliability on the distribution expan-
sion planning problem so that the most convenient investment
is selected.
The proposed approach relies on the application of (i) a

scenario-based stochastic programming framework [12], which
is suitable to properly incorporate uncertainty in distribution
system planning through the minimization of the present value
of the expected total cost over a set of scenarios, as done in [7],
[9]–[11]; (ii) a scenario-generation procedure relying on that
successfully applied in [17] for demand and wind uncertainties,
which has been extended to incorporate the uncertainty of solar
irradiation, and which is suitable to properly characterize the
correlated uncertainty associated with demand, wind power
generation, and PV generation; (iii) a mixed-integer linear
formulation for the expansion planning of both DG and dis-
tribution assets [18], which guarantees finite convergence to
optimality while providing a measure of the distance to the op-
timum along the solution process [19], and for which efficient
off-the-shelf software is readily available [20]; (iv) the contin-
gency-enumeration-based reliability assessment described in
[21], which has been adapted to incorporate the effect of both
conventional and intermittent renewable-based DG; and (v) an
iterative algorithm [16] that allows considering the effect of
reliability on a pool of candidate cost-driven expansion plans.
Thus, the novelty of the proposed approach stems from col-

lecting, extending, and integrating the valuable features of [12],
[16]–[18], [21], which gives rise to an original, systematic, and
effective solution approach that significantly differs from the
state of the art [7]–[11] both from the modeling and method-
ological perspectives.

TABLE I
COMPARISON OF MULTISTAGE CO-OPTIMIZED EXPANSION PLANNING MODELS

CONSIDERING UNCERTAINTY AND RELIABILITY

Unlike [7]–[11], where the topology of the network was
either unchanged or slightly modified, substantial topological
changes are allowed by modeling the installation of feeders
in new branches and by modeling network reconfiguration
under normal operation through feeder switching. It is worth
mentioning that network reconfiguration plays a crucial role
in the new context of smart distribution grids. Moreover, it
should be emphasized that the consideration of topological
changes complicates the optimization because specific con-
straints are required to impose radial operation and avoid the
issues associated with islanded DG and transfer nodes. Another
salient feature of the proposed approach is the consideration
of both wind power generation and PV generation. Note that
wind power generation was neglected in [10], [11], whereas
PV generation was disregarded in [7]–[11].
Major distinctive aspects are also related to uncertainty mod-

eling. In contrast to [8], where uncertainty was characterized by
a rather low number of scenarios without prescribing the sce-
nario-generation procedure, a systematic and effective method-
ology is proposed here to generate a sufficiently large number
of scenarios so that a tradeoff between accuracy and computa-
tional tractability is materialized. Moreover, the proposed sce-
nario-generation procedure is particularly tailored to account for
the correlation among uncertainty sources, that was neglected
in [8]–[11]. To that end, the method successfully applied in [17]
to model the correlated uncertainty between demand and wind
speed is here extended in an original fashion to also incorporate
solar irradiation.
From a methodological viewpoint, rather than the heuristic

scenario-based technique implemented in [8], a sound stochastic
programming framework driven by expected cost minimization
[12] is applied. Moreover, instead of the metaheuristics used in
[7]–[11], that neither acknowledge global optimality nor pro-
vide a measure of the distance to the optimum, mixed-integer
linear programming [19] is applied within an iterative frame-
work [16] to yield a pool of candidate solutions for which reli-
ability is straightforwardly assessed.
Table I summarizes the main differences between this paper

and the state of the art [7]–[11]. In this table, symbols “ ” and
“ ” respectively indicate whether a particular aspect is consid-
ered or not.
The main contributions of this paper are as follows:
1) The distribution system planner is provided with a novel

approach to make informed decisions on multistage co-op-

37



MUÑOZ-DELGADO et al.: MULTISTAGE GENERATION AND NETWORK EXPANSION PLANNING IN DISTRIBUTION SYSTEMS 3719

timized distribution system expansion planning based on
both costs and reliability.

2) A scenario-based stochastic programming framework is
proposed to model the correlated uncertainty character-
izing demand and renewable-based power generation.
The associated deterministic equivalent is formulated as
a mixed-integer linear program suitable for commercially
available software.

3) Rather than providing a single candidate plan, a pool of
cost-effective solutions is given for which reliability is as-
sessed by explicitly considering uncertainty in demand and
renewable-based DG.

Regardless of the ownership of DG assets, the proposed ap-
proach provides valuable information about the best investment
plan in terms of both economic and reliability factors. In the
case of DG owned by independent producers, such information
may be used to devise appropriate incentive strategies, which
are beyond the scope of this paper.
The rest of this paper is organized as follows. In Section II,

uncertainty modeling is characterized. In Section III, the sto-
chastic programming model for cost minimization is formu-
lated. Reliability indices and the associated costs are described
in Section IV. Section V outlines the proposed two-step algo-
rithm for co-optimized distribution system planning considering
uncertainty and reliability. In Section VI, numerical experience
is reported. Finally, some relevant conclusions are drawn in
Section VII.

II. UNCERTAINTY MODELING

In the presence of renewable-based DG, multistage invest-
ment planning faces two major sources of uncertainty, namely
demand and intermittent energy sources. Here, we propose
characterizing the variability of demand, wind speed, and solar
irradiation through a scenario-based stochastic programming
framework [12]. The set of scenarios is built on historical data
through the methodology described in [17]. Demand, wind
speed, and solar irradiation are not statistically independent
magnitudes. Thus, their statistical interrelations are specifi-
cally accounted for while maintaining the correlation among
them. The proposed methodology comprises six steps that are
described as follows.
Step 1) Historical hourly data of system demand, wind

speed, and solar irradiation throughout a year are
expressed as per-unit factors by dividing each of
them by their corresponding maximum level (peak
demand, maximum value of wind speed, and max-
imum value of solar irradiation).

Step 2) Triplets of hourly factors for demand, wind speed,
and solar irradiation are sorted by demand factor in
descending order.

Step 3) The factor curves resulting from step 2 are dis-
cretized into time blocks. In order to accurately
model the effect of the peak demand, which usually
has a great influence on investment decisions, a
relatively small time block is defined. For each
time block, the corresponding wind speed and solar
irradiation factors are sorted in descending order.

Fig. 1. Time block discretization of demand, wind speed, and solar irradiation
factors.

An example with a 4-time-block discretization is
depicted in Fig. 1.

Step 4) For each time block, the cumulative distribution
functions (cdf) of the ordered demand, wind speed,
and solar irradiation factors are built. Fig. 2 shows
the cdfs corresponding to the curves depicted in
Fig. 1.

Step 5) Each cdf is divided into a pre-specified number
of segments with their corresponding probabili-
ties, which are also user-defined parameters. The
pre-specified numbers of segments for demand,
wind speed, and solar irradiation factor curves are
denoted by , , and , respectively. For
each cdf, in addition to its pre-specified probability

, , or , each segment is characterized
by an average factor equal to the average value of
the factors within this segment. As a consequence,
probability-average factor pairs are generated for
demand, namely ; for wind speed, namely

; and for solar irradiation, namely .
As an example, Fig. 3 shows the cdf of the first
time block for the demand factor curve in Fig. 2,
which is divided into three segments with probabil-
ities, , , and , equal to 0.4, 0.5, and 0.1,
respectively. The demand factors associated with
the segments respectively lie in the intervals [0.00,
0.70], (0.70, 0.86], and (0.86, 1.00]. For the cdf
shown in Fig. 3, the corresponding average demand
factors, , , and , are equal to 0.67, 0.76,
and 0.90, respectively.
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Fig. 2. Cumulative distribution functions of demand, wind speed, and solar
irradiation factors.

Fig. 3. Cumulative distribution function for the first block of the demand factor
curve.

Step 6) Scenarios for each time block result from combining
all pairs , , and . Thus, for
each scenario of time block , the average demand
factor is equal to the value of giving rise
to such scenario. Nodal demands in each scenario
are equal to the product of the forecasted values and
the demand factor throughout the planning
horizon. Moreover, for each scenario , based on
the information provided by the manufacturer, the
corresponding average factors and are con-
verted to maximum levels of wind and PV power
generation, and , respectively. For
the sake of simplicity, we consider that and
are identical for all candidate nodes and that ambient
temperature lies within a narrow range. Thus, for
each time block , scenario comprises an average
demand factor, , a vector of maximum levels
of wind power generation, , and a vector of
maximum levels of PV power generation, .
Mathematically, the set of scenarios is formu-
lated as follows:

(1)

In addition, the probability of scenario of time block ,
, is equal to the corresponding product . The

number of scenarios per time block, , is equal to ,
whereas the number of scenarios or operating conditions per
stage is equal to .

III. STOCHASTIC PROGRAMMING MODEL

The proposed co-optimized expansion planning model is
formulated as an instance of stochastic programming [12]
where the correlated uncertainty of demand, wind power, and
PV power is characterized by a set of scenarios. The proposed
model is built on the deterministic formulation described in
[18] wherein: (i) a multistage planning framework is adopted,
(ii) the annual load curve is discretized into several time blocks,
(iii) radial operation of the distribution network is explicitly
imposed, (iv) an approximate network model is used, (v) the
costs of losses are included in the objective function, and (vi)
several investment alternatives exist for each asset. As done
in previous works on multistage joint expansion planning
considering both uncertainty and reliability [7]–[11], demand
response is disregarded.
Based on [12], the stochastic programming model can be

mathematically formulated as a scenario-based deterministic
equivalent, as described next.

A. Objective Function and Cost-Related Terms

The goal of the proposed co-optimized model is the mini-
mization of the present value of the expected total cost:

(2)

As done in [16], [18], the total cost in (2) comprises three
terms representing amortized investment, maintenance, produc-
tion, energy losses, and unserved energy costs. The first term
corresponds to the present worth value of the expected invest-
ment cost under the assumption of a perpetual or infinite plan-
ning horizon [22]. The second term is the present value of the
expected operating costs throughout the time span. Finally, the
third term represents the present value of the expected operating
costs incurred after the last time stage. As can be noted, this term
relies on the operating costs at the last time stage and also as-
sumes a perpetual planning horizon. The cost terms in (2) are
formulated as follows:

(3)
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(4)

(5)

(6)

(7)

where capital recovery rates are computed as
;

;
; and .

It is worth emphasizing that, for each time stage, a single
binary variable per conductor in the feeder connecting nodes
and is used to model the associated investment decision,

namely . In contrast, two binary variables, and ,
as well as two continuous variables, and , are
associated with each feeder in order to model its utilization and
current flow, respectively. Note that is greater than 0
and equal to the current flow through the feeder between nodes
and measured at node only when the current flows from

to , being 0 otherwise.
In (3), the amortized investment cost at each stage is formu-

lated as the sum of terms related to: (i) replacement and addition
of feeders, (ii) reinforcement of existing substations and con-
struction of new ones, (iii) installation of new transformers, and
(iv) installation of generators. It should be emphasized that the
investment cost for substations corresponds to the cost associ-
ated with the upgrading or construction of this infrastructure ex-
cluding the cost of transformers, which is explicitly considered
in the third term of (3). Expressions (4) model the maintenance
costs of feeders, transformers, and generators at each stage. The
expected production costs associated with substations and gen-
erators are characterized in (5). Analogously, the expected costs
of energy losses in feeders and transformers are modeled in (6).
Similar to [16], [18], energy losses are formulated as quadratic
terms. Such nonlinearities can be accurately approximated by
a set of tangent lines, as explained in Section III-E. This ap-
proximation yields piecewise linear functions, which, for prac-

tical purposes, are indistinguishable from nonlinear models if
enough segments are used. Finally, expressions (7) correspond
to the penalty cost of the expected unserved energy.

B. Kirchhoff's Laws and Operational Limits
The constraints associated with the system operation are for-

mulated as:

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

Constraints (8) set the bounds on the magnitudes of nodal
voltages. Similarly, upper and lower limits on network- and
generation-related variables are modeled in (9)–(13). DG pen-
etration is limited in (14) as a fraction of the demand. Fi-
nally, the effect of the distribution network is characterized in
(15), (16) by a linearized network model that was first proposed
by Haffner et al. [23] and successfully applied in [16], [18],
[24]. Note that constraints (16) include nonlinearities involving
the products of binary variables and continuous variables

and , for which a linear equivalent is provided
in Section III-E.

C. Investment and Utilization Constraints
Investment and utilization decisions are constrained ac-

cording to the following expressions:

(17)
(18)

40



3722 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 31, NO. 5, SEPTEMBER 2016

(19)
(20)

(21)

(22)
(23)

(24)
(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

The binary nature of investment and utilization variables is
imposed in (17)–(23). As per (24)–(27), a maximum of one re-

inforcement, replacement or addition is allowed for each system
component and location along the planning horizon. Constraints
(28) guarantee that new transformers can only be added in sub-
stations that have been previously expanded or built. Network
reconfiguration constraints (29)–(31) model the utilization of
feeders while explicitly characterizing the direction of current
flows. Constraints (32)–(34) are analogous to (29)–(31) for the
feeders that are not reconfigurable under normal operation. The
utilization of new transformers is formulated in (35) whereas
the utilization of newly installed generators is modeled in (36).
Finally, constraints (37) impose a budgetary limit for invest-
ments at each stage.

D. Radiality Constraints

Radial operation is modeled by the following constraints:

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
(46)

As done in [16], [18], constraints (38) impose load nodes to
have a single input flow while expressions (39) set a maximum
of one input flow for the remaining nodes. Based on the findings
of [25], constraints (40)–(46), which model a fictitious system
with fictitious demands, prevent DG islanding under normal op-
eration while keeping radiality. Constraints (40) represent the
nodal fictitious current balance equations where fictitious de-
mands are defined as follows:

. (47)
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Constraints (41)–(45) bound the fictitious flows through
feeders. Finally, constraints (46) set the limits for the fictitious
currents injected by the fictitious substations.

E. Mixed-Integer Linear Formulation
The proposed stochastic model is a mixed-integer nonlinear

program that can be recast as an instance of mixed-integer linear
programming by replacing nonlinear expressions (6) and (16)
with linear terms.
Based on [26], a piecewise linear approximation is used for

the quadratic terms in (6). Thus, expressions (6) are replaced
with:

(48)

(49)

(50)

(51)

(52)

where (48) are the linearized expected costs of energy losses,
while (49), (50) and (51), (52) are related to the linearization of
energy losses in transformers and feeders, respectively.
In addition, using the disjunctive-constraint-based transfor-

mation described in [27], nonlinear expressions (16) have the
following linear equivalents:

(53)

Thus, the resulting mixed-integer linear program is formu-
lated as:

(54)

(55)

IV. RELIABILITY CALCULATION
Based on [13]–[16], [28], several reliability indices and their

corresponding costs are calculated in order to quantitatively
measure system reliability and its economic impact. This
reliability assessment is based on an analytical contingency
enumeration method [21] that considers continuity only and,
hence, neglects power flows.
As done in [16], only sustained interruptions due to single

outages are considered in the definition of the reliability indices.
Such outages may be due to a fault in a feeder or to a contin-
gency in the load node downstream. In addition, based on [8],
reliability indices and their associated costs are computed for a
particular loading condition and a given radially-operated net-
work topology considering (i) failure rates of feeders and (ii) in-
terruption durations, which depend on the repair and switching
times.
According to [16], [29], [30], reliability indices are calcu-

lated on the basis of two assumptions, namely (i) each feeder
connected to a substation has a circuit breaker without a re-
closer at the output of the substation, and (ii) each feeder has a
switch that enables the reconfiguration of the system after a fault
in order to meet the demand in the most efficient way. Thus,
once a sustained fault has occurred, the first circuit breaker up-
stream the fault trips, thereby curtailing all load demands down-
stream. Subsequently, the system topology is reconfigured by
operating switches and circuit breakers to reduce the non-sup-
plied energy. To that end, the first switch upstream the fault is
opened in order to isolate the fault. Then the circuit breaker is
closed so that the supply to all load demands between the cir-
cuit breaker and the switch is restored. Finally, once the isolated
fault is cleared, the corresponding switch is closed and complete
service is reestablished.
Within this framework and according to the IEEE standards

and application guides [31]–[33], intentional islanding of DG
units under contingency is addressed. To that end, DG units are
considered as negative loads that can be run under contingency,
thereby improving system reliability due to the partial supply of
the loads downstream the contingency, which would be other-
wise completely curtailed. It should be noted that such operation
of DG under contingency will play a key role in the future smart
distribution grids. Thus, for the purposes of reliability calcula-
tion, the effect of uncertain load and DG is modeled as:

(56)

This model explicitly considers investment decisions in DG.
Moreover, for renewable-based DG, the model captures the ef-
fect of the intermittent energy sources on the availability of
power generation. The benefit of further energy replacement by
DG with energy capability exceeding the expected load demand
of the node where it is connected would require the incorpora-
tion of a load flowmodel in the analytical method at the expense
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of an increased computational effort. Notwithstanding, the pro-
posed model provides a reasonable tradeoff between accuracy
and computational burden for the purposes of multistage distri-
bution system planning.

A. Reliability Indices
The following indices are the most commonly used metrics

for distribution system reliability [2], [13]–[16]:
• Customer interruption frequency (CIF) at load node and
stage :

(57)

• Customer interruption duration (CID) at load node and
stage :

(58)

• System average interruption frequency index (SAIFI) for
stage :

(59)

• System average interruption duration index (SAIDI) for
stage :

(60)

• Average system availability index (ASAI) for stage :

(61)

• Expected energy not supplied (EENS) for stage :

(62)

B. Reliability Costs
According to the aforementioned indices, several regulation-

dependent costs of reliability can be defined [16] such as the
cost of customer interruption (CIC), which accounts for both
CIF and CID; the cost of system average interruption (SAIC);
and the cost of expected energy not supplied (EENSC). As done
in [16], here we assume that distribution companies compensate
customers for the violation of reliability indices. This compen-
sation is proportional to the violation level according to the cost
of energy supplied by substations, , and to a penalty factor,
, set by the regulator.
The customer interruption cost at stage is:

(63)

where the costs related to CIF and CID are:

(64)

(65)

The economic valuation of not complying with SAIFI
or SAIDI at a specific stage is also regulation dependent.
According to [16], we consider the penalty applied by the
regulator as a percentage of the cost of the energy supplied by
substations, . Thus, the cost of system average interruption
at stage is:

(66)
Furthermore, the cost of the expected energy not supplied for

stage is calculated as follows:

(67)

In order to properly consider the aforementioned cost terms in
the framework of multistage expansion planning, their present
values, denoted by , , and , are
calculated under the same assumptions adopted for the oper-
ating cost terms in (2).

V. PROPOSED ALGORITHM

The proposed algorithm relies on the generation of a pool of
cheap candidate expansion plans in terms of investment and op-
erational costs. For each expansion plan, reliability indices and
their associated costs are subsequently computed. The informa-
tion on investment, operational, and reliability costs allows the
distribution planner to make informed decisions on the most
suitable expansion plan. The proposed planning algorithm con-
sists of the following steps:
Step 1) Obtain a pool of solutions with different topolo-

gies by iteratively solving the expansion planning
problem described in Section III. At each iteration
, a non-redundancy constraint [34] is added to the

optimization problem as follows:

(68)
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where

and
.

Constraints (68) allow us to obtain a new expansion
plan at each iteration that differs from the previous
plans in the topology at the last stage. At each
iteration stores the branches with candidate
feeders for addition where investments have been
made. Analogously, includes the branches
with candidate feeders for addition where no expan-
sion has been planned. Moreover, denotes the
minimum number of investments in newly added
feeders by which the new expansion plan at each
iteration differs from previous solutions.

