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ABSTRACT

The hydrodynamic flow generated by corrugated shocks and rarefactions (Richtmyer–Meshkov like flows) is presented. When a corrugated shock/rarefaction travels
inside a homogeneous fluid, it leaves pressure, density and velocity perturbations in
the compressed fluid. Additionally, rippled shocks also generate vorticity and entropy
perturbations so that the downstream velocity fields are inherently rotational. The
asymptotic velocity field is calculated at both sides of the contact surface. The contact
surface ripple growth (ψi ) is neatly followed up to the asymptotic stage inside the linear
regime. An asymptotic behavior of the form ψi (t) ' ψ∞ + δvi∞ t is observed, where δvi∞
is the asymptotic normal velocity, and ψ∞ is an asymptotic ordinate to the origin different from the initial postshock amplitude. Vorticity is an essential quantity in order
to determine both magnitudes. Explicit and exact analytic Taylor expansions of δvi∞
are presented for the general case in which a shock/rarefaction is reflected back. The
expansions are derived from the conservation equations and they take into account the
whole perturbation history between the transmitted and reflected fronts. The important physical limits of weak and strong shocks and the high and low preshock density
ratio at the contact surface are shown. An approximate expression for the asymptotic
velocities, valid even for high compression regimes, is given. A comparison with recent
experiments has been done showing good agreement between theory and experiments
done in a wide range of regimes, for the cases in which the initial ripple amplitude is
small enough.

ACKNOWLEDGEMENTS

The basic motivation for the work presented here was provided by Professor J. G.
Wouchuk whom I want to thank not only for his patient guidance but also for the
enthusiasm for their work which he instills in his students.
Professor A. R. Piriz’s support and suggestions deserve my special gratitude.
Professors A. Bret’s, and C. Huete’s discussions are gratefully acknowledged.
I would also like to express my thanks to Professor T. Sano and the Institute of
Laser Engineering (ILE) at Osaka University for embracing me during my PhD visit.
My appreciation also goes to the Universidad de Castilla-La Mancha whose financial
support, via Pre-Doctoral fellowship, allowed me to pursue my studies, as well as to
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CHAPTER

1

INTRODUCTION

1 1

Review of past works
Shock waves are being studied since approximately two hundred years, with contributions coming from mathematicians, engineers and physicists alike [1]. During the last
century, the field of shock waves has seen a renewed interest because of its capabilities
for driving matter to extreme conditions of pressure and temperature either in gas,
liquid or solid phases.
An important problem in this field concerns the dynamics of corrugated shocks
and the corresponding flows that develop downstream. Rippled shocks have been
studied in different contexts and environments since the middle of the last century
[2, 3]. Then, A. E. Roberts [4] studied the dynamics of the flow induced by a twodimensional corrugated shock front in planar geometry with an analytic model by the
first time, using Laplace transforms. Around twenty years later, R. D. Richtmyer
[5] studied the problem of a planar shock crossing the corrugated interface between
two ideal gases. He numerically solved the fluid equations in order to follow the
time evolution of the normal velocity perturbations at the corrugated interface. He
showed that the fluid velocities (within the domain of validity of the linear theory),
reached an asymptotic value when the shocks have moved to distances several times
their wavelength from the interface. He also proposed to analyze this problem as
a particular case of Rayleigh-Taylor instability driven by an impulsive acceleration
caused when shock goes through the interface. In this manner, he got an expression for
the asymptotic velocity growth of the contact surface ripple. Almost simultaneously,
E. E. Meshkov in the former Soviet Union [6] designed a series of experiments that
confirmed, at least qualitatively, the previous theoretical predictions by Richtmyer.
In addition, other researchers were also studying this type of flows with the aid of
shock tubes as it is reported, for example, in [7]. Soon, the instability driven by
a shock crossing an interface was known as Richtmyer-Meshkov Instability (RMI).
Furthermore, there is a wider class of instabilities which are still driven by exactly
the same physical mechanisms as the classical RMI but they are not caused by the
shock-interface refraction. These instabilities are referred in the literature as RM-like
[8]. More recently, studies involving shocks crossing an interface between non-ideal
fluids or launched from an ablation surface, have shown that the flow behind the shock
becomes stable and induces oscillations on the interface. So, the more general term of
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RM like flows was coined for the flows generated behind corrugated shock waves [9].
When a shock wave hits normally the surface that separates two fluids with different
thermodynamic properties, a shock is always transmitted into the second fluid and a
shock or a rarefaction wave is reflected in the first fluid. The conditions to have one
or the other kind of wavefront to be reflected back depends on the fact that acoustic
impedances are matched across the contact discontinuity or not. These conditions
involve the enthalpy coefficients of the fluids as well as the pre-shock density ratio
across the interface and the incident shock strength, and they are extensively discussed
in [10, 11, 12].
Regarding to reflected shock case, the first analytic treatment in the linear regime
has been given by Fraley [13]. He developed a rigorous linear theory in the form of
series expansions in terms of inverse powers of the Laplace variable ”s”. Later, other
linear theories have been presented using series in powers of time [12], or in terms
of Bessel functions [14, 15]. Nevertheless, all these methods have the inconvenience
of needing lots of terms (around 50) in their series in order to obtain the asymptotic
velocities with two or thee significant digits. The reason for such a huge number of
coefficients is clear from the physics of the problem: these expansions are describing
in detail all the soundwave reverberations between the material surface and the shock
fronts.
To overcome this problem, Wouchuk [16, 17] developed a different technique to
calculate the asymptotic velocities, for both reflected shock and rarefaction cases,
through the iteration of a coupled functional equations system. The advantage of these
calculations is that they provide an accurate value for the velocities (3 or 4 significant
digits) with only the initial guess function of the iteration process for most of the
situations [18, 19, 20]. For configurations where very strong shocks or/and extremely
compressible gases are involved, few iterations of the system are needed, but never
more than five [16, 17, 18, 19, 20].
The RMI for the case in which a rarefaction is reflected back has been less studied
theoretically than the reflected shock case, probably due to the mathematical difficulties associated with perturbation growth inside the rarefaction fan. The original
experiments of Meshkov [6] contemplated both scenarios which were discussed some
years later by Meyer and Blewett [21] using numerical simulations. It was noticed that
the growth of the ripple surface changed phase in the reflected rarefaction situation,
and the asymptotic velocity has an opposite sign with respect to the shock reflected
scenario. They also observed that in order to obtain agreement between the numerical
solution and the linear theory at low compressions, an averaged initial post-shock ripple amplitude had to be used in the impulsive formula proposed by Richtmyer. After
that, the problem of an isolated rarefaction wave (where the interaction between the
rarefaction fan and the piston, which generates it, is neglected) was analyzed theoretically by Kivity and Hanin [22], who found an analytical expression for the tangential
velocity perturbations inside the rarefaction wave. Such solution was then used to numerically solve the RMI for the reflected rarefaction case [23]. Some time later, Yang
et al . [11] numerically solved the linear RMI in both cases and discovered that, in the
rarefaction scenario, the rarefaction tail ripple also showed a linear asymptotic growth,
similar to the contact surface ripple. This problem was considered later by Velikovich
and Phillips [24], who studied the behavior of the rarefaction profiles and obtained
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analytical expressions for the rarefaction tail ripple growth in different physical limits
(weak and strong rarefactions). In Ref.[25], the perturbations growing inside a rippled
rarefaction were also studied based on the solution obtained before by Kivity and Hanin
[22], and analytical expressions for the trailing edge ripple growth were obtained, valid
for any incident shock intensity, as well as explicit Taylor expansions of the asymptotic
velocity in the regimes of strong and weak expansions. The results reported in Ref.[25]
confirmed the expressions found in Ref.[24] in the different physical limits. In Ref.[12],
the RMI for the rarefaction case was studied using Taylor series expansions in time, and
the solutions compared very well with existing numerical results. Further analytical
studies of the RMI in the rarefaction scenario were also done in Refs.[14, 15, 17].
The interaction between the transmitted and reflected shocks with the corrugated
material surface may result in certain special situations where the normal asymptotic
velocity is zero in linear theory. This phenomenon has been initially studied by
Mikaelian in the context of shock compression of thermonuclear shell targets, aimed
to reduce the initial degree of non-uniformity of the imploding shell. He named this
phenomenon as freeze-out [26, 27]. Although, he earlier used a similar denomination
in a different context where a second shock cancels the effect of a first shock [28],
we refer here to freeze-out as the set of conditions for which the asymptotic normal
velocity at the contact surface ripple is exactly zero, when dealing with a single incident
shock. This problem was initially studied by using the impulsive model to look for
situations in which the post-shock fluid densities at each side of the interface could
be the same [26, 27]. Since the impulsive model prescription given by Richtmyer
failed, Mikaelian attacked the problem with Fraley’s fully compressible model, by using
the Taylor expansion of the growth rate. In this way, he obtained for the first time
an approximation to the freeze-out contour curves, showing that different isentropic
coefficient values (he considered ideal gas in his calculations) at both sides of the
interface is a necessary requisite. Much later, the same problem was studied once again,
by including the effects of the vorticity generated by the shocks inside the compressed
fluids, either for reflected shock or a rarefaction cases [29, 30].
The RMI has been also studied experimentally by means of different configurations. One of the critical issues that experimentalists have to confront is the initial
ripple modulation of the contact surface. Attending that issue, we can make a brief
summary of the experiments carried out along the past fifty years. Meshkov in his first
experiments [6] used thin nitrocellulose membranes. Specifically, Meshkov and his coworkers [31] utilized a thin membrane that was pre-shaped into a sinusoid to provide
the initial perturbation. The membrane was shattered by the incident shock wave.
However, the broken membrane fragments, which were not destroyed, must be carried
with the flow [32]. The effect of using the membrane and wires to initially form the
interface for studies of the RMI was detailed discussed in Ref.[33]. The same strategy
was used in Refs.[34, 35] where the interface is also modulated by a thin plastic or
nitrocellulose membrane.
The interface could also be formed by withdrawing a thin plate that separates the
fluids [36, 37]. During its withdrawal, the plate drags a volume of fluid along, due to
the no-slip boundary condition on its surface. Bonazza and Sturtevant [37] observed
that once the plate completes its motion out of the test section, the dragged fluid
flows back toward the opposite wall and forms surface gravity waves. After the plate
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is withdrawn, a shock wave accelerates the interface into the test section where it is
imaged.
Another method is the developed by Jacobs and Sheeley [38], the so-called drop
tower method, where a Plexiglas tank containing two unequal density liquids is mounted
to a linear rail system constraining its main motion to the vertical direction [39]. The
tank is gently oscillated horizontally to produce a controlled 2D initial fluid interface
shape, and it is then released from an initial height and allowed to fall until it bounces
off a fixed spring, which imparts an impulsive acceleration in the upward direction.
After bouncing, the tank travels upward and then downward on the rail system while
the instability develops.
Recently, several membraneless experiments have been performed [32, 40], in which
a vertical shock tube was manufactured with small horizontal slots located on two
opposite walls. The gases entered the shock tube from opposite ends of the driven
section and exited through the slots, forming a stagnation point flow at the interface
location [41]. A reproducible perturbation was then given to the interface by gently
oscillating the shock tube at the appropriate frequency, generating a standing wave.
Another way is to make stereolithographed interfaces. In those shock tube experiments [42, 43, 44, 45], a thin nitrocellulosic membrane is deposited on a stereolithographed grid support, and constructed with chosen shape and dimensions using
computer-aided design.
Besides, experiments at extreme conditions, similar to those in the ICF application,
were carried out on the NOVA laser at Lawrence Livermore National Laboratory in
which thin shells of high-density materials are ionized, accelerated, and compressed by
strong shocks. The strong shocks (incident shock Mach number around of 15) were
generated with an indirect drive configuration by focusing the laser beams into the
hohlraum. The NOVA laser experimental measurements [46, 47, 48] showed reduced
growth rates compared with impulsive predictions, qualitatively in agreement with
Refs.[49, 50]. Similar results were obtained in experiments performed a high Mach
number shock instability experiment on OMEGA laser at University of Rochester [51].
They founded that the growth rate at early time is less than half the impulsive model
prediction, rising at later time to near the impulsive prediction.
Additionally, several RMI experiments were carried out in solid phase as, for
example, the explosively driven experiments in cooper reported in Ref.[52].
1 2

Motivation and background
Since the middle of the last century much efforts has been devoted to the study
of the hydrodynamic perturbations that are created behind corrugated shock fronts
[7, 53, 54, 55]. We focus here on the RMI, which evolves after a planar shock hits a
corrugated contact surface between two fluids. This kind of flows occur in many different contexts, ranging from laboratory created experiments to natural environments,
like astrophysical events after the explosion of massive stars in the form of supernovas
[56]. The asymptotic growth velocities (either tangential or normal to the piston surface) provides an important diagnostic tool whose accurate determination is useful for
the design of numerical models or experiments. It has received considerable attention,
either because of its importance in the performance of the implosion of thermonuclear
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targets in Inertial Confinement Fusion (ICF) [8, 57, 58, 59, 60], in shock tube research
and in the interaction with turbulent flows in general, or more recently, because of
its inherent implications in the study of matter at high energy densities (HEDP). Recently, the use of corrugated shock waves has been suggested as an important tool to
determine material properties [61, 62, 52] within the domains of HED material science
experiments or within the domain of geophysics/planetary sciences [63]. Therefore,
analytical models that reveal the details of the linear phase are extremely important in
order to develop consistent non linear theories of the perturbation evolution [64, 65, 66]
or for helping in the design of experiments [52] and/or for assisting in the benchmarking
of simulation hydrocodes dealing with RM like flows [67, 68].
The flow that develops behind corrugated shocks may show high-levels of non uniformity which, depending on the specific problem, may be unwanted or not [55]. It is
a desired effect in the process of fuel and air mixing inside turbines of supersonic aircrafts, as the non-homogeneity of the background flow enhances combustion. In HEDP,
it might be also a desired effect and generated on purpose in order to study constitutive
relationships of matter at extreme conditions of pressure and temperature [52, 63, 69].
However, in ICF, for example, the generation of several non uniform shocks may
severely degrade the target performance resulting in low compressions/temperatures
at the end of the implosion [70]. In fact, ICF targets usually consist of several layers
of materials with different thermodynamic properties that are traversed by a sequence
of shock fronts and reflected rarefaction waves. These inner surfaces are never exactly
symmetrical due to inherent construction imperfections and besides, non uniform laser
irradiation is also a factor to be taken into account. When a planar/corrugated shock
hits any of the rippled material surfaces separating the different layers, the refracted
wavefronts become also rippled and contribute to generating additional perturbations
inside each of the materials, in the form of vortices, entropy spots and acoustic fluctuations, thus enhancing non uniform compression at later times. This initial imprint
leaves the initial conditions for the Rayleigh-Taylor instability that develops later in
the acceleration phase of the early implosion [71].
Besides, shock waves are common in the interstellar medium because of a great
variety of supersonic motions and energetic events, such as cloud-cloud collision,
powerful mass loss by massive stars in a late stage of their evolution (stellar winds),
supernova explosions, etc. Therefore, corrugated shock dynamic and the study of the
RMI are of tremendous importance in astrophysics and space sciences [2, 3].
1 3

Assumptions and objectives
Anytime a planar shock front collides with a contact surface separating two fluids with
different thermodynamic properties, a shock is always transmitted in the ahead fluid
(fluid ”a”), and a shock or a rarefaction is reflected back in the first fluid (fluid ”b”).
Since we assume ideal gas equation of state, the kind of the wave reflected will depend
on the four zero order dimensionless pre-shock parameters: both constant specific heat
ratios (γa and γb ), the initial density ratio at the contact surface (R0 = ρa0 /ρb0 ), and
the incident shock Mach number (Mi ). In fact, we can go continuously from the case
in which a shock or a rarefaction is reflected, just by changing the initial density ratio,
for given values of γ’s and Mi . For some value of R0 = R0tt , there is no reflected front.
This situation is called total transmission. If R0 is greater than this value R0tt , a shock

6

Chapter 1

Introduction

is always reflected. On the contrary, we have a rarefaction backwards. This particular
value of the initial density ratio is given by [19]:
R0tt =

γb (γb + 1) Mi2
.
γa − γb + γb (γa + 1) Mi2

(1.1)

From which, we see that if γa < γb a shock will be reflected only from a light to heavy
interaction, that is R0 greater than unity. On the contrary, if γa > γb , a shock is also
reflected for a light to heavy interaction, and sometimes for a heavy to light interaction.
If gammas are the same, R0tt is unity. The zero order quantities are exact analytical
functions of pre-shock parameters [72].
If the contact surface is corrugated with perturbation wavelength (λ) and initial
ripple amplitude (ψ0 ), pressure, density and velocity perturbations are generated
behind the rippled transmitted and reflected fronts. We have two kind of perturbations.
The first one consists of irrotational fluctuations in the form of evanescent sound waves.
The second one are vorticity and entropy perturbations generated by rippled shock
waves, and they are frozen to the fluid elements for inviscid fluids [5, 13, 73, 74, 75, 76].
In fact, due to the conservation of tangential velocity at the corrugated shock fronts,
transverse velocity perturbations are generated inside the compressed fluids which
account for vorticity generation in their bulks. This effect is stronger for stronger
shocks and/or very compressible fluids [15, 16, 17, 18, 19, 20, 73, 77].
For ideal gases and shock waves driven by constant pressure, the shock ripples will
decrease to zero when the shocks separate from the contact surface a distance greater
than λ, which makes the pressure perturbations to fade away in time. Hence, for
a sufficiently long time after the incident shock refraction, the pressure perturbation
field in the compressed fluids tends to zero. Therefore, the fluid acceleration vanishes
in time and a quiescent velocity field emerges at both sides of the material surface. The
velocity field attains its maximum value at the interface (x = 0) and decays spatially at
both sides. Very near the interface, the decay is mainly exponential, like e−k|x| , where
k = 2π/λ and |x| is the normal distance to the contact surface. However, far from
the interface, the spatial decay of the velocity profile is controlled by the vorticity field
generated by the rippled fronts [13, 15, 18, 19, 20] and therefore, it shows an oscillatory
decay with an envelope that vanishes with normal distance like (kx)−3/2 [15, 16, 78].
At the contact surface, the normal velocity reaches the asymptotic value δvi∞ , and the
∞
∞
tangential velocities reach different values δvya
and δvyb
at each side of the material
surface. In particular, in Ref.[17] the asymptotic linear velocity was calculated with an
exact analytical expression, and they can be always written as the sum of two terms:
δvi∞
∞
δvya
∞
δvyb

0
0
−Rδvya
+ δvyb
RFa − Fb
+
,
=
R+1
R+1
0
0
−Rδvya
− δvyb
Fa + Fb
=
+
,
R+1
R+1
0
0
−Rδvya
+ δvyb
R (Fa + Fb )
=
+
,
R+1
R+1

(1.2)

0
0
where δvya
and δvyb
are the initial tangential velocities at each side of the contact
surface, R = ρaf /ρbf is the density ratio across the interface after shock refraction, and
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Fa,b are spatial averages of the vorticity profiles generated by the rippled fronts in each
fluid [15, 16].
Due to the isentropic nature of rarefaction waves, no vorticity is generated in the
space between the rarefaction fan and the contact surface, and hence, for reflected
rarefaction cases we have Fb = 0 [17]. The Fa,b averages become relevant for strong
incident shocks, fluids with low γ and/or large density contrast at the material surface
[18, 19, 20]. The three velocities are not independent and they are related in a specific
way that is a function of the shock compression. In fact, in order to have bounded
velocity perturbation fields far from the contact surface, we must require [15, 16, 17]:
∞
|δvi∞ | − |δvya
| = Fa ,
∞
∞
|δvi | − |δvyb | = Fb .

(1.3)

These two equations have their similar for the single fluid cases [18], and they are the
natural boundary conditions to be imposed at the contact surface when matching the
asymptotic velocity fields of both fluids. The values of Fa,b are dependent on the whole
perturbation evolution history and they are a function of the incident shock strength
as well as on the fluids compressibilities and initial density ratio [16, 17, 19, 20]. Their
exact values must be obtained by solving a set of coupled functional equations, which
so far, has resisted a closed analytical solution written with a finite number of terms.
Despite the complexities in getting exact numerical values of Fa,b , these quantities
can be studied in different important physical limits by means of adequate Taylor
expansions, or approximate expressions obtained by truncation of the iteration process
involved in the solution of the corresponding functional equation systems [18, 19, 20].
1 4

Methodology
The basic picture is the following (Fig.1.1): the RMI develops when a plane shock
collides with a corrugated contact surface separating two different fluids. Each fluid is
characterized by its density (ρa0 and ρb0 ) and its equation of state. We assume ideal
gases, and hence, the equation of state is determined by the ratios of specific heats
(γa,b ). Pressures behind and ahead the incident shock are p1 and p0 , respectively. The
strength of the compression is determined by the incident shock Mach number (Mi ).
When the incident shock has completely disappeared (t = 0+), the reflected and the
transmitted rippled fronts are formed [5]. A shock is always transmitted and another
shock or rarefaction is reflected back in the first fluid. An initial velocity shear is
0
0
deposited in the interface (δvya
and δvyb
) by the corrugated wave fronts. Thus, due
to the lateral mass flows induced by the tangential velocities, pressure gradients are
created in both fluids once the shocks start to separate from the surface. As a result, the
shock ripples oscillate in time, and it generates acoustic fluctuations (δp), and vorticity
(δω) and entropy (δs) perturbations. For non dissipative fluids, vorticity and entropy
will remain frozen in the fluid elements. We assume that the pre-shock corrugation
of the contact surface is much less that its wavelength (ψ0  λ). Therefore, the
perturbations generated inside the compressed or rarefacted fluids can be considered a
small fluctuation in comparison with the background quantities. In this scenario, we
can use linear theory to describe the perturbation evolution resulting in RMI problems.
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𝒊

𝑈

𝝆𝒃𝒇 + 𝜹𝝆𝒃
𝒑𝒇
𝜹𝒗𝒙𝒃
𝜹𝒗𝒚𝒃
𝜹𝝎𝒃
𝜹𝒔𝒃
Fluid b

𝐷$
𝝆𝒃𝟏
𝜸𝒃
𝒑𝟏

𝑈"

Contact Surface

Figure 1.1: Diagram of a RMI reflected shock case: (a) before shock refraction, (b)
after shock refraction, and (c) asymptotic stage.
Most of the analytical methodology used in this work was developed in [14, 15,
16, 17, 25]. In this section, we only present some general guidelines of the solution
process. An exhaustive description of the model and detailed algebraic calculations
for particular experiments reported in the literature are shown in the body of the
thesis. With this in mind, we start solving the linear wave equation for the pressure
perturbations δp, in each fluid (m = a, b), in the space between the wave fronts and
the interface:
∂ 2 δpm ∂ 2 δpm
1 ∂ 2 δpm
=
+
,
(1.4)
c2mf ∂t2
∂x2
∂y 2
where cmf is the sound speed in the fluids after shock/rarefaction crossing. Using the
following variable change suggested by Briscoe and Kovitz [7]:
τm = kcmf t = rm cosh χm ,
x̃ = kx = rm sinh χm ,
the solution of Eq.(1.4) can be written as a series of Bessel functions:
"∞
#
X
m
δpm (x, y, t) =
D2n+1
(χm ) J2n+1 (rm ) cos ky ,

(1.5)

(1.6)

n=1
m
where J2n+1 is the ordinary Bessel function of order 2n + 1, and D2n+1
are coefficients
which have to be obtained through the boundary conditions. Besides the pressure
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perturbation, we need to define the auxiliary function δh, which is given by the following
combination of partial derivatives of δp:
δhm (x, y, t) = p

τm
∂δpm
x̃
∂δpm
1 ∂δpm
+p
=
.
2
2
2
rm ∂χm
− x̃ ∂ x̃
τm − x̃ ∂τm

2
τm

(1.7)

In the domain of the new coordinates (r, χ), we take the Laplace transform in the
variable r,
Z ∞
δpm (rm , χm ) e−sm rm drm ,
Pm (sm , χm ) =
Z0 ∞
δhm (rm , χm ) e−sm rm drm .
(1.8)
Hm (sm , χm ) =
0

We need boundary conditions, which are given by the linearized Rankine-Hugoniot
equations that relate the functions P and H at the shock surface:
Ha (sa , χt ) = αa1 (sa ) Pa (sa , χt ) + αa2 (sa ) ,
Hb (sb , χr ) = αb1 (sb ) Pb (sb , χr ) + αb2 (sb ) ,

(1.9)

where αm1 and αm2 are analytic functions of the pre-shock parameters, and χt and χr
are respectively the transmitted and reflected shock position in the coordinate χ. In the
reflected rarefaction case, the second equation of Eq.(1.9) is replaced by the boundary
condition at the rarefaction wave. That is, the continuity of the tangential velocity
at the rarefaction tail [17]. Besides, we always require the continuity of pressure and
normal velocity across the interface (χ = 0). These last conditions can be written as:
ρaf Pa (sa , 0) = ρbf Pb (sb , 0) ,
Ha (sa , 0) = Hb (sb , 0) .

(1.10)

As initial condition, we assume that the pressure perturbation at the instant of time
when the fronts are formed (t = 0+) is zero:
δpm )t=0+ = 0 .

(1.11)

So, by matching the fluid quantities across the material surface, we arrive to a coupled
system of functional equations for the Laplace transforms of the pressure perturbation.
cosh (qa + χt ) ηa+ (qa + χt ) Pa (qa + χt , χt ) + αa2 (qa + χt )
+ cosh (qa − χt ) ηa+ (qa − χt ) Pa (qa − χt , χt ) + αa2 (qa − χt )
= cosh (qb + χr , χr ) ηb+ (qb + χr ) Pb (qb + χr ) + αb2 (qb + χr )
+ cosh (qb − χr ) ηb+ (qb − χr ) Pb (qb − χr , χr ) + αb2 (qb − χr ) ,

ρaf cosh qb cosh (qa + χt ) ηa+ (qa + χt ) Pa (qa + χt , χt ) + αa2 (qa + χt )

− cosh (qa − χt ) ηa+ (qa − χa ) Pa (qa − χt , χt ) − αa2 (qa − χt )

= ρbf cosh qa cosh (qb + χr ) ηb+ (qb + χr ) Pb (qb + χr , χr ) + αb2 (qb + χr )

− cosh (qb − χr ) ηb+ (qb − χr ) Pb (qb − χr , χr ) − αb2 (qb − χr ) ,
(1.12)
±
where sm = sinh qm , and ηm
(qm ) = [αm1 (qm ) / cosh qm ] ± 1. The above coupled
functional equation system Eq.(1.12) was derived for the first time in Refs.[16, 17] with
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the purpose to calculate the asymptotic velocities of the interface ripple. However, as
m
shown in Ref.[20], it can also be used to obtain the Bessel series coefficients D2n+1
of
the pressure perturbation solution [Eq.(1.6)] which allow us to describe analytically
the pressure field behind ripple shock and rarefaction waves. Besides, an alternative
method for obtaining the pressure field from Eq.(1.12) has been reported in Ref.[20],
where Taylor series in powers of time are used instead Bessel functions series. Both
methods are equivalent, and both have been compared very well with experiments and
simulations [20].
The shock corrugation induces not only pressure but also velocity perturbations.
The linearized equations of motion can be combined into wave equations for the velocity
components of each fluid, where the inhomogeneity is essentially the bulk vorticity and
its derivative:
∂ 2 δvxm (x, t)
∂ 2 δvxm (x, t)
=
− δvxm (x, t) + gm (x) ,
∂t2
∂x2
∂ 2 δvym (x, t)
∂ 2 δvym (x, t)
∂gm (x)
.
=
− δvym (x, t) −
2
2
∂t
∂x
∂x

(1.13)

where g(x) is the magnitude of the vorticity. The vorticity is generated by the
conservation of the tangential momentum at the shock front plus the requisite of nonadiabatic compression. The vorticity can be written as:
→
− −−→
δωmz (x, y) = ∇ × δvm = gm (x) sin ky .
(1.14)
z

As long as we consider inviscid flow, the vorticity generated at any position is proportional to the value of the shock pressure perturbation at the instant of time the shock
arrives at that point. So, knowing the pressure at the shocks through Eq.1.6, we can
calculate the vorticity distribution. Thus, we can describe the velocity field by the
integration of Eq.(1.13).
As the fronts separate from contact surface, their ripple amplitudes will decay in
an oscillatory manner, and the pressure fluctuations created at the shock fronts will
also decay in time. Therefore, after some characteristic time, the wavefronts regain
planarity and the pressure perturbation fields vanish. Consequently, a steady state
velocity field slowly emerges in both fluids. Hence, the surface ripple achieves a final
normal velocity but different tangential velocities at each side. Then, for long times, the
velocity components satisfy ordinary differential equations, where the inhomogeneous
term is the bulk vorticity:
∂ 2 δvxm (x)
− δvxm (x) = −gm (x) ,
∂x2
∂ 2 δvym (x)
∂gm (x)
−
δv
(x)
=
.
ym
∂x2
∂x

(1.15)

The boundary conditions of this system are the following two ones: the first one is
the continuity of the normal velocity at the interface [δvxa )x=0 = δvxb )x=0 = δvi ], and
the second one is a relationship between the normal and the tangential asymptotic
velocities at the contact surface. This last condition, explicitly written in Eq.(1.3), is
always required for any RM like flow in order to have bounded perturbations at infinity
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[16, 17]. The quantities Fa,b are functions of the vorticity spread in each fluid and they
are strongly dependent on the shock compression level. By adequately iterating the
coupled functional equation system Eq.(1.12), we can obtain successive approximations
[0]
[1]
Fa,b , Fa,b , ... which tend to the exact value by increasing the iteration order [16, 17].
[n]

Once we have Fa,b (n is the number of iterations), we can calculate the interface
asymptotic velocities due to Eq.(1.2). It is important to note that since the coupled
functional equation system can be iterated indefinitely, we are able to calculate the
asymptotic velocity with the accuracy desired.
1 5