Step 2) According to Section IV-A, compute the reliability
indices associated with each expansion plan re-
sulting from step 1.

Step 3) According to Section IV-B, calculate the reliability
costs associated with each expansion plan resulting
from step 1.

Step 4) Select the investment plan on the basis of the com-
parison of the topologies of the different solutions
of the pool and the consideration of the associated
costs.

VI. NUMERICAL RESULTS
This section presents and discusses results from three dif-

ferent case studies over a ten-year planning horizon. The pro-
posed algorithm has first been applied to an insular distribution
system based on the 54-node benchmark presented in [35]. Sub-
sequently, the scalability of the proposed approach is validated
with two case studies comprising 86 and 138 nodes, which are
modified versions of those described in [18] and [36], respec-
tively. Based on extensive numerical testing, four time blocks
are considered and the cumulative distribution functions for de-
mand, wind speed, and solar irradiation factors are all divided
into three equiprobable segments. Thus, according to the pro-
cedure described in Section II, 27 equiprobable scenarios are
generated for each time block, thereby totaling 108 scenarios
per stage. For reproducibility puposes, data for the three case
studies can be donwloaded from [37], where the currency used
is U.S. dollars, hereinafter denoted by $.
Simulations have been implemented on a Dell PowerEdge

R920X64 with four Intel Xeon E7-4820 processors at 2.00 GHz
and 768 GB of RAM using CPLEX 12.6 [20] and GAMS 24.2
[38]. For the three case studies, the algorithm has been run for
six iterations with parameter equal to 10 so that six suffi-
ciently different solutions are obtained. For each iteration, the
stopping criterion for the branch-and-cut algorithm of CPLEX
is based on an optimality gap equal to 1%.

A. 54-Node Case Study
The system comprises 50 load nodes, 4 substation nodes,

and 63 branches. Tables II and III provide cost information
for the six solutions, which were attained in 8.7 h on average.
Table II shows the present value of the expected investment,
maintenance, production, losses, and unserved energy costs.

TABLE II
54-NODE SYSTEM—PRESENT VALUE OF INVESTMENT AND OPERATIONAL

COSTS WITH DG

TABLE III
54-NODE SYSTEM—PRESENT VALUE OF RELIABILITY COSTS

WITH DG

Note that the topological and investment differences among
solutions yield slight variations under 0.28% in the present
value of the total cost. Table III lists the present value of the
reliability costs described in Section IV. For this particular case
study, the most relevant cost is since it is two orders
of magnitude larger than and . Besides,
no significant differences across solutions can be found for

.
The results presented in Tables II and III reveal that Solution

1 outperforms Solutions 2, 4, and 6 since, in general, lower total
costs are incurred. Analogously, it can be seen that Solution 3
outperforms Solutions 4, 5, and 6 in terms of both investment
and operational costs and reliability costs. Thus, Solutions 2,
4, 5, and 6 are discarded by the planner. For the remaining so-
lutions, the results presented in Table II show that Solution 1
is cheaper than Solution 3 by $0.59 million when reliability is
disregarded. From Table III it can be observed that
for Solution 3 is $2.057 million lower than that for Solution 1.
Hence, this reduction in outweighs the larger invest-
ment and operational costs associated with Solution 3, so that
Solution 1 is also discarded by the planner. Therefore, for this
case, despite not being the first solution identified by the iter-
ative algorithm, Solution 3 is the most suitable expansion plan
taking into account both economic and reliability aspects. It is
worth mentioning that Solution 3 attains a significant 92.45%
reduction in over Solution 1 while slightly increasing
investment and operational costs by 0.19%.
In order to numerically substantiate the beneficial impact of

DG on both investment and operational costs and reliability
costs, we have solved the expansion planning problem disre-
garding DG for the radially-operated network topologies of
Solutions 1–6. This simpler expansion planning problem is
identical to that addressed in [16]. Tables IV and V summarize
the economic results for all solutions. Table IV shows the
present value of the expected investment, maintenance, produc-
tion, losses, and unserved energy costs. As expected for each
solution, lower investment and maintenance costs are incurred
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TABLE IV
54-NODE SYSTEM—PRESENT VALUE OF INVESTMENT AND OPERATIONAL

COSTS WITHOUT DG RESULTING FROM [16]

TABLE V
54-NODE SYSTEM—PRESENT VALUE OF RELIABILITY COSTS

WITHOUT DG RESULTING FROM [16]

as compared to the case with DG. However, the increase in
production, energy losses, and unserved energy costs is greater
than this reduction, thereby resulting in moderately higher total
costs with increase factors ranging between 0.25% for Solution
3 and 1.00% for Solution 6. This moderate cost increase is a
consequence of the unmodified topology with respect to that
identified by the expansion planning with DG. However, such
seemingly minor impact in terms of investment and operational
costs has a substantial effect on reliability. Table V lists the
present value of the costs associated with reliability. As can be
seen, reliability costs for all solutions are greater than or equal
to those considering DG (Table III). In particular, ,
which is the most relevant cost, is increased by factors ranging
between 2.38% for Solution 3 and 5.05% for Solution 2. Thus,
these results show that the incorporation of DG in distribution
system planning yields better solutions in terms of both invest-
ment and operational costs and reliability costs.
For comparison purposes, we have also applied the method-

ology presented in [8], where scenarios were solved separately.
The best solution provided by this approach is characterized by
a present value of the total investment and operational cost equal
to $352.52 million and a null , which is the most rep-
resentative cost of reliability. This result corroborates the su-
periority of our proposed approach based on the simultaneous
consideration of all scenarios according to standard stochastic
programming [12]. Note that the best solution identified by our
two-step algorithm (Solution 3 of Tables II and III) yields a sig-
nificant reduction in investment and operational cost of $44.62
million while the reliability cost experiences a slight increase of
$0.168 million.

B. 86-Node Case Study

The system comprises 83 load nodes, 3 substation nodes, and
94 branches. Tables VI and VII present the results associated
with each candidate solution, which required 12.5 h on average.
As can be seen, despite not being the best candidate solution

TABLE VI
86-NODE SYSTEM—PRESENT VALUE OF INVESTMENT AND

OPERATIONAL COSTS

TABLE VII
86-NODE SYSTEM—PRESENT VALUE OF RELIABILITY COSTS

TABLE VIII
138-NODE SYSTEM—PRESENT VALUE OF INVESTMENT AND

OPERATIONAL COSTS

TABLE IX
138-NODE SYSTEM—PRESENT VALUE OF RELIABILITY COSTS

found by the iterative algorithm disregarding reliability costs,
Solution 3 is the best expansion plan in terms of both invest-
ment and operational costs and reliability costs. This fact shows
the significant impact that reliability has on distribution system
planning.

C. 138-Node Case Study
The system comprises 135 load nodes, 3 substation nodes,

and 151 branches. Tables VIII and IX summarize the results as-
sociated with each candidate solution, which required 16 h on
average. Bearing in mind that computational issues are not a pri-
mary concern in this kind of planning problem, the attainment
of high-quality near-optimal solutions with moderate computa-
tional effort reveals the effectiveness of the proposed approach.
Following the above decision-making process, Solution 2 is se-
lected as the most suitable expansion plan. It is worth men-
tioning that Solution 2 is not the first solution identified by the
iterative algorithm, thereby evidencing the need for accounting
for reliability.
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VII. CONCLUSIONS

In this paper, we have addressed the incorporation of un-
certainty and reliability in the joint expansion planning of
distribution network assets and DG. In the absence of math-
ematical-programming-based approaches considering both
economic and reliability aspects in co-optimized distribution
system planning under uncertainty, this paper presents a novel
approach combining stochastic programming, mixed-integer
linear programming, and predictive reliability assessment.
The proposed methodology provides the distribution planner
with a pool of cost-effective candidate expansion plans char-
acterized by their corresponding reliability indices and costs.
Thus, investment and operational costs can be balanced versus
reliability of supply.
Numerical results illustrate the need for quantifying the im-

pact of reliability on the decision-making problem faced by the
distribution planner. This impact may lead to selecting an ex-
pansion plan different from that with minimum investment and
operational costs.
It should be noted that the proposed approach is readily ap-

plicable to incorporate other practical aspects for the expan-
sion planning of smart distribution grids such as storage de-
vices and demand response. Such extension would require addi-
tional investment-related and operational constraints as well as
some extra notation to properly index variables and parameters.
We recognize that the extended model needs further numerical
studies.
Ongoing research is devoted to explicitly modeling reliability

as part of the formulation of the optimization problem, thereby
avoiding the need for ex-post calculation based on contingency
enumeration. Further work will address the issues brought up
by DG on the dynamic performance side. Research will also
be conducted to incorporate the effect of generation outages,
demand response, electric vehicles, and storage devices.
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Reliability Assessment for Distribution
Optimization Models: A Non-Simulation-Based

Linear Programming Approach
Gregorio Muñoz-Delgado,Student Member, IEEE, Javier Contreras,Fellow, IEEE, and

José M. Arroyo,Senior Member, IEEE

Abstract—The advent of smart grids and active distribution
networks has boosted the relevance of reliability in the operation
and planning of distribution systems. As is customary, reliability
is assessed analytically through several standard indices. Unfor-
tunately, analytical reliability assessment relies on simulation,
thereby requiring the use of inexact heuristic- or metaheuristic-
based solution methods to operate and plan distribution systems
when economic and reliability criteria are jointly considered.
In order to overcome this shortcoming, this paper presents
a new optimization-based approach to compute the standard
network-dependent reliability indices that are widely used in
reliability-constrained distribution optimization models. As a
major salient feature over the conventional simulation-based
method, reliability indices are equivalently determined by an
efficient approach based on linear programming where the
network topology is explicitly represented by decision variables of
the optimization process. The proposed approach has been tested
on several benchmarks including a 1080-node system. Numerical
simulations show that the proposed approach yields the same
results as the conventional algorithm. Moreover, the moderate
computational effort is suitable for the subsequent integration
of the proposed equivalent formulation in reliability-constrained
optimization models for distribution operation and planning.
Such successful numerical experience backs the potential of the
proposed formulation to enable the use of sound techniques
different from the available heuristics and metaheuristics to solve
reliability-constrained operational and planning optimization
models for distribution systems.

Index Terms—Analytical reliability assessment, distribution
optimization models, linear programming, non-simulation-based
approach.

NOMENCLATURE
A. Indices
b Index for the load levels used to represent the

loading condition.

i, j, r, s, s′ Indices for nodes.

B. Sets
B Index set of the load levels used to represent

the loading condition.

Υ Set of branches.

Ψi Index set of nodes connected to nodei.

This work was supported in part by the Ministry of Economy and Com-
petitiveness of Spain, under Project ENE2015-63879-R (MINECO/FEDER,
UE), and the Junta de Comunidades de Castilla-La Mancha, under Project
POII-2014-012-P and Grant PRE2014/8064.

The authors are with the Escuela Técnica Superior de Ingenieros
Industriales, Universidad de Castilla-La Mancha, 13071 Ciudad Real, Spain
(e-mail: gregorio.munoz.delgado@gmail.com; Javier.Contreras@uclm.es;
JoseManuel.Arroyo@uclm.es).

ΨLN Index set of load nodes.
ΨN Index set of system nodes.
ΨRP

ij Index set of nodes affected by a repair-and-
switching interruption due to a fault in the
branch connecting nodesi andj.

ΨSS Index set of substation nodes.
ΨSW

ij Index set of nodes affected by a switching-
only interruption due to a fault in the branch
connecting nodesi andj.

C. Parameters
ASAI Average system availability index.
CIDs Customer interruption duration at nodes.
CIFs Customer interruption frequency at nodes.
DCB,SW

ij Value of DT,SW
s for all the nodes protected

by the circuit breaker located at the branch
connecting nodesi andj.

DRP
s Expected duration of repair-and-switching in-

terruptions affecting nodes.
DSW

s Expected duration of switching-only interrup-
tions affecting nodes.

DT,SW
s Parameter used to computeDSW

s .
D̄SW

s Parameter used to computeDSW
s .

EENS Expected energy not supplied.
ℓij Length of the branch connecting nodesi and

j.
Ls Peak demand at nodes.
L̃is Demand at nodei of the fictitious system

under the operating condition corresponding
to nodes.

NCB
ij Total expected rate of interruptions affecting

the circuit breaker located at the branch con-
necting nodesi andj.

NRP
s Expected rate of repair-and-switching inter-

ruptions affecting nodes.
NSW

s Expected rate of switching-only interruptions
affecting nodes.

NT
s Total expected rate of interruptions affecting

nodes.
NCs Number of customers at nodes.
SAIDI System average interruption duration index.
SAIFI System average interruption frequency index.
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∆b Duration of load levelb.
λij Failure rate of the branch connecting nodesi

andj.
µb Loading factor of load levelb.
τRP
ij Duration of the repair-and-switching interrup-

tions associated with the failure of the branch
connecting nodesi andj.

τSW
ij Duration of the switching-only interruptions

associated with the failure of the branch con-
necting nodesi andj.

D. Variables
f̃ijs Variable used to represent the power flow

through the branch connecting nodesi and
j of the fictitious system under the operating
condition corresponding to nodes.

g̃SS
is Power injection at substation nodei of the

fictitious system under the operating condition
corresponding to nodes.

I. I NTRODUCTION

RELIABILITY is defined as the ability of a power system
to continuously meet the electricity needs of end users

with the required quantity and quality [1]. Reliability in
distribution systems is fundamental since, as reported in the
literature [2], more than 80% of all customer interruptions
are due to failures at this level. Moreover, the new context
where smart grids come into play has drastically changed
the traditional passive role of distribution networks, leading
to the paradigm of active distribution networks. Therefore,
an adequate consideration of reliability in distribution system
operation and planning is essential.

According to [2]–[8], several indices are available to quanti-
tatively measure system reliability such as customer interrup-
tion frequency (CIF), customer interruption duration (CID),
system average interruption frequency index (SAIFI), system
average interruption duration index (SAIDI), average system
availability index (ASAI), and expected energy not supplied
(EENS). A relevant and practical technique to calculate such
indices is the analytical predictive method [1], [2], [7], [9].
For a given network topology, the analytical method quan-
tifies the impact of a pre-specified set of events on service
continuity through the simulation of component outages, one
at a time. To that end, two pieces of information are used to
compute standard reliability indices, namely failure rates and
interruption durations.

The simulation-based nature and the topology dependence
of the analytical reliability assessment have motivated the use
of approximate methods to explicitly incorporate the computa-
tion of reliability indices in operational and planning models
where topology decisions are outcomes of the optimization
process. A widely-used method relies on metaheuristics to
iteratively handle a population of candidate topologies [10],
[11]. For each candidate topology, the conventional simulation-
based algorithm is run. Hence, the impact of reliability on
topology decisions drives the exploration of the search space.
Unfortunately, metaheuristics are unable to identify whether
global optimality has been attained. An alternative method

was recently presented in [8], wherein a pool of candidate
topologies was generated through an iterative algorithm based
on standard mathematical programming with no regard to
reliability. Subsequently, reliability was calculatedex post in
order to make informed decisions. This heuristic decouples
topology decisions from reliability, thereby giving rise to an
inexact approach. Therefore, new non-heuristic approaches for
the incorporation of reliability in distribution operation and
planning are yet to be explored.

Motivated by the lack of exact methods for reliability-
constrained distribution optimization problems and the appeal-
ing features of linear programming, the main contribution of
this paper is the formulation of a novel approach based on
linear programming for the analytical reliability assessment of
a distribution system. Note that linear programming provides
a sound mathematical programming framework with well-
known properties in terms of convergence and solution quality.
Moreover, off-the-shelf software is readily available, which is
beneficial for practical implementation purposes. To the best of
the authors’ knowledge, this is the first attempt in the literature
to use an optimization process to equivalently implement the
analytical simulation-based reliability assessment. The pro-
posed approach relies on the solution of a set of optimal power
flows, one per load node, for a topologically identical fictitious
system. Each optimal power flow is formulated as a linear
program associated with a pre-specified operating condition.
As a result, the network topology is explicitly characterized
through the outcomes of the optimization. Hence, two rele-
vant advantages are featured over the traditional algorithmic
calculation of reliability: 1) the proposed model paves the way
for addressing reliability-constrained operational and planning
models without requiring heuristics or metaheuristics, and 2)
the use of linear programming provides an effective framework
for such incorporation of reliability.

The remainder of this paper is organized as follows. Sec-
tion II presents the main aspects of the analytical reliability
evaluation. SectionIII describes the proposed approach and
its potencial applicability. In SectionIV, numerical results
from several case studies are reported and analyzed. Relevant
conclusions are drawn in SectionV. Finally, the Appendix
provides a general formulation for the reliability-constrained
distribution optimization models resulting from the application
of the proposed approach for reliability assessment.

II. A NALYTICAL RELIABILITY ASSESSMENT

Distribution system reliability has been widely assessed on
a yearly basis through well-known metrics such as CIF, CID,
SAIFI, SAIDI, ASAI, and EENS [2]–[8]. CIF and CID account
for the frequency and the duration of interruptions at each load
node, respectively. SAIFI is a measure of how many sustained
interruptions an average customer will experience. SAIDI is a
measure of how many interruption hours an average customer
will experience. ASAI is defined as the proportion of hours
that the service will be available for an average customer.
Finally, EENS represents the total energy that is expected to be
curtailed. Next, the analytical reliability assessment typically
implemented in distribution optimization models is described.
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A. Reliability Indices in Distribution Optimization Models

In reliability-constrained optimization models for distri-
bution systems [8], [12]–[21], the calculation of standard
reliability indices relies on the knowledge of the network
topology and the loading condition. Within this optimization-
based framework, the following practical assumptions are
customarily adopted for the sake of tractability [8], [12]–[21]:

1) Only sustained interruptions due to single branch outages
are considered. Branch outages are characterized by fail-
ure rates and interruption durations.

2) A radially-operated distribution system is considered
wherein each branch connected to a substation is
equipped with a circuit breaker without a recloser at
the output of the substation. Moreover, all branches are
equipped with a switch that enables the isolation of the
part of the system downstream of the fault in order to
meet the demand of the healthy portion of the system.
Thus, once a sustained fault has occurred, the first circuit
breaker upstream of the fault trips, thereby curtailing
all downstream load demands. Subsequently, the system
topology is reconfigured by operating switches and circuit
breakers to reduce the non-supplied energy. To that end,
the first switch upstream of the fault is opened in order to
isolate the fault. Then the circuit breaker is closed so that
the supply to all load demands between the circuit breaker
and the switch is restored. Finally, once the isolated
fault is cleared, the corresponding switch is closed and
complete service is reestablished.
Load nodes are thus affected by two types of interrup-
tion: 1) repair-and-switching interruptions, for which the
supply is not restored until the damage is repaired, and
2) switching-only interruptions, which are associated with
the network reconfiguration implemented to clear a faulty
component.

Admittedly, a complete assessment of reliability should
consider temporary faults, protection failures, transient dis-
turbances, line overloading, and additional post-fault network
reconfiguration to restore the service for load nodes down-
stream of the fault. This generalization would, however, render
the problem essentially intractable through optimization. These
modeling limitations notwithstanding, addressing reliability-
constrained operational and planning models, albeit ignor-
ing those practical aspects, is acceptable [8], [12]–[21] and
provides the decision maker with a first estimate of a cost-
effective and reliable solution.