Overview
The work developed during the PhD studies is presented in an article thesis. The main
results of the research are shown in the Chapter 2 reported in four journal publications:
1. F. Cobos Campos and J. G. Wouchuk, Analytical asymptotic velocities in linear
Richtmyer-Meshkov-like flows, Physical Review E 90, 053007 (2014). JCR
impact factor: 2,288. Position 9 of 31 (quartile Q2) in Physics, Fluids and
Plasmas. Position 5 of 54 (quartile Q1) in Physics, Mathematical.
2. F. Cobos Campos and J. G. Wouchuk, Analytical scalings of the linear
Richtmyer-Meshkov instability when a shock is reflected, Physical Review E 93,
053111 (2016). JCR impact factor: 2,366. Position 10 of 31 (quartile Q2) in
Physics, Fluids and Plasmas. Position 6 of 55 (quartile Q1) in Physics, Mathematical.
3. F. Cobos Campos and J. G. Wouchuk, Analytical scalings of the linear
Richtmyer-Meshkov instability when a rarefaction is reflected, Physical Review
E 96, 013102 (2017). JCR impact factor: 2,284. Position 12 of 31 (quartile
Q2) in Physics, Fluids and Plasmas. Position 7 of 55 (quartile Q1) in Physics,
Mathematical.
4. J. G. Wouchuk and F. Cobos Campos, Linear theory of Richtmyer–Meshkov like
flows, Plasma Physics and Controlled Fusion 59, 014033 (2017). JCR impact
factor: 3,032. Position 6 of 31 (quartile Q1) in Physics, Fluids and Plasmas.
All the papers have been reprinted with permission of their authors following the
corresponding editorial policy (see Appendix).
Although this format is not common in a physical topic thesis, the line of argument
and the structure of the papers provide us the possibility to construct an understandable and coherent text. The order of presentation of the papers inside the thesis is
not straightforward. The first three publications compose the bulk of the research performed during the PhD studies and they accomplish most of the objectives this thesis
was originally conceived for. They are a natural continuation of previous works on the
subject [14, 15, 16, 17, 25] and the objective is very specific: to study the perturbation
dynamics generated by rippled shock and rarefaction waves, and to obtain accurate
analytical estimations of the asymptotic velocities in RM like flows.
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In the first paper, entitled Analytical asymptotic velocities in linear RichtmyerMeshkov-like flows, the two simplest cases with a single fluid are studied: corrugated
rigid piston and corrugated free surface. The free surface situation was for the first
time analysed within the context of RM like flows in Ref.[12], and some years later it
was studied again [71] for the particular case in which the shock is infinitely strong and
the fluid is extremely compressible. However, they did not examine the dependence of
the tangential and normal asymptotic velocities at the surface of the piston (be it a
rigid or a free surface) as a function of the shock strength and fluid compressibility in
the whole range. The aim of this first work was to show the scalings of those velocities
as a function of the shock Mach number and the fluid isentropic coefficient. These
calculations were the first step towards more ambitious calculations aimed at obtaining
similar formulas to the asymptotic velocities in the general RM environment dealing
with two fluids, for any shock Mach number and arbitrary fluids compressibilities.
In the second work: Analytical scalings of the linear Richtmyer-Meshkov instability when a shock is reflected, we show the asymptotic velocity spatial profiles and we
provide accurate Taylor expansions in some important physical limits, as well as an approximate expression of the asymptotic velocity at the contact surface. Furthermore, a
detailed study of the temporal evolution of the contact surface corrugation is presented
over the time interval in which the perturbation evolves linearly, where the asymptotic
scaling ψi (t) ∼
= ψ∞ + δvi∞ t is obtained, in agreement with the findings of Meyer and
Blewett [21]. ψ∞ is an asymptotic constant which, due to vorticity deposition and
sound wave reverberation, is different from the post-shock initial amplitude. Besides,
recent experiments done with shock tubes [40, 45] are analysed with the theoretical
tools provided in this work.
In the third paper: Analytical scalings of the linear Richtmyer-Meshkov instability
when a rarefaction is reflected we present an explicit analytic formula that works
reasonably well for weak to strong shocks, and give accurate Taylor expansions as
powers of a small parameter in different physical limits: weak/strong shocks and
low/high values of the density ratio at the contact surface. We stress the importance of
the vorticity generation behind the transmitted front, showing the spatial structure of
the asymptotic velocity fields at both sides of the contact surface, after the fronts have
separated away from the material surface. An analysis of the growth of the contact
surface ripple as a function of time is also shown and compared to experiments, where
a similar asymptotic scaling as for the shock reflected case was found. Bessel series
and Taylor series in powers of time to describe the transient temporal evolution of
perturbed velocities and ripple are presented, either at the transmitted shock and at
the contact surface. Besides, the kinetic energy of the asymptotic velocity field is
calculated at both sides of the contact surface and the importance of the bulk vorticity
field is discussed. In addition, we compare our model with a series of experiments
reported in Refs.[47, 49, 45].
These three works form a collection about the linear evolution of the RichtmyerMeshkov Instability like flows, starting with single fluid situations to two fluids configuration when a shock or a rarefaction is reflected.
The last work presented in this thesis is: Linear theory of Richtmyer–Meshkov
like flows. Despite its content is fully related with the rest of publications, it can be
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considered as a separated unit and the beginning of a series of works related with a
deep study with focus on the generation and storage of kinetic energy in RMI. Actually,
in this last work we have centered on the dynamics of corrugated shock fronts and
its influence on the properties of the perturbation field that develops downstream.
We have concentrated our analytical efforts in obtaining the size of the strongest
vortices generated by a rippled wavefront. In fact, the size of the strongest vortices is
analytically calculated for different boundary conditions downstream (isolated shock,
rigid piston, free surface, and contact surface separating two different media). The limit
of very weak shocks is discussed and an analytical formula for the strongest vortices is
given in that limit. Also, in this work it has been shown that the vortices topology is
related directly with the kinetic energy spatial distribution inside the bulks.
To conclude, in the last Chapter 3, we summarized the results obtained, and a brief
scheme of the current and future work is presented.
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Analytical asymptotic velocities in linear Richtmyer-Meshkov-like flows
F. Cobos Campos and J. G. Wouchuk*
E.T.S.I. Industriales, Instituto de Investigaciones Energéticas and CYTEMA, Universidad de Castilla-La Mancha, 13071 Ciudad Real, Spain
(Received 30 July 2014; published 14 November 2014)
An analytical model to study the perturbation flow that evolves between a rippled piston and a shock is
presented. Two boundary conditions are considered: rigid and free surface. Any time a corrugated shock is
launched inside a fluid, pressure, velocity, density, and vorticity perturbations are generated downstream. As the
shock separates, the pressure field decays in time and a quiescent velocity field emerges in the space in front
of the piston. Depending on the boundary conditions imposed at the driving piston, either tangential or normal
velocity perturbations evolve asymptotically on its surface. The goal of this work is to present explicit analytical
formulas to calculate the asymptotic velocities at the piston. This is done in the important physical limits of
weak and strong shocks. An approximate formula for any shock strength is also discussed for both boundary
conditions.
DOI: 10.1103/PhysRevE.90.053007

PACS number(s): 47.20.−k, 52.58.Hm, 52.50.Lp

I. INTRODUCTION

Shock waves have been studied for approximately the past
200 years, with contributions coming from mathematicians,
engineers, and physicists alike [1]. During the past century,
the field of shock waves has seen a renewed interest because
of its capabilities of generating matter with extreme conditions
of pressure and temperature with different substances in the
gas, liquid, or solid phases. An important problem in this
field concerns the dynamics of corrugated shocks and the
corresponding flows that develop downstream. Rippled shocks
have been studied in different contexts and environments
since the middle of the past century [2–27]. Around 1950,
A. E. Roberts [2] was the first person to study the dynamics
of the flow induced by a two-dimensional corrugated shock
front in planar geometry with an analytic model, using
Laplace transforms. Some 20 years later, R. D. Richtmyer [3]
studied the problem of a planar shock crossing the corrugated
boundary between two ideal gases. He numerically solved
the fluid equations in order to follow the normal velocity
perturbations at the corrugated interface as a function of time.
He showed that, in this class of problems, the fluid velocities
(within the domain of validity of the linear theory), reached an
asymptotic value when the shock separated from the contact
surface a distance on the order of the perturbation wavelength.
Almost simultaneously, E. E. Meshkov in the former Soviet
Union [4] designed a series of experiments that confirmed,
at least qualitatively, the previous theoretical predictions of
Richtmyer. More or less at the same time, other researchers
were also studying this type of flow with the aid of shock tubes,
as, for example, in the works of Briscoe and Kovitz [5]. By
the end of the 1990s, the flows generated behind corrugated
shock waves (and also behind corrugated rarefaction waves)
began to be called Richtmyer-Meshkov-like flows (RM) [6].
Because of the rippled shape of the shock surface, velocity,
and pressure perturbations are created behind the wave which
affect the whole fluid downstream. As a consequence, as
the shock separates from the piston driving it, significant
hydrodynamic perturbations are generated behind it which
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may drive the compressed fluid into a state of turbulence
if it enters the nonlinear regime. This kind of flow occurs
in many different contexts, ranging from laboratory-created
experiments, as in the irradiation of inertial fusion targets,
to natural environments like astrophysical events after the
explosion of massive stars in the form of supernovas. Recently,
the use of corrugated shock waves has been suggested as an
important tool to diagnose material properties [7–9] within the
domains of high-energy-density physics (HEDP) experiments
or within the domain of geophysics or planetary sciences [10].
Therefore, analytical models that reveal the details of the linear
phase are extremely important in order to develop consistent
nonlinear theories of the perturbation evolution [11–13] or
helping in the design of experiments [9] and/or assisting
in the benchmarking of simulation hydrocodes dealing with
RM-like flows. The work shown here is a natural extension
of previous work on the subject [15,16] and the objective is
very specific: to obtain accurate analytical estimates of the
asymptotic velocities in an RM-like environment. The two
simplest cases with a single fluid are studied: corrugated rigid
piston and corrugated free surface. The free surface situation
was for the first time analyzed within the context of RM-like
flows in Ref. [17] and some years later it was studied again
in Ref. [18] for the particular case in which the shock is
infinitely strong and the fluid is extremely compressible. So
far, no theoretical work has yet examined the dependence of
the tangential and normal asymptotic velocities at the surface
of the piston (be it a rigid or a free surface) as a function
of the shock strength and fluid compressibility in the whole
range. The aim of this work is to show the scalings of those
velocities as a function of the shock Mach number and the
fluid isentropic exponent. Even though the main equations to
be used had already been obtained in a previous work [16], they
have never been used to study in detail the problems posed here.
These calculations would serve as a first step towards more
ambitious calculations aimed at obtaining similar formulas
to the asymptotic velocities in the general RM environment
dealing with two fluids for any shock Mach number and
arbitrary fluids compressibilities. We structure the work in the
following manner: In Sec. II we briefly review the linearized
equations of motion in the space between a piston and a
corrugated shock. They are necessary to settle the notation
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used in the rest of the work. The pressure-wave equation is
studied and the functional equation that governs the temporal
evolution of the pressure perturbations is presented. In Sec. III
the solutions for different boundary conditions at the piston
are shown: rigid and free surfaces. We show the asymptotic
velocities for different values of the shock Mach number and
fluid compressibility. An approximate analytical formula and
important scalings are obtained. In Sec. IV a brief summary is
presented. The reader who is only interested in the final results
may go directly to Sec. III. However, the notation and all the
analytical ingredients necessary to assimilate those results are
elaborated on with the corresponding depth in Sec. II.

II. LINEARIZED EQUATIONS

We consider an ideal gas with constant specific heat ratio γ ,
initial pressure p1 , and mass density ρ1 bounded on the left by
a planar surface that acts as a piston (Fig. 1). The piston starts
to move at t = 0 to the right with speed +U x̂ in the laboratory
reference frame. A shock moving with speed D is launched in
front of the piston. The pressure driving the shock is p2 > p1
and the density of the compressed fluid
√ is ρ2 > ρ1 . The sound
speed in front of the shock is c√
γp1 /ρ1 . The compressed
1 =
fluid sound velocity is c2 = γp2 /ρ2 . The upstream shock
Mach number is M1 = D/c1 > 1 and the downstream shock
Mach number is M2 = (D − U )/c2 < 1.

A. Boundary conditions at the corrugated shock front

Compressed fluid quantities are connected with the upstream values through the Rankine-Hugoniot relationships
(conservation of mass, momentum, and energy) [19]. We have,
for the density ratio, the following:
R=

ρ2
D
=
=
ρ1
D−U

p

p

17

(γ + 1)M12
(γ − 1)M12 +

2

,

p2
2γ M12 − γ + 1
.
=
p1
γ +1
The ratio of sound velocities across the shock front is



2γ M12 − γ + 1 (γ − 1)M12 + 2
c2
=
,
c1
(γ + 1)M1

vx
vy
D-U

FIG. 1. A corrugated piston drives a rippled shock inside an ideal
gas. The shock moves with speed D − U in the piston reference
frame. The downstream perturbations are indicated as well as the
tangential velocity fluctuations just behind the shock (δvys ).

(2)

(3)

and the shock Mach number with respect to the compressed
fluid is therefore

(γ − 1)M12 + 2
D−U
M2 =
.
(4)
=
c2
2γ M12 − γ + 1
The results shown in the previous equations relate the quantities at both sides of the shock wave assuming a planar shock,
without perturbations and, as such, they serve us as background
values. Our interest lies, however, in the situation in which the
piston surface is slightly rippled with perturbation wavelength
λ and an initial corrugation ψ0  λ. As discussed in Sec. I, the
shock ripple will induce the generation of pressure and velocity
perturbations in the space between the piston and the shock
surface (see Fig. 1). We assume an initial piston corrugation of
the form ψp (0) = ψ0 cos ky, where ψ0 is the ripple amplitude
and k = 2π/λ is the perturbation wave number. From now on,
we study the problem in a reference frame that moves with the
piston. In the compressed fluid, perturbations in density (δρ),
velocity (δvx and δvy for the two components), and pressure
(δp) are generated. We use the following definitions for the
downstream perturbations:
δρ2
ρ2
δp2
ρ2 c22
δvx
c2
δvy
c2

(1)

p

vys

and for the pressure ratio,

= ρ̃(x,t) cos ky,
= p̃(x,t) cos ky,
(5)
= ṽx (x,t) cos ky,
= ṽy (x,t) sin ky.

The normalizations defined above are best suited for solving
the pressure-wave equation with the formalism presented here.
However, when analyzing the asymptotic velocities at the
piston, it will be useful to change the units of velocity. Each
situation will be discussed accordingly in Sec. III.
The shock corrugation is a function of time and of
the transverse coordinate: s (y,t) = ψs (t) cos ky. The dimensionless shock ripple amplitude is ξs (t) = kψs (t). It
is clear that at t = 0, the initial shock ripple amplitude
coincides with the piston corrugation amplitude. That is,
ψs (t = 0) = ψ0 . We define a dimensionless time τ = kc2 t.
The different perturbed quantities just behind the shock front
are related with each other through the conservation equations
across the shock. Linearizing the conservation equations for
mass, x momentum, y momentum, and energy, we arrive
at the following relationships just behind the corrugated
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front [3,20]:
dξs
−1
R
= As p̃s , As =
,
dτ
R − 1 2M12 M2
M12

ṽxs = Ax p̃s , Ax =
ρ̃s = Aρ p̃s , Aρ =

+1
,
2M12 M2
M12

1
M12 M22

,

ṽys = Ay ξs , Ay = M2 (R − 1).

fluid [Eq. (14)] can be rewritten in terms of the new coordinates
in the following convenient form [16,20]:
(6)
r
(7)
(8)
(9)

An index “s” is always used to indicate that the quantity is
evaluated at the shock front position, as in ṽys , and so on.

At first, we write the linearized versions of the fluid
equations in the compressed fluid. We define the dimensionless
space coordinates as follows: x̃ = ky, ỹ = ky. The mass
conservation equation reads as follows:

∂ p̃
∂ ρ̃
=
.
(13)
∂τ
∂τ
The above equations can be recast into the familiar twodimensional (2D) wave equation for the pressure,
∂ 2 p̃
∂ 2 p̃
=
− p̃.
(14)
∂τ 2
∂ x̃ 2
The wave equation [Eq. (14)] has been solved in the recent
past in the context of the RM instability and in the interaction
of isolated shock fronts with upstream turbulent flows with the
aid of a very useful coordinate transformation [5,16,20–22].
We define the variables r and χ as follows:
τ = r cosh χ .

(15)

Surfaces with χ = const represent planar fronts moving
behind the shock following the trajectory x̃ = τ tanh χ . All the
χ surfaces start to move at τ = 0 and spread as time evolves.
The shock front coordinate is defined by tanh 
χs = M2 . At the
shock front, the value of r = rs is equal to τ 1 − M22 . After
some long algebra, the wave equation inside the compressed

(16)

(17)

Following the procedure described in Ref. [16] the wave
equation can be reduced to a functional equation in the domain
of the Laplace variable s of the Laplace transform theory.
To this end, we define for any quantity φ(χ ,r) its Laplace
transform (which will be indicated with capital letters) as
∞

(χ ,s) =

φ(χ ,r) exp(−sr) dr.

(18)

0

Thus, after some algebra, and making the variable change
s = sinh q, Eqs. (16) and (17) can be rewritten as follows:
∂
∂ H̃
(cosh q P̃ ) +
= 0,
∂q
∂χ

∂ ρ̃
∂ ṽx
=−
− ṽy .
(10)
∂τ
∂ x̃
The normal x̂-direction and tangential ŷ-direction momentum
equations are, respectively,
∂ ṽx
∂ p̃
=− ,
(11)
∂τ
∂ x̃
∂ ṽy
= p̃.
(12)
∂τ
Finally, the energy equation reduces to the conservation of
entropy on the compressed fluid particles, as we assume an
adiabatic flow between piston and shock. The only source
of entropy perturbations lies at the shock surface. But once
entropy is generated, it remains frozen to the fluid elements.
In the reference frame used here, this condition leads us to the
following familiar relationship:

∂ h̃
∂ 2 p̃ ∂ p̃
+ r p̃ =
,
+
∂r 2
∂r
∂χ

where the auxiliar function h̃ is
1 ∂ p̃
h̃ =
.
r ∂χ

B. Linearized fluid equations: Pressure-wave equation

x̃ = r sinh χ ,

Results

∂
∂ H̃
(cosh q P̃ ) +
= 0.
∂χ
∂q

(19)

Integration of the last equation by changing to the auxiliary
variables q + χ and q − χ leads us to the following decomposition for the perturbations P̃ and H̃ :
P̃ (χ ,q) =

F1 (q − χ ) + F2 (q + χ )
,
cosh q

H̃ (χ ,q) = F1 (q − χ ) − F2 (q + χ ),

(20)

where F1 and F2 are functions to be determined with the
boundary conditions at the shock and at the piston surface. In
the next subsection we write the appropriate form of the RH
boundary conditions at the shock in terms of the new variables
q and χ .
C. Laplace transform of the shock boundary conditions

In Ref. [3], Richtmyer combined Eqs. (7)–(9) into a pair
of first-order partial differential equations coupling the shock
ripple amplitude and the pressure perturbation behind the
shock front. The procedure is straightforward: We take the
total time derivative of Eq. (7) following the shock trajectory
and combine it with the remaining equations to obtain the
following:
∂ p̃
∂ p̃
= (1 + M2 Ax )
+ M2 Ay ξs .
(21)
∂τ
∂ x̃
The last equation is coupled to Eq. (6). The Laplace transform
of Eqs. (6) and (21) are written in the domain of the variable
q as
−(M2 + Ax )

s (q) =

ξs0 + As cosh χs P̃s (q)
,
sinh q

H̃s (q) = −Ax sinh q P̃s (q) − M2 Ay cosh χs s (q).

(22)

The function s (q) is the Laplace transform of the dimensionless ripple corrugation ξs (rs ). In addition, the initial value of the
pressure perturbation at the shock has been taken as p̃s0 = 0.
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In the cases of interest here, the shock surface and the piston
are infinitely near at t = 0 and it is reasonable to assume that
p̃s0 = 0 [3]. As the piston has an initial corrugation, the value
of ψs (0) = 0 coincides with the piston corrugation at t = 0.
We have defined ξs0 = kψ0 . After some additional algebra,
the last two equations can be solved for the shock pressure
perturbations as [16,22]
H̃s (q) = α1 (q)P̃s (q) + α2 (q),

α10 = −Ax = −

α20

(24)

M12 + 1
,
2M12 M2

1
,
2M2
= −Ay ξs0 sinh χs .

α11 = −

(25)

It is noted that, in the above equation, α20 is proportional to the
initial tangential velocity created behind the shock at t = 0:
ṽs0 = Ay ξs0 .
D. Boundary conditions at the piston surface and functional
equations for the shock pressure perturbations
1. Rigid piston

Equation (23) relates the pressure perturbations H̃s and P̃s ,
which is equivalent to relate the auxiliary functions F1 and
F2 , presented in Eq. (20). Which set of unknown functions to
use is a matter of taste or convenience. In order to express the
boundary conditions at the piston (x = 0), it will be convenient
to deal with F1 and F2 . As discussed in Ref. [16], if the shock
is driven by a rigid piston, the natural condition is that the
normal velocity is zero at x = 0 for any value of the time t.
When this is translated into the language of the χ , q variables,
requiring the vanishing of the normal pressure gradient there,
we get
F1 (q) = F2 (q) = F (q).

[23]. The mathematical complexity of Eq. (27) has made
it impossible, up to now, to get an exact analytic solution
expressible in finite form, that is, a solution that involves
only a finite number of terms. We can only show, as in
Refs. [16,22,23], a solution given by the infinite series,
∞

P̃s (q) = λ1 (q) +

(23)

where
α11
α20
α1 (q) = α10 sinh q +
, α2 (q) =
,
sinh q
sinh q

19

(26)

Using this information, and going back to Eq. (20), together
with Eq. (24), we arrive after some calculations to the following
functional equation for the function P̃s (q):
P̃s (q) = λ1 (q) + λ2 (q)P̃s (q + 2χs ),

(27)

α2 (q) + α2 (q + 2χs )
,
cosh q − α1 (q)
cosh(q + 2χs ) + α1 (q + 2χs )
.
λ2 (q) =
cosh q − α1 (q)

(28)

where
λ1 (q) =

For an ideal gas equation of state (EOS), the denominator
of λ1,2 has no singularities in the complex plane, other than
branch points at s = ±i, where i is the imaginary unit.
This peculiarity explains the late time decay of the pressure
perturbations, as will be discussed in the next section. For
other substances, with nonideal EOS, the previous functional
equation and its solutions have been briefly studied in the
context of spontaneous acoustic emission of sound waves

n−1

λ1 (q + 2nχs )
n=1

λ2 (q + 2j χs ). (29)
j =0

Equation (29) is a particular solution to Eq. (27). Besides, it can
be easily shown that the solution of the homogeneous equation
must be identically zero for an ideal gas EOS. Therefore,
Eq. (29) is the correct solution of the functional equation.
All the information about the perturbation fields (pressure,
velocity, etc.) of the whole compressed fluid can be obtained
from the above solution for P̃s . Indeed, getting P̃s as a function
of the Laplace variable q [or, equivalently, p̃s (τ ) in the domain
of the real time τ after a standard Laplace inversion] gives us
complete information on the shock perturbation dynamics.
Furthermore, knowing P̃s at the shock front allows us to
know P̃ at any other surface χ and hence in the whole fluid
downstream. As will be seen below, not only information on
the irrotational sound waves but also the exact information
about the asymptotic, steady-state, rotational velocity fields
is also contained inside P̃s . Unfortunately, in order to get
that amount of information, it is necessary to deal with the
functional equation Eq. (27) above, which does not admit, to
our knowledge, an exact solution expressible in finite terms.
The particular solution shown in Eq. (29) and the iterative
process described later are the only ways to analytically deal
with it. No other solution, so far, except Eq. (29), can be shown
at the moment. The number of factors that compose each of
the products increase with the index inside the summation.
In general, this should be important only for very critical
situations at high compressions and with fluids with γ very
near unity. Nevertheless, we can show approximate solutions
to the functional equation, which provide us with very accurate
results for the asymptotic velocities, even in situations where
high compression effects dominate, at the expense of not
approaching the boundary γ = 1 which would require the
infinite terms in the sum.
2. Free surface

The free surface boundary condition in the context of RMlike flows was considered for the first time in Ref. [17] as a
particular case of the Riemann problem in a fluid. This situation
can be handled also within the formalism presented here by
choosing the appropriate relationship between the pressure
auxiliary functions F1 and F2 , as briefly discussed in Ref. [16].
The boundary condition at x = 0 consists in requiring the
vanishing of the piston pressure fluctuations: p̃(x = 0,t) = 0.
In the language of the variables χ , q, this is fulfilled if we
require
F1 (q) = −F2 (q) = F (q).

(30)

Correspondingly, the shock pressure perturbations Laplace
transform also satisfies a functional equation, identical in form
to Eq. (27) but with different functions λ1 and λ2 . We write
below the corresponding functions λ1,2 that guarantee the free
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surface boundary condition as follows (we correct here a typo
in Eq. (44) of Ref. [16]):
α2 (q) − α2 (q + 2χs )
,
cosh q − α1 (q)
cosh(q + 2χs ) + α1 (q + 2χs )
.
λ2 (q) = −
cosh q − α1 (q)

λ1 (q) =

the functional equation. As a general rule, we see that the
expansion shown in Eq. (32) is good up to M1 ≈ 1.4. Adding
a few more terms would not increase accuracy significantly
because of the very slow speed of convergence.

(31)
2. Strong shock limit

E. Useful approximations to Eq. (27)

Certainly Eq. (29) is the only exact solution known to date
for Eq. (27). Its predictions have been compared successfully
with the results of the linear simulations of Ref. [24] some time
ago [16]. However, as it is expressed by an infinite series of
very complicated terms (an iterative process to get its value is
also possible, see Ref. [16]), it is much more convenient to have
approximate analytical expressions that are easier to handle,
valid at least in different limits of physical relevance: weak or
strong shocks or high compression limits. The discussion that
follows is general and holds for both boundary conditions at
the piston. We start with the weak shock regime.

The expansion used in Eq. (32) is good for weak shocks,
because integer powers of 1/ sinh χs become very small in this
regime. The expansion shown in Eq. (32) is not practical for
stronger shocks (typically M1  1.5). We can circumvent this
difficulty by solving the functional equation in an approximate
way by iterating it one time, as was done numerically
in Ref. [16]. The iterated solution then may be expanded
analytically in powers of 1/M1 for sufficiently strong shocks
and the solution thus obtained compared with the complete
solution given by the whole series implied in Eq. (29). The
idea was proposed in Ref. [16], even though it was never used
to get approximate analytical estimates in this limit. We first
solve Eq. (27) for q  χs and obtain a seed function P̃s[0] (q)
as follows:

1. Weak shock limit

We need an expression for P̃s (q = χs ). It is not difficult
to see that the solution to Eq. (27) can always be formally
expanded as a Laurent series in powers of s = sinh q in the
following form:
P̃s (q) =

p̃s1
p̃s3
p̃s5
+ 4 + 6 +O
2
s
s
s

1
s8

,

Results

P̃s[0] (q) =

(33)

and iterate upon it, using Eq. (27), thus getting an improved
estimate of the pressure as follows:
P̃s[1] (q) = λ1 (q) + λ2 (q)P̃s[0] (q + 2χs ).

(32)

for arbitrarily large values of s = sinh q. The coefficient p̃s1
is essentially the first time derivative of p̃s (rs ) as a function
of the dimensionless time rs and the other coefficients will be
related to higher-order time derivatives of the shock pressure
perturbations at t = 0+. The values of p̃s1 , p̃s3 , and p̃s5 . . . can
be obtained by direct substitution inside Eq. (27) and equating
equal powers of 1/s. Once we have them, we substitute s =
sinh χs into the last equation above to obtain the value of
P̃s (χs ). The resulting expression has to be expanded in powers
of M1 − 1 and we get the desired formula in the weak shock
limit. This will be done in the next section when studying the
asymptotic velocities. The number of coefficients that must be
included in each case depends on the order of accuracy we
want to achieve with this particular expansion. Retaining only
the first coefficient (p̃s1 ) gives a result that is accurate to the
third order in M1 − 1 (for the rigid piston asymptotic tangential
velocity). Retaining the following term will give a result which
is accurate up to the fourth order and so on. For the free
surface, instead, it will be seen that the first coefficient gives
an asymptotic velocity which is accurate only up to first order
in M1 − 1. Retaining p̃s3 will be accurate up to second order
and so on. Getting p̃sj for larger values of index j is tedious and
not useful, because 1/ sinh χs increases fast when the shock
Mach number increases. Expansions like Eq. (32) are useful
inside their circle of convergence which might decrease very
fast for moderate to strong shocks. Those limited expansions
are useful only for very weak shocks. As we cannot easily
get the general term psj in analytical form in order to apply
usual convergence tests, we can only compare the prediction
of the first few terms with the exact solution obtained from

λ1 (q)
,
1 − λ2 (q)

(34)

This approximate choice gives enough accuracy for strong
shocks if γ is not very near unity. If the fluid becomes
very compressible, more iterations will be needed, because
in that limit, sound reverberations are more important, which
is manifested here in a significant number of shifts inside the
argument of P̃s . When evaluating the asymptotic velocity at
the piston surface, we only need to substitute q = χs inside
the result given in Eq. (34) above and expand in powers of
1/M1 . This procedure will be done in the next section when
studying the rigid piston and free surface asymptotic velocities
separately.
F. Vorticity generated by the corrugated shock front

As the corrugated shock starts to move inside the fluid,
tangential momentum must be conserved at both sides of
the shock wave [19]. Because of this, a tangential velocity
perturbation is created just behind the shock, according to
Eq. (9) [3]. As discussed in previous works [16,20], the
velocity field behind the shock is the superposition of two
different fields: an irrotational part, created by the pressure
gradients radiated in the form of sound waves downstream,
and a rotational part, only created at the shock, due to the
conservation of the tangential velocity. In fact, the amount
of vorticity created at the corrugated shock can be easily
calculated taking into account this fact. The details are the
same whether the shock is isolated, as in Ref. [20], or not, as is
the case here. We briefly review the derivation of the vorticity
profile in order to settle the notation to be used in the next
section. In a planar problem we are only concerned with the ẑ
component of the vorticity. The ẑ component of the vorticity
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is defined by the following:
∂δvy
∂δvx
−
,
δω =
∂x
∂y
which in dimensionless form is as follows:
δω
∂ ṽ
ω̃ =
+ ũ sin ky.
=
kc2
∂ x̃

(35)

Vorticity only can be generated behind the front. The second
term in the right-hand side of the last equation (ũ) can be easily
calculated by using Eq. (7). The first term has to be calculated
from Eq. (9). To this scope, we take the total time derivative
of Eq. (9) following the shock in its trajectory [15,20]. After
some algebra, we get the final result,
ω̃ = g(x̃) sin ky, g(x̃) =  p̃s rs =

x̃
sinh χs

,

Ay As − 1
M2

 2
2 
M1 − 1
2γ M12 − γ + 1
=

3/2 .
M12 (γ − 1)M12 + 2

When the shock front is still near the piston, the influence of the
pressure waves reverberating inside the fluid gives rise to the
irrotational part of the velocity. As the shock separates and its
distance to the piston is larger than a perturbation wavelength,
the shock ripple decreases as does the pressure field. Hence,
the irrotational velocities tend to zero and the steady state,
asymptotic contribution (the rotational part) emerges. As
discussed in Ref. [16], the late time velocity components
satisfy the ordinary differential equations as follows:
d 2 ur
− ur = −g(x̃),
d x̃ 2
d 2 vr
− vr = g  (x̃).
d x̃ 2

(37)

As ω̃ is not time dependent, the rotational velocity field
associated to it does not depend on time either and is the
only velocity perturbation that remains in the fluid when the
shock moves very far from the piston. In fact, when the shock
is still very near the piston surface, its ripple oscillates and
radiates sound waves which modify the velocities. However,
when the shock is very far, the pressure perturbations would
have entered the asymptotic regime, becoming vanishingly
small, and then the steady-state velocity profile emerges (given
by the rotational part of the velocity field).

Both equations can be integrated with the Laplace transform
technique, multiplying both sides by exp(−σ x̃) and integrating
in the interval 0  x̃ < ∞. We only show the final result for
the function ur as follows:
ur e−σ x̃ d x̃

0

=

σ up − vp −  sinh χs P̃s (s = σ sinh χs )
,
σ2 − 1

∂ 2 ṽx
∂ 2 ṽx
=
− ṽx + g(x̃),
∂τ 2
∂ x̃ 2
(38)
∂ 2 ṽy
∂ 2 ṽy

=
−
ṽ
−
g
(
x̃),
y
∂τ 2
∂ x̃ 2
where g  (x̃) is an abbreviated form indicating the derivative
dg/d x̃ in the last equation. As discussed in Ref. [20], the
solution to the previous equations is the superposition of a
rotational and an irrotational part,
(39)

(41)

where up is the normal velocity (for t → ∞) and vp is the
asymptotic tangential velocity, both evaluated at the piston
surface. An index “p” is always used to indicate that the
corresponding quantity is evaluated at the piston surface. It
is noted that P̃s (s = σ sinh χs ) in Eq. (41) above is understood
with P̃s as a function of the Laplace variable “s” and not
of “q = sinh−1 s.” The main objective of this work is to
characterize both piston velocities in the two cases of rigid
and free surface boundary conditions. As the function ur is
finite everywhere, the Laplace transform Ur must be finite for
σ = 1. This means that the numerator in the previous equation
must vanish for σ = 1. Hence, the characteristic equation that
determines the asymptotic velocities at the piston surface is
equal to the following:
up − vp =  sinh χs P̃s (q = χs ).

After some algebra, the linearized equations of motion
[Eqs. (10)–(12)] can be combined into wave equations for
the velocity components as follows:

ṽy = vr (x̃) + virr (x̃,t).