Under both assumptions, the impact of outages on load
nodes can be quantified in a compact way in terms of the ex-
pected rate of nodal repair-and-switching interruptions,NRP

s ,
the expected rate of nodal switching-only interruptions,NSW

s ,
the expected duration of nodal repair-and-switching interrup-
tions,DRP

s , and the expected duration of nodal switching-only
interruptions,DSW

s , which are computed as:

NRP
s =

∑

(i,j)∈Υ|s∈ΨRP
ij

λij ; ∀s ∈ ΨLN (1)

NSW
s =

∑

(i,j)∈Υ|s∈ΨSW
ij

λij ; ∀s ∈ ΨLN (2)

DRP
s =

∑

(i,j)∈Υ|s∈ΨRP
ij

λijτ
RP
ij ; ∀s ∈ ΨLN (3)

DSW
s =

∑

(i,j)∈Υ|s∈ΨSW
ij

λijτ
SW
ij ; ∀s ∈ ΨLN . (4)

Moreover, reliability indices can be mathematically ex-
pressed as follows:

CIFs = NRP
s +NSW

s ; ∀s ∈ ΨLN (5)

CIDs = DRP
s +DSW

s ; ∀s ∈ ΨLN (6)

SAIFI =

∑

s∈ΨLN

NCs

(
NRP

s +NSW
s

)

∑

s∈ΨLN

NCs

(7)

SAIDI =

∑

s∈ΨLN

NCs

(
DRP

s +DSW
s

)

∑

s∈ΨLN

NCs

(8)

ASAI = 1− SAIDI

8760
(9)

EENS =
∑

b∈B

∆b

8760

∑

s∈ΨLN

CIDsµbLs. (10)

B. Simulation-Based Algorithm

For a given network topology, the expected rates of nodal
interruptions,NRP

s andNSW
s , and the expected durations of

nodal interruptions,DRP
s andDSW

s , are conventionally calcu-
lated using a simulation-based algorithm [7] where outages of
system branches are analyzed one at a time. For each branch,
the expected rates of repair-and-switching and switching-only
interruptions of those nodes affected by a fault in such a branch
are increased by the corresponding failure rate. Similarly, the
expected durations of repair-and-switching and switching-only
interruptions of those nodes affected by a fault in such a branch
are increased by the product of the corresponding failure rate
and duration. This algorithm is outlined as follows:

Set NRP
s , NSW

s , DRP
s , and DSW

s equal to 0 for all load nodes
Loop over all branches i-j

Loop over all load nodes s

XX If node s experiences a repair-and-switching interrup-
tion due to a fault in branch i-j

NRP
s ← NRP

s + λij

DRP
s ← DRP

s + λijτ
RP
ij

XX Elseif node s experiences a switching-only interruption
due to a fault in branch i-j

NSW
s ← NSW

s + λij

DSW
s ← DSW

s + λijτ
SW
ij

End if
End loop

End loop
OnceNRP

s , NSW
s , DRP

s , andDSW
s are determined, relia-

bility indices can be readily computed using (5)–(10).
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C. Useful Remarks

The exhaustive simulation of all possible branch outages
for a given radially-operated topology yields a set of relevant
remarks that form the basis of the novel optimization-based
approach presented in SectionIII .

First, the following two remarks relating nodal interruption
rates and branch failure rates can be made:

Remark 1): The expected rate of repair-and-switching inter-
ruptions affecting nodes, NRP

s , is equal to the sum of the
failure rates of the branches used to supply the demand at this
node from the substation node.

Remark 2): The expected rate of switching-only interruptions
affecting nodes, NSW

s , is equal to the sum of the failure
rates of those branches in the feeder including this node that
are not used to supply the load at this node from the substation
node. Hence, the expected rate of switching-only interruptions
affecting a node can be calculated as the difference between
the total expected rate of interruptions,NT

s , and the expected
rate of repair-and-switching interruptions,NRP

s , affecting this
node. The total expected rate of interruptions affecting node
s, NT

s , is equal to the sum of the failure rates of all branches
belonging to the feeder where nodes is located, which is also
the total expected rate of interruptions affecting the circuit
breaker protecting that feeder, denoted byNCB

ij . Note that,
for the breaker located at the branch connecting nodesi and
j, NCB

ij is also equal to the sum over all nodes protected by
this breaker of the failure rates of the branches injecting power
at each node.

Additionally, two remarks associated with the expected
durations of interruptions are described below:

Remark 3): The expected duration of repair-and-switching
interruptions affecting nodes, DRP

s , is equal to the sum over
the branches used to supply the demand at this node from the
substation node of the products of the corresponding failure
rate and repair-and-switching interruption duration.

Remark 4): The expected duration of switching-only interrup-
tions affecting nodes, DSW

s , is equal to the sum over those
branches in the feeder including this node that are not used to
supply the load at this node from the substation node of the
products of the corresponding failure rate and switching-only
interruption duration. Similar toNSW

s , DSW
s can be calculated

as the difference between two parameters, namelyDT,SW
s and

D̄SW
s . DT,SW

s is equal to the sum over all branches belonging
to the feeder where nodes is located of the products of the
corresponding failure rate and switching-only interruption du-
ration. Thus, for the breaker located at the branch connecting
nodesi andj, all DT,SW

s for the nodes in the feeder protected
by that breaker are identical. Such a breaker-related expected
duration is denoted byDCB,SW

ij . Note thatDCB,SW
ij is also

equal to the sum over all nodes protected by this breaker of the
products of the failure rates of the branches injecting power at
each node and their corresponding switching-only interruption
durations. In addition,̄DSW

s is equal to the sum of the products
of the failure rates of the branches used to supply the demand
at nodes from the substation node and their corresponding
switching-only interruption durations.

Fig. 1. Illustrative example.

D. Illustrative Example

The above-described analytical reliability assessment essen-
tially consists in the calculation of the expected nodal inter-
ruption rates and durations,NRP

s , NSW
s , DRP

s , and DSW
s .

Such calculation, which is typically implemented through
the simulation-based algorithm described in SectionII-B, is
numerically illustrated with the radial system depicted in Fig.
1. This example comprises one substation node, node 1, and
five load nodes, nodes 2–6. The substation supplies two feeders
with three and two branches, respectively. Branch failure rates,
λ12, λ15, λ23, λ24, and λ56, are equal to 0.5, 0.3, 0.2, 0.1,
and 0.4 failures per year, respectively. Repair-and-switching
interruption durations for each branch,τRP

12 , τRP
15 , τRP

23 , τRP
24 ,

and τRP
56 , are equal to 1.0, 1.5, 2.0, 4.0, and 3.0 hours

per failure, respectively. Finally, switching-only interruption
durations for each branch,τSW

12 , τSW
15 , τSW

23 , τSW
24 , andτSW

56 ,
are equal to 0.15, 0.20, 0.50, 0.25, and 0.60 hours per failure,
respectively.

The impact of all single branch outages in terms of types
of nodal interruptions is shown in TableI (columns 3–7). For
expository purposes, two branch failures are analyzed in detail.
Let us first consider a single fault at the branch connecting
nodes 2 and 4. This fault yields the automatic tripping of
circuit breaker B1 and, hence, the loads connected at nodes
2–4 are curtailed. Next, switch S3 is opened to repair the fault
and circuit breaker B1 is manually closed. Therefore, during
the repair time, all loads are supplied except the load at node
4. When the fault is cleared, switch S3 is closed and normal
operation is reestablished. As a result, the loads at nodes 2
and 3 are affected during the switching process, the load at
node 4 is affected during the repair and switching periods, and
the loads at nodes 5 and 6, i.e., outside the feeder where the
outage occurs, are not affected by this fault. This impact is
reflected in the sixth column of TableI.

Similarly, as shown in the third column of TableI, if a fault
occurs at the branch connecting nodes 1 and 2, loads at nodes
2–4 are affected during the repair and switching periods since
such loads are downstream of the fault. In contrast, loads at
nodes 5 and 6 are unaffected by this fault.

According to the simulation-based algorithm presented in
SectionII-B, the expected rates of repair-and-switching inter-
ruptions and switching-only interruptions affecting each node,
which are listed in columns 8 and 9 of TableI, respectively, can
be calculated adding the corresponding branch failure rates.
Analogously, the expected durations of repair-and-switching
interruptions and switching-only interruptions affecting each
node, which are listed in columns 10 and 11 of TableI,
respectively, can be calculated through the summation over
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TABLE I
ILLUSTRATIVE EXAMPLE – RESULTS

Impact of failures Expected rates of interruptions Expecteddurations of interruptions

Node
Type of Out-of-service branch (interruptions/year) (h/year)

interruption 1-2 1-5 2-3 2-4 5-6 0000NRP
s 0000NSW

s 0000DRP
s 0000DSW

s

2
Repair & switching ✓ – – – –

00000.5 00000.3 00000.500 00000.125
Switching only – – ✓ ✓ –

3
Repair & switching ✓ – ✓ – –

00000.7 00000.1 00000.900 00000.025
Switching only – – – ✓ –

4
Repair & switching ✓ – – ✓ –

00000.6 00000.2 00000.900 00000.100
Switching only – – ✓ – –

5
Repair & switching – ✓ – – –

00000.3 00000.4 00000.450 00000.240
Switching only – – – – ✓

6
Repair & switching – ✓ – – ✓

00000.7 00000.0 00001.650 00000.000
Switching only – – – – –

the corresponding out-of-service branches of the products of
the associated branch failure rate and outage duration.

This example is also useful to illustrate the remarks pre-
sented in SectionII-C. To that end, a representative node,
namely node 4, is selected.

Remarks 1 and 3, which are respectively related toNRP
s

andDRP
s , rely on the knowledge of the branches supplying

the demand at each node from the substation. As can be
seen in Fig.1, the demand at node 4 is supplied from the
substation through branches 1-2 and 2-4. Thus, according
to Remark 1, the expected rate of repair-and-switching in-
terruptions affecting node 4,NRP

4 , is equal to the sum of
the failure rates of those branches, i.e.,0.5 + 0.1 = 0.6
interruptions/year. Analogously, as per Remark 3, the expected
duration of repair-and-switching interruptions affecting node
4, DRP

4 , is equal to the sum over those branches of the
products of the corresponding failure rate and repair-and-
switching interruption duration, i.e.,0.5 × 1 + 0.1 × 4 = 0.9
h/year.

Remark 2 deals withNSW
s . As shown in Fig.1, the only

branch in feeder 1 that is not used to supply the demand at
node 4 is branch 2-3. Therefore, based on Remark 2,NSW

4 is
equal toλ23, i.e., 0.2 interruptions/year. Moreover, since node
4 belongs to feeder 1 comprising branches 1-2, 2-3, and 2-4,
the total expected rate of interruptions affecting node 4,NT

4 ,
is equal toλ12 + λ23 + λ24, i.e., NT

4 = 0.5 + 0.2 + 0.1 =
0.8 interruptions/year. Thus, according to Remark 2,NSW

4

can also be computed asNT
4 − NRP

4 = 0.8 − 0.6 = 0.2
interruptions/year.

Remark 4 is associated withDSW
s . As above mentioned,

branch 2-3 is the only branch in feeder 1 that is not used to
supply the demand at node 4. Therefore, based on Remark
4, DSW

4 is equal toλ23τ
SW
23 , i.e., 0.2 × 0.5 = 0.1 h/year.

Note thatDSW
4 is equal to the difference betweenDT,SW

4 =
λ12τ

SW
12 + λ23τ

SW
23 + λ24τ

SW
24 and D̄SW

4 = λ12τ
SW
12 +

λ24τ
SW
24 . Numerically,DT,SW

4 = 0.5×0.15+0.2×0.50+0.1×
0.25 = 0.2 h/year andD̄SW

4 = 0.5× 0.15+ 0.1× 0.25 = 0.1
h/year, thereby giving rise toDSW

4 = 0.2− 0.1 = 0.1 h/year.

The application of this process to the other load nodes yields
the results listed in columns 8–11 of TableI.

I II. PROPOSEDOPTIMIZATION -BASED APPROACH

This section presents a two-step approach that allows com-
puting in an exact wayNRP

s , NSW
s , DRP

s , andDSW
s without

using simulation. The first step involves the solution of a
set of linear programs. As a result, the optimal values of
a set of binary-valued continuous decision variables allow
representing the relationship between nodal interruption rates,
branch failure rates, and duration rates set forth in Remarks 1–
4. The second step relies on equivalent algebraic expressions
for NRP

s , NSW
s , DRP

s , and DSW
s in terms of the optimal

values of those decision variables. The proposed approach,
albeit illustrated with the radial system of Fig.1, is suitable
not only for radial networks but also for practical meshed
and radially-operated distribution networks, thereby paving the
way for its incorporation in reliability-constrained operational
and planning models. This section concludes with a discussion
on the steps required for such potential applicability.

A. Step 1: Linear Program for Topology Characterization

The topological information required to computeNRP
s ,

NSW
s , DRP

s , andDSW
s as per Remarks 1–4 can be modeled

by the outcomes of a set of optimal power flows, one per load
node, for a fictitious system with the same radial topology
of the original radially-operated network and with a constant
power factor across the network. Each optimal power flow
models the operation of the fictitious system under a loading
condition characterized by one nodal demand equal to 1 pu
whereas the remaining nodal demands are set at 0. For each
load nodes ∈ ΨLN , the proposed optimal power flow is
formulated as follows:

Minimize
f̃ijs ,g̃

SS
is

∑

(i,j)∈Υ

(
f̃ijs + f̃jis

)
(11)

subject to:

∑

j∈Ψi

(
f̃ijs − f̃jis

)
= g̃SS

is − L̃is; ∀i ∈ ΨN (12)

0 ≤ f̃ijs ≤ 1; ∀i ∈ Ψj, ∀j ∈ ΨN (13)

0 ≤ g̃SS
is ≤ 1; ∀i ∈ ΨSS (14)
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whereL̃is =

{
1; ∀i ∈ ΨLN | i = s

0; otherwise.

In (11)–(14), branch-related variables̃fijs and substation-
related variables̃gSS

is represent the fictitious system operation
under the condition associated with load nodes. The goal
of the proposed model is the minimization of the sum of
all branch-related variables̃fijs (11) subject to nodal power
balance equations (12), limits on branch-related variables (13),
and limits on substation-related variables (14). Expressions
(12) extend the distribution flow model presented in [22] for
a radial network by considering two continuous variables per
branch,f̃ijs and f̃jis, in order to model the direction of the
fictitious power flow under each operating condition. Note that,
for the condition associated with nodes, f̃ijs is equal to 1 pu,
i.e., the fictitious power flow through the branch connecting
nodesi and j measured at nodei, only when the fictitious
power flows fromi to j, being 0 otherwise. The interested
reader is referred to [21], [23], where this two-variable-based
distribution load flow model was successfully applied within
a different context.

The constraint set (12)–(14) features a unimodular matrix
structure (see [24], proposition 3.2) and parameters̃Lis are
binary. As a consequence, continuous variablesf̃ijs and g̃SS

is

can only take two values, namely 0 and 1. In addition, for
each branchi-j and load nodes, the optimization goal (11)
precludesf̃ijs and f̃jis from being simultaneously equal to 1.
As an example, the application of (11)–(14) to the network
depicted in Fig.1 yields the results shown in Fig.2, where
variablesf̃ijs with optimal values equal to 1 are represented
only.

The solution to (11)–(14) is particularly useful for the
purposes of reliability assessment of the original system. It is
worth emphasizing that the optimal values for branch-related
variablesf̃ijs allow identifying the branches that are used to
supply the nodal demands from the substation node as well as
the direction of the power flows for the original system. Thus,
if f̃ijs = 1 or f̃jis = 1 the branch connecting nodesi andj is
used in the original system to supply the demand at nodes.
On the other hand, if̃fijs = f̃jis = 0 the branch connecting
nodesi and j is not used to supply the demand at nodes.
Moreover, if f̃ijs = 1 the direction of the corresponding flow
is from nodei to nodej.

In other words, the network topology is explicitly character-
ized by the optimal values of̃fijs. Moreover, the node-branch
relationship described in Remarks 1–4 is readily provided as
follows:

• If f̃ijs + f̃jis = 1, nodes is downstream of branchi-
j and would thus be affected by a repair-and-switching
interruption should such a branch experience a fault.
Thus, the branchesi-j used to supply the demand at node
s from the substation are those for which̃fijs + f̃jis is
equal to 1. This result is useful to calculateNRP

s and
DRP

s as per Remarks 1 and 3.
• For a branchi-j with a breaker,f̃ijs + f̃jis = 1 implies

that nodes belongs to the feeder protected by this breaker,
whereasf̃ijs + f̃jis = 0 means that nodes belongs to
a different feeder. Additionally, for a branchr-s, f̃rss

1
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3

6

Substation node

Node with demand equal to 1 pu

Node with demand equal to 0 pu

Used branch

Unused branch
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~
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~
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~

1
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~
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~ f566 = 1

~

Operating condition for node 2 Operating condition for node 3

Operating condition for node 4 Operating condition for node 5

Operating condition for node 6

Fig. 2. Operation of the fictitious system for the illustrative example.

is equal to 1 if the demand at nodes is injected by
this branch, being 0 otherwise. Both results are useful
to calculateNSW

s andDSW
s as per Remarks 2 and 4.

We recognize that an equivalent model relying on a single
variable per branch and without substation-related variables,
g̃SS
is , can be derived to mathematically represent the topology

of a radial network. However, such a simpler model would
not be suitable for operational and planning models dealing
with practical meshed and radially-operated networks supplied
by more than one substation, for which the proposed tool is
intended.

B. Step 2: Calculation of Expected Nodal Interruption Rates
and Durations

As described next, and based on the above findings, the
expressions forNRP

s , NSW
s , DRP

s , andDSW
s are equivalently

cast in terms of̃fijs. Thus, reliability indices can be computed
without requiring a simulation-based algorithm, which consti-
tutes the main contribution of this paper. For a comprehensive
explanation, the derivation of the expressions forNSW

s and
DSW

s relies on auxiliary expressions in terms ofNT
s , NCB

ij ,
DT,SW

s , DCB,SW
ij , and D̄SW

s . As done for the conventional
algorithm, the example analyzed in SectionII-D is used to
illustrate the proposed expressions forNRP

s , NSW
s , DRP

s , and
DSW

s .
1) Calculation of NRP

s : As explained above, if̃fijs = 1
or f̃jis = 1 branchi-j is used to supply the demand at node
s from the substation node. Thus, as per Remark 1, branch-
related variables̃fijs are useful to flag whether the outage of
branchi-j yields a repair-and-switching interruption for the
load at nodes. Hence, the expected rate of nodal repair-and-
switching interruptions can be formulated as:
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NRP
s =

∑

(i,j)∈Υ

(
f̃ijs + f̃jis

)
λij ; ∀s ∈ ΨLN . (15)

For example, node 4 experiences repair-and-switching inter-
ruptions under the outages of branches 1-2 and 2-4 (TableI).
As can be seen in Fig.2, f̃124 = 1 and f̃244 = 1. According
to (15) and the optimal solutions for̃fijs shown in Fig.2,
the expected rate of repair-and-switching interruptions for load
node 4 is calculated as follows:

NRP
4 =

(
f̃124 + f̃214

)
λ12 +

(
f̃234 + f̃324

)
λ23

+
(
f̃244 + f̃424

)
λ24 +

(
f̃154 + f̃514

)
λ15

+
(
f̃564 + f̃654

)
λ56 = (1 + 0)× 0.5 + (0 + 0)× 0.2

+ (1 + 0)× 0.1 + (0 + 0)× 0.3 + (0 + 0)× 0.4

= 0.6 interruptions/year. (16)

2) Calculation of NSW
s : According to Remark 2, for each

load node, the difference between the total expected rate of
interruptions and the expected rate of repair-and-switching
interruptions yields the expected rate of switching-only inter-
ruptions:

NSW
s = NT

s −NRP
s ; ∀s ∈ ΨLN . (17)

From Remark 2, the total expected rate of interruptions
affecting nodes, NT

s , is equal to the expected rate of in-
terruptions affecting the circuit breaker in the corresponding
feeder,NCB

ij . Thus, the relationship betweenNT
s andNCB

ij

can be formulated as follows:

NT
s =

∑

i∈ΨSS

∑

j∈Ψi

NCB
ij

(
f̃ijs + f̃jis

)
; ∀s ∈ ΨLN . (18)

Furthermore, based on Remark 2,NCB
ij is determined by

the sum of the failure rates of the branches belonging to the
feeder protected by the corresponding breaker. Thus,NCB

ij can
be expressed as follows:

NCB
ij =

∑

s∈ΨLN

[(∑

r∈Ψs

f̃rssλrs

)
f̃ijs

]
; ∀i∈ΨSS, ∀j∈Ψi (19)

whereλrs is equal toλsr .
In the outer summation of (19), the use off̃ijs is intended

to exclusively account for the nodes belonging to the feeder
protected by the breaker under consideration. Analogously, in
the inner summation, the correct branch is identified byf̃rss.

Using (15), (18), and (19) in (17) yields:

NSW
s =

∑

i∈ΨSS

∑

j∈Ψi

∑

s′∈ΨLN




 ∑

r∈Ψs′

f̃rs′s′λrs′


f̃ijs′



(
f̃ijs+f̃jis

)

−
∑

(i,j)∈Υ

(
f̃ijs + f̃jis

)
λij ; ∀s ∈ ΨLN . (20)

For illustration purposes, the above expressions forNCB
ij ,

NT
s , andNSW

s are applied to the six-node system depicted
in Fig. 1. From Fig. 2, it can be observed that, under the
conditions defined by nodes 2, 3, and 4, which are in the
same feeder as circuit breaker B1, the variables representing
the fictitious flows through the branches injecting power at

such nodes, i.e.,̃f122, f̃233, and f̃244, are all equal to 1.
Similarly, the conditions associated with nodes 5 and 6, under
the protection of circuit breaker B2, yield̃f155 = f̃566 = 1.
The particularization of (19) for the circuit breakers located at
branches 1-2 and 1-5 of the illustrative example gives rise to:

NCB
12 =

(
f̃122λ12 + f̃322λ32 + f̃422λ42

)
f̃122

+
(
f̃233λ23

)
f̃123 +

(
f̃244λ24

)
f̃124

+
(
f̃155λ15 + f̃655λ65

)
f̃125 +

(
f̃566λ56

)
f̃126

= (1× 0.5 + 0× 0.2 + 0× 0.1)× 1

+ (1× 0.2)× 1 + (1× 0.1)× 1

+ (1× 0.3 + 0× 0.4)× 0 + (1× 0.4)× 0

= 0.8 interruptions/year (21)

NCB
15 =

(
f̃122λ12 + f̃322λ32 + f̃422λ42

)
f̃152

+
(
f̃233λ23

)
f̃153 +

(
f̃244λ24

)
f̃154

+
(
f̃155λ15 + f̃655λ65

)
f̃155 +

(
f̃566λ56

)
f̃156

= (1× 0.5 + 0× 0.2 + 0× 0.1)× 0

+ (1× 0.2)× 0 + (1× 0.1)× 0

+ (1× 0.3 + 0× 0.4)× 1 + (1× 0.4)× 1

= 0.7 interruptions/year. (22)

As an example, for load node 4, the total expected rate of
interruptions is calculated using (18) as follows:

NT
4 = NCB

12

(
f̃124 + f̃214

)
+NCB

15

(
f̃154 + f̃514

)

= 0.8× (1+0)+0.7× (0+0)

= 0.8 interruptions/year. (23)

Hence, using the results of (16) and (23) in (17), the
expected rate of switching-only interruptions for node 4 can
be obtained as follows:

NSW
4 = NT

4 −NRP
4 = 0.8− 0.6

= 0.2 interruptions/year. (24)

3) Calculation of DRP
s : Based on Remark 3 and the

relationship between branch outages and nodal repair-and-
switching interruptions modeled by variables̃fijs, the ex-
pected duration of nodal repair-and-switching interruptions can
be formulated as:

DRP
s =

∑

(i,j)∈Υ

(
f̃ijs + f̃jis

)
λijτ

RP
ij ; ∀s ∈ ΨLN . (25)

Using the optimal solutions for̃fijs (Fig. 2) in (25), the
expected duration of repair-and-switching interruptions for
load node 4 is calculated as follows:

DRP
4 =

(
f̃124 + f̃214

)
λ12τ

RP
12 +

(
f̃234 + f̃324

)
λ23τ

RP
23

+
(
f̃244 + f̃424

)
λ24τ

RP
24 +

(
f̃154 + f̃514

)
λ15τ

RP
15

+
(
f̃564 + f̃654

)
λ56τ

RP
56 = (1 + 0)×0.5×1.0

+(0 + 0)×0.2×2.0+ (1 + 0)×0.1×4.0
+(0 + 0)×0.3×1.5+ (0 + 0)×0.4×3.0
= 0.9 h/year. (26)
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4) Calculation of DSW
s : According to Remark 4, the ex-

pected duration of nodal switching-only interruptions is given
by:

DSW
s = DT,SW

s − D̄SW
s ; ∀s ∈ ΨLN . (27)

Similar toDRP
s , D̄SW

s can be expressed in terms off̃ijs as
follows:

D̄SW
s =

∑

(i,j)∈Υ

(
f̃ijs + f̃jis

)
λijτ

SW
ij ; ∀s ∈ ΨLN . (28)

In addition,DT,SW
s can be cast as:

DT,SW
s =

∑

i∈ΨSS

∑

j∈Ψi

DCB,SW
ij

(
f̃ijs + f̃jis

)
; ∀s ∈ ΨLN (29)

where the breaker-related duration,DCB,SW
ij , is expressed as

follows:

DCB,SW
ij =

∑

s∈ΨLN

[(∑

r∈Ψs

f̃rssλrsτ
SW
rs

)
f̃ijs

]
;

∀i ∈ ΨSS, ∀j ∈ Ψi (30)

whereτSW
rs is equal toτSW

sr .
Similar to (19), in (30), the nodes belonging to the feeder

protected by the circuit breaker under consideration are iden-
tified by f̃ijs whereas the use of̃frss accounts for the correct
branch.

Hence, the desired expression ofDSW
s in terms of f̃ijs is

given by the use of (28)–(30) in (27):

DSW
s =

∑

i∈ΨSS

∑

j∈Ψi

∑

s′∈ΨLN




 ∑

r∈Ψs′

f̃rs′s′λrs′τ
SW
rs′


f̃ijs′



(
f̃ijs+f̃jis

)

−
∑

(i,j)∈Υ

(
f̃ijs + f̃jis

)
λijτ

SW
ij ; ∀s ∈ ΨLN . (31)

As an example, using (28) for load node 4 yields:

D̄SW
4 =

(
f̃124 + f̃214

)
λ12τ

SW
12 +

(
f̃234 + f̃324

)
λ23τ

SW
23

+
(
f̃244 + f̃424

)
λ24τ

SW
24 +

(
f̃154 + f̃514

)
λ15τ

SW
15

+
(
f̃564 + f̃654

)
λ56τ

SW
56 = (1 + 0)× 0.5× 0.15

+ (0 + 0)× 0.2× 0.5 + (1 + 0)× 0.1× 0.25

+ (0 + 0)× 0.3× 0.2 + (0 + 0)× 0.4× 0.6

= 0.1 h/year. (32)

Moreover, the particularization of (30) for the circuit break-
ers located at branches 1-2 and 1-5 of the illustrative example
gives rise to:

DCB,SW
12 =

(
f̃122λ12τ

SW
12 +f̃322λ32τ

SW
32 +f̃422λ42τ

SW
42

)
f̃122

+
(
f̃233λ23τ

SW
23

)
f̃123 +

(
f̃244λ24τ

SW
24

)
f̃124

+
(
f̃155λ15τ

SW
15 + f̃655λ65τ

SW
65

)
f̃125

+
(
f̃566λ56τ

SW
56

)
f̃126 = (1× 0.5× 0.15

+ 0× 0.2× 0.5 + 0× 0.1× 0.25)× 1

+ (1× 0.2× 0.5)× 1 + (1× 0.1× 0.25)× 1

+ (1× 0.3× 0.2 + 0× 0.4× 0.6)× 0

+ (1× 0.4× 0.6)× 0 = 0.2 h/year (33)

DCB,SW
15 =

(
f̃122λ12τ

SW
12 +f̃322λ32τ

SW
32 +f̃422λ42τ

SW
42

)
f̃152

+
(
f̃233λ23τ

SW
23

)
f̃153 +

(
f̃244λ24τ

SW
24

)
f̃154

+
(
f̃155λ15τ

SW
15 + f̃655λ65τ

SW
65

)
f̃155

+
(
f̃566λ56τ

SW
56

)
f̃156 = (1× 0.5× 0.15

+ 0× 0.2× 0.5 + 0× 0.1× 0.25)× 0

+ (1× 0.2× 0.5)× 0 + (1× 0.1× 0.25)× 0

+ (1× 0.3× 0.2 + 0× 0.4× 0.6)× 1

+ (1× 0.4× 0.6)× 1 = 0.3 h/year. (34)

Both results (33), (34) allow computingDT,SW
s for all load

nodes. For the representative node 4, expression (29) gives rise
to:

DT,SW
4 = DCB,SW

12

(
f̃124 + f̃214

)
+DCB,SW

15

(
f̃154 + f̃514

)

= 0.2× (1 + 0) + 0.3× (0 + 0) = 0.2 h/year. (35)

Finally, from (27), the expected duration of switching-only
interruptions for node 4 can be obtained as follows:

DSW
4 = DT,SW

4 − D̄SW
4 = 0.2− 0.1 = 0.1 h/year. (36)

C. Potential Applicability

The ultimate goal of the proposed approach is to allow the
incorporation of analytical expressions for reliability assess-
ment in the formulation of distribution system operational and
planning models, thereby enabling the application of solution
methodologies different from presently used heuristics and
metaheuristics. Such incorporation would require the follow-
ing modifications in current optimization models: 1) extending
the set of decision variables to includeDRP

s , DSW
s , f̃ijs,

g̃SS
is , NRP

s , and NSW
s ; 2) extending the constraint set to

include new expressions built on (12)–(15), (20), (25), and
(31); and 3) expressing the reliability cost in terms of the
newly added decision variables. Note that the minimization
of the reliability cost in the resulting reliability-constrained
models would prevent̃fijs andf̃jis from being simultaneously
equal to 1 for each branchi-j and load nodes, thereby having
the same effect as (11).

The above extension of the problem formulation would give
rise to nonlinearities due to the cross products of newly added
variables f̃ijs in (20) and (31). Note, however, that, given
the fact that variables̃fijs are binary valued, such bilinear
terms can be converted into equivalent linear expressions using
well-known integer algebra results without needing additional
binary variables [25]. Hence, although the incorporation of
reliability requires a larger number of variables and con-
straints, the computational complexity would not be drastically
increased. The interested reader is referred to the Appendix for
a general formulation of the resulting optimization problems.

IV. N UMERICAL RESULTS

Results from several case studies are presented in this
section. The proposed approach has been first applied to
a 37-node test system. Additionally, in order to assess the
scalability of the proposed methodology, four larger case
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Fig. 3. One-line diagram of the 37-node system.

TABLE II
37-NODE SYSTEM – NODAL PEAK DEMANDS (MW)

Node
Ls

Node
Ls

Node
Ls

Node
Lss s s s

02 0.99 11 2.43 20 1.60 29 0.18
03 2.01 12 1.18 21 0.20 30 1.55
04 0.41 13 1.46 22 2.02 31 2.06
05 0.36 14 1.71 23 0.41 32 0.26
06 1.49 15 2.06 24 3.04 33 1.65
07 1.57 16 2.74 25 2.08 34 1.87
08 0.91 17 1.78 26 1.69 35 2.32
09 1.45 18 2.67 27 1.92 36 1.38
10 1.98 19 2.30 28 1.44 37 0.89

studies including a real-life distribution system with 1080
nodes have been solved.

Simulations have been implemented on a Dell Precision
M4800 laptop with an IntelR© CoreTM i7-4910MQ processor
at 2.9 GHz and 16 GB of RAM using CPLEX 12.6 [26] and
GAMS 24.2 [27]. All case studies were solved to optimality
by setting the optimality tolerance of CPLEX equal to 0.

A. 37-Node Case Study

The first benchmark is a 13.2-kV test system based on that
described in [20]. As shown in Fig.3, the system comprises
36 load nodes, represented by circles, and 1 substation node,
depicted as a square. Base power and base voltage of the
system are 1 MVA and 13.2 kV, respectively. Nodal peak
demands and the number of customers per node are listed
in Tables II and III , respectively. The loading condition is
modeled by three load levels with loading factors equal to
70%, 83%, and 100% of the corresponding peak demand, and
durations equal to 2000 h/year, 5760 h/year, and 1000 h/year,
respectively. Branch data are provided in TableIV. Based on
[8], all branches are characterized by 0.1 failures per year and
km. Therefore, branch failure rates are set so thatλij = 0.1ℓij.

The proposed optimization-based approach required 4.15
s to achieve the values forNRP

s , NSW
s , DRP

s , and DSW
s

reported in TableV, which are identical to those provided
by the conventional simulation-based algorithm [7] outlined
in SectionII-B. As can be seen in TableV, the expected
rate and duration of nodal repair-and-switching interruptions
generally grow as the distance to the substation increases,
whereas the expected rate and duration of nodal switching-
only interruptions experience, in general, the opposite result.

TABLE III
37-NODE SYSTEM – NUMBER OF CUSTOMERS PERNODE

Node
NCs

Node
NCs

Node
NCs

Node
NCss s s s

02 177 11 208 20 235 29 198
03 214 12 260 21 140 30 222
04 222 13 305 22 222 31 168
05 166 14 303 23 220 32 268
06 214 15 140 24 217 33 245
07 294 16 153 25 231 34 200
08 302 17 286 26 196 35 270
09 171 18 251 27 193 36 258
10 279 19 144 28 271 37 227

TABLE IV
37-NODE SYSTEM – BRANCH DATA

Branch ℓij τRP
ij τSW

ij Branch ℓij τRP
ij τSW

ij
i-j (km) (h) (h) i-j (km) (h) (h)

01-20 3.52 1.90 0.25 17-19 2.35 2.07 0.24
01-13 1.57 2.02 0.28 19-20 1.54 2.13 0.29
01-17 1.52 1.70 0.28 19-21 1.78 1.64 0.25
01-27 3.85 1.54 0.27 19-22 1.82 2.07 0.29
02-30 1.16 2.38 0.26 22-23 1.57 2.41 0.29
02-40 1.56 2.17 0.27 22-24 1.65 2.49 0.21
02-50 2.03 2.27 0.22 22-25 2.10 1.65 0.22
05-60 1.16 2.06 0.24 25-26 1.06 2.10 0.21
05-70 1.56 2.20 0.28 27-28 1.25 1.83 0.27
05-80 2.12 1.93 0.25 27-29 1.54 1.97 0.26
08-90 1.76 1.99 0.30 27-30 2.03 2.25 0.24
08-10 1.93 1.69 0.28 30-31 1.33 1.96 0.25
08-11 1.60 1.52 0.23 30-32 1.80 2.09 0.22
11-12 2.16 2.43 0.23 30-33 1.99 1.51 0.24
13-14 0.90 2.49 0.23 33-34 2.12 2.16 0.22
13-15 3.15 2.43 0.23 33-35 1.44 1.76 0.20
15-16 1.14 1.69 0.27 35-36 1.63 1.76 0.23
17-18 1.24 1.97 0.26 35-37 1.82 2.10 0.26

The results provided in TableV allow computing the
standard reliability indices. Nodal reliability indices CIF and
CID are listed in TableVI . From this table, two results
are remarkable: 1) load nodes belonging to longer feeders
feature larger customer interruption frequencies, and 2) the
customer interruption duration increases with the distance to
the substation. In addition, system reliability indices SAIFI
and SAIDI are respectively equal to 1.81 interruptions/year
and 1.53 h/year, whereas ASAI is equal to 99.98% and EENS
is 69.51 MWh/year.

B. Real-Sized Case Studies

The scalability of the proposed approach has been validated
with four case studies comprising 85, 137, 417, and 1080
nodes, which are based on those described in [28]–[31], re-
spectively. For reproducibility purposes, data for the four case
studies can be downloaded from [32]. Table VII summarizes
the results achieved by the simulation-based algorithm and
the proposed equivalent approach. As can be seen, using
an optimization-based framework requires longer computing
times than the simulation-based algorithm, ranging between
8.36 s for the 85-node system and 365.95 s for the 1080-
node system. Notwithstanding, it is worth emphasizing that the
computational effort associated with the proposed approach
is moderate bearing in mind that the four test systems are
real-sized and that simulations have been implemented on
a modest laptop. Therefore, this is a promising result for
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TABLE V
37-NODE SYSTEM – RESULTS FORNRP

s AND NSW
s (interruptions/year), andDRP

s andDSW
s (h/year)

Node NRP
s NSW

s DRP
s DSW

s Node NRP
s NSW

s DRP
s DSW

s Node NRP
s NSW

s DRP
s DSW

s Node NRP
s NSW

s DRP
s DSW

s

02 0.35 1.70 0.67 0.43 11 0.93 1.13 1.78 0.30 20 0.54 1.12 1.07 0.28 29 0.54 1.54 0.90 0.36
03 0.47 1.59 0.94 0.40 12 1.14 0.91 2.31 0.25 21 0.57 1.10 1.04 0.28 30 0.59 1.49 1.05 0.35
04 0.51 1.55 1.01 0.39 13 0.16 0.52 0.32 0.12 22 0.57 1.09 1.12 0.27 31 0.72 1.36 1.31 0.32
05 0.56 1.50 1.13 0.39 14 0.25 0.43 0.54 0.10 23 0.73 0.94 1.50 0.22 32 0.77 1.31 1.43 0.32
06 0.67 1.39 1.37 0.36 15 0.47 0.20 1.08 0.05 24 0.73 0.93 1.53 0.24 33 0.79 1.29 1.35 0.31
07 0.71 1.35 1.47 0.35 16 0.59 0.09 1.28 0.02 25 0.78 0.88 1.47 0.22 34 1.00 1.08 1.81 0.26
08 0.77 1.29 1.54 0.34 17 0.15 1.51 0.26 0.38 26 0.89 0.78 1.69 0.20 35 0.93 1.15 1.60 0.28
09 0.94 1.11 1.89 0.28 18 0.28 1.39 0.50 0.35 27 0.39 1.70 0.59 0.40 36 1.09 0.99 1.89 0.24
10 0.96 1.10 1.86 0.28 19 0.39 1.28 0.74 0.32 28 0.51 1.57 0.82 0.37 37 1.11 0.97 1.99 0.23

TABLE VI
37-NODE SYSTEM – RESULTS FORCIFs (interruptions/year) andCIDs (h/year)

Node CIFs CIDs Node CIFs CIDs Node CIFs CIDs Node CIFs CIDs

02 2.06 1.10 11 2.06 2.08 20 1.66 1.35 29 2.08 1.26
03 2.06 1.35 12 2.06 2.56 21 1.66 1.32 30 2.08 1.40
04 2.06 1.40 13 0.68 0.44 22 1.66 1.39 31 2.08 1.63
05 2.06 1.52 14 0.68 0.64 23 1.66 1.72 32 2.08 1.74
06 2.06 1.73 15 0.68 1.13 24 1.66 1.77 33 2.08 1.66
07 2.06 1.82 16 0.68 1.30 25 1.66 1.69 34 2.08 2.07
08 2.06 1.88 17 1.66 0.64 26 1.66 1.89 35 2.08 1.88
09 2.06 2.17 18 1.66 0.85 27 2.08 1.00 36 2.08 2.13
10 2.06 2.15 19 1.66 1.07 28 2.08 1.19 37 2.08 2.22

TABLE VII
RESULTS FORLARGE-SCALE SYSTEMS

Number of nodes

85 137 417 1080

Time for the simulation-based algorithm (s)00.03 00.08 00.64 014.07
Time for the proposed approach (s) 08.36 16.27 59.80 365.95
SAIFI (interruptions/year) 01.97 01.79 01.67 001.99
SAIDI (h/year) 02.41 01.65 00.99 001.21
ASAI (%) 99.97 99.98 99.99099.99
EENS (MWh/year) 48.90 48.13 91.16 106.53

the subsequent integration of the linear-programming-based
formulation in reliability-constrained optimization models for
distribution systems. TableVII also reports the results for
several relevant system reliability indices, which, as expected,
are identical for both methodologies.