∞

Ur (σ ) =

G. Velocity fields generated behind the corrugated fronts

ṽx = ur (x̃) + uirr (x̃,t),

(40)

(36)

where it is seen that vorticity is only a function of the position
of the particle and does not change in time (because no
dissipative processes are assumed, in the absence of viscosity).
Furthermore, the amount of vorticity generated at position x
depends on the value of the shock pressure perturbation at the
time the shock arrived to that position in space. The quantity
 is dependent on the compressibility of the fluid and on the
shock strength and can be seen to be equal to the following:
 = Ax +

21

(42)

The equation above is the unique and exact contact surface
boundary condition to be used in any RM-like problem when
we want to determine the tangential and normal asymptotic
velocities at the piston (or contact surface in the more
general RM problem with two fluids). It becomes clear that
both velocities are never independent of each other. For the
boundary conditions considered in this work, their difference
is proportional to an integral of the pressure perturbations at
the shock front during its whole time history (or, equivalently,
to a special space average of the vorticity profile generated by
the shock). The value of up − vp is strongly influenced by the
compressibility of the gas and the shock strength. Each case,
rigid or free surface, deserves a separate discussion and the
study of the previous equation for different values of γ and
M1 is done in the following section.
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III. ASYMPTOTIC VELOCITIES: WEAK AND STRONG
SHOCK LIMIT EXPANSIONS

Within the range of validity of the linear theory (that
is, when the initial amplitude of the surface corrugation is
very small compared to the corrugation wavelength), the
conservation of tangential momentum across the shock is
the mechanism responsible for generating tangential velocity
perturbations behind the front which in turn drive a lateral
mass flow [14]. This transverse mass flow is essential to create
a modulated pressure perturbation profile just after the shock
front which radiates downstream in the form of sound waves
(see Fig. 1). These pressure fluctuations evolve in the whole
fluid between the shock front and the piston thus inducing
an irrotational velocity field everywhere, which is time and
space dependent. Besides creating the sound-wave field, the
conservation of tangential momentum across the shock wave
is also responsible for generating vorticity. If viscosity is
negligible, this vorticity field is conserved in the fluid elements
and becomes an important ingredient to correctly describe
the asymptotic evolution of the velocity field, even more so
in the high-compression limit. In fact, as will be discussed
later, vorticity generation is more important for strong shocks
and for fluids with high compressibility. Then, as the shock
travels farther from the piston surface, the velocity field that
develops in the whole fluid downstream can be decomposed as
the sum of an irrotational component (due to the fluid pressure
fluctuations) and a rotational part (due to the vorticity created
just behind the shock, that is, the divergence free perturbation
mode commented in Refs. [13,14]). As is known, a shock
moving inside an ideal gas is stable [23]; this means that
pressure perturbations downstream of the shock will be zero
for t → ∞. The shock becomes planar after it has traveled
several wavelengths from the piston. Therefore, asymptotically
in time, as the shock regains its planar shape and the pressure
field becomes vanishingly small, the fluid elements do not
experience any more accelerations due to the sound waves and
the asymptotic velocity field becomes steady. While the shock
is still near the piston, the sound waves radiated by the shock
reflect at the piston and go back to the shock surface. Thanks
to this reflection, the shock knows about the conditions on the
piston and, hence, consistently modifies the amount of vorticity
that is being continuously generated. The process repeats itself
as long as the shock travels away. We might expect a different
kind of solution to the velocity field, depending on whether
the piston is rigid. It is the main purpose of the work shown
here to obtain analytical approximations to the asymptotic
velocity field near the piston surface in two important kinds
of RM-like flows inside ideal gases: when a shock is driven
by a rigid piston and when it is driven by a free surface.
Even though they are the simplest cases to be considered for
a single shock moving inside a fluid, the mathematical details
are cumbersome and, therefore, they need some explanation
and will be provided later.

A. Rigid piston

For a rigid piston, we have δvx (x = 0) ≡ δvxp = 0. Hence,
we need only to determine the asymptotic tangential velocity at x = 0. From Eq. (42) we need the value of

P̃s (q = χs ),


δvyp 
vp =
= − sinh χs P̃s (χs ),
kψ0 c2 τ →∞

(43)

where it is understood that δvyp ≡ δvy (x = 0). From dimensional arguments, we can always write the following
relationship:
vp = F(γ ,p1 ,p2 ),

(44)

where the function F is an unknown function that must be obtained after solving the equations of motion with the boundary
conditions. It is clear that F is dimensionless. Hence, according
to the standard procedure in dealing with dimensional analysis
[28], we can substitute it by a dimensionless function of
dimensionless parameters. It is clear that p2 /p1 is a function
of γ , M1 . Hence, the governing dimensionless parameters are
γ and M1 . Therefore, we write the previous relationship in the
following form:
vp = f (γ ,M1 ),

(45)

for some dimensionless function f . The exact calculation of
f in the range 1  M1 < ∞ for any value of γ can be
accomplished by means of the infinite series provided by
Eq. (29) and the definitions of Eq. (28). For weak shocks, the
first term will be enough and as the shock strength increases,
more terms are needed. In Fig. 2 we show δvyp at the piston,
in units of kψ0 c2 , as in Eq. (43) above. The infinite sum
displayed in Eq. (29) has been used and the number of terms
used was varied according to the values of M1 and γ until
four significant digits were assured. We would be tempted to
assume complete similarity, as is usual in dimensional analysis
[28], and eliminate, for example, the Mach number M1 as an
argument of the function f for very strong shocks and hence
infer that the function f is only dependent on γ for M1  1.
The validity of this assumption can be confirmed by looking
at Fig. 2 in the strong shock limit. In Fig. 3 we show the same

FIG. 2. (Color online) The tangential velocity δvyp at the rigid
piston surface when the shock is very far away as a function of the
shock Mach number M1 for different values of γ . The perturbation
velocity is normalized in units of kψ0 c2 .
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from Eqs. (4), (15), and (37) the following:
√
(−5 + 3γ ) M1 − 1
1
∼
+
sinh χs = √ √
√
2 M1 − 1
4 2(γ + 1)
(21 − 38γ + 5γ 2 )(M1 − 1)3/2
−
√
32( 2(γ + 1)2 )
+ O[(M1 − 1)5/2 ],
8(γ − 1)(M1 − 1)3
4(M1 − 1)2
−
∼
=
γ +1
(γ + 1)2
2
(29 − 30γ + 5γ )(M1 − 1)4
+
+ O[(M1 − 1)5 ].
(γ + 1)3
(49)

FIG. 3. (Color online) The tangential velocity δvyp at the rigid
piston surface when the shock is very far away as a function of the
shock Mach number M1 for different values of γ . The perturbation
velocity is given in units of kψ0 c1 .

tangential velocity δvyp as a function of M1 for different values
of γ but in units of kψ0 c1 . This requires us to multiply the result
of Eq. (43) by the ratio c2 /c1 given in Eq. (3). We see that all
the curves are parallel straight lines for strong shocks in the
logarithmic plot. This means that the dimensional velocity δvyp
is proportional to the shock speed D at high-enough values of
M1 . The proportionality factor is dependent on the nature of
the fluid and will be estimated soon below in the strong shock
limit as a function of γ . In the following subsections, Eq. (43)
will be studied in the different relevant physical limits of very
weak and very strong shocks. The scaling seen in Fig. 3 at high
values of M1 can be easily deduced from the scaling obtained
in Fig. 2. In fact, we have written above the following:

δvyp 
= f (γ ,M1 ),
(46)
kψ0 c2 τ →∞

For the value of P̃s (χs ) we go to Eq. (32), substitute s =
sinh χs , and use the coefficients p̃s1 , p̃s3 , and p̃s5 . These
coefficients have to be obtained directly from the functional
equation [Eq. (27)] and expand up to order 5 in powers of
M1 − 1. We only show the final results, as writing explicitly
the analytical formulas for psj is actually very lengthy and
does not clarify the physics much more here. We thus write
for vp the following:

δvyp 
8(M1 − 1)3
∼
vp =
=
kψ c 
(γ + 1)2
0 2 M1 −11

(25 − 39γ )(M1 − 1)4
(γ + 1)3
(71 − 190γ + 123γ 2 )(M1 − 1)5
+
+ O[(M1 − 1)6 ].
(γ + 1)4
(50)
+

We can also express the tangential velocity in units of kψ0 D,
which amounts to multiplying the above result by c2 /D,

δvyp 
8(M1 − 1)3
∼
=

kψ0 D M1 −11
(γ + 1)2
(−31γ + 1)(M1 − 1)4
(γ + 1)3
2
4(17γ − 8γ + 7)(M1 − 1)5
+
(γ + 1)5
+ O[(M1 − 1)6 ],
(51)
+

for some dimensionless function f . For very strong shocks,
we know that M1  1 is not a relevant parameter and hence
f (γ ,M1  1) ≡ g1 (γ ),

(47)

for some dimensionless function g1 . Besides, it is easy to
see from Eq. (3) that c2 ∝ c1 M1 in the strong shock limit.
Therefore, upon substitution in the equations above, we get
for the asymptotic velocity at the piston surface


δvyp 
δvyp 
<
∝ M1 .
(48)
c2 τ →∞
c1 τ →∞
If γ = 1, from Eq. (3) we see that c2 = c1 , which explains the
behavior observed in Figs. 2 and 3.
1. Weak shock regime (M1 − 1  1)

The weak shock limit is interesting, as it requires the simplest mathematical description and is more easily accessible
in laboratory experiments [5]. For very weak shocks, we get

or in units of kψ0 U , after multiplying Eq. (50) by c2 /U ,

δvyp 
2(M1 − 1)2
∼
=

kψ0 U M1 −11
γ +1
(−19γ + 13)(M1 − 1)3
4(γ + 1)2
2
47γ − 146γ + 63
+
(M1 − 1)4
8(γ + 1)3
+

+O[(M1 − 1)5 ].

(52)

In Fig. 2 we have only shown the envelope of the above
equation for γ = 1 with the velocity normalized with c2 . In
Fig. 4 we show δvyp in units of kψ0 U for three different
gases with γ equal to 7/5, 5/3, and 3. Weak shock asymptotic
expansions [Eqs. (50)–(52)] are shown superposed to the exact
curves.
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proportional to the shock speed and the proportionality factor
is a function of γ . In the ideal limit of γ → 1, this factor equals
unity. The limiting behavior for γ = 1 at very strong shocks
can be easily inferred from Eq. (27). At first we note that for
γ ≡ 1 and M1  1 it is as follows:
M3
∼
= 1 +O
2

1
M12

,

∼ 1 +O
sinh χs =
M12

1
M13

.

(53)

The value of P̃s (q = χs ) needs to be obtained from the
functional equation again. In this limit, we see that sinh χs ≈ 0,
hence it is enough to compute P̃s (0). The functions λ1 and λ2
must be evaluated at sinh q = 1/M1 . Going back to Eq. (31)
and expanding in powers of 1/M1 we obtain the following:
4
λ1 ∼
,
=−
M1
λ2 ∼
= −1,
FIG. 4. (Color online) The tangential velocity δvyp in units of
kψ0 U at the rigid piston surface when the shock is very far away as
a function of the shock Mach number M1 for different values of γ .
The weak shock asymptotic from Eq. (52) is shown.
2. Strong shock limit (M1  1)

In this other regime, the plots look apparently different
depending on the normalization used. When using c2 as a
characteristic velocity, we see from the strong shock behavior
that the curves tend to a constant for M1  1, with the limiting
value being a function of γ . If we use c1 as the normalization
velocity, the plots look like straight parallel lines in the double
logarithmic plot. This means that the asymptotic velocity is

which gives, after substitution into Eq. (43),
ṽp (γ = 1,M1  1) ∼
= M1 .

(55)

For other realistic values of γ > 1, the asymptotic velocity
at the piston is always proportional to D for strong shocks
(typically for M1 > 3). The proportionality factor depends on
γ and can be calculated with an appropriate expansion in
powers of 1/M1 . We change the normalization velocity from
c2 to D and make an expansion in powers of 1/M1 for each
factor that enters into the formula for ṽp . Actually, it is enough
to calculate the limiting values of these expressions in the limit
M1  1. We show each factor separately as follows:

√

2γ
1
,
+O
(γ − 1)3/2
M12

1
γ −1
sinh χs ∼
,
+O
=
γ +1
M12
∼
=

(54)

(56)


4
3
2
+
165γ
−
253γ
+
95γ
−
1)
γ2 − 1
2(γ
−
1)(2γ
P̃s (χs ) ∼
.
=−
5
4
3
2
(2γ − 1)(γ + 291γ − 476γ + 228γ − 29γ + 1)
We show the strong shock limit of the tangential velocity at the piston, in units of kψ0 c2 , kψ0 D, and kψ0 U , respectively,


4
3
2
δvyp 
+
165γ
−
253γ
+
95γ
−
1)
2γ
2(2γ
∼
,
=
kψ0 c2 M1 1
(2γ − 1)(γ 5 + 291γ 4 − 476γ 3 + 228γ 2 − 29γ + 1) γ − 1

δvyp 
4γ (2γ 4 + 165γ 3 − 253γ 2 + 95γ − 1)
=
,

kψ0 D M1 1
(γ + 1)(2γ − 1)(γ 5 + 291γ 4 − 476γ 3 + 228γ 2 − 29γ + 1)

δvyp 
2γ (2γ 4 + 165γ 3 − 253γ 2 + 95γ − 1)
.
=
kψ0 U M1 1
(2γ − 1)(γ 5 + 291γ 4 − 476γ 3 + 228γ 2 − 29γ + 1)
In Fig. 5 we show δvyp /(kψ0 U ) as a function of M1 and the
results are compared with the strong shock limits given in
Eqs. (57)–(59).

(57)
(58)
(59)

B. Free surface

In this case, we require the vanishing of the piston pressure
perturbations at any time. By looking at Eq. (12), we realize
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FIG. 7. (Color online) The normal velocity δvxp at the rigid
piston surface when the shock is very far away as a function of the
shock Mach number M1 for different values of γ . The perturbation
velocity is normalized in units of kψ0 c1 .
FIG. 5. (Color online) The tangential velocity δvyp in units of
kψ0 U at the rigid piston surface when the shock is very far away as
a function of the shock Mach number M1 for different values of γ .
The strong shock asymptotic from Eq. (59) is shown.

that the piston tangential velocity does not change in time and
hence δvyp = ṽs0 kψ0 c2 . Thus the boundary condition relating
the normal and tangential velocities at the piston [Eq. (42)]
now reads as follows:

δvxp 
up =
= ṽs0 +  sinh χs P̃s (q = χs ).
(60)
kψ0 c2 τ →∞
The value of P̃s has to be evaluated from Eq. (29) and the
functions must be defined in Eq. (31). In Fig. 6 we plot the

FIG. 6. (Color online) The normal velocity δvxp at the rigid
piston surface when the shock is very far away as a function of the
shock Mach number M1 for different values of γ . The perturbation
velocity is normalized in units of kψ0 c2 .

value of up as a function of the shock Mach number M1 for
different values of the adiabatic exponent γ . The same is done
in Fig. 7, but the normalization velocity used here is c1 instead
of c2 . Very high values of γ have been included as case studies
in Figs. 6 and 7. Even though these values do not correspond to
ideal gases, it is known that high values of γ are used to roughly
model substances in liquid or solid state. At a given value of
M1 , the dimensionless velocity δvxp /(kψ0 c1 ) increases at first
as γ decreases from higher values, reaching a maximum value
at some lower γ to later decrease as γ → 1. The curious
result is that for the ideal case of γ = 1, the dimensionless
asymptotic velocity tends to π/2 in the strong shock limit.
This last result was derived for the first time in Ref. [18],
when studying the physics of corrugated shocks driven by
an ablation surface. Here we confirm that prediction in the
limit of highly compressible fluids and very strong shocks.
To reach this limit, the number of terms used in Eq. (29)
is very high, above 100 terms inside the summation, and the
number increases further as M1 is increased. For this particular
case, the solution found for the functional equation is very
slowly convergent, as high-order shifts are needed to increase
accuracy. This is due to the fact that in the ideal case of γ ∼
=1
and M1  1, the shock and the piston travel essentially at
the same speed and it may take an almost infinite amount of
time for the shock to separate from the piston. Hence all the
infinite reverberations are important to describe the pressure
field between both surfaces. This is mathematically equivalent
to include higher and higher-order shifts in multiples of 2χs
inside the arguments of the functions λ1 and λ2 . As discussed
for the rigid piston situation, a similar dimensional analysis
leads us from the scaling shown in Fig. 6 to Fig. 7. It is enough
to change δvyp for δvxp . In the strong shock limit we get, from
Fig. 6 the scaling
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FIG. 8. (Color online) Normal velocity perturbation at the free
piston surface in units of kψ0 U for three different values of γ (7/5,
5/3, and 3) as a function of the shock Mach number M1 . Also shown
are the asymptotic limits for weak shocks as explained in the text.

for some dimensionless function g2 . As c2 ∝ M1 c1 in the
strong shock limit, it follows the proportionality seen in Fig. 7
in the strong shock regime. When γ = 1, the independence of
δvxp on M1  1 follows directly from Eq. (61) and the fact
that c2 = c1 as deduced from Eq. (3).
As we have done in the previous subsection, we now discuss
the limit of weak shocks.
1. Weak shock regime (M1 − 1  1)

For very weak shocks, we use the same scalings as in
Eq. (53). However, P̃s (q = χs ) has a different behavior with
respect to γ and M1 . The values of p̃s1 , p̃s3 , and p̃s5 for this
case are calculated from the corresponding functional equation
for the shock pressure perturbations in the free surface case
(Figs. 8 and 9). We expand them in powers of M1 − 1, use the
formulas shown in Eq. (49), and substitute into Eq. (60) and
write the following:
up (M1 − 1  1)

δvxp 
4(M1 − 1) (−10γ + 6)(M1 − 1)2
∼
+
=
=
kψ0 c2 M1 −11
γ +1
(γ + 1)2
+

(26γ 2 − 36γ + 2)(M1 − 1)3
+ O[(M1 − 1)4 ]. (62)
3(γ + 1)3

We also show the expansion for the same velocity but in units
of kψ0 D as follows:

2
δvxp 
∼ 4(M1 − 1) − 6(M1 − 1)
=

kψ0 D M1 −11
γ +1
γ +1
+

8γ (M1 − 1)3
+ O[(M1 − 1)4 ].
(γ + 1)2

FIG. 9. (Color online) Normal velocity perturbation at the free
piston surface in units of kψ0 U for three different values of γ (7/5,
5/3, and 3) as a function of the shock Mach number M1 . Also shown
are the asymptotic limits for strong shocks as explained in the text.

the fluid velocity M1 − 1, for very weak shocks, as does
the compressed fluid velocity in that limit. Therefore, it
may be useful to rewrite the previous formula using U as
the normalization velocity. From the above equation, after
multiplying by c2 /U and expanding up to third order, we
obtain the following:

δvxp 
2(M1 − 1)2
∼
+ O[(M1 − 1)3 ].
1
−
=
kψ0 U M1 −11
3(γ + 1)

(64)

We see that all the curves start from unity at M1 = 1,
which means that for weak shocks it is δvxp ∼
= kψ0 U and
the approximation is not too bad up to shocks of moderate
strength. The scaling changes drastically for very strong
shocks, similarly to what happened with the tangential velocity
for the rigid piston situation. As the shock strength increases,
the normal velocity perturbation is no longer proportional to
U but becomes proportional to D. This behavior is shown in
the following subsection.
2. Strong shock regime (M1  1)

We proceed similarly as with the rigid piston. We only need
to calculate the corresponding value for P̃s (q = χs ). We get
the following:

(63)

This scaling differs from the scaling found in the weak shock
limit of the rigid piston for the tangential velocity. From
Eq. (62), we see that the normal velocity is proportional to
053007-11

P̃s (χs ) ∼
=−
×


γ2 − 1
γ (2γ + 1)
122γ 4 − 227γ 3 + 139γ 2 − 25γ − 1
.
144γ 4 − 239γ 3 + 115γ 2 − 13γ + 1

(65)
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∼ √2/[γ (γ − 1)]. Collecting
We use  and sinh χs from Eq. (56). The asymptotic value of the initial tangential velocity is ṽs0 =
these results together, we obtain the desired asymptotic limit as follows:

√
δvxp 
8(3γ − 1)(12γ 2 − 15γ + 5) 2γ (γ − 1)
∼
.
=
kψ0 c2 M1 1
(2γ − 1)(144γ 4 − 239γ 3 + 115γ 2 − 13γ + 1)
The previous expansion of the velocity δvxp can also be expressed in units of kψ0 D as follows:

δvxp 
16γ (γ − 1)(3γ − 1)(12γ 2 − 15γ + 5)
∼
,
=

kψ0 D M1 1
(γ + 1)(2γ − 1)(144γ 4 − 239γ 3 + 115γ 2 − 13γ + 1)
or, in units of kψ0 U ,


δvxp 
8γ (γ − 1)(3γ − 1)(12γ 2 − 15γ + 5)
∼
.
=

kψ0 U M1 1
(2γ − 1)(144γ 4 − 239γ 3 + 115γ 2 − 13γ + 1)

IV. ASYMPTOTIC VELOCITIES: APPROXIMATE
FORMULA FOR ANY SHOCK STRENGTH

In the previous section we have shown the asymptotic limits
of the piston velocities either for rigid or free surfaces in
the limits of weak and strong shocks. The main conclusion
of Sec. II is that at any surface driving a corrugated shock,
asymptotically in time, normal and/or tangential velocity
perturbations develop on it. These velocities are, in some
cases, accessible to experimental measurement or numerical
calculation, which makes them an exquisite tool with which
to test the theoretical models used to describe the particular
problem under study. Therefore, they become an important
quantity for research in the domain of HEDP. This is the
main reason why analytical models that study hydrodynamic
perturbations from first principles, like the calculations shown
here, are relevant. In Sec. II we have arrived at the conclusion
that the normal and tangential velocity components at the
piston are always related in the way shown in Eq. (42). This
is the unique boundary condition to be asked at any “passive”
surface like the piston in the problems considered here. The
relationship between δvxp and δvyp expressed in Eq. (42) is
not trivial and not evident a priori. In fact, we have had to
develop the whole perturbation theory for the shock and the
downstream profiles in order to arrive at it. Equation (42)
is the only correct boundary condition to be applied at any
“passive” surface driving a shock if we want to successfully
calculate those velocities in any range of shock strengths or
fluid compressibilities. In this work, we have concentrated
on a single fluid, inside which a single shock is moving, as
the calculations are simpler and serve as a starting step to
the more complex problem of two fluids. The weak shock
expansions shown in Eqs. (50)–(52) for the rigid piston case
and Eqs. (62)–(64) for the free surface case are valid for Mach
numbers below approximately 1.4. To go further we would
need a larger number of coefficients (p̃s7 , etc.) inside the
expression of P̃s (χs ), which makes this expansion not practical
for M1 > 1.4 and it probably could not go much beyond
that. On the opposite side, for very large Mach numbers, we
have obtained the limiting values of the velocities, which are
functions of γ , as given in Eqs. (57)–(59) for the rigid piston
and Eqs. (66)–(68) for the free surface problem. The question
that remains to be answered is as follows: What can we say

(66)

(67)

(68)

for the range of moderate strength shocks, that is, inside the
very important interval 1.4 < M1 < ∞. Interpolating between
the asymptotic expansions certainly could be a way, but
the formulas so obtained might not respect the physics that
underlies the perturbation dynamics in that range. Fortunately,
the function [Eq. (34)] suggested in Sec. II is a very good
estimate for the shock pressure function P̃s for not very
compressible gases at any M1 value. This requires us to use
γ > 1.1 as a constraint. If we want to study lower values of
γ , more iterations should be performed. Therefore, we can
write approximate and accurate formulas for the asymptotic
velocities under these restrictions. We have, for the rigid piston
tangential velocity at the piston,



δvyp
λ1 (3χs )
,
= − sinh χs λ1 (χs ) + λ2 (χs )
kψ0 c2
1 − λ2 (3χs )
(69)
where λ1 (q) and λ2 (q) for the rigid piston case are given in
Eqs. (28). For the free surface, the approximate expression for
the asymptotic normal velocity at the piston is given by the
following:



δvxp
λ1 (3χs )
,
= ṽs0 +  sinh χs λ1 (χs ) + λ2 (χs )
kψ0 c2
1 − λ2 (3χs )
(70)
where ṽs0 = δvys (0+)/(kψ0 c2 ) is the dimensionless initial
tangential velocity created between the shock and the piston
at t = 0+. The functions λ1 (q) and λ2 (q) that enter the last
equation for the free surface case are given in Eq. (31). In
Fig. 10 we compare the predictions of Eq. (69) with the exact
result for the rigid piston case for three values of γ . The same
is done with Eq. (70) for the free surface case in Fig. 11.
To summarize the discussion of the past two sections, we
may add that the results of the expansions of Sec. III are
easy to use, without any sophisticated software, and could be
ideally implemented with a pocket calculator, when needed, as
they involve polynomial expressions in M1 − 1, or 1/M1 , and
rational expressions of γ . However, the approximate formulas
given in Eqs. (69) and (70) need at least a symbolic software
like MATHEMATICA or MAPLE in order to define all the quantities
given in Sec. II, as a function of shock strength M1 and fluid
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FIG. 10. (Color online) Comparison of the exact and approximate values [according to Eq. (69)] of the piston tangential velocity
perturbation as a function of the shock Mach number.

isentropic exponent γ in order to define the functions λ1 and
λ2 , which is necessary to get the asymptotic velocities.
V. FREE SURFACE NORMAL VELOCITY
DEPENDENCE ON γ

To see the absolute dependence of δvxp on γ , we show
the normal velocity in units of vc kψ0 , where the characteristic

FIG. 12. (Color online) Normal velocity perturbation at the
piston normalized with vc as a function of γ for different values
of M1 .

√
velocity vc = p1 /ρ1 , in Fig. 12. In this way, there is no
dependence on γ for the factor we use to normalize the
perturbation velocity. We see in Fig. 12 that at any given value
of M1 the normal velocity reaches a maximum value for some
value of the isentropic exponent which we indicate with γm .
We also show the curves (dashed) that represent the asymptotic
expansion of δvxp /(kψ0 vc ) in powers of 1/γ . This expansion
is given in Eq. 71 as follows:



2 M12 − 1 1
δvxp 
∼
=
kψ0 vc  γ 1
M1
γ 1/2
1
−72M111 + 84M19 − 32M17 + 4M15

× 205M112 − 559M110 + 628M18 − 390M16
+

 1
+ 141M14 − 27M12 + 2 3/2 .
γ

FIG. 11. (Color online) Comparison of the exact and approximate values [according to Eq. (70)] of the free surface normal velocity
perturbation as a function of the shock Mach number.

(71)

In Fig. 13 we show the dependence of γm on M1 . We note that
there is a maximum value for γm , equal to γmmax = 2.822 . . . ,
reached at M1  1. In Fig. 14 we show the maximum value of
the normal velocity perturbation (δvxpm ), achieved only at γ =
γm as a function of M1 . The curious result, not obvious from
the equations used to obtain it, is that δvxpm scales linearly for
almost any value of M1 > 1, except perhaps very near M1 = 1.
The dashed line in Fig. 14 satisfies δvxpm ∼ 0.724 M1 . For a
given shock Mach number, this is the maximum attainable
perturbation velocity at the piston and for any other fluid with
γ = γm , and the piston velocity perturbation would be smaller
than the value predicted from Fig. 14.
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FIG. 13. (Color online) Value γm of the isentropic exponent for
which the normal velocity perturbation at the piston is the maximum
possible at the given shock Mach number M1 .
VI. SUMMARY

We have presented an analytic model to study the linear
RM-like flow that develops between a corrugated shock and
the piston driving it. Rigid and free surface conditions were
imposed at the left piston surface. Even though the solution to
the wave equation is independent of the equation of state, the

FIG. 14. (Color online) Maximum value of the normal velocity
perturbation at the piston, reached at γ = γm , as a function of the
shock Mach number M1 .

results shown here consider an ideal gas but are not limited
in principle with this constraint. The asymptotic velocities
that develop between both surfaces are strongly dominated
by the vorticity generated at the shock during the whole
time evolution, which is dependent on the shock pressure
perturbations. In the reference frame of the compressed fluid,
these velocity fields are steady state and the perturbations
at the piston reach an asymptotic value when the shock is
far enough. The accurate determination of these velocities
(either tangential or normal to the piston surface) is an
important diagnostic tool, useful for the design of numerical
or real experiments. The results and the method of calculation
developed here constitute the first step of more complex
calculations aimed at deriving explicit analytical expressions
for the classical two-fluid RM instability problem. The main
mathematical difficulty to get the asymptotic velocities at an
arbitrary shock strength or fluid compressibility is represented
by the mathematical complexities of the functional equation
for the shock pressure fluctuations. We cannot avoid dealing
with Eq. (27). It has the information of the perturbation
fields (pressure, velocities, densities, etc.) in the whole space
between the shock and the piston. For all these years we have
been unable to find a closed-form expression for the solution of
that equation and this is the reason why we have to rely either
on approximate expansions at some physical limits (weak or
strong as in Sec. III) or to devise an approximate formula that
describes the whole interval (1  M1 < ∞) in some restricted
domain of the isentropic exponent γ . In fact, in Sec. IV
we see that iterating once on the functional equation allows
us to get at least two-digit accuracy for shocks of arbitrary
strength if we stay above γ > 1.1. As we approach the high
compressibility limit (M1 > 5, γ − 1  1), the shock takes a
longer time to reach its asymptotic planarity and its ripple
makes more oscillations which in turn are responsible for
generating larger vorticity. Equivalently, we could say that
sound-wave production becomes very important as the shock
Mach number increases and the interaction with the piston
surface lasts for a longer time. The effect of this prolonged
interaction is in the final values of the tangential or normal
velocities at the piston, depending on the piston boundary
condition. The advantage of the results of Sec. III is that those
expansions can be easily calculated without any sophistication
in mathematical software. The disadvantage of those results
is that they are limited to M1 < 1.4. The best strategy we
have found for the interval M1 > 1.4 is to use the results of
Eqs. (69) and (70). The agreement between the exact solution
and the approximate ones is very good for almost any shock
Mach number if γ is not very near unity, as can be seen in
Figs. 10 and 11. From dimensional arguments, the scaling
δvxp ,δvyp ∼ D can be seen in the strong shock limit for
both piston boundary conditions. For weak shocks, the useful
scaling δvxp ∼ U is noteworthy in the free surface problem.
Finally, we show here two additional plots, for the rigid and
free surfaces, respectively. In the horizontal axis we plot the
asymptotic velocity at the piston in units of the shock speed and
in the vertical axis we plot the same velocity but in units of the
compressed fluid velocity. These figures have curious shapes
and reveal in qualitative form the complex behavior of the
asymptotic velocities as a function of the shock Mach number.
In Fig. 15 we show this for the tangential velocity at the piston
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FIG. 15. (Color online) Exact tangential asymptotic velocity at
the rigid piston for different ideal gases. The horizontal axis is scaled
with the shock speed and the vertical axis is normalized with the
compressed fluid velocity.