V. CONCLUSIONS

This paper has pushed forward the notion that simulation-
based reliability assessment can be equivalently performed by
an optimization-based approach relying on the solution of a set
of linear programs. Numerical results show the equivalence be-
tween the proposed approach and the conventional simulation-
based algorithm. Moreover, the moderate computational effort
required for large-scale test systems comprising up to 1080
nodes reveals the computational effectiveness of the proposed
approach.

It is worth emphasizing that the main contribution of this
paper, namely the development of algebraic expressions for re-
liability assessment where the topology is represented through
decision variables of an optimization process, will pave the
way for the use of non-heuristic solution methodologies to
effectively address the integration of reliability assessment in
the optimization models used for the operation and planning of
distribution systems. Such integration constitutes our ongoing
research.

Another interesting avenue of research is the extension
of the approach to consider practical modeling aspects of
utmost importance within the context of active distribution
networks such as distributed generation and post-fault net-
work reconfiguration to restore the service for load nodes
downstream of the fault. Based on our recent work [21],
we are currently investigating the inclusion of generation at
the distribution level via modeling distributed generators as
negative loads. However, we recognize that extending the
model to characterize the above issues needs further research
effort and numerical studies. Research will also be conducted
to explicitly model the effect of temporary faults, protection
failures, transient disturbances, and line overloading.

APPENDIX

The incorporation of the proposed analytical expressions
for reliability assessment in the formulation of distribution
optimization models can be cast in a compact way as follows:

Minimize
x,y,z

cI−O(x, y) + cR(z) (37)

subject to:

x ∈ {0, 1}n (38)

f(x, y) ≤ 0 (39)

g(x, z) ≤ 0 (40)

wherex is the vector of binary variables modeling investment
and operating decisions;y is the vector of continuous variables
also related to the operation and planning of distribution
systems;z is the vector of the newly added variables relating
topology decisions and reliability, i.e.,DRP

s , DSW
s , f̃ijs, g̃SS

is ,
NRP

s , andNSW
s ; cI−O(x, y) is the investment and operating

cost;cR(z) is the reliability cost;n is the dimension of vector
x; f(x, y) represents the set of constrained functions typically
used to model the operation and planning of distribution
systems; andg(x, z) is a new set of constrained functions.

59



1949-3053 (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TSG.2016.2624898, IEEE
Transactions on Smart Grid

11

The objective function to be minimized (37) consists of two
terms respectively related to the investment and operating cost
and the reliability cost. The binary nature ofx is imposed
in (38). Conventional investment and operational constraints
are modeled in (39). Finally, the relationship betweenx and
z is formulated in (40). Note that such a relationship is
built upon the newly developed expressions (12)–(15), (20),
(25), and (31). Thus, expressions (37) and (40) constitute the
main differences between the resulting problems and current
reliability-constrained distribution optimization models. As a
major salient aspect, the reliability cost is explicitly expressed
in terms of the newly added decision variables included inz,
which, in turn, allow representing the implicit dependence of
the reliability cost on the network topology.
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Distribution Network Expansion Planning with an
Explicit Formulation for Reliability Assessment

Gregorio Muñoz-Delgado,Student Member, IEEE, Javier Contreras,Fellow, IEEE, and
José M. Arroyo,Senior Member, IEEE

Abstract—This paper investigates the multistage expansion
planning problem of a distribution network considering rel ia-
bility. Thus, the best alternative, location, and installation time
for the candidate assets are identified while jointly accounting
for economic and reliability aspects. As a major salient fea-
ture, the conventional simulation-based reliability assessment is
equivalently implemented through algebraic expressions whereby
the effect of the network topology is explicitly represented by
decision variables of the optimization process. For expository
purposes, the focus is placed on the expected energy not supplied,
which is a widely-used metric for reliability assessment. The
resulting optimization problem is cast as an instance of mixed-
integer linear programming. Hence, unlike existing heuristic
and metaheuristic solution techniques for reliability-constrained
distribution system planning, the proposed approach is finitely
convergent to the optimal solution and can be readily imple-
mented using commercially-available software. Simulation results
show the effective performance of the proposed methodology.

Index Terms—Distribution network expansion planning,
mixed-integer linear programming, multistage, reliability.

NOMENCLATURE

Acronyms
EFB Existing fixed branch.

ET Existing transformer.

ERB Existing replaceable branch.

HV High voltage.

MV Medium voltage.

NAB Newly added branch.

NRB New replacement branch.

NT New transformer.

Indices
b Index for the blocks of the annual system load-

duration curve.

h Index for the blocks of the piecewise linear
energy losses.

i, j, r, s Indices for nodes.

k, k′ Indices for available investment alternatives.

l, l′ Indices for branch types.

t, t′ Indices for time stages.

This work was supported in part by the Ministry of Economy andCompeti-
tiveness of Spain, under Project ENE2015-63879-R (MINECO/FEDER, UE),
the Junta de Comunidades de Castilla-La Mancha, under Project POII-2014-
012-P and Grant PRE2014/8064, and the Universidad de Castilla-La Mancha,
under Grant GI20173944.

The authors are with the Escuela Técnica Superior de Ingenieros
Industriales, Universidad de Castilla-La Mancha, 13071 Ciudad Real, Spain
(e-mail: gregorio.munoz.delgado@gmail.com; Javier.Contreras@uclm.es;
JoseManuel.Arroyo@uclm.es).

tr Index for transformer types.

Sets
B Index set of the blocks of the annual system

load-duration curve.

K l Index set of alternatives for branches of type
l.

Ktr Index set of alternatives for transformers of
type tr.

L Set of branch types. L =
{EFB,ERB,NRB,NAB}.

T Index set of time stages.

TR Set of transformer types.TR = {ET,NT }.

Υl, ΥSW,l Set of branches of typel and subset of those
branches which are switchable under normal
operation.

Ψl
i, Ψ

LN
t ,

ΨN , ΨSS

Index sets of nodes connected to nodei by a
branch of typel, load nodes at staget, system
nodes, and substation nodes.

Parameters
Al

kh Width of block h of the piecewise linear
energy losses for alternativek for branches of
type l (A).

Atr
kh Width of block h of the piecewise linear

energy losses for alternativek for transformers
of type tr (MVA).

CI,l
k Investment cost coefficient for alternativek for

branches of typel ($/km).

CI,NT
k Investment cost coefficient for alternativek for

new transformers ($).

CI,SS
i Investment cost coefficient for the substation

at nodei ($).

CL
b Cost coefficient for energy losses in block

b of the annual system load-duration curve
($/MWh).

CM,l
k Maintenance cost coefficient for alternativek

for branches of typel ($).

CM,tr
k Maintenance cost coefficient for alternativek

for transformers of typetr ($).

CR Cost coefficient for the expected energy not
supplied under branch outages ($/MWh).

CSS
ib Cost coefficient for the energy supplied by the

substation at nodei in block b of the annual
system load-duration curve ($/MWh).

62



2

CU Cost coefficient for load shedding ($/MWh).

Dit Actual nodal peak demand at nodei and stage
t (MVA).

F̄ l
k Upper limit for the actual current flow through

alternativek for branches of typel (A).

Ḡtr
k Capacity of alternativek for transformers of

type tr (MVA).

If Annual inflation-adjusted interest rate.

IBt Investment budget for staget ($).

ℓij Length of the branch connecting nodesi and
j (km).

M l
kh Slope of blockh of the piecewise linear energy

losses for alternativek for branches of typel
(MW/km/A).

M tr
kh Slope of blockh of the piecewise linear energy

losses for alternativek for transformers of type
tr (MW/A).

nB Number of blocks of the annual system load-
duration curve.

nH Number of blocks of the piecewise linear
energy losses.

nK
l Number of alternatives for branches of typel.

nK
tr Number of alternatives for transformers of

type tr.

nLN
t Number of load nodes at staget.

nN Number of system nodes.

nSS Number of substation nodes.

nT Number of time stages.

nΥ
l Number of branches of typel.

nΥ,SS
l Number of branches of typel connected to a

substation node.

pf Power factor.

RRl, RRNT ,
RRSS

Capital recovery rates for investment in
branches of typel, new transformers, and
substations.

V , V Lower and upper limits for nodal voltages (V).

W,W ′ Sufficiently large positive constants.

Z l
k Unitary impedance magnitude for alternative

k for branches of typel (Ω/km).

Ztr
k Impedance magnitude for alternativek of

transformers of typetr (Ω).

∆b Duration of blockb of the annual system load-
duration curve (h).

ηl, ηNT , ηSS Lifetimes of branches of typel, new trans-
formers, and substation assets other than trans-
formers (years).

λl
k Average failure rate of alternativek for

branches of typel (failures/km/year).

µD
b Load level of blockb of the annual system

load-duration curve, which is expressed in
percent of the annual system peak demand
(%).

τRP
ij , τSW

ij Durations of the repair-and-switching and
switching-only interruptions associated with
the failure of the branch connecting nodesi
andj (h).

Variables
cIt Amortized investment cost at staget ($).

cLt , cMt , cPt ,

cRt , cUt

Costs of energy losses, maintenance, produc-
tion, reliability, and load shedding at staget
($).

cPV,T Present value of the total cost ($).

dUitb Load shedding at nodei, staget, and block
b of the annual system load-duration curve
(MVA).

d̃ist Demand at nodei in the fictitious system
under the operating condition corresponding
to nodes at staget (MVA).

EENSCt Cost of the expected energy not supplied as-
sociated with branch outages at staget ($).

f l
ijktb Actual current flow through alternativek for

the branch of typel connecting nodesi and
j at staget and blockb of the annual system
load-duration curve (A).

f̃ l
ijskt Current flow through alternativek for the

branch of typel connecting nodesi and j
of the fictitious system under the operating
condition corresponding to nodes at staget
(A).

gtriktb Actual injection at substation nodei for al-
ternativek for the transformer of typetr at
staget and blockb of the annual system load-
duration curve (MVA).

g̃SS
ist Injection at substation nodei of the fictitious

system under the operating condition corre-
sponding to nodes at staget (MVA).

vitb Voltage magnitude at nodei, staget, and block
b of the annual system load-duration curve (V).

xl
ijkt Binary investment variable for alternativek for

the branch of typel connecting nodesi andj
at staget.

xNT
ikt Binary investment variable for alternativek for

the new transformer at substation nodei and
staget.

xSS
it Binary investment variable for the substation

at nodei and staget.

ylijkt Binary utilization variable for alternativek for
the branch of typel connecting nodesi andj
at staget.

ytrikt Binary utilization variable for alternativek for
the transformer of typetr at substation node
i and staget.

βl
ijktbh Current in blockh of the piecewise linear

energy losses for alternativek for the branch
of type l connecting nodesi and j at staget
and blockb of the annual system load-duration
curve (A).
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βtr
iktbh Injection in block h of the piecewise linear

energy losses for alternativek for the trans-
former of typetr at substation nodei, staget,
and blockb of the annual system load-duration
curve (A).

δCB,l
ijt Value of δTst for all the nodes protected by the

circuit breaker located at the branch of typel
connecting nodesi andj at staget (h).

δRP
st Expected duration of repair-and-switching in-

terruptions affecting nodes at staget (h).

δSW
st Expected duration of switching-only interrup-

tions affecting nodes at staget (h).

δTst, δ̄
SW
st Auxiliary variables used to computeδSW

st .

δ̂T,l
ijst Auxiliary variable used for the linearization of

the expressions associated withδTst.

δ̂CB,ll′

ijrst Auxiliary variable used for the linearization of
the expressions associated withδCB,l

ijt .

I. I NTRODUCTION

M ULTISTAGE distribution network expansion planning
consists in determining the location, timing, and siz-

ing of capital-intensive distribution assets such as branches,
transformers, and substations to be installed in an existing
distribution network so that the forecast demand growth is
met over the long-term planning horizon in an economical and
secure fashion [1]. The latter aspect is related to the notion of
reliability, which is defined as the ability to continuouslymeet
the electricity needs of end users with the required quantity and
quality [2]. Therefore, the desired tradeoff between economics
and reliability characterizing the optimal decision making
requires the joint consideration of both aspects when using
optimization models for distribution system planning.

Reliability is customarily incorporated in distribution sys-
tem planning through the computation of standard reliability
indices [2]–[10] and their associated costs. Thus, the resulting
optimization process is driven by the minimization of a com-
posite cost function comprising investment, operational,and
reliability terms. Unfortunately, exact solution methodologies
are currently unavailable for existing reliability-constrained
distribution network expansion planning models [11]. This
relevant methodological issue is a consequence of two factors,
namely (i) the dependence of reliability indices on the network
topology, which, in turn, is an outcome of the optimization,
and (ii) the use of simulation for the computation of reliability
indices in the absence of analytical expressions modeling
reliability in terms of topology-related decision variables.

State-of-the-art approaches for reliability-constrained distri-
bution network expansion planning thus rely on two broad cat-
egories of approximate methods. The first category comprises
several metaheuristics [11] where a population of candidate
topologies is iteratively handled. For each candidate topology,
reliability is assessed through simulation. Hence, the impact
of reliability on investment decisions drives the exploration
of the search space without the method being able to ac-
knowledge global optimality. An alternative two-step heuristic
methodology was prescribed in [8]. First, an iterative algorithm

based on standard mathematical programming was used to
generate a pool of candidate topologies with no regard to
reliability. Similar to the above-mentioned metaheuristics, for
each candidate topology, reliability was assessed subsequently
using simulation. As a result, topology-related decisionsare
decoupled from reliability, which may lead to suboptimal so-
lutions. Hence, new approaches for the reliability-constrained
distribution network expansion planning problem are yet tobe
explored.

Built upon [8] and [10], this paper presents a new approach
for the precise incorporation of reliability in distribution
network expansion planning. As a major salient feature over
previously-reported approaches, the proposed model does not
require the use of approximate solution methods. The key idea
is the application of the findings of [10], where equivalent
algebraic expressions for reliability assessment of a given
network topology were recently developed, to a reliability-
constrained distribution network expansion planning problem
based on that addressed in [8]. Two recent examples of
a successful application of similar, albeit simpler, algebraic
expressions for reliability assessment can be found in [12] and
[13], where different problems related to distribution system
operation and planning were solved, respectively.

Here, the algebraic expressions of [10] are extended in a
non-trivial way to account for the fact that, in a planning con-
text, the network topology is not knowna priori, being rather
an outcome of the optimization process. Such an extension
constitutes the main distinctive modeling aspect of this paper
with respect to the reliability assessment model describedin
[10].

Moreover, the proposed extension of the model presented in
[10] is relevant since it allows the explicit consideration of reli-
ability assessment as part of the expansion planning problem.
Thus, from a modeling perspective, the resulting reliability-
constrained planning formulation significantly differs from that
in [8], wherein reliability was implicitly characterized, i.e.,
no reliability-related mathematical expressions were included
in the optimization problem. As another salient feature with
respect to [8], the proposed model is suitable not only for
radial distribution networks, but also for meshed and radially-
operated distribution networks.

In addition, the paper substantially differs methodologically
from [8], wherein reliability was assessed by a simulation-
based algorithm, thereby requiring the use of a heuristic solu-
tion approach for the original reliability-constrained planning
model. Here, in contrast, the topology-dependent reliability
assessment is explicitly formulated in terms of the decision
variables of the proposed optimization problem, thereby per-
mitting the exact solution of the resulting problem throughthe
application of non-heuristic techniques.

The proposed model is formulated as a mixed-integer
nonlinear program with nonlinearities related to (i) quadratic
energy losses, and (ii) bilinear terms involving the products
of decision variables. Such nonlinearities are recast as lin-
ear expressions by using well-known linearization schemes,
namely a piecewise linear approximation for energy losses [14]
and equivalent transformations for the bilinear terms based on
disjunctive constraints [15] and integer algebra results [16].
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The proposed solution approach yields a mixed-integer linear
program for which, unlike the method applied in [8], finite
convergence to the optimum is guaranteed while providing
a measure of the distance to optimality along the solution
process [17]. Additionally, effective off-the-shelf branch-and-
cut software is readily available [18].

The main contributions of this paper are twofold:

(i) From a modeling perspective, a new formulation is
presented for multistage expansion planning of distribu-
tion networks considering reliability. Unlike previously-
reported works, the cost of reliability is explicitly ex-
pressed in terms of the decision variables of the resulting
optimization problem.

(ii) From a methodological perspective, rather than exist-
ing metaheuristics and heuristics, mixed-integer linear
programming is proposed to jointly consider economic
and reliability aspects in distribution network expansion
planning. To the best of the authors’ knowledge, mixed-
integer linear programming is applied to such a problem
for the first time.

The remainder of this paper is organized as follows. Section
II is devoted to the incorporation of reliability in distribution
network expansion planning. SectionIII presents the formula-
tion of the proposed model. In SectionIV, numerical results
are reported and analyzed. Finally, relevant conclusions are
drawn in SectionV.

II. M ODELING RELIABILITY IN DISTRIBUTION NETWORK

EXPANSION PLANNING

The reliability-constrained distribution network expansion
planning problem aims to minimize the present value of the
total costcPV,T over ann-dimensional vector of binary vari-
ablesx and a vector of continuous variablesy, both modeling
investment and operational decisions whose feasibility ischar-
acterized by constrained functions,f(x, y). Mathematically,
this general description can be stated as follows:

Minimize
x,y

cPV,T (1)

subject to:

x ∈ {0, 1}n (2)

f(x, y) ≤ 0. (3)

The total cost minimized in (1) includes the investment cost;
the operating cost, which comprises the costs of maintenance,
production, energy losses, and load shedding; and the relia-
bility cost. The investment and operating costs can be readily
expressed in terms ofx andy ascPV,I−O(x, y). In contrast, the
reliability cost is computed through several standard indices
[2]–[9] for which no closed form in terms of decision variables
x and y is currently available in the literature on distribution
network expansion planning. In the absence of such analytical
expressions, the reliability cost has been typically calculated
through simulation, thereby preventing the application ofexact
methods to solve problem (1)–(3) [11].