FIG. 16. (Color online) Exact normal asymptotic velocity at the
free surface for different ideal gases. The horizontal axis is scaled
with the shock speed and the vertical axis is normalized with the
compressed fluid velocity.

to obtain useful and accurate analytical expressions for shocks
of arbitrary strength and fluids with arbitrary compressibility.

and all the curves practically overlap each other for the range of
γ values studied. The weak shock limit starts at the point with
coordinates (0,0) and the very strong shock limit asymptotic
is the ending point of each curve. In the plots shown here,
M1 = 100 was used, which was considered enough to reach
the high-compression limit. The same is shown in Fig. 16.
The weak shock limit here corresponds to the point with
coordinates (0,1). All the curves start practically together and
separate when M1 > 1.4 and show a distinctive behavior as
compared to the rigid piston in the strong shock limit.
The results shown here are preliminary calculations before
studying the standard RM instability with two fluids in order
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Analytical scalings of the linear Richtmyer-Meshkov instability when a shock is reflected
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When a planar shock hits a corrugated contact surface between two fluids, hydrodynamic perturbations are
generated in both fluids that result in asymptotic normal and tangential velocity perturbations in the linear
stage, the so called Richtmyer-Meshkov instability. In this work, explicit and exact analytical expansions of the
asymptotic normal velocity (δvi∞ ) are presented for the general case in which a shock is reflected back. The
expansions are derived from the conservation equations and take into account the whole perturbation history
between the transmitted and reflected fronts. The important physical limits of weak and strong shocks and the
high/low preshock density ratio at the contact surface are shown. An approximate expression for the normal
velocity, valid even for high compression regimes, is given. A comparison with recent experimental data is done.
The contact surface ripple growth is studied during the linear phase showing good agreement between theory and
experiments done in a wide range of incident shock Mach numbers and preshock density ratios, for the cases in
which the initial ripple amplitude is small enough. In particular, it is shown that in the linear asymptotic phase,
the contact surface ripple (ψi ) grows as ψ∞ + δvi∞ t, where ψ∞ is an asymptotic ordinate different from the
postshock ripple amplitude at t = 0+. This work is a continuation of the calculations of F. Cobos Campos and
J. G. Wouchuk, [Phys. Rev. E 90, 053007 (2014)] for a single shock moving into one fluid.
DOI: 10.1103/PhysRevE.93.053111
I. INTRODUCTION

Since the middle of the last century much interest has
been devoted to the study of the hydrodynamic perturbations
that are created behind corrugated shock fronts [1–4]. We
focus on the Richtmyer-Meshkov instability (RMI), which
generally evolves after a planar shock hits a corrugated contact
surface between two fluids. It has received considerable
attention, either because of its importance in the success of
the implosion of thermonuclear targets in inertial confinement
fusion (ICF), in shock tube research and in the interaction
with turbulent flows in general, or more recently, because
of its inherent implications in the study of matter at high
energy densities (HEDP) [5–37]. Anytime a planar shock
front collides with a contact surface separating two fluids with
different thermodynamic properties, a shock is transmitted and
a shock or rarefaction wave is reflected back in the first fluid.
We refer to Fig. 1, where an incident shock (not shown) has
impinged with velocity Di onto a contact surface located at
x = 0, at t = 0. It came from the right and has compressed
fluid b from ρb0 to ρb1 . The fluid velocity behind the incident
shock is U1 . The material surface separates two ideal gases
a and b that are initially at rest in the laboratory frame. The
pressure in front of the incident shock is p0 , and p1 is its
value behind. We assume ideal gases with adiabatic exponents
γa and√γb . The sound speed of the uncompressed fluid b is
cb0 = γb p0 /ρb0 . If we define the incident shock strength as
zi = (p1 − p0 )/p0 , the incident shock Mach number Mi is
given by [1]

Di
γb + 1
= 1+
zi .
(1)
Mi =
cb0
2γb
To the left of the contact surface, the other fluid has initial
density ρa0 . We define the initial density ratio between both
*
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gases as R0 = ρa0 /ρb0 . At t = 0+, when the incident shock
has completely disappeared, a transmitted shock travels to
the left inside fluid a and a reflected shock or rarefaction
moves to the right inside fluid b. In this work, we will only
study the cases in which another shock is reflected back into
fluid b. For a rarefaction to be driven back, the values of the
initial parameters have to be chosen differently [9] and will
not be considered in this work. For given values of γa , γb , and
Mi , there is a minimum value of the preshock density ratio
R0m , such that a shock is reflected only if R0 > R0m . If the
contact surface is corrugated with perturbation wavelength λ
and initial ripple amplitude ψ0 , as indicated in Fig. 1, pressure
and velocity perturbations are generated behind the rippled
transmitted and reflected fronts. These perturbations consist of
irrotational fluctuations in the form of evanescent sound waves
and of vorticity or entropy perturbations which are frozen to
the fluid elements for inviscid fluids [5,7,29,32–34]. In fact,
due to the conservation of tangential velocity at the corrugated
fronts, transverse velocity perturbations are generated inside
the compressed fluids which account for vorticity generation
in their bulks. This effect is stronger for stronger shocks and/or
very compressible fluids [11,15,29]. For ideal gases, the shock
ripples will decrease to zero when the shocks separate from
the contact surface a distance greater than λ, which makes
the pressure perturbations fade away in time. Hence, for a
sufficiently long time after the incident shock refraction, the
pressure perturbation field in the compressed fluids tends to
zero. Therefore, the fluid acceleration vanishes in time and a
quiescent velocity field emerges at both sides of the material
surface. The velocity field attains its maximum value at the
x = 0 surface and decays spatially at both sides. Very near the
interface, the decay is mainly exponential, exp(−k|x|), where
k = 2π/λ and |x| is the normal distance to the contact surface.
However, far from the interface, the spatial decay of the
velocity profile is controlled by the vorticity field generated by
the rippled fronts [7,11] and, therefore, it shows an oscillatory
decay with an envelope that vanishes with normal distance
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ratios are analyzed with the theoretical tools provided in this
work. The calculations shown here are an extension of the
model published in Ref. [39]. Along this work we normalize
the normal velocity, as suggested by [8], in units of kψ0 Di
and define ui = δvi∞ /(kψ0 Di ). Each different physical limit
will result in a corresponding expansion for the dimensionless
normal velocity at the contact surface. We thus have
ui = a1 (Mi − 1) + a2 (Mi − 1)2 + a3 (Mi − 1)3

FIG. 1. A planar incident shock (not shown) has compressed fluid
b from density ρb0 to ρb1 with pressure p1 . At t = 0, the incident
shock arrives at the corrugated contact surface (x = 0). At t > 0+
a corrugated reflected shock moves to the right with velocity Dr +
ψ̇r (t). The transmitted shock moves into fluid a, to the left, with
velocity Dt + ψ̇t (t). Tangential velocities δvya and δvyb evolve at
both sides of the contact surface. At the same time, the material
surface ripple grows with normal velocity U + δvi .

as (kx)−3/2 [11,15,38]. At the contact surface, the normal
velocity reaches the value δvi∞ and the asymptotic tangential
∞
∞
velocities at both sides are δvya
and δvyb
. The three velocities
are not independent and are related in a specific way that is a
function of the shock compression. In order to have bounded
velocity perturbation fields far from the contact surface, we
must require [11,15]
 ∞  ∞ 
δv  − δv  = Fa ,
i
ya
 ∞  ∞
δv  − δv  = Fb ,
(2)
i
yb
where Fa and Fb are weighted averages of the vorticity generated behind the rippled shock waves in each
fluid [11,15,17,39]. These two equations are the analogs of
Eq. (42) of [39] and are the natural boundary conditions to be
imposed at the contact surface when matching the asymptotic
velocity fields of both fluids. The values of Fa and Fb are
dependent on the whole perturbation evolution since t = 0+
and are a function of the incident shock strength as well as on
the fluid compressibilities and initial density ratio [15,39].
Their exact values must be obtained by solving a set of
coupled functional equations, which so far has resisted a closed
analytical solution written with a finite number of terms, as
explained in [15,39]. Despite the complexities in getting exact
numerical values of Fa and Fb , these quantities can be studied
in different important physical limits by means of adequate
Taylor expansions, or approximate expressions obtained by
truncation of the iteration process involved in the solution of
the corresponding equations. The aim of this work is to show
accurate Taylor expansions in some important physical limits
and an approximate expression of the asymptotic velocity
at the contact surface approximately valid in a wide range
of incident Mach numbers. Furthermore, a detailed study of
the temporal evolution of the contact surface corrugation is
presented over the time interval in which the perturbation
evolves linearly. Recent experiments done with shock tubes
spanning an interesting range of incident shock Mach numbers,
preshock density ratios, and initial corrugation to wavelength

+ a4 (Mi − 1)4 + O[(Mi − 1)5 ], Mi − 1  1,


b1
1
, Mi  1,
ui = b0 + 2 + O
Mi
Mi4



2

3
ui = c0 + c1 R0 − R0m + c2 R0 − R0m + c3 R0 − R0m

4
5

+ c4 R0 − R0m + O R0 − R0m , R − R0m  1,
ui = d0 +
+O

d1
1/2

R0

1
5/2

R0

+

d2
d3
d4
+ 3/2 + 2
R0
R0
R0

, 1  R0 < ∞,

(3)

where R0m is the minimum value of the preshock density
ratio that warrants a shock reflected inside fluid b, for given
values of γa , γb , and Mi . The coefficients appearing in
the previous equations are calculated by expansion of the
functional equations as Taylor series of the corresponding
small parameter. The limits of very compressible fluid a and
highly incompressible fluid b could also be studied on the same
grounds, but we have found that the corresponding expansions
would show a very small convergence radius. Therefore, a
study of the growth rate in those limits would require a deeper
analysis of the singularities of the background profiles in the
complex plane, giving rise to quite involved calculations, and
are left for future research.
This work is structured as follows: In Sec. II, the zero order
profiles that relate the postshock quantities to Mi , R0 , γa , and
γb are briefly discussed in the physical limits mentioned above,
as they will be necessary later to get expansions such as those
shown in Eq. (3). In Sec. III, the perturbation model derived in
Ref. [15] is succinctly reviewed. The vorticity and asymptotic
velocity fields are shown. The temporal evolution of the contact
surface ripple [ψi (t)] is analyzed and an asymptotic formula
of the form ψi (t) ∼
= ψ∞ + δvi∞ t is obtained. An irrotational
∞
formula for δvi and a more accurate expression for the normal
velocity ui are compared in Sec. IV. The Taylor expansions of
the asymptotic velocities in different important physical limits
are shown in Sec. V. In particular, differences between the
estimates of ui given here and older approximations provided
by impulsive formulations are analyzed when discussing the
weak shock limit. A comparison with recent simulations and
experiments is given in Sec. VI, where the observed values of
ψ ∞ and δvi∞ are compared with the predictions of the model
presented in this work. A summary is given in Sec. VII.
II. ZERO ORDER PROFILES

In order to develop the analytical expansions shown above
for the late time asymptotic velocities, we need to briefly
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discuss the postshock values of the physical quantities in both
compressed fluids. We start with the quantities behind the
incident shock. The incident density ratio ρb1 /ρb0 , the incident
sound speed ratio cb1 /cb0 , and the incident dimensionless bulk
velocity U1 /cb0 are, respectively,
(γb + 1)Mi2
2γb + (γb + 1)zi
ρb1
=
=
,
ρb0
2γb + (γb − 1)zi
(γb − 1)Mi2 + 2



2γb Mi2 − γb + 1 (γb − 1)Mi2 + 1
cb1
1 + zi
=
=
,
cb0
Ri
(γb + 1)Mi


U1
zi
2
1
.
(4)
Mi −
=
=
cb0
γb + 1
Mi
b +1
γb 1 + γ2γ
z
i
b
As shown in Fig. 1, the reflected shock travels with velocity
Dr and the transmitted front with Dt in the laboratory frame.
The fluid velocity in the space between both refracted fronts
is U . The final density of fluid b is ρbf and its pressure
is pf . The sound speed behind the reflected front is cbf =
γb pf /ρbf . The pressure between the reflected front and
the transmitted shock is equal to pf . The density of fluid a
behind the transmitted front is √
ρaf . The sound velocity of the
uncompressed fluid a is ca0 = γa p0 /ρa0 and its compressed
value is caf = γa pf /ρaf . Following [40], we define the
relative pressure jumps at the reflected and transmitted shocks:
zr =

p f − p1
p f − p0
, zt =
.
p1
p0

(5)

Behind the reflected and the transmitted shock waves we have,
respectively, the upstream (Mr , Mt ) and downstream (βr , βt )
Mach numbers:


γb + 1
γa + 1
Mr = 1 +
zr , Mt = 1 +
zt ,
2γb
2γa


2γb + (γb − 1)zr
(γb − 1)Mr2 + 2
=
,
βr =
2γb (1 + zr )
2γb Mr2 − γb + 1


2γa + (γa − 1)zt
(γa − 1)Mt2 + 2
βt =
=
. (6)
2γa (1 + zt )
2γa Mt2 − γa + 1

PHYSICAL REVIEW E 93, 053111 (2016)

zt
U
=
ca0
γa 1 +



2
1
.
Mt −
=
γa +1
γa + 1
Mt
z
2γa t

The reflected and transmitted shock strength parameters
zr and zt are related to the incident shock strength (zi ),
preshock density ratio (R0 ), and fluid compressibilities (γa ,
γb ) through continuity of pressure and normal velocity at the
contact surface. We have
zt = zi + (1 + zi )zr ,
√

zr
cb1
zi
−
√
cb0 2γb + (γb + 1)zr
2γb + (γb + 1)zi
zt
1
=√ √
.
R0 2γa + (γa + 1)zt

(9)

(10)

Recently, the solutions of the above equations have been
successfully compared with numerical simulations either in
the weak or strong shock limits and in the high/low preshock
density contrast at the contact surface in [24–27].
As discussed in Ref. [9], we can go continuously from
the case in which a shock is reflected to the case in which
a rarefaction wave is driven inside fluid b, just by changing
the ratio of initial densities at the material surface, for given
values of γa , γb , and Mi . In fact, if R0 → ∞, the situation
resembles that of a rigid wall and a shock is always reflected
back. This case has been studied in [39]. If we start decreasing
the initial density ratio, a shock is still being reflected until,
for some value of R0 = R0m , there is no reflected shock. In this
case, it is zr = 0, a situation that is called total transmission.
The mathematical hypersurface (in the space {R0 ,γa ,γb ,zi })
that describes total transmission can be determined by simply
asking zr = 0 in Eqs. (9) and (10). For values R0 < R0m a
rarefaction is reflected back and a shock will be driven back if
R0 > R0m . It is easy to see that
R0m =

ρaf
2γa + (γa + 1)zt
(γa + 1)Mt2
=
=
,
ρa0
2γa + (γa − 1)zt
(γa − 1)Mt2 + 2



2γb Mr2 − γb + 1 (γb − 1)Mr2 + 1
cbf
1 + zr
=
=
,
cb1
Rr
(γb + 1)Mr



2γa Mt2 − γa + 1 (γa − 1)Mt2 + 1
caf
1 + zt
=
=
,
ca0
Rt
(γa + 1)Mt


U1 − U
zr
2
1
,
Mr −
=
=
cb1
γb + 1
Mr
b +1
γb 1 + γ2γ
z
r
b

(7)

We define the postshock density ratio and the postshock sound
speed ratio at the contact surface as
ρaf
ρaf ρb1 ρb0
R=
=
R0 ,
ρbf
ρa0 ρbf ρb1

caf cb1 cb0
caf
γa
=
.
(8)
N=
cbf
ca0 cbf cb1 γb R0

We also have
ρbf
2γb + (γb + 1)zr
(γb + 1)Mr2
,
=
=
ρb1
2γb + (γb − 1)zr
(γb − 1)Mr2 + 2

Results

γb (γb + 1)Mi2
.
γa − γb + γb (γa + 1)Mi2

(11)

From the above equation we see that if γa < γb , for a given
value of the incident Mach number (Mi ), a shock will be
reflected only from a light to heavy interaction (ρb0 < ρa0 ),
in accordance with [8,9]. On the contrary, if γa > γb , a shock
is also reflected for a light to heavy interaction (ρa0 < ρb0 )
and sometimes for a heavy to light interaction. If γa = γb , it is
R0m = 1. The value of R0m will be useful later when studying
the instability growth at a low preshock density ratio.
The solution of Eqs. (9) and (10) does not seem to be easily
expressed in closed analytical form for arbitrary values of
the preshock parameters, and it is much easier to solve them
numerically in order to compute the postshock quantities in
both fluids. Up to date, no analytical solution to the above
equations has been reported in the literature. For very weak
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shocks, the postshock quantities of the compressed fluids can
always be expanded in powers of Mi − 1. From Eqs. (9)
and (10), we can write for Mr , in the limit zi  1,
2
Mr = 1 + mw1
r (Mi − 1) + O[(Mi − 1) ],

(12)

and these coefficients are used in the intermediate calculations
necessary to obtain the coefficients a1 , a2 , a3 , a4 of Eq. (3). As
they are rather involved functions of their arguments, they are
not explicitly shown here. See the Supplemental Material [41]
for retrieving the coefficients of the expansion. Similarly, the
other zero order quantities such as Mt can be expanded in
powers of Mi − 1 and the corresponding coefficients will be
functions of those in Eq. (12).
An expansion in powers of 1/Mi can be sought for very
strong shocks. In fact, it can be written as


ms1
1
r
.
(13)
+
+
O
Mr = ms∞
r
Mi2
Mi4
See the Supplemental Material [41] for the values of ms∞
r and
,
which
are
necessary
to
calculate
the
coefficients
b0 and
ms1
r
b1 of Eq. (3). In particular ms∞
is
the
root
of
a
fourth
degree
r
polynomial which can always be expressed in closed analytical
form. In the limit R0 − R0m  1, an expansion of the form is
tried:



2
R0 − R0m + O R0 − R0m ,
(14)
Mr = 1 + mm1
r
the coefficients of which are shown in the corresponding
Supplemental Material [41]. Analogously, in the limit R0  1,
the expansion
 
mld1
1
r
ld∞
(15)
Mr = m r + √ + O
R
R0
0
is sought. Equations (12), (13), (14), and (15) will be used
when studying the asymptotic velocities in different limits
(weak or strong shocks, high or low preshock density ratio).

where the initial corrugations of the transmitted and reflected
shocks are [10,11,15]




Dt
Dr
ψ0 , ψr0 = 1 +
ψ0 .
(17)
ψt0 = 1 −
Di
Di
Due to the lateral mass flows induced by the above
tangential velocities, pressure gradients are created in both
fluids once the shocks start to separate from the surface. As
a result, sound waves are generated in the space between
the rippled shock fronts and the material surface. The shock
ripples oscillate in time and besides acoustic fluctuations,
vorticity and entropy perturbations will be also generated.
For nondissipative fluids, vorticity and entropy will remain
frozen to the fluid elements. As the shocks separate away their
ripple amplitudes will decay in an oscillatory fashion and the
pressure fluctuations created at the shock wave fronts will
also decay in time. Therefore, after some characteristic time
[on the order of the maximum between λ/(Dr + U1 − U ) and
λ/(Dt − U )] the wave fronts regain planarity and the pressure
perturbation fields vanish. Then, a steady state velocity field
slowly emerges in both fluids. The maximum value of the
perturbation velocities is achieved at the material surface itself.
As highlighted in Eq. (2), these velocities are interrelated and
are dependent on the whole perturbation history (0+ < t <
∞) through the quantities Fa and Fb , which are a weighted
average of the shocks’ pressure perturbations. This means that
any consistent analytic model that tries to calculate the contact
surface velocities has to consider the dynamical evolution of
the pressure fluctuation fields in both compressed fluids, at
least for shocks of moderate to high strength [39]. In order to
solve the dynamical equations in both fluids, it is better to use
nondimensional quantities which we define below. We use the
incident shock speed Di to normalize the velocities. For fluid
m, where m = a or b, we write pressure, density, and normal
and tangential velocity perturbations:
δpm
= kψ0 p̃m (x,t) cos ky,
ρmf Di cmf

III. LINEARIZED EQUATIONS

In this section we show the linearized equations that
describe the perturbed shock dynamics and the achievement
of the asymptotic velocity profiles in both fluids within the
limits of validity of a linear theory. A brief account of known
results, already shown in previous works, is necessary here
in order to follow the discussion of the following sections,
while keeping the repeated material to a minimum. As usual,
our contact surface has a corrugation with wavelength λ and
amplitude ψ0  λ and we study the perturbation problem in
a system comoving with the compressed fluids. As a result
of the incident shock-contact surface interaction, a tangential
velocity shear is generated at t = 0+, when the incident shock
has completely disappeared and the reflected and transmitted
fronts are generated. As widely discussed since the first work of
Richtmyer [5–9,11,13–17,20–24,29,32–35], the conservation
of tangential momentum across the corrugated fronts is
responsible in generating a tangential velocity perturbation
downstream. The values of the initial tangential velocities are
given by [5,15]
0
0
= −U kψt0 , δvyb
= (U1 − U )kψr0 ,
δvya

35

δρm
= kψ0 ρ̃m (x,t) cos ky,
ρmf
δvxm
= kψ0 ṽxm (x,t) cos ky,
Di
δvym
= kψ0 ṽym (x,t) sin ky.
Di

(18)

The dimensionless initial tangential velocities are written as
0
0
ṽya
and ṽyb
.
A. Solution of the fluid equations for the pressure perturbations
downstream from each rippled wave front

The fluid equations must be solved in both compressed
fluids since t = 0+. For the sake of simplicity, the index m
that identifies each fluid is omitted in this subsection. We
define the dimensionless variables x̃ = kx and τ = kcmf t. The
equations of motion in each fluid lead us to the homogeneous
wave equation for the pressure perturbations:

(16)
053111-4
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− p̃.
∂τ 2
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As usual in previous works, we make the coordinate transformation suggested by Zaidel [2,3], and extensively used
in [15,29,32,33,39]. We change from the Cartesian coordinates
x,t to the new variables r,χ by means of the transformation

quantities Fm could be, of course, calculated with Eqs. (22),
but convergence of the series is very slow for moderate to
strong shocks. With this scope in mind, we review next the
procedure involving Laplace transformations.

x̃ = r sinh χ , τ = r cosh χ .

(20)

A surface defined by χ = constant represents a planar front
moving between the contact surface and the corresponding
shock front along the trajectory: x̃ = τ tanh χ . The shock
fronts have “constant” values of their χ coordinates. Due to
this fact, the coordinate r at each shock front is proportional
to time. The fluid equations can be combined into a coupled
set of equations in the variables r,χ :
2

r

∂ h̃
∂ p̃
∂ p̃
+ r p̃ =
,
+
∂r 2
∂r
∂χ
1 ∂ p̃
h̃ =
.
r ∂χ

(21)

It is clear that Eqs. (21) are equivalent to (19). There
are two ways to present the solution of Eqs. (21): by
separation of variables as in [10] or by means of Laplace
transforms [10,15,21,29]. Both approaches are useful for us in
this work and are briefly reviewed.
1. Solution of the pressure wave equation
by separation of variables

The system of coordinates χ ,r allows us to use the method
of separation of variables, because each shock front has a
constant value of the χ coordinate. We can easily arrive at a
solution for p̃ and h̃ of the form [10]
p̃(χ ,r) =

∞


D2j +1 (χ )J2j +1 (r),

j =0

h̃(χ ,r) =

∞

j =0

E2j +1 (χ )

(2j + 1)J2j +1 (r)
,
r

(22)

where
D2j +1 (χ ) = π2j +1 cosh(2j + 1)χ + ω2j +1 sinh(2j + 1)χ ,
E2j +1 (χ ) = ω2n+1 cosh(2j + 1)χ + π2j +1 sinh(2j + 1)χ .
(23)
The set of coefficients π2j +1 and ω2j +1 have to be determined
with the initial and boundary conditions at the shocks and
contact surface. There is a set of such coefficients for each
fluid, and hence, they compose a set of four denumerable arrays
of infinite coefficients. They can be calculated with the aid of
the mathematical formalism outlined in [10]. The functions
J2j +1 in Eqs. (22) are the ordinary Bessel functions. With
the solution given in Eqs. (22) we have complete information
of the temporal evolution of the pressure perturbations and
hence of all the perturbation quantities. However, in order to
get the important quantities Fa and Fb for any shock strength
or other important physical limits, it will be convenient to
solve the pressure wave equation by means of the Laplace
transform. This is because the quantities Fa and Fb are actually
proportional to particular values of the Laplace transforms
(in time) of the pressure fluctuations at each shock. The

2. Solution of the pressure wave equation by Laplace transforms

For any quantity of interest φ(χ ,r) we define its Laplace
transform integrating the variable r in the form [2,3,15,21,29]
 ∞
(χ ,s) =
φ(χ ,r) exp(−sr) dr.
(24)
0

We define s = sinh q, and transform Eqs. (21) in the domain
of the variables χ ,q. It can be seen after some algebraic
manipulations that the Laplace transforms of the pressure
perturbations p̃ and h̃ [defined in Eq. (22)] can be expressed
as
P̃ (χ ,q) =

F1 (q − χ ) + F2 (q + χ )
,
cosh q

H̃ (χ ,q) = F1 (q − χ ) − F2 (q + χ ),

(25)

for some adequate functions F1 and F2 , which are determined
by considering the linearized Rankine-Hugoniot equations at
each shock front together with the continuity of pressure and
normal velocity at the contact surface plus initial conditions.
The procedure to obtain approximate or more accurate expressions of the pressure amplitudes F1 and F2 is reviewed
in Appendix A. From them, we obtain P̃a,b in each fluid
and, formally speaking, we get the pressure perturbations in
the space-time domain of the variables x̃,τm with a standard
inverse Laplace transformation (m = a,b). Formally speaking,
the pressure perturbations in real-time domain, at any position
(χm ,rm ), would be expressed by an integral in the complex
plane:
 c+i∞
1
p̃(χm ,rm ) =
P̃ (χm ,sm ) exp(sm rm ) dsm , (26)
2π i c−i∞
where the real number c is chosen to the right of all the
singularities of the integrand and i is the imaginary unit
(i 2 = −1). For the problems involving RM-like flows, the
above integral will reduce to a sequence of real integrals
along the branch cuts, usually located on the imaginary axis,
generated because of the multivaluedness of the function
sm2 + 1 in each fluid, appearing in the auxiliary functions φ
defined in Appendix A. This technique has been successfully
employed in [17,29,32–34] to study the interaction of isolated
shock fronts with isotropic turbulent flows. For the case of two
fluids in this work, the results obtained from Eq. (26) agree
with the alternative approach given by the series of Bessel
functions [Eqs. (22) and (23)]. Our purpose here is to use
the information provided by Eqs. (A5) in order to calculate the
quantities Fa and Fb with approximate expressions and also to
obtain adequate expansions in different physical limits as well
as to follow the dynamical evolution of the linear perturbations
in time, when necessary. The solution of the pressure functions
Fm1 and Fm2 would require iterating a finite number of times, as
explained in Appendix A. The exact number of iterations used
(n = 0,1,2,3, . . . ) would depend on the level of compression.
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B. Velocity perturbations: Asymptotic velocity field

When the shocks have separated from the contact surface, a
steady velocity field remains and we define the velocity vector
v = (ṽx ,ṽy ). Vorticity is only generated at the shock fronts. In
the system of reference comoving with the compressed fluids,
the vorticity is frozen to the fluid particles, and therefore it
is a steady state vector field that does not change in time,
in the absence of viscosity. Thus, the velocity field can be
decomposed as the sum of two parts: one that corresponds
to the steady state vorticity distribution (ṽrot ) and the other
corresponding to the irrotational motion induced by the
pressure sound waves (ṽac ) [29,32,33]:
ṽ(x,y,t) = ṽrot (x,y) + ṽac (x,y,t).

(27)

When the shocks are far enough from the contact surface, the
contribution from the pressure field vanishes and, hence, the
irrotational component of the velocity decreases to zero, and
only the rotational component remains as a steady velocity
distribution. The rotational part of the velocity distribution is
written here in the following way:
ṽrot = (u(x) cos ky,v(x) sin ky).

(28)

The differential equations satisfied by the functions u(x) and
v(x) are shown in Appendix B. The asymptotic velocities at
both sides of the material surface (at x = 0) are not independent, but are related to each other through the compressible
evolution in both fluids [see Eq. (2)]. The difference between
the absolute values of the normal and tangential velocities, at
each side, is a precise functional of the pressure perturbations
behind the corresponding rippled front. In fact, after some
algebra, we write, according to Eq. (B9),
|ui | − |via | = −a sinh χt P̃ (qa = −χt ) = Fa ,
|ui | − |vib | = b sinh χr P̃ (qb = χr ) = −Fb ,

(29)

where Fm is the dimensionless form of Fm [Eqs. (2)]. The
quantities a and b are given in Eqs. (B4) of Appendix B.
The relationships outlined in Eqs. (29) are the same as Eq. (42)
of [39] for a single fluid. In the problem considered here, we
still need a third equation, which is obtained integrating the y
component of the linearized momentum equation at the contact
surface in the interval 0+ < t < ∞, as shown in [10,11,15].
We obtain


0
0
= vib − ṽyb
.
(30)
R via − ṽya
Combining the last three equations we get
ui =

0
0
− R ṽya
ṽyb

R+1

via = −
vib =

R+1

0
0
− R ṽya
ṽyb

R+1

+

+

Fa + Fb
,
R+1

weighted measure of the concentration of vorticity spread in
the bulk of both fluids.
C. Calculation of Fa and Fb

As was shown in [39], a relatively simple and quite accurate
formula for the asymptotic tangential or normal velocities in
a single fluid can be obtained from the functional equation
satisfied by the Laplace transform of the shock pressure
perturbations. The same is true in the case of two fluids
as briefly discussed in [15]. In any case, the bulk vorticity
parameters (Fa and Fb ) are always required. After some
algebra with the boundary conditions at the interface and
using the expressions of the Laplace transforms of the pressure
perturbations [Eq. (25)] we can write the following exact
expressions [15], which will be needed for future discussion:
−1

 0
Mt2 4(Dt − U )
Fa = 1 + 2
ṽya − 2Fa1 (−2χt ) ,
Ui
Mt − 1
−1

 0
Mr2 4(Dr + Ui )
Fb = 1 + 2
ṽyb − 2Fb2 (2χr ) .
M r − 1 U 1 − Ui
(32)
The main difficulty to calculate Fa and Fb lies in getting
accurate enough estimates of the pressure functions Fa1 (−2χt )
and Fb2 (2χr ). As shown in previous works and briefly sketched
in Appendix A, the functions Fm1 and Fm2 can be calculated
by iteration over a system of coupled functional equations. We
[n]
[n]
thus get a hierarchy of improved estimations: Fm1
and Fm2
,
with n  0. The number of steps n used would be dependent on
the range of the preshock parameters we explore. It is chosen
to ensure at least three digits in the final results. For most of
the cases found in actual experiments or in simulations, the
initial functions are enough (that is, n = 0). Of course, with
[0]
[0]
only Fa1
and Fb2
, the accuracy will decrease when we go to
stronger shocks or higher density ratios, or deal with situations
where one or both fluids are highly compressible. These cases
will be discussed in the next section. Without iteration, a first
approximate estimate of the vorticity averages Fa and Fb is
−1

 0
M 2 4(Dt − U )
[0]
Fa[0] = 1 + 2 t
ṽya − 2Fa1
(−2χt ) ,
Ui
Mt − 1

−1
 0
M 2 4(Dr + Ui )
[0]
Fb[0] = 1 + 2 r
ṽyb − 2Fb2
(2χr ) ,
M r − 1 U 1 − Ui
(33)

RFa − Fb
+
,
R+1

0
0
− R ṽya
ṽyb

37

[0]
Fa1

(31)

R(Fa + Fb )
.
R+1

The asymptotic velocities at the contact surface are the sum of
two terms: the first one is dependent on the initial transverse
velocities generated at t = 0+ and the second term takes into
account the whole perturbation history and can be seen as a
functional of both vorticity fields. In fact, Fa and Fb are a

[0]
Fb2

and
are shown in Appendix A.
where the functions
[0]
When computing, for example, Fa1
(−2χt ) with the aid of
the second of Eq. (A7), care must be taken of using the correct
value of qb for that equation: qb = sinh−1 (−N sinh 2χt ). On
[0]
the other hand, to compute Fb2
(2χr ) with the first of Eq. (A7),
we must be careful in order to consider the correct value of
qa inside that equation: qa = sinh−1 [(sinh 2χr )/N]. Higher
orders of iteration can be easily obtained. We use the functions
obtained in Eqs. (A7) as seed values and substitute them on
the right hand sides of Eqs. (33). In this way, a new set of
[1]
[1]
functions called Fa1
, Fb2
is obtained. Using them as seed
[2]
[2]
functions, a new iteration order Fa1
, Fb2
can be obtained, and
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FIG. 2. Dependence of the bulk vorticity parameters Fa and Fb
on the incident shock Mach number (Mi ) for the given pair of
gases. The vorticity parameters are normalized with their values at
high compression (Fa∞ = −0.1174, Fb∞ = 0.0157). The weak shock
scaling is indicated with a dashed line.

so on. This is the procedure to get improved values Fa[n] and
Fb[n] of the vorticity parameters. We have iterated almost five
times to get three or more significant digits in the asymptotic
velocities (the exact number strongly depends on the range
of parameters under study) and those results are used here as
reference values for comparison.
In Fig. 2 we show the quantities Fa and Fb normalized with
their values at high compression, achieved for very strong
shocks. The calculations have been done with 5 iterations
and the gases are γa = 1.1 and γb = 7/5. The preshock
density ratio is R0 = 5. For very strong shocks, the bulk
parameters saturate and their values are Fa∞ = −0.1174 and
Fb∞ = 0.0157. It can be shown, using the formulas developed
before, that Fa ,Fb ∼ (Mi − 1)3 , in the weak shock limit. This
scaling is easily recognized in the log-log plot of Fig. 2.
Usually, it is Fa  Fb . Besides, Fa and Fb have, in general,
opposite sign. This is due to the mechanism of tangential
velocity generation behind each rippled front which makes
the initial tangential velocities to be of opposite sign, except
at freeze-out [17,42–44]. The dependence of Fa,b as functions
of the preshock parameters is important, because it indicates
the quantitative difference between the normal and tangential
velocity at both sides of the interface ripple, in each fluid [see
Eq. (29)], telling us how much the velocity field departs from
a potential solution.
In Fig. 3 we show the velocity and vorticity space profiles
for a particular case: the incident shock Mach number is Mi =
5 and the fluids have γa = 1.1, γb = 1.182. The preshock
contact surface density ratio is R0 = 5. These values have
been chosen for the sake of simplicity in manipulating the
series of Bessel functions involved in the calculations. As
caf = cbf for this case, convergence is quite fast. The normal
and tangential velocities as well as the vorticity profile are
solutions of the equations shown in Appendix B. To obtain
the vorticity density map, we need the temporal evolution

Results

PHYSICAL REVIEW E 93, 053111 (2016)

of the shocks’ pressure perturbations. Two approaches have
been used for this purpose. On one side, the coefficients of
the series of Bessel functions shown in Eqs. (22) and (23)
have been calculated following [11]. On the other hand, an
inverse Laplace transformation, using Eqs. (25) and (26) and
the results of Appendix A were used. Both approaches give the
same results. In Fig. 3(a) we show the normal velocity profiles
at both sides of the contact surface. It is seen that on the side of
the reflected shock, the normal velocity is approximately well
described by a decaying exponential near the material surface
and later it shows a gentle phase inversion, due to the presence
of vorticity in that fluid. On the side of fluid a, the normal
velocity profile shows more oscillations in space, as vorticity
is usually stronger. The exponential function is, in general,
not a good approximation for the velocity perturbations on the
side of the transmitted shock. In Fig. 3(b) we show the profile
of the asymptotic tangential velocity. For the conditions of
Fig. 3, an exponential approximation is better on side b than
on fluid a. The exponential approximation on side b, where
the reflected shock traveled, is only good for 0  |x|/λ  0.3
or 0  k |x|  2. If we made δvx ∼ ui exp(−kx) inside fluid
b, incompressibility would require δvy ∼ ui exp(−kx). If we
made a zoom inside the denser fluid, near the material surface,
we would see that an exponential approximation to the normal
velocity is only valid within an extremely short distance
from the contact surface: 0  |x|/λ  0.01, or equivalently,
0  k|x|  0.06. But using an exponential function to describe
the spatial variation of δvx inside a would give a wrong
estimate of the tangential velocity in that fluid. In fact, if
inside fluid a we made δvx ∼ ui exp(kx), we must require,
because of mass conservation, δvy ∼ −ui exp (kx), which
evidently does not describe the lateral mass flow associated
with δvy at the left of the contact surface. A potential flow
model is a poor description for the velocity inside the denser
fluid, in the conditions of Fig. 3. As will be discussed in
Fig. 9, the normal and tangential velocities are very different
at the contact surface, for this case, on the side of fluid a,
invalidating a potential and incompressible flow model in that
region of space. On the contrary, on side b, the tangential
and normal velocities at the contact surface do not differ too
much and hence an irrotational approximation works better,
albeit not very far from the interface, where the vorticity
field actually controls the spatial variations, as discussed
in [7]. This behavior is a consequence of the distribution
of vorticity generated by the rippled shock fronts. As the
fronts moved away from the contact surface, the oscillations
of their ripples amplitudes gave rise to a rotational steady
state velocity field. Of course, in the very weak shock limit
(Mi − 1  1), vorticity would be negligible in both gases and
potential flow models for the asymptotic velocity fields would
work reasonably well at both sides of the contact surface.
Coming back to Fig. 3(c), we show the vorticity density
map together with the streamlines associated to the velocity
field. We can also track the zero crossings of the normal and
tangential velocities in the vorticity density plot. On side b less
vorticity is generated, as the reflected shock is generally weak
in comparison to the incident shock. This fact is manifested
not only by the magnitude of the vorticity itself, but also in the
size of the vortices. The first vortex inside fluid b occupies a
longitudinal extension of approximately one wavelength. On
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FIG. 3. Spatial profiles of the asymptotic normal velocity (a), tangential velocity (b), and a density map of the vorticity field (c) on which
the streamlines have been superposed. The fluid parameters are shown inside the plot.

the contrary, inside fluid a, the amount of vorticity is larger
and we can count up to almost four vortices within the same
distance. We can visually track the maxima of u(x) as zeros of
v(x) when comparing Fig. 3(a) with Fig. 3(b). Besides, we can
also easily identify the zeros of the vorticity functions ga (x)
and gb (x) in Fig. 3(c). The important quantities Fa and Fb
are particular spatial averages of the vorticity profiles shown
here. We can guess from the pictures shown that there can be
significant amount of kinetic energy spread inside the fluids,
in the form of rotational energy, associated with the vortices
generated by the rippled fronts. Some interesting questions
arise, as for example, how does this rotational kinetic energy
scale with the four preshock parameters and how much of
that energy is contained in the first two vortices, nearest to
the contact surface? These questions will be addressed in
a future work. Besides, the distribution of bulk vorticity at
both sides of the contact surface may be important during
nonlinear evolution of the ripple amplitude. In fact, as recent
simulations indicate [25,26], there is only significant motion
very near the interface in the nonlinear stage, probably inside
the vortical structures generated by the rippled shock fronts
during the period of linear growth [26]. Therefore, a precise
quantification of the energy stored in them might be useful for
the development of future nonlinear models.

D. Contact surface ripple growth

Experimental and simulation data are usually presented as
plots of the interface ripple as a function of time. Recently,
several simulations and experiments performed with gases
have been reported and the data were shown as plots of ψi (t),
the interface corrugation, as a function of time [25–27,36,37].
In this subsection we present the predictions of our linear
theory for the late time behavior of ψi (t), within the interval
of time during which linear theory is valid. A comparison with
experiments and simulations will be presented in Sec. VI.
It is not difficult to see, using the tools of [11,15] and using
the results of the previous paragraph, that the time evolution
of the contact surface ripple can be followed since t = 0+, if
we know the evolution of the pressure perturbations in each
compressed fluid. The pressure perturbations can be calculated
either by solving for the series of Bessel functions shown
in Eqs. (22) and (23), as explained in [10], or calculating
the inverse Laplace transforms of the functions P̃ and H̃ ,
after suitable approximations for the functions Fb2 and Fa1
have been chosen, as explained in Appendix A. In any case,
the results would be the same, independently of the method
chosen to follow the dynamics of the perturbations. Increasing
the Mach number would imply considering a larger number of
terms inside the Bessel series expansion or iterating more times
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when computing the functions Fa1 and Fb2 . The contact surface
ripple can be followed in time with the help of the pressure
perturbation function defined by the series of Bessel functions
[Eq. (22)]. The dimensional contact surface velocity as a
function of time (t  0+), using the results of [10], is given by
 kcbf t
∞

b
J0 (τ ) dτ + kψ0 Di
ω2n+1
δvi (t) = kψ0 Di ui
0+

Results

d i
1
Di d t

0

(a)

n=0


× J2n+1 (kcbf t) + 2

n−1




J2k+1 (kcbf t) ,

(34)

k=0

and the amplitude of the contact surface ripple, as a function
of time, is
 t
∗
δvi (t ) dt ,
(35)
ψi (t) = ψ0 +

k Di t

0+

where
ψ0∗



U
ψ0
= 1−
Di



(36)

(b)

is the postshock value of the compressed contact surface
ripple amplitude at t = 0+.
It can be seen with the help of the Laplace transforms of
the pressure perturbations that for very large times, the surface
ripple grows asymptotically in the form
ψi (t  t1 ) ∼
(37)
= ψ∞ + δv ∞ t,
i

δvi∞

where
is the dimensional value of the asymptotic linear
growth rate, and ψ∞ is an asymptotic ordinate whose value is
theoretically given by
ψ∞ = ψ0∗ −

Di
[F (0) − Fb2 (0)]ψ0 ,
cbf b1

(38)

where the prime to the right of the functions Fb1 and Fb2
indicates the derivative with respect to the argument. The
characteristic time t1 indicated inside the argument of ψi in
Eq. (37) marks the onset of the transition to the asymptotic
stage within linear theory, and is also a fundamental quantity
that must be evaluated as a function of the four preshock
parameters. The analysis of the dependence of t1 on γa , γb , R0 ,
and Mi is left for future research. A qualitative interpretation
of ψ∞ can be given after some algebra with Eq. (35). In fact, if
we add and subtract δvi∞ inside the time integral, and consider
very large times (t → ∞), we obtain
 ∞

ψ∞ − ψ0∗ =
δvi (t) − δvi∞ dt.
(39)

FIG. 4. (a) Temporal evolution of the contact surface ripple velocity for γa = 1.0935, γb = 7/5, R0 = 5.25, and Mi =
2.86. The horizontal dashed line shows the asymptotic velocity
δvi∞ /(kDi ψ0 ). (b) Temporal evolution of the contact surface ripple
corrugation [ψi (τd ) − ψ∞ ]/ψ0 as a function of the dimensionless time: τd = kδvi∞ t. Different choices of γ , R0 , and Mi are
shown together. The markers correspond to different experiments
in [36] and [37]: (1) magenta star: He/SF6 ,R0 = 39,Mi = 1.95;
(2) green circle: He/SF6 ,R0 = 39,Mi = 1.41, (3) blue triangle:
air/SF6 ,R0 = 5.23,Mi = 1.45, (4) orange diamond: He/SF6 ,R0 =
39,Mi = 1.09353, (5) red square: (He + Ar)/Ar,R0 = 1.817,Mi =
1.90.

We show the result implied by the above equation as the shaded
area between the curves given by δvi (t) and δvi∞ in Fig. 4(a).
If we define the dimensionless time τd = kδvi∞ t and plot
the difference [ψi (t) − ψ∞ ]/ψ0 as a function of τd , all the
RM cases for which there is a reflected shock will collapse
into a single straight line of slope 45◦ , for sufficiently large
time, according to Eq. (37). This universal asymptotic behavior
is shown in Fig. 4(b) for different choices of the mentioned
quantities. For the cases shown in Fig. 4(b) we have chosen
some of the experiments described in Sec. VI, as they encompass a wide range of initial density jumps, Mach numbers,
and fluid compressibilities. Each curve [ψi (t) − ψ∞ ]/ψ0 joins

the universal asymptotic line τd at a different characteristic
time, which we call τd1 [related to the characteristic t1 used
in Eq. (37)]. In fact, the value of τd1 is certainly a function
of the four preshock parameters: γa , γb , R0 , and Mi . We
see that τd1 is different for each case. In fact, for the cases
shown in Fig. 4(b), we can roughly estimate τd1 ∼
= 3 for case
(1), τd1 ∼
= 2 for case (2), τd1 ∼
= 1.5 for case (3), τd1 ∼
= 1 for
case (4), and τd1 ∼
= 0.3 for case (5). Nevertheless, as will be
evident when we discuss the experiments of [36,37] in Sec. VI,
the value of τd1 might be also influenced by the ratio ψ0 /λ,
because of nonlinear effects [37]. Besides, any real experiment
will leave the asymptotic line depicted in Fig. 4(b) at a larger

0+
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characteristic time τd2 due to nonlinearity, an ingredient that is
obviously missing in Fig. 4(b). In an ideal situation in which the
initial amplitude may be made arbitrarily small in comparison
to λ, it would be τd2 → ∞ as we make ψ0 → 0. We see that up
to the value of τd ∼ 6 shown in Fig. 4(b), there are still small
amplitude residual oscillations of the material surface ripple.
They are essentially due to the late time sonic reverberations
between the transmitted shock front and the contact surface
and are stronger for the case with larger preshock density ratio,
which corresponds to the case He/SF6 , with R0 = 39 (Atwood
number AT = 0.95) and two values of incident Mach number:
Mi = 1.41 and 1.95. These two cases take longer to enter into
the theoretical asymptotic line in Fig. 4(b), because of the high
density contrast at the contact surface and the high compressibility of the SF6 . These oscillations will be vanishingly small
at larger times. As will be
√seen in the next section, the linear
growth rate scales as 1/ R0 for a large density difference.
Therefore, for very large preshock density ratios a finite value
of τd would imply a very large dimensional time, as δvi∞ would
be very small. To follow the surface ripple growth in these cases
would imply adding a huge number of terms inside the series of
Bessel functions [Eq. (22)] at the risk of increasing round-off
errors. The complete temporal evolution of the surface ripples
shown in Fig. 4(b) has been calculated with the help of the
series indicated in Eq. (22), where we have used n = 60. The
corresponding calculations to get the series coefficients are
explained in [10]. This behavior will be discussed again in
connection in Sec. VI with the experiments of [36,37].
Further, we realize that the value of ψ∞ , given by Eq. (38),
is governed by the whole compressible evolution of the perturbations (since t = 0+). Its value depends on the derivative of
Fb1 − Fb2 evaluated at qb = 0. This last fact makes it difficult
to compute the asymptotic ordinate accurately, without enough
iterations inside the functional equations that govern the
pressure perturbations at the shock fronts. In Appendix C
we explicitly show an iteration procedure to get accurate
estimates of ψ∞ . The importance of the quantity ψ∞ lies in
the fact that it can be discerned experimentally as will be
shown in Sec. VI, thus possibly becoming a useful diagnostic
parameter in experiments where the equation of state (EOS) or
constitutive properties of the compressed material might not
be completely known in advance [19,22,30].
IV. APPROXIMATE FORMULAS FOR THE
ASYMPTOTIC VELOCITIES
Normal asymptotic velocity: Irrotational approximation
and high compression limit

The perturbed normal velocity at the contact surface, when
the shocks are far enough in both fluids, is [Eqs. (31)]
ui =

0
0
− R ṽya
ṽyb

R+1

+

RFa − Fb
.
R+1

41

(40)

The first term is the contribution from the initial velocity shear
deposited at the interface at t = 0+, just after the incident
shock refraction. It is originated by the tangential velocities
behind each rippled front in the compressed fluids. For very
weak shocks, it is the only important contribution to the value
of ui . As it is obtained by neglecting the contribution from the

FIG. 5. Dependence of the relative difference between the exact
growth rate and the irrotational approximation as a function of the
incident shock Mach number.

bulk vorticities, we call it the irrotational term and write
uirrot =

0
0
− R ṽya
ṽyb

.
(41)
R+1
We recall here that uirrot , written in the previous equation, can
also be obtained by reformulating the impulsive model, considering that the fluid elements suffer two different accelerations.
Behind the transmitted front, fluid a is accelerated from 0 to U
and behind the reflected shock, fluid b is accelerated from U1
to U . This approach has been developed in [10] and the result
is exactly the same as uirrot above.
We discuss in this section the goodness of an irrotational
approximation to the asymptotic linear velocity in different
domains of the space of parameters. We have at our disposal
the exact solution ui (obtained with the desired accuracy
through a convenient number of iterations inside the functional
equations) and the irrotational approximation provided by
the same equations of fluids, the term named uirrot above.
As uirrot can also be obtained with the reformulation of the
impulsive model given in [11], the analysis that comprises
Figs. 5, 6, 7, and 8 below can be seen as the analysis of the
goodness of a potential flow model if it were used to calculate
the perturbation normal velocity at the contact surface ripple.
At the end of this section we present another approximate
value for ui , which consistently takes into account the true
rotational nature of the perturbation fields left by the rippled
shocks, and hence gives more accurate predictions, even at
high compressions.
In Figs. 5, 6, 7, and 8, we compare the prediction of uirrot
with the complete solution obtained by iterating Eqs. (A5)
until three significant digits are obtained for ui (generally, five
iterations is more than enough in all the cases). In Fig. 5, two
sets of γ values are chosen: γa = 5/3, γb = 7/5 on one side,
and γa = 1.1, γb = 7/5. The exact solution ui is compared
to uirrot as a function of Mi for three values of the preshock
density ratio: R0 = 2,10,50. For the less compressible case
(γa = 5/3), we see that the irrotational approximation is a
good estimate of the normal velocity for the whole range of
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FIG. 6. Dependence of the relative difference between the exact
growth rate and the irrotational approximation as a function of the
preshock density ratio.

FIG. 8. Dependence of the relative difference between the exact
growth rate and the irrotational approximation as a function of the
isentropic exponent γb .

Mach numbers shown, and the relative error stays at most
around 20% for the strongest incident shock. The situation
is different for the second set of gases, where γa = 1.1 and
γb = 7/5. The irrotational approximation gives a relative error
which stays below 20% only for Mi < 1.5. At larger incident
Mach number, the difference increases drastically.
In Fig. 6, the same two sets of gases are chosen but ui
is compared against uirrot as a function of R0 for different
values of Mi = 1.1,3,15. For the weakest incident shock,
agreement between the irrotational and complete solution is
almost perfect in the whole range of preshock densities studied,
for both sets of gases (with different compressibilities on the
side of the transmitted shock), except for R0 − 1  1 in the
less compressible case, due to freeze-out, where the normal
velocity is exactly zero [17,43]. As stronger shocks are con-

FIG. 7. Dependence of the relative difference between the exact
growth rate and the irrotational approximation as a function of the
isentropic exponent γa .

sidered, the disagreement worsens for the larger density ratios.
This difference is more important as more compressible is the
fluid on which the transmitted shock travels. Each curve shown
in Fig. 6 ends to the left at the point R0 = R0m that marks the
boundary between a reflected shock or a reflected rarefaction.
The cases with γa = 5/3 have R0m < 1 and the cases with
γa = 1.1 have R0m > 1. For the less compressible set of gases
(where γa = 5/3 > γb = 7/5), the relative error stays below
25% even for the strongest shocks and at high density ratio.
Besides, for this case, we have found a characteristic value of
the preshock density ratio at which the relative error is zero,
and increases again when decreasing R0 still further towards
the density ratio at which freeze-out occurs. At the freeze-out
condition, the relative error grows unbounded [17,44]. For the
more compressible case (γa = 1.1 < γb = 7/5), the relative
error stays above 50% even for moderately strong shocks
(Mi = 3) in the whole density range. As mentioned before,
there is a curious behavior of the relative difference ui − uirrot
as a function of R0 for the cases in which freeze-out is expected
(γa > γb ). We see that when R0 decreases, there is a value at
which ui = uirrot , because the bulk vorticity term RFa − Fb is
exactly zero. This happens for all three Mach numbers studied
in Fig. 6 at some value of R0 near freeze-out. In particular,
for the green dashed line (Mi = 3) we find that the bulk term
vanishes at R0 ∼ 1.450 . . . . This is a surprising result, but it
does not mean that the velocity fields are irrotational, because
Fa,b are different from zero (Fa ∼ 4.499 · · · × 10−4 , Fb ∼
4.453 × 10−4 , and R = 1.00689 · · · < R0 = 1.451 . . . ). The
vanishing of the bulk vorticity term occurs because Fa changes
sign as R0 decreases. In fact, for the same case as before,
we find that Fa = 0 at R0 ∼ 1.466 . . . . It is worth adding
that for these situations, Fa ∼ Fb . As a consequence, there
will be small regions of the parameter space, always in the
vicinity of freeze-out conditions, in which uirrot < ui . This
peculiar behavior is quite surprising, because it is opposed to
the image we have had of the role of the bulk vorticity term.
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FIG. 9. Functional dependence of the velocity ratios |ui /via | and
ui /|vib | as a function of the incident shock Mach number Mi .

This phenomenon is left for future study. For other regions
of the space of parameters, which are not near freeze-out, we
usually have |Fa |  |Fb | and therefore, it is ui < uirrot .
In Fig. 7 the comparison is done as a function of γa for
given values of γb = 7/5 and the preshock density ratio,
R0 = 3, for several values of the incident shock Mach number
(Mi = 1.1,3,15). Of course, it might be impossible to find
substances in nature that behave as ideal gases with isentropic
exponents larger than 5/3. Nevertheless, there are situations
of very incompressible materials that can be modeled by using
large γ values. In any case, the aim of this comparison is
to perceive the general trend as one of the fluids becomes
less compressible. The agreement between ui and uirrot is
excellent for Mi = 1.1 in the whole interval shown, due to the
negligible generation of vorticity inside fluid a. However, for
higher values of the incident Mach number, the approximation
fails, except in a very narrow zone centered in the interval
1.5 < γa < 2.5. For completeness, in Fig. 8 the comparison
between ui and uirrot is done as a function of γb with given
values of γa = 1.1, R0 = 3 and is plotted for the same values
of Mi . As in Figs. 5 and 6, the same distinguishing behavior is
observed here when changing the value of γa . The difference
increases when γa = 1.1. For very weak shocks (Mi = 1.1),
the relative error is negligible in any case.
There is another criterion to decide whether an irrotational
assumption is acceptable and comes from the comparison
between the asymptotic tangential velocities at both sides of
the material interface with the normal velocity. In Figs. 8, 9, 10,
and 11, we show the values of |ui /via | and |ui /vib | as a
function of the four parameters, as we did with the normal
velocity relative difference in Figs. 5–8. As expected, for
situations in which bulk vorticity generation is not important,
the absolute values of both tangential velocities are very similar
and their values agree quite well with the normal velocity. This
similarity is a signature of an almost irrotational velocity field
in both fluids. In Fig. 9, the difference between both velocities
increases at high Mach number for each pair of gases. Another
perspective of the comparison is shown in Fig. 10, where the

FIG. 10. Functional dependence of the velocity ratios |ui /via | and
ui /|vib | as a function of R0 .

tangential velocities are plotted against R0 for Mi = 5 and the
same sets of gases as in Fig. 9. We see that the tangential
velocities are almost equal to the normal velocity inside fluid
b, because little vorticity is generated there. This is not true
inside fluid a. We recognize a similar behavior to that in Fig. 6,
when the preshock density reaches the freeze-out value or
the minimum allowed value to have a shock reflected. For
the case γa = 5/3, γb = 7/5, Mi = 3, we see that the ratio
|ui /via | reaches a maximum for R0 ∼
= 1.2. This behavior is
noteworthy, because it indicates that the transverse velocity in
fluid a reaches a minimum. In fact, if we make a zoom near
R0 = 1.2 we obtain approximately |ui | ∼ 10−2 , |vib | ∼ 10−2 ,
and |via | ∼ 10−6 . This means that when decreasing R0 to
reach the freeze-out boundary to the left, the asymptotic
transverse velocity inside fluid a also decreases and reaches
a minimum, which is not zero. This is probably related to
0
the change of orientation of δvya
, a necessary condition to
0
achieve freeze-out [17,44]. In fact, δvya
< 0 if R0  1.382 . . .

 










a

FIG. 11. Functional dependence of the velocity ratios |ui /via | and
ui /|vib | as a function of γa .
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0
> 0 if R0  1.382 . . . . On the contrary, vib does not
and δvya
0
is never
show this curious behavior, probably because δvyb
zero when we change R0 . As is easily noticed, the situation just
described can never occur in a purely irrotational velocity field.
These conclusions emphasize the richness of the perturbed
flows generated behind rippled shocks.
In Fig. 11 we compare via and vib as a function of γa for
R0 = 3 and Mi = 5, for two values of γb = 7/5 and 5/3. An
irrotational assumption is acceptable for γa  2 inside fluid b.
Finally, in Fig. 12 the ratios |ui /vim | are shown as a function
of γb for specific choices of the other parameters: γa = 5/3
and γa = 7/5 for R0 = 3 and Mi = 5. We easily realize that
for the situations in which compressibility is not important
(γb  1), the velocity ratio tends to unity. As an important
result, after looking at the dependencies shown in Figs. 5–12,
we can conclude that an irrotational assumption for the velocity
fields is perhaps more adequate inside fluid b, but not when
compression is important in the other fluid. The potential flow
hypothesis is even less justifiable inside fluid a, except for the
regimes in which compressibility is not important.
Having shown that the irrotational approximation is of limited usefulness for arbitrary values of the preshock parameters,
except for very weak shocks, it is is worth examining the
possibility of using an approximate formula for ui that can be
extended beyond the domain of validity of uirrot . This is done
by using the functions shown in Eqs. (33) which depend on the
[0]
[0]
seed functions Fa1
and Fb2
of Eqs. (A7). In this form, we can
write an approximate normal velocity that incorporates rough
information of the bulk vorticity profile, and which we call
u[0]
i :

u[0]
i =

0
0
− R ṽya
ṽyb

R+1

+

RFa[0] − Fb[0]
.
R+1




a

 1.1 ,

b

 7 5

 

Mi

FIG. 13. Comparison between the exact value of ui (obtained
with at least five iterations) and the approximate formula Eq. (42)
(without iterations) for (a) γa = 5/3 and (b) γa = 1.1.

here: 1  Mi  10. The difference between them is not very
dependent on the values of R0 . However, for the second case,
when fluid a is more compressible, there is a small difference in
the strong shock regime, which increases if R0 increases. The
general trend observed is that for high compression situations,
more iterations are needed and the starting value u[0]
i might
not be accurate enough. Each iteration round improves in
taking into account the effect of the reverberation of sound
waves between the rippled fronts and the contact surface. The
reverberations become more important as R0 increases because
as the density of fluid a increases, the relative velocity of the
transmitted shock with respect to the contact surface decreases.
Therefore, both surfaces are interacting for a longer period of
time which makes it necessary to consider more iterations in
the functional equations written in Eqs. (A5).
V. APPROXIMATE VALUES OF THE ASYMPTOTIC
VELOCITY IN DIFFERENT PHYSICAL LIMITS

(42)

In Fig. 13(a) we compare ui with u[0]
for γa = 5/3,
i
γb = 7/5, and two values of R0 = 2 and 5 as a function of the
incident shock Mach number. The same is done in Fig. 13(b)
where γa = 1.1. For the first case, we see that u[0]
i gives a good
estimate of the normal velocity in the whole range studied

b

ui

FIG. 12. Functional dependence of the velocity ratios |ui /via | and
ui /|vib | as a function of γb .

A. Weak shock limit (Mi − 1  1)
1. Taylor expansion of the normal ripple velocity

When the incident shock Mach number is very near unity,
the irrotational term gives a good estimation of the normal and
tangential velocities. But as the shock intensity increases, the
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bulk vorticity term becomes important. With this objective in
mind, we expand ui in powers of Mi − 1. We therefore expand
uirrot and also the bulk term composed by the parameters Fa
and Fb . Instead of expanding the functional equations, it is
more convenient to follow the strategy used in [39] in the
same limit. In fact, we realize from Eq. (29) that we formally
need the Laplace transforms P̃t (−χt ) and P̃r (χr ). We write
Eq. (29) here again, as it is necessary for our discussion:
Fa = −a sinh χt P̃t (qa = −χt ),
Fb = −b sinh χr P̃r (qb = χr ).

(43)

We notice by taking the Laplace transform in the domain of the
variable r in Eq. (22) that we can always write the following
formal series for any of the fluids (m = a or m = b) [39]:
P̃m (s) =

∞

p̃(2n+1)
n=1

m0
s 2n

,

(44)

only valid within its circle of convergence in the complex
(2n+1)
plane. The coefficient p̃m0
is the (2n + 1)th derivative of
the pressure perturbation (with respect to the coordinate r)
evaluated at t = 0+. The explicit analytical dependencies
of the first and third initial derivatives are shown in the
Supplemental Material [41], for the purpose of completeness.
It is easy to see that higher derivatives would soon become very
involved functions of the pre- and postshock flow quantities.
We expand Eq. (40) up to order (Mi − 1)4 and obtain, after
some algebra,

to (Mi − 1)2 in the weak shock limit for different fluids with
equal preshock densities. However, for equal γ ’s in that case,
a2 is zero, as it should be. It is noted that retaining up to the
second coefficient a2 , no information is present in it about the
bulk vorticity profiles. The coefficients a1 and a2 correspond
to the Taylor series expansion of the irrotational component
of the asymptotic velocity [Eq. (41)]. It is adequate here to
compare with the expansion shown in Ref. [7] in the same
limit. Fraley derived a second order expansion in the parameter
 = (p1 − p0 )/p1 . It is related to our parameter zi through
zi = /(1 − ). Besides, Fraley normalized the asymptotic
velocity at the material interface with respect to kψ0 U , where
U is the zero order velocity of the material surface, defined in
Eq. (7). We can compare his results with ours by expanding the
corresponding expressions in powers of . We expand Eq. (45),
but using U instead of Di to normalize the growth rate, and get
δvi∞ ∼ R0 − 1
+ aF 1  + aF 2  2
=
kψ0 U
R0 + 1
+ aF 3  3 + O( 4 ),   1,

aF 1 =

4Pw (γa ,γb ,R0 )
,
(46)
a2 =
γa γb (γb + 1)2 (R0 + 1)2 (yF + 1)3
√
where yF = γb /(γa R0 ) is the same quantity as the parameter
y defined by Fraley after his Eq. (48) in Ref. [7]. The
polynomial Pw is
Pw (γa ,γb ,R0 ) = 8γa2 R0 (R0 + 1)yF − 8γa2 R0 (3R0 − 1)yF2


− γa2 R0 23R02 + 40R0 − 15 yF3

− 2γa2 R0 2(γa + 1)R03 − 7R02 − 2(γa − 1)R0 − 5


× yF4 − γa2 R0 7γa R03 − 33R02 − 7γa R0 + 1 yF5

 2


2
R0 − 1 yF7 .
− 2γa3 R02 R02 − 1 yF6 + γa3 R=
(47)
The coefficients a3 and a4 involve increasingly larger expressions. See the Supplemental Material [41] for the weak
shock expansion coefficients. We see that a1 is proportional
to the ratio (R0 − 1)/(R0 − 1). The proportionality with
(R0 − 1)/(R0 − 1) does not hold if we increase the shock
strength such that the second term, proportional to (Mi − 1)2 ,
becomes important. The coefficient a1 is zero when R0 = 1,
independently of the values of γ at both sides of the contact
surface. If R0 = 1 and γa = γb , the coefficient a2 is not
zero, and therefore, the asymptotic velocity is proportional

γa R02 QF
2γa3 yF4 (yF + 1)2 R02 (R0 + 1)2

(49)

and the polynomial QF is given by
QF (γa ,γb ,R0 ) = 2(R0 + 1) − 2(3R0 − 1)yF


− 2(R0 + 2)(3R0 − 1)yF2 − R0 − 1 − γa R0


− 5R02 + R03 + γa R03 yF3 − R0 + 1 − γa R0



− 9R02 − R03 + γa R03 yF4 + γa R0 R02 − 1 yF5


+ γa R0 R02 − 1 yF6 .
(50)

(45)

We only show here the coefficients a1 and a2 :


8yF
R0 − 1
a1 =
,
R0 + 1 (γb + 1)(yF + 1)

(48)

where the coefficient aF 1 is given by

ui ∼
= a1 (Mi − 1) + a2 (Mi − 1)2 + a3 (Mi − 1)3
+ a4 (Mi − 1)4 + O[(Mi − 1)5 ], Mi − 1  1.

45

We have only shown the coefficient aF 1 in the last equation.
The coefficients aF 2 and aF 3 can be calculated using the
expansions shown previously. Fraley had only shown an
expansion up to the second term (which is linear in  after
normalizing by kψ0 U ). The coefficient he showed does not
agree with our aF 1 . Retaining up to aF 1 does not include
bulk vorticity effects and its extrapolation for stronger shocks
would not be correct. We see that the first term of Eq. (48)
is just the preshock Atwood number, in agreement with
Fraley and with Richtmyer’s prescription for the impulsive
model [5,7]. In fact, the impulsive model formula is


R0 − 1
kψ0 ,
(51)
δvimp = U
R0 + 1
which is, formally speaking, the lowest order contribution
to the growth rate in powers of Mi − 1. Richtmyer arrived
at this result by generalizing the Rayleigh-Taylor growth
rate for the case of a very high gravity acceleration acting
for a vanishingly small amount of time. He also suggested
extending this result, for stronger shocks, using the postshock
values of the density ratio at the interface (R = ρaf /ρbf ) as
well as the postshock value of the initial ripple amplitude:



R−1
U
∗
=U
(52)
δvimp
kψ0 .
1−
R+1
Di
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FIG. 14. Comparison between the exact normal velocity ui as a
function of the shock strength with the different terms of the expansion
shown in Eq. (45). Curve (a) represents the first, linear term: a1 (Mi −
1), curve (b) includes up to the second power: a1 (Mi − 1) + a2 (Mi −
1)2 , curve (c) up to the third: a1 (Mi − 1) + a2 (Mi − 1)2 + a3 (Mi −
1)3 , curve (d) up to the fourth term: a1 (Mi − 1) + a2 (Mi − 1)2 +
a3 (Mi − 1)3 + a4 (Mi − 1)4 , and (e) is the exact value.