As described in SectionIII , the above shortcoming featured
by conventional reliability-constrained distribution network
expansion planning models is overcome here based on the

findings of [10], whereby reliability is explicitly characterized
in terms of the decision variables of the optimization process.
As a result, problem (1)–(3) is equivalently formulated in a
compact way as follows:

Minimize
x,y,z

cPV,T = cPV,I−O(x, y) + cPV,R(z) (4)

subject to:

x ∈ {0, 1}n (5)

f(x, y) ≤ 0 (6)

g(x, z) ≤ 0 (7)

wherez is a new vector of variables relating topology decisions
and reliability, cPV,R(z) is a function explicitly representing
the present value of the cost of reliability in terms of the newly
added decision variables included inz, andg(x, z) is a new set
of constrained functions modeling the relationship between x
andz.

III. PROBLEM FORMULATION

This section presents the detailed formulation of prob-
lem (4)–(7) for a reliability-constrained distribution network
expansion planning model based on that described in [8].
Thus, a radially-operated distribution system is considered,
a multistage planning framework is adopted, an approximate
network model is used, the cost of losses is included in the
objective function, and several investment alternatives exist for
each asset. Moreover, as is customary in distribution system
planning [8], [9], [13], [19], [20], the seasonal or chronological
aspect of demand is modeled by the discretization of the
annual system load-duration curve into a set of blocks each
characterized by its load level and its duration. Furthermore,
for the sake of simplicity, such a system-wide demand char-
acterization is applied on a nodal basis. As a consequence,
the investment- and operation-related expressions described in
the next sections are based on those presented in [8], which
also form the basis of recently-reported distribution planning
models [9], [20].

As for reliability, the assessment discussed in [8] is equiv-
alently implemented. Thus, the reliability assessment relies
on the following practical assumptions, which are customarily
adopted for the sake of tractability [8]–[10], [21]–[25]:

(i) Only sustained interruptions due to single branch out-
ages are considered. Branch outages are characterized
by failure rates and interruption durations.

(ii) A radially-operated distribution system is considered
wherein each branch connected to a substation is
equipped with a circuit breaker without a recloser at
the output of the substation. Moreover, all branches are
equipped with a switch that enables partial restoration
[7], i.e., the isolation of the part of the system down-
stream of the fault in order to meet the demand of the
healthy portion of the system. Thus, once a sustained
fault has occurred, the first circuit breaker upstream
of the fault trips, thereby curtailing all downstream
load demands. Subsequently, the system topology is
reconfigured by operating switches and circuit breakers
to reduce the non-supplied energy. To that end, the first
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switch upstream of the fault is opened in order to isolate
the fault. Then the circuit breaker is closed so that the
supply to all load demands between the circuit breaker
and the switch is restored. Finally, once the isolated
fault is cleared, the corresponding switch is closed and
complete service is reestablished.
Load nodes are thus affected by interruptions of two
types: (i) repair-and-switching interruptions, for which
the supply is not restored until the damage is repaired,
and (ii) switching-only interruptions, which are associ-
ated with the network reconfiguration implemented to
clear a faulty component.

In addition, it is worth emphasizing that, as a salient
modeling aspect with respect to [8], reliability is equivalently
assessed through a novel formulation. Based on [10], the
proposed model comprises a set of algebraic expressions
relying on the characterization of the operation of a fictitious
system under different operating conditions. As highlighted
in Section I, this distinctive modeling feature is relevant
because it enables the application of mixed-integer linear
programming, which is advantageous in terms of solution
quality and computational behavior.

A. Objective Function and Cost-Related Terms

The aim of the proposed model is the minimization of the
present value of the total cost, which, based on [8], [9], and
[20] is formulated as the following summation of three terms:

cPV,T =
∑

t∈T

(1 + If )
−t

If
cIt

+
∑

t∈T

[
(1 + If )

−t
(
cMt + cPt + cLt + cUt + cRt

)]

+
(1 + If )

−nT

If

(
cMnT + cPnT + cLnT + cUnT + cRnT

)
. (8)

In the first term, the present worth value of the investment
cost is represented under the assumption of a perpetual or
infinite planning horizon [26]. The second term characterizes
the present value of the sum of the operating cost and the
reliability cost. Finally, in the third term, the present value of
the sum of the operating cost and the reliability cost incurred
after the last time stage is modeled. Note that such a term
depends on the values of those costs at the last time stage
while also assuming a perpetual planning horizon. The cost
terms in (8) are formulated as follows:

cIt =
∑

l∈{NRB,NAB}
RRl

∑

k∈Kl

∑

(i,j)∈Υl

CI,l
k ℓijx

l
ijkt

+RRSS
∑

i∈ΨSS

CI,SS
i xSS

it

+RRNT
∑

k∈KNT

∑

i∈ΨSS

CI,NT
k xNT

ikt ; ∀t ∈ T (9)

cMt =
∑

l∈L

∑

k∈Kl

∑

(i,j)∈Υl

CM,l
k

(
ylijkt + yljikt

)

+
∑

tr∈TR

∑

k∈Ktr

∑

i∈ΨSS

CM,tr
k ytrikt; ∀t ∈ T (10)

cPt =
∑

b∈B

∆bpf

( ∑

tr∈TR

∑

k∈Ktr

∑

i∈ΨSS

CSS
ib gtriktb

)
; ∀t ∈ T (11)

cUt =
∑

b∈B

∑

i∈ΨLN
t

∆bC
UpfdUitb; ∀t ∈ T (12)

cRt = EENSCt; ∀t ∈ T (13)

cLt =
∑

b∈B

∆bC
L
b pf

[ ∑

tr∈TR

∑

k∈Ktr

∑

i∈ΨSS

Ztr
k

(
gtriktb

)2

+
∑

l∈L

∑

k∈Kl

∑

(i,j)∈Υl

Z l
kℓij

(
f l
ijktb + f l

jiktb

)2

; ∀t ∈ T (14)

where capital recovery rates are computed asRRl =
If (1+If )

ηl

(1+If )η
l−1

, ∀l ∈ {NRB,NAB}; RRNT =
If (1+If )

ηNT

(1+If )η
NT −1

;

andRRSS =
If (1+If )

ηSS

(1+If )η
SS−1

.

It is worth pointing out that, for each time stage, one binary
variable per branch,xl

ijkt , is used to model the associated
investment decision. In contrast, two continuous variables,
f l
ijktb and f l

jiktb, as well as two binary variables,ylijkt and
yljikt, are associated with each branch in order to model the
magnitude and direction, respectively, of the corresponding
current flow. Note thatf l

ijktb is positive and equal to the branch
current flow between nodesi and j measured at nodei only
when the current flows fromi to j, being 0 otherwise.

In (9), the amortized cost of investment at each stage is
formulated as the sum of the costs associated with the replace-
ment and addition of branches, the reinforcement and con-
struction of substations, and the installation of new HV/MV
transformers. In the absence of decision variables modeling
the investment in protection devices, their installation costs
are included in the investment cost coefficients for branches.
Expressions (10) model the maintenance costs of branches and
transformers at each stage. In (11), the total production cost at
each stage is characterized as the sum of the production costs
across substation nodes.

In (12) and (13), the costs of load shedding and reliability
are modeled, respectively. As done in [8], [9], and [25], such
costs are jointly considered in the objective function (8).

Expressions (12) correspond to the penalty costs for the
load shedding under normal operation. Load shedding under
normal operation, which is represented by decision variables
dUitb, refers to the violations of the nodal balance equations
for the intact expanded system, i.e., with no component out of
service. The economic quantification of such levels of nodal
imbalance is implemented by the cost coefficientCU .

In contrast, expressions (13) model the reliability cost at
each stage. As customarily done in the related literature [8],
[9], [25], reliability is represented by the expected energy not
supplied, which is a well-known metric [3], [5]–[8] that refers
to the expected energy curtailment due to branch outages. It
is worth mentioning that the economic quantification of this
reliability metric is typically implemented by a regulation-
dependent cost coefficient,CR, that may be different from the
cost coefficient for the load shedding under normal operation,
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CU . Note also that the proposed modeling framework is
general enough to accommodate other standard reliability
metrics [2]–[10]. For the sake of conciseness, details on such
modeling capability have been omitted.

Finally, as done in [8], [9], and [20], the costs of energy
losses in branches and transformers are modeled in (14) by
quadratic functions. Based on [14], such nonlinearities are
approximated by tangent lines, as also done in [8], [9], and
[20]. Thus, expressions (14) are replaced with:

cLt =
∑

b∈B

∆bC
L
b pf


 ∑

tr∈TR

∑

k∈Ktr

∑

i∈ΨSS

nH∑

h=1

M tr
khβ

tr
iktbh

+
∑

l∈L

∑

k∈Kl

∑

(i,j)∈Υl

nH∑

h=1

M l
khℓij

(
βl
ijktbh + βl

jiktbh

)

;

∀t ∈ T (15)

gtriktb =

nH∑

h=1

βtr
iktbh; ∀tr ∈ TR, ∀i ∈ ΨSS, ∀k ∈ Ktr,

∀t ∈ T, ∀b ∈ B (16)

0 ≤ βtr
iktbh ≤ Atr

kh; ∀h = 1 . . . nH , ∀tr ∈ TR, ∀i ∈ ΨSS ,

∀k ∈ Ktr, ∀t ∈ T, ∀b ∈ B (17)

f l
ijktb =

nH∑

h=1

βl
ijktbh ; ∀l ∈ L, ∀i ∈ Ψl

j , ∀j ∈ ΨN , ∀k ∈ K l,

∀t ∈ T, ∀b ∈ B (18)

0 ≤ βl
ijktbh ≤ Al

kh; ∀h = 1 . . . nH , ∀l ∈ L, ∀i ∈ Ψl
j,

∀j ∈ ΨN , ∀k ∈ K l, ∀t ∈ T, ∀b ∈ B. (19)

This approximation yields piecewise linear functions,
which, for practical purposes, are indistinguishable fromnon-
linear models if enough segments are used. Expressions (15)
represent the linearized costs of energy losses, while (16)–(17)
and (18)–(19) model the piecewise linearization for energy
losses in transformers and branches, respectively.

B. Kirchhoff’s Laws and Operational Limits

System operation is modeled by the following constraints:

V ≤ vitb ≤ V ; ∀i ∈ ΨN , ∀t ∈ T, ∀b ∈ B (20)

0 ≤ f l
ijktb ≤ ylijktF̄

l
k; ∀l ∈ L, ∀i ∈ Ψl

j , ∀j ∈ ΨN ,

∀k ∈ K l, ∀t ∈ T, ∀b ∈ B (21)

0 ≤ gtriktb ≤ ytriktḠ
tr
k ; ∀tr ∈ TR, ∀i ∈ ΨSS , ∀k ∈ Ktr,

∀t ∈ T, ∀b ∈ B (22)

0 ≤ dUitb ≤ µD
b Dit; ∀i ∈ ΨLN

t , ∀t ∈ T, ∀b ∈ B (23)∑

l∈L

∑

k∈Kl

∑

j∈Ψl
i

(
f l
ijktb − f l

jiktb

)
=
∑

tr∈TR

∑

k∈Ktr

gtriktb

− µD
b Dit + dUitb; ∀i ∈ ΨN , ∀t ∈ T, ∀b ∈ B (24)

ylijkt
[
Z l
kℓijf

l
ijktb − (vitb − vjtb)

]
= 0; ∀l ∈ L, ∀i ∈ Ψl

j ,

∀j ∈ ΨN , ∀k ∈ K l, ∀t ∈ T, ∀b ∈ B. (25)

Constraints (20) limit nodal voltage magnitudes. Similarly,
constraints (21)–(23) set the upper and lower bounds on flows
and injections. Finally, the effect of the distribution network

is characterized in (24)–(25) by a lossless linearized network
model that was first proposed by Haffneret al. [19] and
successfully applied in [8], [9], [20], and [27]. As described
in [19], the linearized network model is an adapted version
of the per-unit dc model used for the transmission network
that is based on three assumptions: (i) nodal voltages lie ina
narrow range around the rated value used as base voltage, (ii)
all per-unit branch current flows and nodal power injections
have the same power factor, and (iii) the per-unit voltage drop
across a branch is equal to the difference between the per-unit
magnitudes of the nodal voltages at both ends of the branch.

As per assumption (i), per-unit values of nodal apparent
power injections and nodal current injections are identical.
Assumption (ii) allows representing per-unit branch current
flows and nodal power injections, which are complex numbers,
through their magnitudes. Hence, Kirchhoff’s current law can
be expressed as a set of linear scalar equalities in terms
of per-unit magnitudes of branch current flows and nodal
power injections, giving rise to nodal balance equations (24).
In addition, assumption (iii) allows formulating Kirchhoff’s
voltage law for each branch in use as a linear expression
relating the per-unit magnitudes of branch current flows, nodal
voltages, and branch impedances. Constraints (25) extend this
result to account for the utilization state of all branches.
Bearing in mind that nodal voltage magnitudes are decision
variables of the optimization process, the proposed model
provides an approximate characterization of the dependence
of the actual nodal current demands on nodal voltages.

Note that constraints (25) include nonlinearities involv-
ing the products of binary variables,ylijkt, and continuous
variables, f l

ijktb and vitb, for which the following linear
equivalent is formulated using the disjunctive-constraint-based
transformation described in [15]:

−W
(
1−ylijkt

)
≤ Z l

kℓijf
l
ijktb−(vitb−vjtb) ≤ W

(
1−ylijkt

)
;

∀l ∈ L, ∀i ∈ Ψl
j , ∀j ∈ ΨN , ∀k ∈ K l, ∀t ∈ T, ∀b ∈ B. (26)

If ylijkt is equal to 1, the corresponding constraint (26)
becomes0 ≤ Z l

kℓijf
l
ijktb−(vitb−vjtb) ≤ 0, which is identical

to the conditionZ l
kℓijf

l
ijktb − (vitb − vjtb) = 0 resulting from

(25). Conversely, ifylijkt is equal to 0, the corresponding
constraint (26) yields −W ≤ −(vitb − vjtb) ≤ W , i.e.,
|vitb − vjtb| ≤ W , since f l

ijktb is equal to 0 as per (21).
Thus, for a sufficiently large positive value for parameterW ,
no relation between nodal voltage magnitudesvitb and vjtb
is imposed, as modeled in (25) for ylijkt equal to 0. Since
nodal voltage magnitudes are bounded byV andV in (20),
the largest possible value for|vitb − vjtb| is V − V , which is
thus the minimum value forW .

C. Investment and Utilization Constraints

The constraints associated with investment and utilization
decisions are formulated as:

xl
ijkt ∈ {0, 1} ; ∀l ∈ {NRB,NAB} , ∀(i, j) ∈ Υl,

∀k ∈ K l, ∀t ∈ T (27)

xSS
it ∈ {0, 1} ; ∀i ∈ ΨSS , ∀t ∈ T (28)

xNT
ikt ∈ {0, 1} ; ∀i ∈ ΨSS , ∀k ∈ KNT , ∀t ∈ T (29)
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ylijkt ∈ {0, 1} ; ∀l ∈ L, ∀i ∈ Ψl
j , ∀j ∈ ΨN , ∀k ∈ K l,

∀t ∈ T (30)

ytrikt ∈ {0, 1} ; ∀tr ∈ TR, ∀i ∈ ΨSS , ∀k ∈ Ktr, ∀t ∈ T (31)∑

t∈T

∑

k∈Kl

xl
ijkt ≤ 1; ∀l ∈ {NRB,NAB} , ∀(i, j) ∈ Υl (32)

∑

t∈T

xSS
it ≤ 1; ∀i ∈ ΨSS (33)

∑

t∈T

∑

k∈KNT

xNT
ikt ≤ 1; ∀i ∈ ΨSS (34)

xNT
ikt ≤

t∑

t′=1

xSS
it′ ; ∀i ∈ ΨSS , ∀k ∈ KNT , ∀t ∈ T (35)

yEFB
ijkt + yEFB

jikt ≤ 1; ∀(i, j) ∈ ΥSW,EFB, ∀k ∈ KEFB,

∀t ∈ T (36)

ylijkt + yljikt ≤
t∑

t′=1

xl
ijkt′ ; ∀l ∈ {NRB,NAB} ,

∀(i, j) ∈ ΥSW,l, ∀k ∈ K l, ∀t ∈ T (37)

yERB
ijkt + yERB

jikt ≤ 1−
t∑

t′=1

∑

k′∈KNRB

xNRB
ijk′t′ ;

∀(i, j) ∈ ΥSW,ERB , ∀k ∈ KERB, ∀t ∈ T (38)

yEFB
ijkt + yEFB

jikt = 1; ∀(i, j) ∈
(
ΥEFB\ΥSW,EFB

)
,

∀k ∈ KEFB, ∀t ∈ T (39)

ylijkt + yljikt =

t∑

t′=1

xl
ijkt′ ; ∀l ∈ {NRB,NAB} ,

∀(i, j) ∈
(
Υl\ΥSW,l

)
, ∀k ∈ K l, ∀t ∈ T (40)

yERB
ijkt + yERB

jikt = 1−
t∑

t′=1

∑

k′∈KNRB

xNRB
ijk′t′ ;

∀(i, j) ∈
(
ΥERB\ΥSW,ERB

)
, ∀k ∈ KERB, ∀t ∈ T (41)

yNT
ikt ≤

t∑

t′=1

xNT
ikt′ ; ∀i ∈ ΨSS , ∀k ∈ KNT , ∀t ∈ T (42)

∑

l∈{NRB,NAB}

∑

k∈Kl

∑

(i,j)∈Υl

CI,l
k ℓijx

l
ijkt +

∑

i∈ΨSS

CI,SS
i xSS

it

+
∑

k∈KNT

∑

i∈ΨSS

CI,NT
k xNT

ikt ≤ IBt; ∀t ∈ T (43)

∑

l∈L

∑

i∈Ψl
j

∑

k∈Kl

ylijkt = 1; ∀j ∈ ΨLN
t , ∀t ∈ T (44)

∑

l∈L

∑

i∈Ψl
j

∑

k∈Kl

ylijkt ≤ 1; ∀j /∈ ΨLN
t , ∀t ∈ T. (45)

Constraints (27)–(31) set the binary nature of investment
and utilization variables. As per (32)–(34), each system
component and location can only undergo expansion once
along the planning horizon. Constraints (35) impose that
the installation of a new transformer requires the expansion
or construction of the corresponding substation. Unlike [8],
meshed topologies are allowed through network reconfig-
uration constraints (36)–(38), which model the utilization
of branches while explicitly characterizing the directionof
current flows. Constraints (39)–(41) are analogous to (36)–

(38) for the branches that are not reconfigurable under normal
operation. Constraints (42) formulate the utilization of new
transformers. A budgetary limit for investments at each stage
is imposed in (43). Finally, radial operation is modeled through
constraints (44)–(45). Constraints (44) impose the existence of
an incoming flow for load nodes while expressions (45) set a
maximum of one incoming flow for the remaining nodes.