Nevertheless, this last form of the impulsive formula, even
though it may appeal to intuition because it is obtained
substituting R0 and ψ0 by their postshock values, is not
predicted by the rigorous linear theory. This fact has been
amply discussed in [43], when studying the possibility of
zero asymptotic normal growth for weak shocks. As the
shock strength increases, higher order terms of the expansion
become important and, rigorously speaking, the normal
velocity is no longer proportional either to the preshock
Atwood number or to its postshock value.
In Fig. 14 we show the normal velocity ui for a given pair
of gases (γa = 5/3, γb = 7/5, R0 = 3) as a function of Mi .
We show the exact result, obtained with the complete Eq. (40)
and the different degrees of approximation indicated in
Eq. (45). We see that very little is gained by adding successive
terms. We have included up to the fourth-order term and
the agreement with the exact solution is good for Mi  1.3.
Adding more terms does not improve the comparison at larger
Mach numbers and the calculation cost is enormous. As
already seen in Ref. [39], the weak shock expansion series is
only useful within its circle of convergence. Our experience
is that this circle of convergence decreases very fast when
compressibility becomes important. It is not difficult to realize
this fact by noting that the series given by Eq. (44) must
be evaluated inside both fluids. Inside fluid a, the quantity
1/| sinh χt | may become a number larger that unity, indicating
that the corresponding series may be divergent. Besides, as it is
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almost impossible to deduce a general analytical trend for the
(2n+1)
, the usual convergence tests are ruled out.
derivatives p̃m0
Hence, we can only compare expansions such as Eq. (45) with
the exact solution for particular cases. As a general rule, we
have verified that weak shock expansions of the type discussed
here are not useful for, approximately, Mi  1.3. A conclusive
answer regarding the exact convergence radius could be given
if the analytical solution to the postshock flow quantities
could be written explicitly. In such a situation, the function
ui could then be studied in the complex plane for complex
values of the arguments: γa , γb , R0 , and Mi . The singularity
with the smallest absolute value in the complex plane would
determine the circle of convergence, as also discussed in
another context in [35]. So far, no such analytic solutions
for the postshock quantities have been reported and, therefore,
the precise calculation of the corresponding singularities still
remains an open problem and is out of the scope of the present
work.
2. Freeze-out in the weak shock limit

As mentioned in previous sections, the interaction between
the transmitted and reflected shocks with the corrugated
material surface may result in certain special situations where
the normal asymptotic velocity is zero in linear theory.
This phenomenon has been initially studied by Mikaelian in
the context of shock compression of thermonuclear targets,
aimed at reducing the initial degree of nonuniformity of the
imploding shell and named the phenomenon single interface
freeze-out [42,43]. Long before that, he used a similar name
in another context where a second shock cancels the effect
of a first shock [45]. We refer here to freeze-out as the set
of conditions for which the asymptotic normal velocity at the
contact surface ripple is exactly zero, when dealing with a
single incident shock. It was initially studied with the the
impulsive model looking for situations in which the postshock
Atwood number could be zero [42,43]. Because the impulsive
model prescription given by Eq. (52) failed, Mikaelian attacked
the problem with Fraley’s fully compressible model, using his
Taylor expansion of the growth rate. In this way, Mikaelian
obtained for the first time an approximation to the freeze-out
contour curves, showing that different γ values at both sides of
the interface is a necessary requisite [43]. Much later, the same
problem was studied again, including the effects of the vorticity
generated by the shocks inside the compressed fluids, either
for a shock or a rarefaction reflected [17,44]. Even though the
shock reflected situation was studied with some detail in [17],
an exact explicit Taylor expansion of the freeze-out contour
curves in the weak shock limit was not given in that work. This
can be easily done here, using the Taylor expansion shown in
Eq. (45). In fact, at freeze-out, the contour curve would be
defined by a formula such as

R0 = e0 + e1 (Mi − 1) + e2 (Mi − 1)2 + e3 (Mi − 1)3 + O[(Mi − 1)4 ], Mi − 1  1,

(53)

where the coefficients e0 , e1 , etc., are only functions of γa and γb . We substitute the above expression inside Eq. (45) and equate
to zero. It is not difficult to see that e0 = 1. Because of lack of space, we only show here the coefficients, e1 and e2 . The coefficient
053111-15

2.2

Analytical scalings of the linear Richtmyer-Meshkov instability when a shock is reflected

F. COBOS CAMPOS AND J. G. WOUCHUK

47

PHYSICAL REVIEW E 93, 053111 (2016)

e3 is a rather long expression and can be found in the Supplemental Material [41]:
√
γa + 2γb − 3 γa γb
,
e1 = −4
√
(γb + 1) γa γb
 √
√
 
√
γa − γb  2
2
4γa − 7γa γb − 28γb2 − 11γb2 + −9γa + 7γa γb + 32γa γb − 4γb2 γa γb
e2 =
√
√
γb + 1 γa ( γa + γb )

√
γa + 2γb − 3 γa γb
.
−
√
γa γb

It can be verified that the above coefficients are zero when
γa = γb . A comparative plot between the curve given by
Eq. (53) and the exact contour curve is shown in the weak
shock limit for two different pairs of ideal gases, in Fig. 15.
Because the approximate expression is derived from the Taylor
expansion of the growth rate, the formula given by Eq. (53)
shows a similar behavior to that in Eq. (45). The approximate
expansion is only useful within its circle of convergence,
making it inappropriate at larger values of Mi , in general. There
is another interesting conclusion when examining Eq. (53): all
the freeze-out contours in the weak shock limit start at the
point (Mi ,R0 ) = (1,1). A similar behavior has been observed
in [44] for freeze-out when a rarefaction is reflected. We
would be tempted to think that the freeze-out contours in
the weak shock limit might start nearer the boundary of total
transmission with an initial ordinate R0m . That this would never
be possible can be qualitatively understood from the situation
at the contact surface at t = 0+ [see, for example, Fig. 1]. At
total transmission, the tangential velocity on side b is equal to
zero, because U1 = U and there is no reflected shock. Thus, the
contact surface ripple is continuously “bombarded” with sonic
perturbations that come from the transmitted shock but there
are no such perturbations coming from inside fluid b to balance
them. This means that the pressure perturbations emitted by

(54)

the transmitted shock are not counteracted by a similar train
of pressure waves coming from the right. As a result, there is
a net pressure gradient due to the influence of the transmitted
front, and then the asymptotic normal growth cannot be made
zero. The important conclusion of this discussion is that any
freeze-out contour that connects with the weak shock limit
will always start at the point (Mi ,R0 ) = (1,1). We do not
know whether there are freeze-out contours that start from
a different initial point, disconnected from (Mi ,R0 ) = (1,1).
Those regions might not be excluded a priori, for example, in
the strong shock limit (as happens for the case of a rarefaction
reflected, discussed in [14,44]), but their search is outside the
scope of the present work and is left for future research.
Besides, it is noted that if we only consider the coefficient
e1 , no information on the bulk vorticity would be included,
because the Fa,b parameters are of third order in the weak shock
limit. However, the coefficient e1 contains exact information on
uirrot . Hence, a potential flow model of the RM velocity field
would only give the initial slope of the contour curve. The
contours given by Eq. (53) are accurate up to order (Mi − 1)3 ,
which means that the effect of the vorticity spread at both sides
of the contact surface is taken into account. It is immediate that
Eq. (53) above is equivalent to Eq. (9) of [44].
B. Strong shock limit (Mi  1)

We now discuss the expansion of the normal velocity in
powers of 1/Mi :


b2
1
.
(55)
ui = b0 + 2 + O
Mi
Mi4

R0
 



 

 

Mi
FIG. 15. Comparison between the exact freeze-out contour curve
(obtained according to formalism developed in [17]) and the Taylor
expansion shown in Eq. (53). The solid curves give the exact values of
(Mi ,R0 ) at which freeze-out is expected for that choice of isentropic
exponents. The dashed curves represent the approximate estimates
according to the Taylor expansion of Eq. (53).

The coefficients of the above expansion are only shown
in the MATHEMATICA [46] files attached to this work, in
case the reader is interested in working with them (see the
Supplemental Material [41]). The analytical expressions are
rather cumbersome and are several pages long to write. The
coefficients of the expansion are calculated without iteration.
That is, the above expression is actually the expansion of
u[0]
i . Adding the next iteration step would have resulted in
much larger expressions to be analytically handled by the
mathematical software in a reasonable amount of time. As
can be seen from Fig. 16, expanding the expression of u[0]
i
gives reasonable accuracy from moderate to strong shocks.
Discrepancies on the order of 10% are seen when the fluid
behind the transmitted shock is highly compressible.
In Fig. 16 we show two different cases: γa = 5/3,γb =
7/5,R0 = 3 and γa = 1.1,γb = 7/5,R0 = 5.25. This last case
is taken from the experiments of [36]. We see that the

053111-16

48

Chapter 2

ANALYTICAL SCALINGS OF THE LINEAR RICHTMYER- . . .

Results

PHYSICAL REVIEW E 93, 053111 (2016)

ui
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a
b

Mi



FIG. 16. Comparison between the exact normal velocity ui and
Eq. (55) valid at large values of Mi .

agreement between the exact solution (solid curve) and the
expansion (dashed curve) is better when fluid a is less
compressible.

 5 3 ,
a  7 5 ,
a

b
b

 7 5 , Mi  2, Rm
0  0.8843
 5 3 , Mi  2, Rm
0  1.1300

R0  R0m

FIG. 17. Comparison between the exact normal velocity ui and
the Taylor expansion shown in Eq. (56) as a function of the variable
R0 − R0m . Each dashed line refers to a particular order of the
expansion: blue circles represent the linear term, the green square
includes up to the quadratic term, the orange diamond includes up to
the cubic term, and the red triangle up to the quartic term.

C. Small preshock density ratio (R0 − R0m  1)

It is possible to get accurate analytical expansions for
situations in which the preshock density ratio is very near
the minimum value required to have a reflected shock
(R0 − R0m  1). When R0 approaches R0m the reflected shock
strength decreases towards Mr = 1. For R0 < R0m we would
get a rarefaction reflected. The value of R0m is given by Eq. (11).
Therefore, it looks feasible to make an expansion of the ripple’s
normal velocity in powers of R0 − R0m , when this quantity
remains small enough. We expand the expression given for
m
u[0]
i up to fourth order in the difference R0 − R0 and obtain
an expression of the form



2

3
ui = c0 + c1 R0 − R0m + c2 R0 − R0m + c3 R0 − R0m

4
5

+ c4 R0 − R0m + O R0 − R0m , R − R0m  1.
(56)
See the Supplemental Material [41] for the analytical
expressions of the coefficients c0 , c1 , c2 , c3 , and c4 . In Fig. 17
we show a comparison between retaining successive terms of
the above expression with the exact solution for two particular
cases: γa = 5/3, γb = 7/5, Mi = 2, R0m ∼
= 0.8842 . . . and
γa = 7/5, γb = 5/3, Mi = 2, R0m ∼
= 1.1299 . . . . The case with
γa = 5/3 shows freeze-out at a definite preshock density ratio
R0 > R0m . On the other hand, no freeze-out is observed for
the case studied with γa = 7/5. As has been observed before,
when dealing with the expansion in powers of Mi − 1 in the
weak shock limit, we also see a small convergence radius in
the series implied by Eq. (56). This is probably due to the
existence of a singularity in the complex plane associated with
the dependence of ui as a function of R0 . For the two cases
shown in Fig. 17, the convergence limit seems to be inside the
interval R0 − R0m < 0.5. Of course, the exact determination of
this boundary as an accurate function of the other parameters

(γa , γb , and Mi ) is out of the scope of the present work. Some
years ago, Griffond has published the analysis of the growth
at low Atwood numbers in [47], where the limit R0 − 1  1
was considered, at the expense of dealing with fluids with
equal γ values. In our case, the theoretical model used here
allows the analysis of the perturbation growth starting at
a different point in the parameter space, approaching the
boundary of total transmission, thus considering fluids with
different compressibilities. On the other hand, the analysis
of [47] was not a Taylor expansion, like Eq. (56).
It is worth considering here again the discussion on freezeout, in connection with Eq. (56) above. There is an important
distinction between the expansions given by Eq. (56) and
Eq. (45). When imposing the condition ui = 0 on Eq. (45)
we have obtained the freeze-out contours given by Eq. (53) in
the weak shock limit, and all those contours invariably start at
the point (Mi ,R0 ) = (1,1). On the contrary, no such constraint
is implied in the expansion given by Eq. (56), where the
incident shock Mach number is, in principle, arbitrary. This
leaves open the possibility of equating Eq. (56) to zero and
deriving corresponding freeze-out contours that would not be
necessarily topologically linked to the point (Mi ,R0 ) = (1,1),
as happens in Fig. 15. Given that the condition Mi − 1  1
is not a constraint in Eq. (56), this procedure unveils the
opportunity of studying new regimes of freeze-out in the strong
shock limit. Of course, this possibility is left for future study
as it is well beyond the scope of this work.
D. Large initial density ratio (R0  1)

If R0  1, it is clear that ui would be vanishingly small,
because we would be reaching the rigid piston limit [39].
Therefore, we should expect a monotonic decrease of the
normal velocity as the density ratio increases too much above
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with our value u[5]
i , where five iterations were used for
the linear velocity). Also, the linear model used here was
compared favorably with the results of the incompressible
simulations shown recently in [35]. We will not review those
comparisons in more detail here, as a thorough discussion
has been presented in the corresponding references and, in
general, good agreement with the linear model employed
here has been proved in the regimes where linear growth is
expected. The authors studied strong shock regimes, where
3  Mi  10, with a preshock density ratio in the interval
4  R0  39 and analyzed the influence of the initial contact
surface corrugation amplitude on the late time growth of the
instability well into the nonlinear phase. For the cases in which
ψ0 /λ  0.1, reasonable agreement between the linear theory
results and the simulations was observed.
We turn now our attention to a series of experiments
described in [36] and [37].



 
 




 
 
 
 
 

49







R0
FIG. 18. Comparison between the exact normal velocity ui and
Eq. (57), valid at large values of R0 .

B. Experiments of [36] and [37]

unity. The following expansion is proposed here to study this
limit:
ui = d∞ +

c1
1/2
R0

+

1
d2
d3
d4
+ 3/2 + 2 + O
. (57)
5/2
R0
R
R0
R0
0

We calculate the coefficients of the above expression by
expanding the quantity u[0]
i in powers of 1/R0 (see Fig. 18).
Because of this approximation, we get d∞ = 0. Iterating an
infinite number of times would make d∞ → 0. Despite this
approximation, the formula shown in Eq. (57) is quite accurate
for R0  50. Of course, for much larger values of R0 we
would need to expand u[n]
i with larger values of the iteration
index n. The interesting conclusion is that for very
√ large
,
the
normal
velocity
would
scale
as
∼1/
R0 ∼
values
of
R
0
√
1 − AT , where AT is the preshock Atwood number. See
the Supplemental Material [41] for the analytical expressions
of the coefficients of the above series. They are extremely
large and therefore are not written here. In Fig. 17 we show
a comparison between the exact value and the expansion of
Eq. (57) for different choices of the preshock parameters: γa =
5/3,γb = 7/5,Mi = 3, γa = 7/5,γb = 5/3,Mi = 3; and we
also show three cases taken from the experiments of [36]:
γa = 1.1 and γb = 7/5 with three choices of the incident shock
Mach number: Mi = 1.13, 1.41, and 1.91. The mentioned
experiments are discussed in the next section.
VI. COMPARISON WITH SIMULATIONS
AND EXPERIMENTS

It is worth discussing here the agreement observed between
the results of this work and recently published 2D numerical
simulations and experiments with ideal gases.
A. Numerical simulations

Regarding numerical simulations, the calculations carried
out in [24–27] have compared favorably well with the zero
order parameters of the postshock flows as well with the
values inferred for the linear growth rate (the authors compared

In [36] the authors have shown experimental data for
membrane-free experiments with gases, covering an interesting range of preshock density ratios (1.817  R0  39),
incident shock Mach numbers from weak to moderately strong
shocks, 1.13  Mi  2.86, and values of the preshock ripple
amplitude/wavelength ratio in the interval 0.01  ψ0 /λ 
0.09, thus providing a formidable data set with which to
examine the linear theory, and thus put to rigorous testing
the results shown in the previous sections. However, the
experiments shown in [37] do actually use a membrane to
materialize the interface. Details of the experiments as well
as of the diagnostics can be found in Refs. [36,37] and will
not be reviewed here. We start with the experiments of [36],
studying the growth of their case 5, where a shock comes
from N2 (γb = 7/5) with Mi ∼
= 2.86 and impinges against SF6
(γa = 1.0935). The preshock density ratio is R0 ∼
= 5.25, or
equivalently, the preshock Atwood number is AT ∼
= 0.68. The
preshock ripple amplitude is ψ0 ∼
= (1.04 ± 0.09) cm and the
perturbation wavelength is λ ∼
= (17.36 ± 0.27) cm, thus giving
ψ0 /λ ∼
= 0.06. The evolution of the contact surface ripple as
a function of time is shown in Fig. 19, where we plot the
difference ψi (t) − ψ0∗ , with ψ0∗ the postshock initial surface
corrugation [Eq. (36)]. The purple circles are the experimental
data with error bars superposed. The error has been estimated
according to the information given in [36]. The solid lines
show the temporal evolution following the results of linear
theory, as explained in [10] with the solution given as a series
of Bessel functions, using Eqs. (34) and (35). Two estimates of
the linear asymptotic velocity have been used in the complete
solution: curve (a) uses the value u[5]
i with up to five iterations
in the functional equation system, curve (b) uses the value
u[0]
given by Eq. (42). We notice that in the time interval
i
during which linear theory is acceptable, we cannot discern
between u[0]
and u[5]
within the experimental uncertainty.
i
i
We also show the predictions of different formulations of the
impulsive model inside Fig. 19: curve (c) is calculated using the
∗
given by Eq. (52). Curve
impulsive model prescription δvimp
(d) is calculated with the value uirrot given by Eq. (41), and
curve (e) is obtained with the impulsive prescription given
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FIG. 19. Comparison between case 5 of [36] and our theoretical
model. Curve (a) is calculated with Eq. (35) using u[5]
i in Eq. (34);
(b) uses u[0]
i ; (c) is given by Eq. (52); (d) uses uirrot given by Eq. (41);
and (e) uses Eq. (51). The red dashed line (f) is given by Eq. (37).

by Eq. (51). The dotted line superposed on the curve (a) is
the asymptotic evolution of the surface ripple predicted by
Eq. (37). This dotted line intersects the vertical axis at a value
equal to ψ∞ − ψ0∗ ∼
= −0.9328 cm, which can be calculated
with Eqs. (38) and (36). The postshock initial amplitude is,
instead, equal to ψ0∗ ∼
= 0.53 cm. This experiment has been also
extensively studied by means of numerical simulations in [26],
where the important role played by the transmitted shock
front has been highlighted. The simulations of [26] followed
the ripple growth well beyond the linear phase, identifying
important nonlinear features. It is noticed that the reflected
shock follows the contact surface in this experiment, as can be
seen from Figs. 8 and 9 of [26]. This experiment is analyzed
with full details of the linear calculations in Appendix C.
There are some important observations to be made here,
concerning Fig. 19. Curves (a) and (b) are obtained with the
help of Eq. (34), and follow the linear temporal evolution of
the ripple amplitude as a function of time. In order to calculate
those curves, not only a significant number of coefficients
ω2n+1 have to be obtained, but also an accurate estimate of
the asymptotic velocity ui is needed. This velocity has been
calculated at first with five iterations (u[5]
i ) and this value has
been used to draw curve (a). A simpler estimate, without
iterations [called u0i and given by Eq. (42)], is used inside
Eq. (34) to draw curve (b). Both curves are almost indistinguishable within the experimental error inside the interval
of time 0+  t  0.7 ms, where linear theory is acceptable.
The expression given by u[0]
i is the simplest approximation
for the model equations used here that consistently takes into
account the effect of the bulk vorticities spread inside both
is simply an iteration
fluids. The more accurate value u[5]
i
based on u[0]
in
order
to
get
up
to
four
or more exact digits.
i
The approximate estimate given by u[0]
should
not be confused
i
with the results of previous simpler linear theories based on
an impulsive prescription. When compressible effects become
important, the formulas based on impulsive models usually
give inaccurate results and scalings because they ignore the
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perturbation dynamics of the shock fronts for t > 0+. As they
cannot take into account the time variation of the shocks’
perturbation pressure, they cannot include the effects of bulk
vorticities. The predictions of the impulsive prescriptions have
been shown in this work when discussing the very weak shock
limit in Sec. V: in Eq. (41) for a double-gravity acceleration
impulsive model [11], and in Eqs. (51) and (52) (as initially
proposed in [5]). These simpler analytical results are shown
here as curves (c), (d), and (e) in Fig. 19, where it is seen that
they cannot track the temporal evolution of the contact surface
ripple. In fact, impulsive models predict a linear asymptotic
ripple growth of the form ψi ∼
= ψ0∗ + δvimp t, which is different
from the asymptotic expression discussed here, and given by
Eq. (37): ψi ∼
= ψ∞ + δvi∞ t, which is evidenced as the red
dashed line indicated with (f) in that figure. Not only the
velocity estimate δvimp is different from δvi∞ , but also the the
postshock ripple amplitude at t = 0+, given by ψ0∗ , differs
from the exact asymptotic ordinate ψ∞ . Obviously, these
differences would tend to zero as we approach the limit of very
weak shocks (Mi − 1  1), as already discussed in Sec. V. In
fact, from Eq. (39), it is easy to see that ψ∞ ∼ ψ0∗ only if the
time integral becomes negligible, which would only happen
when δvi (t) ∼ δvi∞ in most of the time integration interval,
that is, for extremely weak shocks. Impulsive prescriptions
would never predict ψ∞ = ψ0∗ , because of the assumption
δvi (t) ∼ δvi∞ H(t), with H(t) = 1 if t > 0+ and 0 otherwise,
H being the Heaviside function.
We proceed with the other experiments in Fig. 20. In
Fig. 20(a) we show the experiments at a lower value of the
preshock density ratio R0 = 1.817 where a mix of Ar and
He is used as the light gas and pure Ar is the heavier gas.
Two scenarios are shown, (1) and (2), which correspond to
Mi = 1.3 and Mi = 1.9, respectively, indicated with a blue
square and a red circle. The solid line is the theoretical
prediction using the series of Bessel functions and the value
[5]
u[0]
i has been used, which is indistinguishable from ui for
these experiments, due to the relatively low values of the shock
Mach number and low compressibility of the monoatomic
gases. As before, the dotted lines represent the asymptotic
behavior (in linear theory) of the material surface ripple,
according to Eq. (37). These lines intersect the vertical axis
at the value ψ∞ given by Eq. (38). For case 1 we get
ψ∞ ∼
= 0.182 cm, and for case 2 we have ψ∞ ∼
= 0.099 cm.
The postshock surface ripples are, respectively, ψ0∗ = 0.21 cm
and ψ0∗ = 0.14 cm. In Fig. 20(b) we show cases 6, 7, and 8,
where a shock comes from He towards SF6 and the preshock
density ratio is R0 = 39. Three Mach numbers are considered
as indicated in Fig. 20(b). We plot ψi (t) as a function of time,
as in Fig. 20(a). The dotted lines are as before, and we have
obtained ψ∞ = 0.771 cm for case 6, ψ∞ ∼
= −0.21 cm for case
7, and ψ∞ ∼
= −0.785 cm for case 8. We see that the initial
transient phase since t = 0+ is well described using the series
of Bessel functions, until nonlinearity becomes dominant and
the data continue growing with a different law. In Fig. 21 we
show the analog of Fig. 4 in which we plot k[ψi (t) − ψ∞ ] as a
function of kδvi∞ t, to stress the fact that all the curves should
asymptotically collapse into a single line of slope 45◦ , within
the limit of validity of linear theory. We use δvi∞ = kψ0 Di u[0]
i .
It is evident that each experiment has a small window of linear
evolution which depends on the value of ψ0 /λ. The smaller

053111-19

2.2

Analytical scalings of the linear Richtmyer-Meshkov instability when a shock is reflected

F. COBOS CAMPOS AND J. G. WOUCHUK

PHYSICAL REVIEW E 93, 053111 (2016)

cm

i



a





Mix  Ar, R0

a
1.817

Mi  1.30

Mi  1.30

Mi  1.90
Mix  Ar, R0

51

Mi  1.90

1.817

t ms

i

cm



b





b

N2  SF6, Mi  2.86, R0  5.25
He  SF6, Mi  1.13, R0  39
He  SF6, Mi  1.41, R0  39
He  SF6, Mi  1.95, R0  39

He  SF6, R0  39
Mi  1.13
Mi  1.41
Mi  1.95

t ms
FIG. 20. (a) Temporal evolution of the contact surface ripple for
cases 1 and 2 of [36]. The solid lines are calculated with Eq. (35)
using u[0]
i in Eq. (34). The dashed lines are given by Eq. (37). (b)
Same as (a) for cases 6, 7, and 8 of [36].

this ratio, the longer will last the linear behavior predicted by
Fig. 4. In Fig. 21, each experiment leaves the linear asymptotic
scaling at a different time, strongly dependent on the value
of ψ0 /λ as discussed in [23–27], marking the beginning of
nonlinear growth. We notice in Fig. 21(b) that their case 5
follows the asymptotic law Eq. (37) inside the dimensionless
time interval 0.4  kδvi∞ t  1.6. Case 6 shows the similar
trend inside the interval 0.4  kδvi∞ t  1.7. Cases 7 and 8
show a smaller interval of agreement with Eq. (37). Finally,
we show in Fig. 22 the comparison with the experiments
of [37], where the gases are air and SF6 . They showed two
experiments with the same preshock density ratio (R0 ∼
= 5.23),
or equivalently an Atwood number AT ∼
= 0.679, and an
incident shock Mach number (Mi ∼
= 1.45). The wavelength is
λ = 8 cm and two different values for ψ0 : 0.306 cm and 0.918
cm. The ψ0 /λ values are 0.027 and 0.083, respectively. The
second experiment with larger initial amplitude is therefore
marginally nonlinear. The plot shows kψi (t) − kψ∞ as a
function of the dimensionless time kδvi∞ t. The time window

FIG. 21. (a) Plot of k[ψi (t) − ψ∞ ] as a function of kδvi∞ t for
case 1 of [36]. (b) Same as (a) for cases 5, 6, 7, and 8 of [36]. The
dashed line represents the asymptotic behavior predicted by Eq. (37).





Air  SF










FIG. 22. Plot of k[ψi (t) − ψ∞ ] as a function of kδvi∞ t for cases
1 and 2 of [37]. The solid lines are calculated with Eq. (35) using u[0]
i .
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TABLE I. Description of the preshock parameters used in the experiments of [36,37]. The last two columns refer to the values of the
asymptotic ordinate of the contact surface ripple [Eq. (38)] and the asymptotic linear normal velocity predicted. These two quantities are
calculated using five iterations in the corresponding functional equation.
γa

γb

R0

Mi

ψ0 (cm)/λ(cm)

ψ∞ (cm)

δvi∞ (m/s)

1[36]
2[36]
5[36]
6[36]
7[36]
8[36]

5/3
5/3
1.0935
1.0935
1.0935
1.0935

5/3
5/3
7/5
5/3
5/3
5/3

1.817
1.817
5.25
39
39
39

1.30
1.90
2.86
1.13
1.41
1.95

0.29/20.15
0.26/17.92
1.04/17.36
1.50/16.94
1.38/16.74
1.36/16.70

0.187
0.098
− 0.389
0.777
− 0.192
− 0.771

3.24
5.47
55.48
30.70
66.75
100.43

1[37]
2[37]

1.0935
1.0935

7/5
7/5

5.23
5.23

1.45
1.45

0.306/8
0.918/8

0.045
0.134

13.65
50.40

Case/Ref.[ ]

over which the data follow the asymptotic linear scaling is
given by 0.2  kδvi∞ t  1.4 for the case with smaller initial
amplitude. In Table I we give information on the experiments
of [36] studied here, as well as the experiments of [37].
We indicate the preshock parameters and also the values
inferred for the asymptotic ripple ordinate (ψ∞ ) together with
the asymptotic normal velocity (δvi∞ ) values that were used
to plot the temporal evolution, according to Eqs. (34)–(38).
The asymptotic ordinate and material velocity have been
calculated with five iterations. In Table II we show the values
obtained for the dimensionless normal velocity (ui ), calculated
using the different approximations discussed in the preceding
sections. Blank spaces in Table II are left because the preshock parameters do not fulfill the constraints required in the
corresponding equation referred to in the first column.

VII. SUMMARY

In the present work we have shown analytical expressions
for the asymptotic velocities that develop at a shocked contact
surface when another shock is reflected. The analytical model
used solves exactly the fluid equations in the linear regime for
the perturbations generated between the rippled transmitted
and reflected wave fronts. Initial generation of transverse
velocities at the contact surface is the main cause of the
subsequent evolution of the perturbation dynamics. Even
though the equation of state used here is that of an ideal gas
for both fluids, the results of the model are not restricted
by this assumption and more complex equations of state
can be studied. The critical parameter governing vorticity,
entropy, and sound perturbation generation behind each shock
front is the slope of the Rankine-Hugoniot curve. Therefore,

knowing the dependence of this quantity on the preshock
parameters would allow us to study the RMI in other EOS
fluids. In the cases considered here, ideal gases described
by their isentropic exponents have been taken into account.
For situations where compression is important, the vorticity
field created by the shocks is an important quantity in order
to accurately determine the steady state asymptotic velocity
that characterizes the asymptotic RMI. Unfortunately, the
involved mathematics is complicated because of the coupling
between the reflected and transmitted shocks, which obliges
us to iterate over a coupled functional equation in order to
obtain information until the asymptotic phase is reached. The
equations can be solved to follow the amplitude of the material
surface ripple in time and good agreement is observed for the
initial transient phase and during the interval of time when
the asymptotic linear growth is expected. The initial transient
phase can be neatly followed and agreement with experiments
is very good. This agreement is better for those experiments
with ψ0 /λ  0.1. As an additional result, the scaling ψi (t) ∼
ψ∞ + δvi∞ t has been found, where ψ∞ is, in general, quite
different from the postshock ripple amplitude at t = 0+,
another important effect of compressibility. The ordinate ψ∞
can be measured in recent experiments. As for the asymptotic
ripple velocities, a general formula can be obtained by iterating
a finite number of times. It is seen that in all the cases that can
be studied in experiments and simulations, the asymptotic
linear normal velocity is proportional to the incident shock
velocity. If √we define, for example, a characteristic velocity vc = p0 /ρb0 , we can conclude that δvi /(kψ0 vc ) =
f (γa ,γb ,R0 ,Mi )Mi . For very strong shocks, f is independent
of Mi , as in [39], making δvi ∝ Di in this limit. The function f
generally depends on the four preshock parameters γa , γb , R0 ,

TABLE II. Estimations of the linear asymptotic normal velocity of the experiments discussed, using the different formulas presented in the
work.
Growth rate Case/Ref.[ ]

1[36]

2[36]

5[36]

6[36]

7[36]

8[36]

1/2[37]

Eq. (40) (u[5]
i )
Eq. (42) (u[0]
i )
Eq. (45) (Mi − 1  1)
Eq. (55) (Mi  1)
Eq. (56) (R0 − R0m  1)
Eq. (57) (R0  1)

0.0626
0.0626
0.0617

0.0847
0.0847

0.1463
0.1521

0.0470
0.0470
0.0516

0.0876
0.0882

0.0976
0.1036

0.1021
0.0787

0.1713

0.0851

0.1000

0.1599
0.1619
0.2681
0.2373

0.0878

0.1028

0.0963

0.0572

0.0467
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and Mi and is the quantity that has been one the objectives of
our calculations in this work. Several approximate expressions
to f have been compared with the exact solution in different
regimes. Assuming a completely irrotational velocity field in
each compressed fluid turns out to be a good approximation
only for incident shock Mach numbers Mi  1.3. At higher
compressions the disagreement might become quite important
depending on the fluid compressibility and on the preshock
density ratio. An approximate formula is proposed, named
here u[0]
i , and written in Eq. (42). It is obtained after an initial
guess of the pressure functions is done when iterating on the
functional equation. The agreement between this expression
and the exact value is shown in different situations with
varying degrees of compression. Despite its apparent algebraic
complexity, it is the simplest expression that can be obtained
from the linear theory up to date which consistently takes
into account the rotational character of the velocity fields
generated by the corrugated shocks. The agreement between
the exact solution and the approximate one is studied as a
function of the incident shock Mach number. Besides, the
behavior of the tangential velocities via , vib and the vorticity
parameters (Fa and Fb ) has also been briefly discussed. We
conclude that the assumption of an irrotational velocity field
[characterized with the irrotational estimate of the normal
velocity uirrot given by Eq. (41)] is not a very good hypothesis
over wide regions of the space of preshock parameters and
when compression is important, we conclude in general that
ui < uirrot . Nevertheless, we have found small regions of the
preshock parameter space, not surprisingly near to freeze-out
conditions, in which the exact growth rate ui is actually
larger than the irrotational estimation uirrot . This unexpected
result deserves attention and will be studied in the future.
Motivated by all these results, a different set of approximate
expressions, based on Taylor expansions of a small parameter,
have been presented, each one valid in a different physical
limit, following the same strategies as in [39]. At first, the
weak shock regime is analyzed by expanding the quantities
that compose the normal velocity in powers of Mi − 1.
The first term of the expansion confirms the validity of the
impulsive approximation of Richtmyer for Mi − 1  1.1. A
reformulation of the impulsive model (presented in [10]) that
exactly agrees with uirrot is shown to be valid up to Mi  1.2.
In order to include bulk vorticity effects, we expanded the
normal velocity up to the fourth power in Mi − 1. We have
found that adding more terms is not practical because the
convergence of the series is generally limited to Mi  1.3.
Using the expression for u[0]
i , we can calculate the growth
rate in most of the parameter space with small error, except
perhaps, when compressibility is very demanding. Taylor
m
expansions of u[0]
i in powers of 1/Mi , R0 − R0 , and 1/R0
have been presented and compared with the exact solution.
Contrary to the results shown in [39], the results obtained
here show more complicated mathematical formulas. This is
a very unpleasant feature of the calculations for RMI with
two fluids. The reason underlying such complexity resides in
the very nature of the functional equations that describe the
interaction of both shocks. Any time one of the rippled shocks
oscillates, it generates velocity and pressure perturbations that

are felt some finite time later on the other rippled shock which
in turn reacts and so on. The process repeats indefinitely,
giving rise to a complicated pattern of reverberations which
couple the velocity fields in each fluid. Weak shocks travel
very fast in comparison to the compressed material surface,
and therefore just an irrotational velocity field is enough to
deal with the asymptotic perturbed motion. When compression
becomes important, at least the transmitted shock moves very
slowly relative to the compressed contact surface, and this
fact enhances coupling through reverberation, complicating
the underlying calculations. Nevertheless, good agreement has
been demonstrated with recent experiments in a wide range of
preshock density ratios, fluid compressibilities, and incident
shock strengths, in which not only the different asymptotic
expressions obtained here have compared favorably with the
measured data, but also the temporal evolution of the transient
phase fits accurately. The main signature of the compression
by rippled shocks of ideal gases is the generation of vorticity
in the bulk. This vorticity has also been identified in recent
simulations and is an important ingredient to be taken into
account if more accurate nonlinear models are to be developed.
Besides, the scaling of the kinetic energy contained in the more
intense vortices near the contact surface is still an interesting
and open question.
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APPENDIX A: FUNCTIONAL EQUATIONS

In this section, we show the functional equations satisfied
by the pressure amplitudes Fm1 and Fm2 in order to calculate
the pressure perturbations in both fluids. As discussed in [15],
we have the following relationships:
Fa2 (qa ) =

0
sinh χt ṽya

sinh(qa − χt )ηt+ (qa − χt )
−

Fb1 (qb ) =

ηt− (qa − χt )
Fa1 (qa − 2χt ),
ηt+ (qa − χt )
0
sinh χr ṽyb

sinh(qb + χr )ηr− (qb − χr )
−

ηr+ (qb + χr )
Fb2 (qb + 2χr ),
ηr− (qb − χr )

(A1)

±
with the functions ηr,t
defined as
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ηr± (qb ) =

αb1 (qb )
αa1 (qa )
± 1, ηt± (qa ) =
±1
cosh qb
cosh qa

(A2)
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and
αm1 (qm ) = αm10 sinh qm +

αm11
αm20
, αm2 (qm ) =
.
sinh qm
sinh qm

(A3)

The values of αm10 , αm11 , and αm20 are
αb10 =

Mr2 + 1
1
0
, αb11 = −
, αb20 = −ṽyb
sinh χr ,
2Mr βr
2βr

αa10 =

Mt2 + 1
1
0
, αa11 = −
, αa20 = −ṽya
sinh χt .
2Mt βt
2βt

(A4)

After some additional algebraic manipulations, which are explained in previous works, we obtain a coupled system of functional
equations [15]:
φa3 (qa )Fa1 (qa ) + Fb2 (qb ) = φa1 (qa ) + φa2 (qa )Fa1 (qa − 2χt ),
Fa1 (qa ) + φb3 (qb )Fb2 (qb ) = φb1 (qb ) + φb2 (qb )Fb2 (qb + 2χr ).

(A5)

The functions φmj :
φa1 (qa ) =

0
sinh χt ṽya
+1
,
2 sinh(qa − χt )ηt+ (qa − χt )

φb1 (qb ) =

0
sinh χr ṽyb
+1
,
2 sinh(qb + χr )ηr− (qb + χr )

 + 1 ηt− (qa − χt )
 + 1 ηr+ (qb + χr )
, φb2 (qb ) = −
,
+
2 ηt (qa − χt )
2 ηr− (qb + χr )
1−
−1
φa3 (qa ) =
, φb3 (qb ) =
,
2
2
φa2 (qa ) = −

(A6)

where  = R cosh qb / cosh qa . The above system of equations allows us to find Fa1 ,Fb2 by iterations (and hence P̃ and H̃ ). This
is done as in [39], by considering the simplest solution to the coupled system of functional relationships given in Eqs. (A5). It
amounts to neglecting the arguments −2χt and 2χr in the functions Fa1 and Fb2 . This is equivalent to considering Eqs. (A5) as
a much simpler algebraic set of two equations in two unknowns: Fa1 (qa ) and Fb2 (qb ). Using this approximation, we get a first
[0]
[0]
estimate, which we call Fa1
and Fb2
:
[0]
(qb ) ∼
Fb2
=

φa1 (qa ) − φb1 (qb )[φa3 (qa ) − φa2 (qa )]
,
1 − [φb3 (qb ) − φb (qb2 )][φa3 (qa ) − φa2 (qa )]

[0]
[0]
[0]
Fa1
(qa ) ∼
= φb1 (qb ) − φb3 (qb )Fb2 (qb ) + φb2 (qb )Fb2 (qb + 2χr ).

(A7)

We recall that the variables qa and qb are related by N sinh qa = sinh qb , where N = caf /cbf . Once we compute the initial
[0]
[0]
[1]
[1]
functions Fa1
and Fb2
we can continue with the procedure and obtain new functions Fa1
and Fb2
in a second iteration round,
[0]
[0]
using the functions Fa1 and Fb2 on the right hand sides of Eqs. (A5). Proceeding further we can define a sequence of functions
[n]
[n]
[0]
[0]
Fa1
and Fb2
, where all of them would be nested around the initial set Fa1
and Fb2
. It is observed that the iteration procedure
[0]
[0]
nested around Fa1 (qa ) and Fb2 (qb ) given in Eq. (A7) is reasonably accurate for relatively large values of qa and qb , which is all
we need to compute the dimensionless asymptotic velocity ui . However, if we wanted to calculate ψ∞ [as given by Eq. (38)],
we would need the first derivatives of the functions Fb1 and Fb2 evaluated at qb = 0. Therefore, the approximation used in this
appendix is not convenient and another approach is necessary to get accurate values of the pressure amplitudes at qa = qb = 0.
This point is touched on later in Appendix C.
APPENDIX B: ASYMPTOTIC VELOCITY PROFILES IN BOTH FLUIDS

We write in this appendix the differential equations satisfied by the asymptotic velocity fields, when the corrugated shocks are
very far from the material interface. We then derive the boundary conditions imposed on the asymptotic velocities at both sides
of the contact surface, to warrant boundedness of the perturbations in the whole space.
It is not difficult to see that ṽrot , defined in Eq. (28), is a solenoidal field; that is, the perturbations u and v in the last equation
determine an incompressible velocity field. Therefore, they satisfy
du
+ v = 0.
(B1)
dx
We need another equation to connect u and v which is constructed paying attention to the rotational character of the velocity
field, through the generation of vorticity behind each corrugated shock. As vorticity is a conserved quantity on each fluid element,
its value comes from the vorticity that the fluid element picked behind the shock front position, at the time the shock front
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compressed that fluid particle. In our problem, the dimensionless z component of vorticity is
ω̃(x,y) =

δω
= g(x̃) sin ỹ.
kDi

(B2)

Following [15,29,32], we have the vorticity functions ga and gb , in each fluid, respectively:
ga (x̃) = a p̃t (rt = x̃/| sinh χt |),
gb (x̃) = b p̃r (rr = x̃/ sinh χr ).
The quantities a,b are [15,29,32]


 2
Mt − 1 2γa Mt2 − γa + 1
a = −
,

3/2
Mt2 (γa − 1)Mt2 + 2
2
 2
2γb Mr2 − γb + 1
Mr − 1
b =
.

3/2
Mr2 (γb − 1)Mr2 + 2

(B3)

(B4)

Therefore, the additional differential equation satisfied by the normal and tangential components of the velocity is
dv
+ u = g(x).
(B5)
dx
Combining Eqs. (B1) and (B5), the equations satisfied by the x and y components of the rotational velocity fields in both fluids
are
d 2 ua
d 2 va
dga
,
−
u
=
−g
,
− va =
a
a
d x̃ 2
d x̃ 2
d x̃
d 2 ub
d 2 vb
dgb
.
−
u
=
−g
,
− vb =
b
b
d x̃ 2
d x̃ 2
d x̃
We can Laplace-transform both equations integrating in the variable |x|, as in [15,29,32]. We define the functions
 ∞
Um (σm ) =
um (x̃) exp(−σm |x̃|)d x̃.

(B6)

(B7)

0

We multiply by exp(−σm |x̃|) both sides of both Eqs. (B6) and integrate in the whole space at each fluid to obtain
Ua (σa ) =

−σa |ui | + |via | − a sinh χt P̃t (−σa sinh χt )
,
σa2 − 1

Ub (σb ) =

σb |ui | − |vib | − b sinh χr P̃r (σb sinh χr )
,
σb2 − 1

(B8)

where ui is the asymptotic normal velocity at the contact surface and via and vib are the asymptotic tangential velocities at both
sides. The functions P̃t and P̃r are understood as functions of the corresponding variable q. It is clear that ua and ub are bounded
functions in the whole space. Therefore, their spatial Laplace transforms exist for any real value of their arguments σa and σb ,
respectively, and therefore, there should be no singularity for σa = σb = 1. Therefore, we must require, as done in [39],
|ui | − |via | = −a sinh χt P̃t (qa = −χt ) = Fa ,
|ui | − |vib | = b sinh χr P̃r (qb = χr ) = −Fb ,

(B9)

where Fm is the dimensionless form of Fm [see Eqs. (2)]. To calculate them, we use the values of Fa1 (−2χt ) and Fb2 (2χr ) with
the expressions obtained in Appendix A.

APPENDIX C: CALCULATION OF ψ∞

We recall here the definition of the asymptotic ordinate ψ∞ :
ψ∞ = ψ0∗ −

Di
[F (0) − Fb2 (0)]ψ0 ,
cbf b1

(C1)

where we realize the need to calculate the derivatives of Fb1 and Fb2 at the origin qb = 0. This last fact suggests that we
consider Eqs. (A5) in the limit |qa,b |  1. To this scope we approximate, by making first order Taylor expansions at the
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origin:
Fa1 (qa − 2χt ) ∼
= Fa1 (−2χt ) + qa Fa1 (−2χt ) + O[(qa )2 ],
Fb2 (qb + 2χr ) ∼
= Fb2 (2χr ) + qb Fb2 (2χr ) + O[(qb )2 ].

(C2)

If we substitute inside Eq. (A5), we obtain, for qa  −χt and qb  χr ,
φa1 (qa )φb3 (qb ) − φb1 (qb )
φb2 (qb )
φa2 (qa )φb3 (qb )
Fa1 (qa ) ∼
+
Fa1 (−2χt ) −
Fb2 (2χr )
=
φa3 (qa )φb3 (qa ) − 1
φa3 (qa )φb3 (qb ) − 1
φa3 (qa )φb3 (qb ) − 1
qb φb2 (qb )
qa φa2 (qa )φb3 (qb )
F (−2χt ) −
F (2χr ),
+
φa3 (qa )φb3 (qb ) − 1 a1
φa3 (qa )φb3 (qb ) − 1 b2
φa2 (qa )
φb1 (qb )φa3 (qa ) − φa1 (qa )
φa3 (qa )φb2 (qb )
Fb2 (qb ) ∼
−
Fa1 (−2χt ) +
Fb2 (2χr )
=
φa3 (qa )φb3 (qb ) − 1
φa3 (qa )φb3 (qb ) − 1
φa3 (qa )φb3 (qb ) − 1
qb φa3 (qa )φb2 (qb )
qa φa2 (qa )
F (−2χt ) +
F (2χr ).
−
φa3 (qa )φb3 (qb ) − 1 a1
φa3 (qa )φb3 (qb ) − 1 b2

(C3)

The function Fb1 (qb ) can be obtained from the linearized Rankine-Hugoniot equations summarized in Eq. (A1). We repeat it
here for completeness, after substituting the approximate expression for Fb2 (qb + 2χr ), as given by Eq. (C2) before:
Fb1 (qb ) ∼
=

0
sinh χr ṽyb

sinh(qb +

χr )ηr− (qb

− χr )

−

ηr+ (qb + χr )
qb η+ (qb + χr )
Fb2 (2χr ) − −r
F (2χr ).
−
ηr (qb − χr )
ηr (qb − χr ) b2

We see that the values of the pressure amplitudes Fa1 ,Fb2
(and of their derivatives) at qa = qb = 0 depend on the values
at qa = −2χt and qb = 2χr . This is due to the functional
character of Eqs. (A5), related to the acoustic reverberations
that occur in the space between both fronts. Therefore, the
accuracy with which we can calculate ψ∞ is dependent on the
accuracy with which we calculate the quantities Fa1 (−2χt ),
Fb2 (2χr ), Fa1 (−2χt ), and Fb2 (2χr ). These last quantities can
be calculated with the expressions derived in Appendix A
above, using the expressions derived for large values of the
arguments qa  −χt and qb  χr . The number of iterations
necessary to calculate them with a given number of digits
will be a function of the four preshock parameters. For weak
shocks, in general, just the seed values used, without iterations,
are usually enough. For moderate to strong shocks, one or two
iteration rounds may be necessary, until the wanted number of
significant/accurate digits is obtained.
APPENDIX D: DETAILED CALCULATIONS
FOR CASE 5 OF [36]
1. Zero order quantities

We show here the different algebraic steps to calculate
the temporal evolution and the linear asymptotic velocity
for one of the experiments discussed before. We consider
case 5 of [36], discussed at the beginning of Sec. VI. A
shock comes from air (γb = 7/5) towards SF6 (γa = 1.0935).
The value chosen for γa has been taken from [8]. The
preshock density ratio is R0 = 5.25, which gives a preshock
Atwood number AT = 0.68. The preshock ripple amplitude
is ψ0 = 1.04 cm and the corrugation wavelength is λ =
17.36 cm. The incident Mach number is Mi = 2.86. Therefore,
the incident shock strength is zi = 2γb (Mi2 − 1)/(γb + 1) ∼
=
8.376200. The initial sound speeds are ca0 = 13.4882 cm/ms
for SF6 , and cb0 = 34.9693 cm/ms for air. Therefore, the
ratio of preshock sound speeds is ca0 /cb0 ∼
= 0.385714. The

(C4)

incident shock speed is Di = −100.012 cm/ms. The reflected
and transmitted shock strengths, according to the solution of
Eqs. (9) and (10), are zr ∼
= 0.801833 and zt ∼
= 15.894346.
The upstream reflected and transmitted Mach numbers are,
according to Eqs. (6), Mr ∼
= 1.298955 and Mt ∼
= 4.026763.
The corresponding downstream Mach numbers are, respectively, βr ∼
= 0.786488 and βt ∼
= 0.315299. We display below
the different ratios of postshock quantities. We show first the
ratios behind the incident front, according to Eq. (4):
ρb1 ∼
cb1 ∼
U1 ∼
= 3.723755,
= 1.586803,
= −2.091958.
ρb0
cb0
cb0
(D1)
For this experiment, we thus have cb1 ∼
= 55.4895 cm/ms
and U1 ∼
= −73.1544 cm/ms. The negative sign for U1 simply
indicates that the fluid behind the incident shock moves from
right to left (see Fig. 1).
We also calculate the ratios across the reflected and
transmitted shocks, using the expressions inside Eq. (7):
ρbf ∼
ρaf ∼
= 1.513875,
= 9.654408,
ρb1
ρa0
cbf ∼
caf ∼
= 1.090969,
= 1.322842,
cb1
ca0
U1 − U ∼
U ∼
(D2)
= 0.4409218,
= 3.609672.
cb1
ca0
The ratio of final densities and final sound velocities, at the
contact surface, are
ρaf ∼
caf ∼
R=
(D3)
= 8.991123, N =
= 0.294740.
ρbf
cbf
We thus have the results caf = 17.842753 cm/ms and
cbf = 66.205234 cm/ms. In the laboratory frame, we have
U = −48.687983 cm/ms, Dr ∼
= −1.076082 cm/ms, and
Dt = −54.313785 cm/ms. We see that the reflected shock
moves following the contact surface.
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For this choice of gases and incident Mach number, the
preshock density ratio for which no shock would be reflected
is, according to Eq. (11), R0m ∼
= 1.161252, which is far from
the preshock density ratio used in this experiment.
2. First order quantities

We show here the values of the perturbed quantities,
relevant for the calculation of the final velocities. The initial
corrugations of the transmitted and reflected shocks, in units
of ψ0 , are given as functions of the velocity ratios, Dt /Di and
Dr /Di , which have to be calculated from Eqs. (D1) and (D2):
ψt0
Dt
Dt ca0 cb0 ∼
= 1−
=1−
= 0.456930,
ψ0
Di
ca0 cb0 Di
ψr0
Dr
Dr + U1 cb1 cb0
U1 cb0
= 1+
=1+
−
ψ0
Di
cb1
cb0 Di
cb0 Di
∼
0.989240
<
1.
(D4)
=
We see a curious result in Eq. (D4) above: the initial
corrugation of the reflected shock is less than the initial
contact surface ripple amplitude. This is a particular case
in which the reflected shock follows the compressed contact
surface, because Dr < 0 in the laboratory frame. Therefore,
as a result of the refraction of the incident shock, all three
surfaces—the transmitted shock, the contact surface, and the
reflected shock—move to the left in Fig. 1. This possibility has
been highlighted in [43]. This result can also be seen in Figs. 8
and 9 of [26]. For example, at t = 0.25 ms, the reflected shock
position is xr ∼ 100.5 cm and at t = 0.50 ms it is xr ∼ 100.08
cm. Therefore, their reflected shock moved very little from
left to right, in the laboratory frame, following the contact

surface, with an approximate speed of |Dr | ∼ 1.2 cm/ms (their
positive x̂ axis points opposed to ours). The value obtained
from the simulation pictures compares reasonably well with
our estimate: Dr ∼ −1.08 cm/ms, and with the value deduced
from the experiments. The relative difference between linear
theory and experiments, on one hand, and simulations in this
case for the reflected shock velocity remains within 10%. It
is clear from the simulation snapshots that the reflected front
follows the material surface.
This possibility opens the road for additional interesting
questions, such as, would it be possible to have reflected
shock fronts following the contact surface with large enough
values of |Dr | such that ψr0 < 0 ? Probably, for sufficiently
strong shocks, this possibility should not be ruled out. This
observation connects with the discussion done in Sec. V
about freeze-out for strong shocks in the shock reflected
0
case. If ψr0 < 0, the sign of δvyb
also changes, thus making
0
0
δvya /δvyb > 0, which has been found a necessary condition
for freeze-out [17,44]. As these situations are quite speculative
at the moment, and far beyond the scope of the present paper,
they will be considered in a future work.
For the experiment under discussion, the initial tangential
velocities, behind the transmitted and reflected shocks in units
of kψ0 Di , are, according to Eq. (16),


0
δvya
Dt ∼
U
0
1−
ṽya
=
=−
= −0.222442,
kψ0 Di
Di
Di


0
δvyb
Dr ∼
U1 − U
0
1+
=
=
ṽyb
= 0.242003. (D5)
kψ0 Di
Di
Di
0
0
indicates that it is opposed to ṽyb
.
The negative sign for ṽya
The values of the real velocities achieved in this experiment,

in dimensional units, are
0 ∼
δvya
= −8.373997 cm/s, δv0yb ∼
= 9.1103677 cm/s.

(D6)

With the postshock quantities obtained before, we can calculate the temporal evolution of the pressure perturbations with the
aim of describing the contact surface ripple growth together with the calculation of the asymptotic normal and tangential velocities
in the linear phase. Using the algebra explained in [10] we can calculate the sequences of coefficients π2j +1 and ω2j +1 for both
fluids. The dimensionless coordinates χ for the transmitted and reflected shock are, respectively, χt = − tanh−1 βt ∼
= −0.326419
and χr = tanh−1 βr ∼
= 1.062157. We show the values of the first few coefficients that allow us to calculate the initial derivative
of the pressure perturbations behind each corrugated front:
π1a = −0.1518432, ω1a = −0.298504,
π1b = −0.123747 , ω1b = −0.087981.

(D7)

The first time derivatives of the pressure perturbations behind each corrugated front (we recall that rt = τa / cosh χt and rr =
τb / cosh χr ) are


d p̃t 
1
(1)
p̃t1 =
= π1a cosh χt + ω1a sinh χt ∼
= −0.033885,

drt rt =0+
2


d p̃r 
1
(1)
p̃r1
(D8)
=
= π1b cosh χr + ω1b sinh χr ∼
= −0.156202.

drr rr =0+
2
The successive values of the initial derivatives can be calculated numerically in a systematic way. See the Supplemental
Material [41] to look for the explicit analytical expressions of the first and third initial derivatives of p̃t,r . Calculating higher
order derivatives allows us to obtain the coefficients π2n+1 and ω2n+1 , necessary to plot the temporal evolution.
To calculate the first estimates of the quantities Fa,b we must obtain the analytical form of the pressure amplitudes Fa1 (qa )
and Fb2 (qb ), to be used in Eqs. (33). The explicit forms of these functions are given in Eqs. (A7) and when written out explicitly
inside the MATHEMATICA notebook they are exceedingly large. We only show here the final expressions of the auxiliary functions
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φm1,2,3 , after substituting for the postshock and preshock background quantities:
φa1 (qa ) =

0.209514 cosh(qa + 0.326418)(0.111221 cosh qa + 1 + 0.0868714 sinh2 qa )
,
cosh qa [1 + 0.315299 sinh(2qa + 0.652837) + 1.061672 sinh2 (qa + 0.326418)]

φa2 (qa ) = −(0.111221 cosh qa +

1 + 0.0868714 sinh2 qa )

4.495562
cosh qa


1 − 0.315299 sinh (2qa + 0.652837) + 1.061672 sinh2 (qa + 0.326418)
,
×
1 + 0.315299 sinh (2qa + 0.652837) + 1.061672 sinh2 (qa + 0.326418)


φa3 (qa ) =

0.500000 cosh qa − 4.495562 1 + 0.0868714 sinh2 qa
,
cosh qa

φb1 (qb ) = −

0.0269575 cosh(qb + 1.062157)(8.991123 cosh qb + 1 + 11.511269 sinh2 qb )
,
cosh qb [1 + 0.786488 sinh(2qb + 2.124313) + 1.592668 sinh2 (qb + 1.062157)]

φb2 (qb ) = −(8.991123 sinh qb +

1 + 11.511269 sinh2 qb )

0.0556104
cosh qb


1 − 0.786488 sinh (2qb + 2.124313) + 1.592668 sinh2 (qb + 1.062157)
,
×
1 + 0.786488 sinh (2qb + 2.124313) + 1.592668 sinh2 (qb + 1.062157)


φb3 (qb ) =

0.500000 cosh qb − 0.055610 1 + 11.511269 sinh2 qb
.
cosh qb

(D9)

[0]
[0]
and Fb2
with which we calculate the initial
With the auxiliary functions above we can construct the seed functions Fa1
estimates of the average values Fa,b . Of course, iterating several times over Eqs. (A5), we get improved values of the bulk
vorticity parameters. We obtain, as a first estimation,
[0]
Fa1
(−2χt ) ∼
= −0.0516249,

[0]
Fb2
(2χr ) ∼
= −0.000622197,

(D10)

and
[0]
Fa[0] ∼
= −0.0798572, Fb ∼
= 0.0120960.

(D11)

[5]
Fa[5] ∼
= −0.0865496, Fb ∼
= 0.012538.

(D12)

If we iterate five times, we get

With the above values, we can calculate the dimensionless asymptotic velocities at the contact surface. At first, the irrotational
part is
uirrot =

0
0
− R ṽya
ṽyb

R+1

∼
= 0.224400,

(D13)

[5]
and the values for u[0]
i and ui are
[5] ∼
∼
(D14)
u[0]
i = 0.151325, ui = 0.145287.
∞ ∼
∞ ∼
For the dimensionless velocities, we get δvi = 5.70 cm/ms without iterations, and δvi = 5.47 cm/ms after iterating five
times.
The asymptotic tangential velocities are, on the heavier fluid side,
[0] ∼
[5]
via
= −0.231182, via ∼
= −0.231836,

(D15)

which correspond to dimensional values −8.70 cm/s and −8.73 cm/s, respectively. On the side of the lighter fluid, we get
[0] ∼
[5]
vib
= 0.139229, vib ∼
= 0.133033,

(D16)

which correspond to dimensional values 5.24 cm/s and 5 cm/s, respectively.
We finally show the value obtained for the asymptotic ordinate ψ∞ , according to Eq. (38). For the shocked initial ripple
amplitude we have ψ0∗ ∼
= 0.53 cm. The asymptotic ripple ordinate is, after using the results of Appendix A, ψ∞ ∼ −0.4 cm. This
makes ψ∞ − ψ0∗ ∼ −0.93 cm, as can be seen in Fig. 19.
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Analytical scalings of the linear Richtmyer-Meshkov instability when a rarefaction is reflected
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The Richtmyer-Meshkov instability for the case of a reflected rarefaction is studied in detail following the
growth of the contact surface in the linear regime and providing explicit analytical expressions for the asymptotic
velocities in different physical limits. This work is a continuation of the similar problem when a shock is reflected
[Phys. Rev. E 93, 053111 (2016)]. Explicit analytical expressions for the asymptotic normal velocity of the rippled
surface (δvi∞ ) are shown. The known analytical solution of the perturbations growing inside the rarefaction fan
is coupled to the pressure perturbations between the transmitted shock front and the rarefaction trailing edge.
The surface ripple growth (ψi ) is followed from t = 0+ up to the asymptotic stage inside the linear regime.
As in the shock reflected case, an asymptotic behavior of the form ψi (t) ∼
= ψ∞ + δvi∞ t is observed, where ψ∞
is an asymptotic ordinate to the origin. Approximate expressions for the asymptotic velocities are given for
arbitrary values of the shock Mach number. The asymptotic velocity field is calculated at both sides of the contact
surface. The kinetic energy content of the velocity field is explicitly calculated. It is seen that a significant part
of the motion occurs inside a fluid layer very near the material surface in good qualitative agreement with recent
simulations. The important physical limits of weak and strong shocks and high and low preshock density ratio are
also discussed and exact Taylor expansions are given. The results of the linear theory are compared to simulations
and experimental work [R. L. Holmes et al., J. Fluid Mech. 389, 55 (1999); C. Mariani et al., Phys. Rev. Lett.
100, 254503 (2008)]. The theoretical predictions of δvi∞ and ψ∞ show good agreement with the experimental
and numerical reported values.
DOI: 10.1103/PhysRevE.96.013102
I. INTRODUCTION

The Richtmyer-Mehskov instability develops after the
refraction of a planar incident shock across a rippled contact
surface [1,2] and has been continuously studied during the
last 50 years, due to its importance in several fields like
inertial confinement fusion (ICF), high energy density physics
(HEDP), shock tube research, and astrophysics [3–32]. In
Fig. 1, we indicate the flow quantities immediately after the
incident shock refraction at the material interface, for the
situation in which a rarefaction has been reflected back to
the right. For t < 0, an incident shock comes from the right
(fluid b) with velocity −Di x̂ and arrives to the contact surface
(located at x = 0) at t = 0. It has compressed fluid b from
ρb0 to ρb1 . Pressures behind and in front of the incident shock
are p1 and p0 , respectively. We assume inviscid fluids with
an ideal gas equation of state (EOS). The specific heat ratio
is γb to the right of the material surface, and γa to the left.
The fluid velocity behind the incident shock is U1 . We define
an incident shock strength parameter zi = (p1 − p√0 )/p0 as in
[33]. The initial sound speed of fluid b is cb0 = γb p0 /ρb0 .
Therefore, the incident shock Mach number is [33]

Di
(γb + 1)
= 1+
zi .
(1)
Mi =
cb0
2γb
On the other side of the contact surface, the preshock
√ density
is ρa0 and the preshock sound speed is ca0 = γa p0 /ρa0 .
The preshock density ratio at the material surface is defined
as R0 = ρa0 /ρb0 . We will only consider cases in which a

*

gustavo.wouchuk@uclm.es

2470-0045/2017/96(1)/013102(42)

rarefaction is reflected to the right at t = 0+. As discussed
in [15], for given values of the isentropic exponents γa , γb ,
and the incident shock Mach number Mi , this will happen for
small enough values of the preshock density ratio: R0 < R0tt ,
where the expression for R0tt is given by
R0tt =

γb (γb + 1)Mi2
.
γa − γb + γb (γa + 1)Mi2

(2)

For the case R0 = R0tt there is no reflected shock and only a
transmitted shock is driven into the fluid to the left, a case called
total transmission. For equal values of the isentropic exponent,
γa = γb , it is R0tt = 1. For γa = γb , R0tt could be above or below
unity and a rarefaction is always reflected if R0 < R0tt . We
assume that the contact surface is initially rippled in the form
i (y,t < 0) = ψ0 cos ky, where k = 2π/λ is the perturbation
wave number, and λ is the perturbation wavelength. In linear
theory, we assume ψ0  λ. After the time t = 2ψ0 /Di , which
we assume vanishingly small, the incident shock disappears
and a transmitted shock is driven inside fluid a while a
rarefaction fan is traveling back inside fluid b. We describe
the different wavefronts in Fig. 1 where we have indicated the
zero order background velocities. The contact surface moves
to the left with speed −U x̂ and the transmitted front travels
to the left with velocity −Dt x̂. The rarefaction region is
composed of a heading front, traveling at the local sound of
speed cb1 − U1 in the laboratory frame, and a trailing edge,
moving with velocity cbf − U , also in the laboratory frame.
The final density of fluid b, between the contact surface and the
rarefaction tail, is ρbf and that of fluid a is ρaf . The pressure
between the transmitted shock and the rarefaction tail is pf .
The Richtmyer-Meshkov instability (RMI) for the case of a
rarefaction reflected has been less studied theoretically than
the shock reflected case, probably due to the mathematical
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terms [10,11]
δvi∞ =