D. Reliability Constraints

In [10], we showed that standard reliability indices can be
expressed in terms of the durations of the so-called repair-and-
switching and switching-only interruptions affecting system
nodes. Moreover, we also showed that, for a given radially-
operated network topology, such durations can be equivalently
computed through a set of binary-valued continuous variables
representing the operation of a fictitious, topologically identi-
cal system. Here, we present the application of those findings
to explicitly incorporate reliability in the mathematicalformu-
lation of reliability-constrained distribution network expansion
planning. It should be noted that such an application requires
not only extending the notation to represent investment al-
ternatives and a multistage setting, but also the non-trivial
modification of the expressions described in [10] to handle the
lack of knowledge of the network topology along the planning
horizon, which is an outcome of the optimization process. The
proposed reliability constraints are formulated as follows:

EENSCt =CR


 ∑

s∈ΨLN
t

(
δRP
st + δSW

st

)∑

b∈B

∆b

8760
pfµD

b Dst


;

∀t ∈ T (46)

δRP
st =

∑

l∈L

∑

k∈Kl

∑

(i,j)∈Υl

(
f̃ l
ijskt + f̃ l

jiskt

)
λl
kℓijτ

RP
ij ;

∀s ∈ ΨLN
t , ∀t ∈ T (47)

δSW
st = δTst − δ̄SW

st ; ∀s ∈ ΨLN
t , ∀t ∈ T (48)

δTst =
∑

l∈L

∑

i∈ΨSS

∑

j∈Ψl
i

δCB,l
ijt

∑

k∈Kl

(
f̃ l
ijskt + f̃ l

jiskt

)
;

∀s ∈ ΨLN
t , ∀t ∈ T (49)

δCB,l
ijt =

∑

s∈ΨN


∑

l′∈L

∑

r∈Ψl′
s

∑

k∈Kl′

f̃ l′
rssktλ

l′
k ℓrsτ

SW
rs


∑

k∈Kl

f̃ l
ijskt;

∀l ∈ L, ∀i ∈ ΨSS , ∀j ∈ Ψl
i, ∀t ∈ T (50)

δ̄SW
st =

∑

l∈L

∑

k∈Kl

∑

(i,j)∈Υl

(
f̃ l
ijskt + f̃ l

jiskt

)
λl
kℓijτ

SW
ij ;

∀s ∈ ΨLN
t , ∀t ∈ T (51)

d̃ist=
∑

l∈L

∑

k∈Kl

∑

j∈Ψl
i

yljikt; ∀i∈ΨN, ∀s∈ΨN |i = s, ∀t∈T (52)

d̃ist = 0; ∀i ∈ ΨN , ∀s ∈ ΨN |i 6= s, ∀t ∈ T (53)
∑

l∈L

∑

k∈Kl

∑

j∈Ψl
i

(
f̃ l
ijskt − f̃ l

jiskt

)
= g̃SS

ist − d̃ist;

∀i ∈ ΨN , ∀s ∈ ΨN , ∀t ∈ T (54)
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0 ≤ f̃ l
ijskt ≤ ylijkt; ∀l ∈ L, ∀i ∈ Ψl

j , ∀j ∈ ΨN , ∀s ∈ ΨN ,

∀k ∈ K l, ∀t ∈ T (55)

0 ≤ g̃SS
ist ≤ 1; ∀i ∈ ΨSS, ∀s ∈ ΨN , ∀t ∈ T. (56)

According to [10], the cost of the expected energy not
supplied at each stage is modeled in (46) in terms of the
expected durations of the repair-and-switching and switching-
only interruptions affecting system nodes, namelyδRP

st and
δSW
st , respectively. Thus, from (8), (13), and (46), the general

term cPV,R(z) in (4) corresponds to:

∑

t∈T


(1+If)

−tCR


 ∑

s∈ΨLN
t

(
δRP
st +δSW

st

)∑

b∈B

∆b

8760
pfµD

b Dst






+
(1+If)

−nT

If
CR



∑

s∈ΨLN

nT

(
δRP
snT +δSW

snT

)∑

b∈B

∆b

8760
pfµD

b DsnT




(57)

where vectorz comprises variablesδRP
st and δSW

st . In (47)–
(51), such expected durations are cast in terms of variables
f̃ l
ijskt, which are binary-valued continuous variables that allow

characterizing the dependence of reliability on the topology of
the network along the planning horizon. A detailed explanation
of (47)–(51) can be found in [10], where essentially identical
expressions were described, albeit with a simplified notation
disregarding indicesl, k, andt.

Based on [10], variablesf̃ l
ijskt model the per-unit branch

current flows in a fictitious system with the same topology as
the expanded network under a set of operating conditions, one
per system nodes, and considering a constant power factor
across the network, as formulated in (52)–(56). Similar to the
approximate network model used for normal operation, two
continuous variables,̃f l

ijskt and f̃ l
jiskt, are associated with

each branch. Thus, variables̃f l
ijskt are different from 0 only

when the fictitious current flows fromi to j, being 0 otherwise.
The operating conditions for the fictitious system are char-

acterized in (52)–(53) by decision variables̃dist. Thus, such
conditions are different from those related to load levels under
the normal state or contingency conditions, which are typically
represented by parameters. Rather, the per-unit demand at node
i and staget under the operating condition associated with
nodes, d̃ist, is equal to 1 ifi = s and nodei is connected
to other nodes, being 0 otherwise. Note that the connection
of node i to other nodes is modeled in (52) through binary
utilization variablesylijkt. Constraints (54) represent the nodal
balance equations for the fictitious system. Constraints (55)
bound fictitious branch current flows using the corresponding
binary utilization variables. Hence, as per (30) and (36)–(41),
variablesf̃ l

ijskt lie in the interval [0,1],f̃ l
ijskt andf̃ l

jiskt cannot
be simultaneously different from 0, and fictitious current
flows through non-existing branches are set to 0. Finally, the
fictitious injections by the substations are limited in (56). It
should be pointed out that the constraint set (54)–(56) features
a unimodular matrix structure, and consequently continuous
variables d̃ist, f̃ l

ijskt, and g̃SS
ist can only take two values,

namely 0 and 1. Thus, similar to the fictitious current flows

described in [10], variablesf̃ l
ijskt are useful for the purposes of

reliability assessment. As a matter of fact, for a given network
topology, i.e., for fixed values ofylijkt, constraints (54)–(56)
correspond to the expressions presented in [10]. Therefore, for
further details on how fictitious branch current flows are used
to model reliability, interested readers should refer to [10].

The presence of variablesylijkt in (54), through variables
d̃ist, and (55) allows modeling the relationship between the
operating conditions for the fictitious system and the network
topology resulting from the expansion planning optimization
process. In other words, the dependence of reliability-related
variables, f̃ l

ijskt , g̃SS
ist , and d̃ist, on the network topology

is modeled in (52)–(56) through operation-related variables,
ylijkt, which, in turn, are dependent on expansion decisions,
xl
ijkt, as per (37)–(38) and (40)–(41). Thus, the required rela-

tionship between reliability- and expansion-related decisions
is mathematically characterized. This aspect, aside from the
increased notational complexity, represents a salient feature
with respect to the model described in [10], which was devised
for a given network topology, thereby relying on operating
conditions for the fictitious system that were characterized by
parameters.

As another relevant difference with respect to the optimiza-
tion problems addressed in [8] and [10], the explicit incorpo-
ration of algebraic expressions for reliability in the planning
model gives rise to a mixed-integer nonlinear program. It is
worth mentioning that expressions (49) include nonlinearities
involving products of continuous variables,δCB,l

ijt , and binary-
valued continuous variables,̃f l

ijskt . Additionally, nonlineari-
ties comprising the cross products of binary-valued variables,
f̃ l
ijskt, are present in (50). Based on [16], such nonlinearities

can be reformulated as linear equivalents.
Thus, expressions (49) are linearized as follows:

δTst =
∑

l∈L

∑

i∈ΨSS

∑

j∈Ψl
i

δ̂T,l
ijst; ∀s ∈ ΨLN

t , ∀t ∈ T (58)

δ̂T,l
ijst ≤ W ′ ∑

k∈Kl

(
f̃ l
ijskt + f̃ l

jiskt

)
; ∀l ∈ L, ∀i ∈ ΨSS,

∀j ∈ Ψl
i, ∀s ∈ ΨLN

t , ∀t ∈ T (59)

δCB,l
ijt − δ̂T,l

ijst ≤ W ′


1−

∑

k∈Kl

(
f̃ l
ijskt + f̃ l

jiskt

)

 ;

∀l ∈ L, ∀i ∈ ΨSS , ∀j ∈ Ψl
i, ∀s ∈ ΨLN

t , ∀t ∈ T (60)

where δ̂T,l
ijst representsδCB,l

ijt

∑

k∈Kl

(
f̃ l
ijskt + f̃ l

jiskt

)
. Note

that a suitable value for the big-M parameterW ′ is∑

l∈L

∑

k∈Kl

∑

(i,j)∈Υl

λl
kℓijτ

SW
ij .

Finally, expressions (50) can be linearized through the
following set of equations:

δCB,l
ijt =

∑

s∈ΨN

∑

l′∈L

∑

r∈Ψl′
s

δ̂CB,ll′

ijrst ; ∀l ∈ L, ∀i ∈ ΨSS ,

∀j ∈ Ψl
i, ∀t ∈ T (61)
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TABLE I
DIMENSION OF THEPROPOSEDMODEL

Number of constraints Number of binary variables Number of real variables

1+8nT +nSSnT
[
1+nB

(
3+2nH

)] ∑

tr∈TR

nK
tr

nT
∑

l∈{NRB,NAB}
nΥ
l nK

l

+2nT
∑

l∈L

nΥ
l nK

l

+nSSnT


1+nK

NT +
∑

tr∈TR

nK
tr




1+7nT +nNnT
(
nB+nN+nSS

)

+2nT
(
nN+nB+nBnH

)∑

l∈L

nΥ
l nK

l

+nSSnTnB
(
1+nH

) ∑

tr∈TR

nK
tr

+
(
4+nB

)∑

t∈T

nLN
t

+


nT +

∑

t∈T

nLN
t +2nT

∑

l∈L
nΥ
l


∑

l∈L
nΥ,SS
l

+nT
[
5+2nB

(
5+2nH

)]∑

l∈L

nΥ
l nK

l

+nNnT
(
1+3nB+2nN+nSS

)

+
∑

l∈{NRB,NAB}
nΥ
l

(
1+nK

l nT
)

+nSS
[
2+nT

(
1+3nK

NT

)]
+

(
2+nB

)∑

t∈T
2nLN

t

+


nT +

∑

t∈T
4nLN

t + 6nT
∑

l∈L
nΥ
l


∑

l∈L
nΥ,SS
l

δ̂CB,ll′

ijrst ≤
∑

k∈Kl′
f̃ l′
rssktλ

l′
k ℓrsτ

SW
rs ; ∀l ∈ L, ∀l′ ∈ L,

∀i ∈ ΨSS, ∀j ∈ Ψl
i, ∀s ∈ ΨN , ∀r ∈ Ψl′

s , ∀t ∈ T (62)

δ̂CB,ll′

ijrst ≤
∑

k∈Kl

f̃ l
ijskt ; ∀l ∈ L, ∀l′ ∈ L, ∀i ∈ ΨSS,

∀j ∈ Ψl
i, ∀s ∈ ΨN , ∀r ∈ Ψl′

s , ∀t ∈ T (63)

δ̂CB,ll′

ijrst ≥
∑

k∈Kl′

f̃ l′
rssktλ

l′
k ℓrsτ

SW
rs +

∑

k∈Kl

f̃ l
ijskt − 1; ∀l ∈ L,

∀l′ ∈ L, ∀i ∈ΨSS, ∀j ∈Ψl
i, ∀s ∈ΨN , ∀r ∈Ψl′

s , ∀t ∈ T (64)

whereδ̂CB,ll′

ijrst represents


 ∑

k∈Kl′

f̃ l′
rssktλ

l′
k ℓrsτ

SW
rs


∑

k∈Kl

f̃ l
ijskt.

Both linearizations thus constitute additional relevant dis-
tinctive features with respect to [8] and [10].

E. Resulting Mixed-Integer Linear Program

The proposed mixed-integer linear program consists in the
minimization of (8) subject to (9)–(13), (15)–(24), (26)–(48),
(51)–(56), and (58)–(64). Table I provides the size of the
resulting optimization problem in terms of the numbers of
constraints, binary variables, and real variables.

We recognize that the use of the proposed model leads to
results that may be optimistic and that a complete study would
require the consideration of a full ac model including reactive
power and a more sophisticated reliability characterization.
This generalization would, however, render the problem es-
sentially intractable through optimization and would haveto
be solved by heuristics or repeated simulations. These model-
ing limitations notwithstanding, the solution of the proposed
multistage reliability-constrained expansion planning problem
is acceptable for distribution planning purposes and provides
the planner with a first estimate of a cost-effective and reliable
expansion scheme.

IV. N UMERICAL RESULTS

The proposed model has been applied to a 54-node test
system based on that described in [9]. For reproducibility
purposes, system data can be downloaded from [28], where

Load node Existing branch not subject to modification

Existing substation node
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54

53

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15 16
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20

21

22 23 24
25 26
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34 35 36

37 38 39

40
41

42

43
44

45

46 47

48

49

50

Candidate substation node

Existing branch subject to modification

Non-existing branch

Fig. 1. One-line diagram of the 54-node system.

base values for power and voltage are 1 MVA and 13.5 kV,
respectively, and the currency used is U.S. dollars, hereinafter
denoted by $. As shown in Fig.1, the system comprises 50
load nodes, 4 substation nodes, and 63 branches. As done
in [8], [13], [20], and [27], three load levels, namely high,
medium, and low, are considered. In addition, three blocks
are used in the piecewise linearization for energy losses.
Investment decisions are made over a 10-year planning horizon
divided into yearly stages considering a 10% inflation-adjusted
interest rate and an annual investment budget equal to $2
million.

The performance of the proposed approach has been as-
sessed with the heuristic presented in [8]. This method has
been implemented to yield a pool of six inexpensive candidate
expansion plans in terms of investment and operating costs.
For each solution, reliability is computedex post through a
simulation-based algorithm equivalent to the proposed alge-
braic expressions. Simulations have been run on a Dell Pow-
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TABLE II
PRESENTVALUES OF COSTS(106 $)

Costs
Proposed
approach

Heuristic

Plan Plan Plan Plan Plan Plan
1 2 3 4 5 6

Investment 01.90 00.41 00.42 00.87 00.98 00.95 01.20
Maintenance 00.22 00.20 00.20 00.20 00.20 00.20 00.20
Production 27.76 26.67 26.74 26.84 26.85 26.95 26.75
Losses 01.08 01.71 01.67 01.66 01.60 01.63 01.67
Load shedding 00.00 00.00 00.00 00.00 00.00 00.00 00.00
Reliability 06.82 13.25 12.58 12.02 11.90 11.78 12.35

Total 37.78 42.24 41.61 41.59 41.53 41.51 42.17

k

t

k

k t

kk

k

Fig. 2. Investment decisions and topology for the optimal solution provided
by the proposed approach.

erEdge R920X64 with four IntelR© XeonR© E7-4820 processors
at 2.00 GHz and 768 GB of RAM using CPLEX 12.6 [18]
and GAMS 24.7 [29]. For this case study, the proposed model,
which comprises 241779 constraints, 3820 binary variables,
and 226632 real variables, was solved to optimality, i.e., the
optimality gap of CPLEX was set at 0%. The same stopping
criterion was adopted for the executions of CPLEX required
by the heuristic approach used for assessment purposes.

Table II summarizes the economic results attained by both
methods. The second column of this table lists the present
values of the costs associated with the optimal solution to
the proposed model. The same information is reported in
columns 3–8 for the six expansion plans identified by the
heuristic approach presented in [8]. As can be seen in Table
II , jointly optimizing all costs yields a significant 9.0% cost
reduction over the best solution determined by the heuristic
approach, namely Plan 5. Such a cost savings is a consequence
of the larger investment cost featured by the optimal solution,
which substantially reduces the cost of reliability while slightly
increasing the production cost. More specifically, the optimal
solution involves the construction of two new substations,
whereas each solution of the heuristic is characterized by the
construction of one substation at most.

k

t

k

k t

kk

k

Fig. 3. Investment decisions and topology for Plan 5 provided by the heuristic
approach.

Figs.2 and3 respectively show the investment decisions and
the topology associated with the optimal solution providedby
the proposed approach and Plan 5 identified by the heuristic.
As can be observed, the main difference arises at node 54
where the construction of a new substation is planned by
the proposed approach as opposed to the heuristic. As a
consequence, while new load nodes are fed by the newly built
substation at node 54 at the optimal solution, such nodes are
supplied by the existing substations at nodes 51 and 52 under
the heuristic solution.

TableIII presents cost information for each stage. As can be
noted, for the proposed approach, the largest investment costs
are incurred at stages 1 and 5, when the construction of two
new substations is planned at nodes 54 and 53, respectively,
including the installation of two new transformers at those
nodes. For Plan 5, the largest investment is made at stage 6,
when a substation and a transformer are built at node 53. In
addition, for both solutions, the costs related to maintenance,
production, losses, and reliability rise along the planning
horizon due to the demand growth. As can also be seen, no
load shedding is required by any solution.

The relevance of explicitly incorporating the reliabilitycost
in the optimization process can be quantified by comparing
the optimal solution provided by the proposed approach with
the most inexpensive expansion plan disregarding reliability.
It is worth mentioning that such a solution featuring the
minimum value of the sum of the investment and operating
costs corresponds to Plan 1 identified by the heuristic. As
can be observed in TableII , the optimal solution provided
by the proposed approach is 6.8% more expensive than Plan
1 in terms of investment and operating costs while yielding a
substantial 48.5% reduction in the reliability cost. Overall, a
10.6% reduction in the total cost is achieved, thereby clearly
substantiating the advantage of the proposed approach.
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TABLE III
COST BREAKDOWN PERSTAGE FOR THEOPTIMAL SOLUTION, PLAN 1, AND PLAN 5 (106 $)

Stage

1 2 3 4 5 6 7 8 9 10

Investment 0.102 0.005 0.011 0.006 0.112 0.000 0.002 0.008 0.009 0.008
Maintenance 0.013 0.014 0.017 0.018 0.022 0.022 0.022 0.0230.025 0.026

Proposed Production 1.247 1.444 1.711 1.965 2.231 2.633 2.850 3.193 3.431 3.661
approach Losses 0.049 0.055 0.069 0.090 0.085 0.097 0.108 0.120 0.130 0.142

Load shedding 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Reliability 0.301 0.337 0.417 0.561 0.518 0.595 0.665 0.7350.819 0.915

Investment 0.007 0.007 0.003 0.006 0.016 0.003 0.002 0.012 0.004 0.008
Maintenance 0.012 0.013 0.014 0.015 0.018 0.020 0.020 0.0220.023 0.024

Plan Production 1.231 1.416 1.676 1.928 2.151 2.518 2.719 3.044 3.278 3.501
1 Losses 0.057 0.069 0.083 0.103 0.124 0.159 0.181 0.209 0.223 0.240

Load shedding 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Reliability 0.372 0.486 0.618 0.762 1.001 1.259 1.411 1.6191.722 1.882

Investment 0.007 0.007 0.003 0.006 0.016 0.101 0.002 0.008 0.009 0.007
Maintenance 0.012 0.013 0.014 0.015 0.018 0.021 0.021 0.0220.024 0.025

Plan Production 1.231 1.416 1.676 1.928 2.159 2.543 2.747 3.083 3.318 3.549
5 Losses 0.057 0.069 0.088 0.108 0.126 0.148 0.167 0.184 0.209 0.226

Load shedding 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Reliability 0.372 0.486 0.611 0.771 0.945 1.097 1.235 1.3441.519 1.637

k

t

k

k t

kk

k

Fig. 4. Investment decisions and topology for Plan 1 provided by the heuristic
approach.

Fig. 4 shows the investment decisions and the topology for
Plan 1. As can be seen, the absence of newly built substations
in Plan 1 yields significant topological differences with respect
to the optimal solution. Thus, new load nodes, which are fed
by the two newly installed substations at the optimal solution,
are supplied by the existing substations at nodes 51 and 52
in Plan 1. As another distinctive investment-related feature,
no branch undergoes replacement at the optimal solution,
whereas, for Plan 1, two branches are subject to replacement,
namely branches 1-9 and 1-51.

Detailed cost information for Plan 1 is also presented in Ta-
ble III . For this solution, the largest investment cost is incurred
at stage 5 when a relatively larger number of branch-related
expansion decisions are made, as shown in Fig.4. Similar to

the optimal solution attained by the proposed approach and
Plan 5, the costs related to maintenance, production, losses,
and reliability rise along stages due to the demand growth,
whereas no load shedding is required.

As for computational burden, the proposed approach at-
tained optimality in 46.97 min. In contrast, the heuristic took
107.40 min to identify the pool of candidate solutions with
individual computing times ranging between 0.45 min for Plan
1 and 51.64 min for Plan 6. Thus, the proposed approach
substantially reduced the overall computational effort required
by the heuristic by 56.3%.

This case study is also useful to substantiate the use of
both the approximate network model and the piecewise linear
approximation for quadratic energy losses. In this regard,
load flow results for the high load level at the last time
stage provided by the proposed approach have been compared
with those achieved with a full ac load flow model. The
average errors obtained for branch current flows, injections at
substations, and nodal voltage magnitudes are 0.54%, 0.41%,
and 0.81%, respectively. These results, which are consistent
with the experience reported by Haffneret al. (see [19], page
922), validate the suitability of the linearized network model.
Moreover, the quality of the piecewise linearization for losses
has been assessed by solving the problem with quadratic
losses wherein binary investment and utilization variables
were fixed to the values attained by the proposed mixed-
integer linear program with a three-piece linearization. For
this particular case study, the total cost only differs by 0.21%,
thereby corroborating the appropriateness of the piecewise
linear approximation in terms of solution quality.

V. CONCLUSIONS

This paper has presented a new model based on mixed-
integer linear programming to incorporate reliability in the
multistage distribution network expansion planning problem.
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Unlike existing methods based on metaheuristics and heuris-
tics, the proposed tool allows the distribution planner to
devise the optimal investment plan while jointly accounting
for investment, operating, and reliability costs. To that end,
the conventional simulation-based reliability assessment is
equivalently characterized through a set of nonlinear equations
based on the operation of a fictitious system under a set of
conditions associated with each system node. The subsequent
use of some well-known linearization schemes allows us to
recast such equations as linear expressions, thereby giving rise
to a mixed-integer linear program that is suitable for efficient
off-the-shelf software.

The economic and computational benefits of co-optimizing
the reliability cost with investment and operating costs have
been illustrated with a case study based on a 54-node bench-
mark over a 10-year planning horizon. Moreover, numerical
results reveal the superiority of the proposed approach over a
previously-proposed heuristic.

Ongoing research is devoted to incorporating distributed
generation. Further work will address the uncertainty asso-
ciated with demand and renewable-based generation. Other
interesting avenues of research are (i) the consideration of
the recently-proposed convexified network models that would
allow the characterization of reactive power, and (ii) the
extension of the model to account for multiple branch outages,
additional post-fault network reconfiguration, the effectof
the nonlinear dependence of the cost of the expected energy
not supplied on interruption durations, and the installation of
protection devices.
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[10] G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Reliability
assessment for distribution optimization models: A non-simulation-
based linear programming approach,”IEEE Trans. Smart Grid, in
press, 2017. [Online]. Available:http://ieeexplore.ieee.org/stamp/stamp.
jsp?arnumber=7733126

[11] P. S. Georgilakis and N. D. Hatziargyriou, “A review of power distribu-
tion planning in the modern power systems era: Models, methods and
future research,”Electr. Power Syst. Res., vol. 121, pp. 89–100, Apr.
2015.
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Chapter 6

Closure

In this closing chapter, a summary of this dissertation is provided, several concluding

remarks are highlighted, the main contributions are stated, and some avenues of

future research are proposed.

6.1 Thesis Overview

This thesis provides three approaches for distribution system expansion planning

considering relevant aspects related to DG and reliability. In addition, a novel non-

simulation-based method for distribution reliability assessment is presented. The

proposed approaches are outlined below.

6.1.1 Deterministic Co-Optimized Distribution System Plan-

ning

The incorporation of investment decisions on DG in the multistage distribution

expansion planning problem has been addressed first. The proposed tool allows

the distribution planner to determine the timing, siting, and sizing of candidate

distribution network and generation assets so that investment and operating costs

are minimized over the planning horizon. As a significant modeling feature, the

proposed problem formulation prevents the issues with transfer nodes and islanded

DG that would arise should traditional radiality constraints be exclusively used in

the co-optimized expansion planning problem. The resulting model is formulated

as a mixed-integer nonlinear programming problem. The subsequent use of some
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6. Closure

well-known linearization schemes yields a mixed-integer linear program suitable for

efficient off-the-shelf software.

The proposed methodology has been successfully validated with a 24-node test

system over a 3-year planning horizon and a 138-node test system over a 10-year

planning horizon.

6.1.2 Stochastic Co-Optimized Distribution System Planning

Considering Reliability

An extension of the previous co-optimized expansion planning model has been

described whereby both uncertainty and reliability are considered. The uncertainty

associated with demand, wind speed, and solar irradiation is characterized through a

set of scenarios based on historical data. Thus, the proposed co-optimized expansion

planning is formulated as a scenario-based stochastic programming model whose

associated deterministic equivalent is cast as a mixed-integer linear program. Both

economic and reliability aspects are sequentially accounted for through a two-

step solution algorithm. This algorithm yields a pool of cost-effective candidate

expansion plans for which several standard reliability indices are subsequently com-

puted using a predictive reliability assessment. Hence, the planner is provided with

valuable economic and reliability information about each solution of the pool.

Three benchmarks comprising 54, 86, and 138 nodes, respectively, are analyzed

over a 10-year planning horizon in order to assess the effectiveness of the proposed

solution methodology.

6.1.3 Linear-Programming-Based Distribution Reliability As-

sessment

An optimization-based approach has been subsequently developed to equivalently

model the customary simulation-based reliability assessment. The standard reliabil-

ity indices used in distribution optimization models and the conventional simulation-

based algorithm are described. The application of the simulation-based algorithm

for all possible single branch outages for a given radially-operated topology allows

stating a set of relevant remarks. Based on those remarks, the optimal solution

to a set of computationally inexpensive linear programs allows assessing reliability

through the use of equivalent algebraic expressions.

Several case studies including a 1080-node distribution system are examined in

order to illustrate the effective performance of the proposed solution approach and

its equivalence to the simulation-based algorithm.
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6.1.4 Non-Simulation-Based Reliability-Constrained Distri-

bution Network Expansion Planning

The last part of this thesis has focused on the incorporation of the above-described

reliability assessment into multistage distribution network expansion planning. The

model is driven by the minimization of the net present value of the total costs of

investment, operation, and reliability. Reliability is evaluated through a set of

nonlinear equations based on the operation of a fictitious system under a set of

conditions associated with each system node. The subsequent use of some well-

known linearization schemes allows recasting such equations as linear expressions,

thereby giving rise to a mixed-integer linear program that is suitable for efficient

off-the-shelf software.

The economic and computational benefits of co-optimizing the reliability cost

with investment and operating costs have been illustrated with a case study based

on a 54-node benchmark over a 10-year planning horizon.

6.2 Conclusions

The most relevant conclusions of the research conducted in this thesis are pointed

out next:

1. Regarding the joint expansion planning of DG and distribution network assets:

1.1. Mixed-integer linear programming is an effective solution methodology

in order to address the co-optimized expansion planning of distribution

systems.

1.2. The proposed co-optimization overcomes the shortcomings associated

with the functional decoupling of distribution network planning and

DG planning that may lead to economic losses and a suboptimal use

of resources.

1.3. Numerical results reveal that incorporating DG investment decisions in

distribution planning leads to a substantial reduction in the total cost

over the case with no generation investments.

1.4. Simulations show that the computational performance of the proposed

co-optimization, albeit case dependent, is acceptable bearing in mind

that a multistage planning problem is solved.
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1.5. The piecewise linear approximation for energy losses is validated by the

small difference between the values of the objective function including

this approximation and the original quadratic expression.

2. Regarding multistage generation and network expansion planning in distribu-

tion systems considering uncertainty and reliability:

2.1. Stochastic programming is suitable to properly model uncertainty in

distribution system planning through the minimization of the present

value of the expected total cost over a set of scenarios.

2.2. The proposed iterative algorithm allows considering the effect of reliabil-

ity for a pool of candidate cost-driven expansion plans.

2.3. Numerical results illustrate the need for quantifying the impact of relia-

bility on the decision-making problem faced by the distribution planner.

This impact may lead to selecting an expansion plan different from the

one with minimum investment and operational costs.

2.4. Results also show that the incorporation of DG in reliability-constrained

distribution system planning is beneficial.

2.5. The simultaneous consideration of all scenarios according to standard

stochastic programming outperforms previously reported approaches

wherein each scenario is solved separately.

3. Regarding the linear programming approach for distribution reliability assess-

ment:

3.1. The simulation-based reliability assessment can be equivalently imple-

mented by an optimization-based approach relying on the solution of a

set of linear programs.

3.2. The moderate computational effort required by the proposed

optimization-based reliability assessment to solve large-scale test systems

comprising up to 1080 nodes reveals the effective performance of the

proposed approach.

3.3. The development of algebraic expressions for reliability assessment where

the topology is represented through decision variables of an optimization

process paves the way for the use of non-heuristic solution methodolo-

gies to effectively address the integration of reliability assessment in the

optimization models used for the operation and planning of distribution

systems.
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4. Regarding distribution network expansion planning with an explicit formula-

tion for reliability assessment:

4.1. Mixed-integer linear programming is an effective framework to address

the expansion planning of distribution networks driven by the minimiza-

tion of the sum of investment, operating, and reliability costs.

4.2. Numerical results reveal the superiority of the proposed approach over a

previously-proposed heuristic where reliability was assessed ex post over

a pool of candidate cost-driven solutions.

4.3. The approximate network model is suitable for distribution system plan-

ning.

4.4. The piecewise linear approximation for energy losses is validated by the

small difference between the values of the objective function including

this approximation and the original quadratic expression.

6.3 Contributions

The main contributions of this thesis are:

1. Regarding the joint expansion planning of DG and distribution network assets,

the thesis has:

1.1. Presented a new formulation for multistage planning of distribution sys-

tems. Unlike previously reported works, the timing, siting, and sizing of

not only distribution assets but also DG units have been modeled while

explicitly imposing radial system operation.

1.2. Developed two linearization schemes for the resulting mixed-integer non-

linear programming problem.

1.3. Put forward mixed-integer linear programming to jointly expand the

distribution network and DG.

1.4. Reported numerical experience from two case studies. First, a 24-node

system was analyzed over a 3-year planning horizon. Subsequently, the

scalability of the proposed approach was validated with a larger case

study comprising 138 nodes and a 10-year planning horizon.

1.5. Compared the results from the proposed approach with those

achieved considering that the only candidate assets for expansion were

branches, substations, and transformers.

79



6. Closure

1.6. Substantiated the use of the proposed piecewise linear approximation for

energy losses.

2. Regarding multistage generation and network expansion planning in distribu-

tion systems considering uncertainty and reliability, the thesis has:

2.1. Developed a novel approach for the distribution system planner to make

informed planning decisions accounting for investment, operating, and

reliability costs.

2.2. Accurately modeled the correlated uncertainty characterizing demand

and renewable-based power generation through a method based on du-

ration curves.

2.3. Proposed a novel scenario-based stochastic programming framework. The

associated deterministic equivalent has been formulated as a mixed-

integer linear program suitable for commercially available software.

2.4. Presented an effective solution approach providing a pool of cost-effective

solutions for which reliability is assessed ex post.

2.5. Illustrated the effectiveness of the proposed approach through the anal-

ysis of three different case studies over a 10-year planning horizon.

2.6. Substantiated the beneficial impact of DG by comparing the results from

the proposed approach with those achieved disregarding DG.

2.7. Compared the results from the proposed approach with those

achieved by a previously reported methodology where scenarios were

solved separately.

3. Regarding the non-simulation-based approach for distribution reliability as-

sessment, the thesis has:

3.1. Stated several useful remarks relating reliability to interruption rates and

durations.

3.2. Formulated a novel approach based on linear programming for the ana-

lytical reliability assessment of distribution systems.

3.3. Tested the proposed approach on several benchmarks including a 1080-

node system.

3.4. Compared the results from the proposed approach with those obtained

from a conventional simulation-based algorithm.
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4. Regarding distribution network expansion planning with an explicit formula-

tion for reliability assessment, the thesis has:

4.1. Presented a new formulation for multistage expansion planning of dis-

tribution networks considering reliability. Based on the findings of item

3, the cost of reliability was explicitly expressed in terms of the decision

variables of the resulting optimization problem.

4.2. Extended the model presented in item 3 so that reliability could be

assessed without requiring the knowledge of the network topology a

priori.

4.3. Proposed applying mixed-integer linear programming to jointly consider

economic and reliability aspects in distribution network expansion plan-

ning.

4.4. Illustrated the performance of the proposed solution approach with a

54-node test system over a 10-year planning horizon.

4.5. Compared the results from the proposed approach with those obtained

from a heuristic presented in the literature.

4.6. Substantiated the use of both the approximate network model and the

piecewise linear approximation for quadratic energy losses.

5. The publication of the following papers in relevant international journals

indexed by the Journal Citation Reports (JCR):

5.1. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Joint expansion

planning of distributed generation and distribution networks,” IEEE

Transactions on Power Systems, vol. 30, no. 5, pp. 2579–2590, Septem-

ber 2015. JCR impact factor: 3.342, position 22 of 257 (quartile Q1) in

Engineering, Electrical, and Electronic.

5.2. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Multistage genera-

tion and network expansion planning in distribution systems considering

uncertainty and reliability,” IEEE Transactions on Power Systems, vol.

31, no. 5, pp. 3715–3728, September 2016. JCR impact factor: 5.680,

position 16 of 260 (quartile Q1) in Engineering, Electrical, and Elec-

tronic.

5.3. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Reliability as-

sessment for distribution optimization models: A non-simulation-based
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linear programming approach,” IEEE Transactions on Smart Grid, in

press, 2017. JCR impact factor: 6.645, position 14 of 260 (quartile Q1)

in Engineering, Electrical, and Electronic.

6. The submission of a paper to a relevant international JCR-indexed journal:

6.1. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Distribution net-

work expansion planning with an explicit formulation for reliability as-

sessment”. Under review.

7. The publication of two book chapters in relevant publishing companies in the

field:

7.1. G. Muñoz-Delgado, S. Montoya-Bueno, M. Asensio, J. Contreras, J. I.

Muñoz, and J. M. Arroyo, “Renewable generation and distribution grid

expansion planning,” in J. P. S. Catalão, editor, Smart and Sustainable

Power Systems: Operations, Planning and Economics of Insular Elec-

tricity Grids, pp. 345–403. Boca Raton, FL, USA: CRC Press, 2015.

ISBN: 9781498712125.

7.2. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Distribution system

expansion planning,” in F. Shahnia, A. Arefi, and G. Ledwich, editors,

Electric Distribution Network, Planning and Management, to appear.

New York, NY, USA: Springer, 2017.

8. The presentation of five works at relevant international conferences:

8.1. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Optimal expansion

planning in distribution networks with distributed generation,” presented

at the 18th Power Systems Computation Conference, Wroclaw (Poland),

August 18–22, 2014.

8.2. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Joint expansion

planning of distributed generation and distribution networks,” presented

at the 2015 IEEE Power & Energy Society General Meeting, Denver

(USA), July 26–30, 2015.

8.3. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Distribution sys-

tem expansion planning considering wind-based distributed generation,”

presented at the WindFarms2017 Conference, Madrid (Spain), May 31–

June 2, 2017.
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8.4. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Multistage genera-

tion and network expansion planning in distribution systems considering

uncertainty and reliability,” presented at the 2017 IEEE Power & Energy

Society General Meeting, Chicago (USA), July 16–20, 2017.

8.5. G. Muñoz-Delgado, J. Contreras, and J. M. Arroyo, “Reliability as-

sessment for distribution optimization models: A non-simulation-based

linear programming approach,” presented at the 2017 IEEE Power &

Energy Society General Meeting, Chicago (USA), July 16–20, 2017.

9. The publication of three papers in relevant international JCR-indexed journals

as a result of collateral work:

9.1. M. Asensio, P. M. de Quevedo, G. Muñoz-Delgado, and J. Contreras,

“Joint distribution network and renewable energy expansion planning

considering demand response and energy storage–Part I: Stochastic pro-

gramming model,” IEEE Transactions on Smart Grid, in press, 2017.

JCR impact factor: 6.645, position 14 of 260 (quartile Q1) in Engineer-

ing, Electrical, and Electronic.

9.2. M. Asensio, P. M. de Quevedo, G. Muñoz-Delgado, and J. Contreras,

“Joint distribution network and renewable energy expansion planning

considering demand response and energy storage–Part II: Numerical re-

sults and considered metrics,” IEEE Transactions on Smart Grid, in

press, 2017. JCR impact factor: 6.645, position 14 of 260 (quartile Q1)

in Engineering, Electrical, and Electronic.

9.3. M. Asensio, G. Muñoz-Delgado, and J. Contreras, “A bi-level approach

to distribution network and renewable energy expansion planning con-

sidering demand response,” IEEE Transactions on Power Systems, in

press, 2017. JCR impact factor: 5.680, position 16 of 260 (quartile Q1)

in Engineering, Electrical, and Electronic.

10. The publication of a book by a relevant publishing company in this field as a

result of collateral work:

10.1. J. Contreras, M. Asensio, P. M. de Quevedo, G. Muñoz-Delgado, and S.

Montoya-Bueno, Joint RES and Distribution Network Expansion Plan-

ning under a Demand Response Framework. Oxford, UK: Academic

Press, 2016. ISBN: 9780128053225.
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6.4 Future Research

Some suggestions for further research related to the work developed in this thesis

are listed below:

1. To incorporate other generation technologies as alternative options for invest-

ment in DG.

2. To consider other practical aspects for distribution system expansion planning

such as storage devices, demand response, and electric vehicles.

3. To extend the proposed non-simulation-based reliability assessment to con-

sider practical modeling aspects within the context of active distribution

networks such as DG and post-fault network reconfiguration to restore the

service for load nodes downstream of the fault.

4. To incorporate DG and the uncertainty associated with demand and renewable-

based generation into the proposed reliability-constrained distribution system

planning model.

5. To include the characterization of a non-uniform power factor across the

system through the consideration of recently-proposed convexified ac network

models.

6. To develop a robust optimization model characterizing uncertain demand and

renewable-based power generation as an alternative to the stochastic approach

devised in this thesis.

7. To model distribution system expansion planning within a transactive environ-

ment by considering non-utility-owned DG and an independent distribution

system operator.
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