FIG. 1. Rippled wavefronts at t = 0+ when a rarefaction is
reflected from the contact surface. The front and fluid velocities are
indicated.

difficulties associated with perturbation growth inside the
rarefaction fan. The original experiments of Meshkov [2]
contemplated both scenarios which were discussed some years
later by Meyer and Blewett [4] using numerical simulations.
It was observed that the growth of the ripple surface changed
phase in the rarefaction reflected situation and the asymptotic
velocity had an opposite sign with respect to the shock reflected
scenario. They observed that in order to obtain agreement
between the numerical solution and the linear theory at low
compression, an averaged initial post-shock ripple amplitude
had to be used in the impulsive formula proposed by Richtmyer
[1,4]. After that, the problem of a rarefaction wave traveling
alone was analyzed theoretically by Kivity and Hanin in
[17], who found an analytical expression for the tangential
velocity perturbations inside the rarefaction wave. They used
that solution to numerically solve the RMI for the reflected
rarefaction case in [18]. Some time later, Yang et al. [5] have
numerically solved the linear RMI in both cases and discovered
that, in the rarefaction scenario, the rarefaction tail ripple also
showed a linear asymptotic growth, similar to the contact
surface ripple. This problem was considered later in [19] who
studied the behavior of the rarefaction profiles and obtained
analytical expressions for rarefaction tail ripple growth in
different physical limits (weak and strong rarefactions). In
[20], the perturbations growing inside a rippled rarefaction
were also studied based on the solution obtained before by [17],
and explicit analytical expressions for the trailing edge ripple
growth were obtained, valid for any incident shock intensity, as
well as explicit Taylor expansions of the asymptotic velocity
in the regimes of strong and weak expansions. The results of
[20] confirmed the expressions found in [19] in the different
physical limits. Besides, it was shown that the growth of the
rarefaction tail ripple is not of the same type as that occurring
at the contact surface. In [6], the RMI for the rarefaction case
was studied using Taylor series expansions in time, and the
solutions compared very well with existing numerical results.
Further analytical studies of the RMI in the rarefaction scenario
were also done in [7,8,11] with different analytical techniques
and focusing in different time intervals of the linear growth. In
particular, in [11] the asymptotic linear velocity was calculated
with an exact analytical expression. It is known that the normal
asymptotic linear velocity can be written as the sum of two

0
0
− ρaf δvya
ρbf δvyb

ρbf + ρaf

+

−ρbf Fb + ρaf Fa
,
ρbf + ρaf

(3)

0
0
where δvya
and δvyb
are the initial tangential velocities at both
sides of the contact surface and Fa,b are spatial averages of
the vorticity profiles generated by the rippled fronts in each
fluid. For a rarefaction reflected inside fluid b, no vorticity
is generated and, hence, Fb = 0. For a rederivation of the
above expression in this work, the reader is referred to
the calculations shown later in Sec. II [Eqs. (107)–(115)].
The Fm averages become relevant for strong incident shocks,
highly compressible fluids, and/or large density contrast at
the material surface. In order to have bounded velocity
perturbation fields far from the interface, we must require
 ∞  ∞ 
δv  − δv  = Fa ,
i
ya
 ∞  ∞
δv  − δv  = 0
(4)
i
yb

because Fb = 0.
Unfortunately, the second term in the right hand side of
Eq. (3) can not be expressed yet in a closed form, as it has to
be obtained after solving a functional equation in the complex
plane, that couples the dynamics of the rarefaction fan, the
contact surface ripple, and the corrugated transmitted front.
This technical complication makes it cumbersome to calculate
the asymptotic velocity for arbitrary values of the preshock
parameters. The validity of Eq. (3) has been previously shown
in [11] inside limited regions of the space of the preshock
parameters. On the other hand, its counterpart with Fb = 0,
in the shock reflected case, has been recently studied in a
wide region of the space of the preshock parameters [10,15].
Nevertheless, for the rarefaction reflected situation, no further
attempt has been made since the first results of [11] to
obtain explicit analytical expressions of the linear asymptotic
velocity, even approximate, in the range of moderate to strong
shock compression, or to present Taylor expansions valid in
the important physical limits of weak and strong shocks, weak
and strong rarefactions, as recently done for the shock reflected
case in [15] or in [21] for a single rippled shock traveling inside
an ideal, homogeneous fluid.
One of the aims of this work is to present an explicit analytic
formula that works reasonably well for weak to strong shocks
and to give accurate Taylor expansions as powers of a small
parameter in different physical limits: weak and strong shocks
and low and high values of the density ratio at the contact
surface. We stress the importance of the vorticity generation
behind the transmitted front, showing the spatial structure of
the asymptotic velocity fields at both sides of the contact
surface, after the fronts have separated away from the material
surface. An analysis of the contact surface ripple growth as a
function of time is also shown and compared to experiments,
where the asymptotic scaling ψi (t) ∼
= ψ∞ + δvi∞ t is obtained,
in agreement with the findings of [4] or recently of [15].
Bessel series and Taylor series in powers of time are presented
to describe the transient temporal evolution of perturbed
velocities and ripple either at the transmitted shock and at the
contact surface. Besides, the kinetic energy of the asymptotic
velocity field is calculated at both sides of the contact surface
and the importance of the bulk vorticity field is discussed.
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These studies are done for a series of experiments reported in
[12,13,22].
This work is structured as follows: the mathematical details
are given in Sec. II. The background equations are carefully
discussed showing the exact analytical solutions and several
approximations corresponding to different physical limits.
The perturbed fluid equations are described in the different
regions: the fluid between the transmitted shock and the
contact surface, the rarefaction wave, and the fluid between
the contact surface and the rarefaction trailing edge. The
differential equations are briefly reviewed and emphasis is
put to obtain accurate descriptions of the temporal evolution
of pressure and front corrugations. With this scope in mind,
we have made use of analytical results published in earlier
works, when necessary, in order to make a self-contained
mathematical description. There are some features in the
development of these calculations, not published before, i.e.,
the closed analytical expression for the pressure amplitude
function at the rarefaction tail, the Taylor series in powers of
time for the normal and tangential velocities, either at the shock
front corrugation and at the contact surface ripple. As for the
contact surface ripple growth, the asymptotic linear behavior
ψ∞ + δvi∞ t is obtained, where the value of ψ∞ is not equal
to the initial post-shock ripple amplitude, as first observed by
Meyer and Blewett [4]. An analytical formula to calculate ψ∞
is provided in the general case. The asymptotic linear velocities
(normal and tangential) at the rippled contact surface are
shown and the iterative procedure for their calculation is briefly
reviewed. The asymptotic velocity profiles in both fluids have
been carefully calculated as a function of the space coordinates
in conditions of strong compression. The kinetic energy stored
inside each fluid has been also calculated, showing the error
incurred in its calculation if we had neglected the vorticity
field inside the fluid compressed by the transmitted shock.
In Sec. III, we compare the exact value of the asymptotic
normal velocity with an irrotational approximation in different
regions of the space of the preshock parameters. Besides, we
discuss the goodness of a lowest order approximate formula
that consistently includes the effect of the bulk vorticity stored
inside fluid a. In Sec. IV, we show Taylor expansions in powers
of a small parameter in different physical limits. In Sec. V,
our predictions are compared with previously reported experiments and simulations. We have found a very good agreement
during the interval of time in which linear theory is acceptable.
A brief summary is presented in Sec. V. Finally, in the
Appendix section, we describe the mathematical procedure to
calculate the asymptotic ordinate ψ∞ , and the detailed numerical calculations for a particular experiment. The readers who
do not want to delve at first into the mathematical details might
skip Sec. II and go directly to Secs. III, IV, and V. Of course,
some necessary notation might be required, which is explained
at the beginning of the different subsections inside Sec. II.

Eq. (1). The ratios of the density and sound speed (downstream
and upstream values) are given by

II. MATHEMATICAL MODEL
A. Background profiles

As explained in the Introduction and taking into account
Fig. 1, we consider an incident shock that comes from the left
inside fluid b. The incident shock Mach number is given by

(γb + 1)Mi2
2γb + (γb + 1)zi
ρb1
,
(5a)
=
=
ρb0
2γb + (γb − 1)zi
(γb − 1)Mi2 + 2



2γb Mi2 − γb + 1 (γb −1)Mi2 +2
cb1
ρb0
= (1 + zi )
=
.
cb0
ρb1
(γb + 1)Mi
(5b)
The velocity U1 is given by
√
U1
2
zi 2
1
=
=√
. (6)
Mi −
cb0
γb + 1
Mi
γb [2γb + (γb + 1)zi ]
The downstream Mach number βi , in terms of Mi , is

(γb − 1)Mi2 + 2
D i − U1
=
.
βi =
cb1
2γb Mi2 − γb + 1

(7)

After shock refraction, at t = 0+, a rarefaction fan is formed
that expands fluid b and a shock is transmitted inside fluid a.
The density at the rarefaction head is ρb1 and it is ρbf at its
trailing edge. The sound speed at the rarefaction head is cb1
and cbf at its tail. We define the parameter M1 = cbf /cb1 , as
proposed in [19], in order to characterize the strength of the
expansion. Due to the self-similar character of the centered
rarefaction fan, all the thermodynamic quantities inside the
expanding fluid are functions of the combination x/t. As in
[20], we define the dimensionless variable ζ = x/(cb1 t) and
the variable A = c/cb1 , which is the sound speed normalized
with the sound speed at the rarefaction head, as defined in [19].
It can be seen that the following relationships hold:
cb1 ζ = vx + c,
γb − 1
2M1
c
+
ζ,
=
A=
cb1
γb + 1 γb + 1

(8a)
(8b)

where vx is the velocity at a given position inside the rarefaction. The origin of coordinates is located at the unperturbed
contact surface after compression. The ζ coordinates of the
rarefaction head and tail are
γb + 1 − 2M1
,
γb − 1
ζrt = M1 .

ζrh =

(9a)
(9b)

Density and pressure can be written as functions of the
variable A:
ρ
= A2/(γb −1) ,
ρb1
p
= A(2γb )/(γb −1) .
pb1

(10a)
(10b)

The transmitted shock strength is defined by zt = (pf −
p0 )/p0 , where pf is the fluid pressure across the contact
surface. The upstream transmitted shock Mach number is
therefore

(γa + 1)
Dt
= 1+
zt ,
(11)
Mt =
ca0
2γa
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For very weak shocks (zi  1), we obtain
√
 
2 γ a R0
zt ∼
zi + O zi2 ,
√
= √
γ b + γ a R0
√
√
 
γ b − γ a R0
γb − 1
M1 ∼
zi + O zi2 .
1
−
√
=
√
2γb
γ b + γ a R0

and its downstream Mach number βt is
Dt − U
βt =
=
caf



(γa − 1)Mt2 + 2
.
2γa Mt2 − γa + 1

(12)

The ratios of the density and sound speed across the transmitted
shock are given by
ρaf
2γa + (γa + 1)zt
(γa + 1)Mt2
, (13a)
=
=
ρa0
2γa + (γa − 1)zt
(γa − 1)Mt2 + 2

caf
ρa0
= (1+zt )
ca0
ρaf


2γa Mt2 − γa +1 (γa − 1)Mt2 +2
=
. (13b)
(γa + 1)Mt
The contact surface speed U is
√
U
zt 2
2
1
.
Mt −
=√
=
ca0
γa + 1
Mt
2γa + (γa + 1)zt

(14)

M1min ∼
= (ζ0 R0 )(γb −1)/(2γb ) ,

ρaf ρb0 ρb1
,
R = R0
ρa0 ρb1 ρbf

where

N0 caf cb0
,
M1 ca0 cb1

(16)

where
N0 =

ca0
=
cb0



γa
.
γ b R0

(17)

Given the four preshock parameters zi (or Mi ), γa , γb ,
and R0 = ρa0 /ρb0 , we have to calculate both the transmitted
shock strength zt and the rarefaction strength M1 . Asking for
continuity of the normal velocity and pressure at the contact
surface, we get the following system of nonlinear equations:

√
√
zi 2
zt 2
γ b R0
=
√
√
γa
2γa + (γa + 1)zt
2γb + (γb + 1)zi
+
M1 =


2(1 − M1 )
ρb0
(1 + zi )
, (18a)
γb − 1
ρb1
1 + zt
1 + zi

zt
zi

(15)

and the ratio of post-shock sound speeds

(γb −1)/(2γb )

.

(18b)

Unfortunately, there is no known analytical solution to the
above system for arbitrary values of the preshock parameters
and its solution must be obtained numerically. Nevertheless,
we can try approximate solutions in the limits of very weak
incident shocks (zi  1) and very strong rarefactions M1  1.

(19a)
(19b)

From the above results, we deduce that in order to have a
rarefaction reflected in the weak incident shock limit, the
inequality γa ρa0 < γb ρb0 has to be fulfilled, which is the weak
shock version of the condition R0 < R0tt . Besides, we see that
it is always zt < zi because the final pressure pf driving the
transmitted shock is lesser than the pressure p1 > p0 .
If we consider an incident shock of infinite strength (zi 
1), the ratio of sound velocities at the rarefaction trailing front
and heading front (M1 ) will reach its minimum value, which
we call M1min [20]. The system of equations [Eq. (18)] also
allows us to find M1min numerically for a given set of preshock
parameters. We can obtain an analytic estimate of the minimum
rarefaction strength in the limit of vanishingly small preshock
density ratio (R0  1) and very strong incident shocks. After
some algebra, we obtain the following results, at the lowest
order in R0 , under the assumption M1min  1:

We define the post-shock density ratio

N=

63

zi 1,R0 1

∼
= ζ 0 R0 ,



2
2
γa + 1
.
ζ0 =
1 + γb
γb (γb + 1)
γb − 1

(20a)
(20b)

(21)

For small preshock density ratio but finite strength incident
shocks, we obtain the following expansions in powers of R0 :


γ −1
(γb − 1)ζ1 
( b )
M1 ∼
R0 + O(R0 ) , (22a)
= (1 + zi ) 2γb 1 +
2γb

zt ∼
(22b)
= ζ1 R0 + O(R0 ),
where

⎧ 
⎫
1−γb
⎨
2γb
2 1 − (1 + zi )
cb1
U1 ⎬
√
+
ζ1 = γa γb
.
⎩
γb − 1
cb0
cb0 ⎭

(23)

The expansions given by Eqs. (20) and (22) are valid in
different ranges. Equation (20) is valid in the interval 0 <
R0  R0min (zi ) and Eq. (22) is only valid in the complementary
interval R0min (zi )  R0 < R0tt , where R0min is obtained by
imposing equality of both expansions at R0min . The value of
R0min can be written as

ζ12 + 2ζ0 (1 + zi ) + ζ1 ζ12 + 4ζ0 (1 + zi )
, (24)
R0min =
2[ζ0 (1 + zi )]2
which depends on the incident shock strength zi . It is easy to
see that R0min → 0 for zi → ∞.
At intermediate values of R0 , inside the interval R0min <
R0 < R0tt , we can make the rarefaction tail stationary in
the laboratory frame. Let us call R0crit the value of R0 for
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which U = cbf . For greater values of the preshock density,
the rarefaction tail moves following the contact surface
and the rarefaction head in the laboratory frame.
For R0 < R0crit , the rarefaction trailing edge moves to

the left, following the transmitted shock, in the laboratory
frame. The case R0 = R0crit is analogous to the case in which the
reflected shock wave remains steady in the laboratory frame,
as studied in [16]. The analytical expression of R0crit is

R0crit =

[2γb + (γb + 1)zi ] [1 + γb − (γb − 1)(1 + zi )ζ2 ]2
,
√
{(γb − 1)zi + 2γb (1 + zi )[2γb + (γb − 1)zi ]}2 [1 − γb + (γa + 1)(1 + zi )ζ2 ]

where

ζ2 =

√  2

2 γ b − 1 zi

2
+√
γb + 1
γb (1 + zi )[2γb + (γb − 1)zi ]

Di
∂ ρ̃a
=−
∂τa
caf

b
 γ2γ−1
b

. (26)

B. Fluid perturbations behind the transmitted shock

Between the contact surface and the transmitted shock, fluid
a has been compressed and set in motion. To simplify the
algebra, we work in a system of reference comoving with
the compressed fluid a. The coordinate origin is located at the
contact surface. Because of the front corrugation, pressure and
vorticity (entropy) perturbations are generated. Inside fluid
a we normalize the perturbations of pressure, density, and
velocity according to

∂ ũa
+ ṽa ,
∂kx

caf ∂ ρ̃a
∂ p̃a
=
.
∂τa
Di ∂τa

(25)

(32c)
(32d)

Note that the conservation of entropy for the compressed fluid
particles does not strictly imply ρ̃a ∝ p˜a . Actually, Eq. (32d)
only states that their partial time derivatives are proportional.
A first integral of this equation gives a relationship of the form
ρ̃a (x,t) =

Di
p̃a (x,t) + f (x),
caf

(33)

The dimensional transmitted front ripple is assumed to be
of the form

where the function f (x) stands for the generation of entropic
perturbations of density, which only depend on space, in the
reference frame used [7,25,31]. The above result tells us that
density perturbations are composed of an acoustic part (related
to the fluctuations in pressure) and an entropic part (due to
the conservation of the entropy generated at the shock front)
as discussed in [7,25,26]. The strict proportionality between
p̃ and ρ is only true for the particles that travel inside the
rarefaction fan, inside fluid b, because no entropy is generated
in this other situation [20].
From now on, we use the coordinate transformation [34]

t (y,t) = ψ̃t (t) cos(ky) ψ0 .

kx = ra sinh χa , kcaf t = ra cosh χa .

δpa (x,y,t) = p̃a (x,t) cos(ky)

ρaf caf Di kψ0 , (27a)

δρa (x,y,t) = ρ̃a (x,t) cos(ky) ρaf kψ0 ,

(27b)

δvxa (x,y,t) = ũa (x,t) cos(ky)Di kψ0 ,

(27c)

δvya (x,y,t) = ṽa (x,t) sin(ky)Di kψ0 .

(27d)

(28)

The dimensionless initial shock ripple amplitude is given by
ψ̃t0 :
ψt (t = 0+)
Dt
=1−
,
(29)
ψ̃t0 =
ψ0
Di

Combining Eqs. (32), we get the linear wave equation for the
pressure perturbations can be written as [7]
ra

and, because tangential velocity must be conserved across the
corrugated front, an initial tangential velocity perturbation is
generated behind it, which is given by
0
δvya
= −U kψt0 .

(30)

We define the dimensionless velocity
0
ṽya
=

0
δvya

kψ0 Di

.

(31)

After t = 0+, pressure perturbations are created inside the
compressed fluid. In linear theory, the usual approach is to
solve the wave equation for the pressure perturbations. The
dimensionless linearized fluid equations (x and y momentum
equations, mass conservation, and entropy conservation) are,
respectively,
∂ ũa
∂ p̃a
,
=−
∂τa
∂kx
∂ ṽa
= p̃a ,
∂τa

(32a)
(32b)

(34)

∂ 2 p̃a
∂ p̃a
∂ h̃a
+
+ ra p̃a =
,
2
∂ra
∂ra
∂χa
h̃a =

1 ∂ p̃a
.
ra ∂χa

(35a)
(35b)

The solution to the above equations can be found in the form
of an infinite series of Bessel functions [7] or in terms of the
Laplace transform of the pressure perturbations [11]. As for
the first method, it can be seen that
p̃a (χa ,ra ) =

∞



a
π2n+1
cosh[(2n + 1)χa ]

n=0


a
+ ω2n+1
sinh[(2n + 1)χa ] J2n+1 (ra ), (36)
where J2n+1 is the ordinary Bessel function of order 2n + 1
a
a
[35], and the coefficients π2n+1
and ω2n+1
have to be obtained
through the boundary conditions at the shock and at the contact
surface when matching with the perturbation field inside fluid
m
b [7,8]. We later show an efficient method to calculate π2n+1
m
and ω2n+1 in order to follow the initial transient evolution of
the different perturbed quantities.
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Before attacking the problem of the temporal evolution,
it is very convenient to work with the Laplace transform of
the pressure perturbations. Laplace transforms in this work
have two goals: on one hand, they will enable us to obtain
a
a
the coefficients π2n+1
, ω2n+1
, and, besides, to obtain exact
analytical formulas for the asymptotic normal and tangential
velocities at the rippled contact surface. To this scope, we
define the Laplace transforms
 ∞
p̂a (χa ,ra )e−ra sa dra ,
P̃a (χa ,sa ) =
(37a)


0

If we make a Laplace transformation in the domain of the
variable rt , we obtain (after making sa = sinh qa )

h̃a (χa ,ra )e

−ra sa

dra .

(38a)

H̃a (χa ,qa ) = Fa1 (qa − χa ) − Fa2 (qa + χa ),

(38b)

for some functions Fa1,2 . For the sake of simplicity, we use
the same notation for the Laplace transform of P̃a , written
indistinctly as a function of sa in Eq. (37a), or of qa in Eq. (38a).
The same applies to the function H̃a .
The pressure amplitudes Fa1,2 are functions to be determined from the boundary and initial conditions. It can be seen
that Fa1 represents pressure perturbations that escape from the
contact surface towards the shock, and Fa2 represent the waves
that reach the transmitted shock from downstream [23]. If we
take the Laplace transform of Eq. (36) in the domain of the
variable ra , we find
 a
 −(2n+1)qa
a
π2n+1 + ω2n+1
e
,

αa20
,
sinh qa

(43b)

(44a)

αa11 =

1 βt κt − βt2 ρaf
,
2 κt 1 − βt2 ρa0

(44b)

κt =

The factor Di /caf appearing in the right hand side of the
former equation is due to the different scaling factor used to
define the dimensionless pressure, which is ρaf caf Di kψ0 here,
2
in contrast to ρaf caf
kψ0 in [24,31]. The equation that relates
the pressure and pressure gradient with the shock ripple just
behind the transmitted shock is
(41)

dp
dρ

.

(45)

ρaf

0
ṽya

sinh(qa − χt )η+ (qa − χt )
−

(40)

1
2
caf

Finally, after some algebra, we find a relationship between
both pressure amplitudes:

(39a)

(39b)

(44c)

Its analytical expression for an ideal gas with isentropic
exponent γa is


1
ρa0 γa + 1 2
1
2
= (γa − 1) (1 + zi ) 1 −
.
(46)
κt
4
ρaf γa − 1

Fa2 (qa ) =

The functions Fa1,2 have to be related through the linearized
boundary conditions at the shock front, that is, the linearized
Rankine-Hugoniot equations [11]. They are written,
at first,

in the domain of the time variable rt = kcaf t 1 − βt2 . The
relationship between the transmitted shock ripple and the
shock pressure perturbations is [see Eq. (18) of [7] or
Eq. (13) of [31]]

ρaf
Mt2 + 1 d p̃t
βt2

−
− 1 ψ̃t .
2
2
dr
2Mt βt
t
1 − βt ρa0

κt + βt2
,
2κt βt

The parameter κt is the dimensionless slope of the R-H curve
of fluid a, evaluated in its final state, and normalized with
respect to the adiabatic sound speed of the shocked fluid

∞

d ψ̃t
γa + 1 D i
p̃t .
=
dτa
4βt caf

αa10 =

0
sinh χt .
αa20 = −ṽya

n=0

 −(2n+1)qa
1  a
a
Fa2 (qa ) =
π2n+1 − ω2n+1
e
.
2 n=0

ht (rt ) = −

(43a)

αa2 (qa ) =

(37b)

Fa1 (qa − χa ) + Fa2 (qa + χa )
P˜a (χa ,qa ) =
,
cosh qa

1
2

αa11
,
sinh qa

αa1 (qa ) = αa10 sinh qa +

We take the Laplace transform of both Eqs. (35) and make
sa = sinh qa . After some algebra, the solution to the wave
equation can be written, in terms of Laplace transforms, as
[11]

Fa1 (qa ) =

(42)

where

0

∞


H̃t (qa ) = αa1 (qa )P̃t (qa ) + αa2 (qa ),

and

∞

H̃a (χa ,sa ) =

65

ηt− (qa − χt )
Fa1 (qa − 2χt ),
ηt+ (qa − χt )

(47)

where tanh χt = −βt and the functions ηt± are defined below:
ηt± (qa ) =

αa1 (qa )
± 1.
cosh qa

(48)

We see that Eq. (47) is a functional equation. The argument
of the unknown function Fa1 is shifted by −2χt . The shift
turns out to be an important quantity that can not be neglected
for moderate to strong shocks. Physically, it is related to the
sound wave reverberation between the contact surface and the
ripped transmitted shock front. For very weak shocks (zi  1),
it is χt ∝ ln zi . Hence, the shifted argument of Fa1 in the
previous equation becomes infinitely large. As the pressure
functions Fa1,2 behave like decaying exponentials for large
absolute values of their arguments, the functional equation
becomes a simpler algebraic equation relating Fa2 and Fa1 . In
the very weak shock limit, the sonic perturbations radiated
by the contact surface ripple barely catch the transmitted
shock, which behaves almost as an isolated shock wave. In
the opposite limit (zi  1), it is χt ∼ O(1) and, hence, χt
can not be neglected inside the argument of Fa1 . In this
limit, the velocity of the shock relative to the contact surface
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decreases, thus enhancing the sonic interaction. We have not
enough information inside fluid a in order to solve for the
two unknown functions Fa1 and Fa2 in the general case
because Eq. (47) is a single equation for two unknowns.
In order to solve the problem inside fluid a, we must also
solve the perturbation problem inside fluid b and connect both
perturbation fields across the contact surface, by requiring the
continuity of pressure and normal velocity perturbations. To
perform this task, we must formally solve for the perturbed
pressure function inside fluid b, and we use the same formalism
as in fluid a. However, the perturbations growing to the right of
the contact surface are also influenced by the perturbations that
are generated inside the rarefaction fan, as shown in [6,19,20].
In the next subsection, we review at first the perturbation fields
inside the rippled rarefaction wave. After that, the pressure
perturbations inside fluid b are solved and the matching of the
solutions across the rippled material surface can then be done.

For the analysis of the perturbations growing inside the
rarefaction fan, we refer to [20]. The results derived there
will be later useful in order to describe the perturbations at
the rarefaction tail as a function of time and, hence, to later
calculate the temporal evolution of the contact surface ripple.
We will only briefly review here the main results and refer
to [20] for the derivations of the formulas. We work in the
Eulerian system of reference that moves with the unperturbed
contact surface. We use the definitions
δvx (x,y,t) = cb1 ũraref (x,t)kψ0 cos ky,

(49a)

δvy (x,y,t) = cb1 ṽraref (x,t)kψ0 sin ky

(49b)

for the longitudinal and tangential velocities. Notice that the
velocity scale used to measure velocities inside the rarefaction
wave is cb1 and not Di . The pressure and density perturbations
are written as
2
kψ0 ,
δp(x,y,t) = p̃raref (x,t) cos kyρb1 cb1

(50a)

δρ(x,y,t) = ρ̃raref (x,t) cos kyρb1 kψ0 ,

(50b)

We assume adiabatic flow inside the rarefaction and, hence,
p̃raref = ρ̃raref [see the discussion concerning Eq. (33)] and/or
[19,20]. Note that the proportionality factor between the
dimensionless pressure and density is unity here because of
the different normalization used compared to the relationship
between the same quantities in fluid a [see Eq. (32d)]. At t =
0+, after the incident shock has been refracted, the rarefaction
leading and trailing edges become rippled. The initial dimensionless amplitudes of their ripples are, respectively [6,11],

ψ̃rt0

0
ψrh
cb1 − U1
=1−
,
ψ0
Di

cbf − U
ψ0
= rt = 1 +
.
ψ0
Di

PHYSICAL REVIEW E 96, 013102 (2017)

inside the expansion fan at t = 0+ is given by
ṽraref (ζ,t = 0+) =

0 

1 ψ̃rt0 − ψ̃rh
2
ζrh
− ζ2
γb + 1 ζrh − ζrt

−

0
ψ̃rt0 − ψ̃rh
2
+ ψ̃rt0 (ζrh − ζ ).
γb + 1 ζrh − ζrt

(52)
The perturbations growing inside the expansion fan evolve in
time, and for t > 0, the tangential velocity fluctuations inside
the rarefaction region can be written in the form [17,18,20]

  ξ
dw0
ṽraref (ξ,η) = ξ
,
(53)
J0 [ nKH η(ξ − z)]
dz
1
where the new variables ξ and η are defined by
ξ = Aβ , η = (kcb1 t)2 Aα ,

(54)

with

C. Rarefaction region

0
=
ψ̃rh

Results

(51a)

γb + 1
,
γb − 1
γb − 3
β=
,
γb − 1
γb + 1
.
nKH =
3 − γb
α=

(55b)
(55c)

The function J0 is the ordinary Bessel function of order
0 [35,36]. The function w0 is related to the initial tangential
velocity profile, in the new variables [17,18,20]. It can be
written as
w0 (z) =

2


αj zj ,

(56)

j =0

where the coefficients αj and the exponents j are given by
 0
0 
2
ζrh
ψ̃rt − ψ̃rh
4M12

− 2
α0 =
γb + 1
ζrh − M1
γb − 1 (γb − 1)

 0
0
M1
ψ̃rt − ψ̃rh
4M1
2ζrh
+
−
+ψ̃rt0 , (57)
γb + 1 γb2 − 1
ζrh − M1
 0

0
ψ̃rt − ψ̃rh
M1
1
+ 2ψ̃rt0
α1 =
γb − 1
ζrh − M1
 0
0 
ψ̃rt − ψ̃rh
4M1
,
(58)
+
(γb − 1)2 ζrh − M1

0 
γb + 1 ψ̃rt0 − ψ̃rh
,
(59)
α2 = −
(γb − 1)2 ζrh − M1
1
0 = − ,
2

(51b)

As explained in [19], or in [5], immediately after shock
refraction, an initial profile of the tangential velocity perturbation is formed inside the centered expansion fan. In terms of the
self-similar variable ζ , the distribution of tangential velocity

(55a)

1 =

γb + 1
3γb − 1
, 2 =
.
2γb − 6
2γb − 6

(60)

D. Fluid perturbations inside the expanded fluid b

In the space between the contact surface and the rarefaction
trailing edge the background mass density is constant and
equal to the fluid density at the rarefaction trailing edge: ρbf .
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We scale here pressure, density, and velocity perturbations in
the form
δpb (x,y,t) = p̃b (x,t) cos ky ρbf cbf Di kψ0 ,

(61a)

δρb (x,y,t) = ρ̃b (x,t) cos ky ρbf kψ0 ,

(61b)

δvxb (x,y,t) = ũb (x,t) cos ky Di kψ0 ,

(61c)

δvyb (x,y,t) = ṽb (x,t) cos ky Di kψ0 .

(61d)

We define the variables χb and rb :
kx = rb sinh χb ,

kcbf t = rb cosh χb .

(62)

The wave equation can be treated in the same way as in
fluid a and its solutions written in a similar form [11]. We
show the solution as a function of time and space, in the form
p̃b (χb ,rb ) =

∞



b
π2n+1

0
is the (dimensional) initial rarefaction tail tangenwhere δvyb
tial velocity, and can be calculated using Eq. (52):

 0

1
0
0
δvyb =
ψ̃rt − ψ̃rh
(ζrh + ζrt )
γb + 1

0
ψ̃rt0 − ψ̃rh
2
−
+ ψ̃rt0 (ζrh − ζrt ) cb1 . (67)
γb + 1 ζrh − ζrt

It is convenient to define here a normalized velocity with
respect to the incident shock speed (Di ), as this is necessary
when matching with the velocity perturbations at the contact
surface. We define, for later use,
0
δvyb

0
ṽyb
=

kψ0 Di

=


cb1 
a + b ζrt + c ζrt2 ,
Di

cosh[(2n + 1)χb ]


b
sinh[(2n + 1)χb ] J2n+1 (rb ). (63)
+ ω2n+1
Working with the Laplace transform of the wave equation for
the pressure fluctuations inside fluid b, we arrive to a similar
decomposition, as in fluid a:
Fb1 (qb − χb ) + Fb2 (qb + χb )
P˜b (χb ,qb ) =
,
cosh qb

(64a)

H̃b (χb ,qb ) = Fb1 (qb − χb ) − Fb2 (qb + χb ).

(64b)

Analogously as with fluid a, the pressure amplitudes Fb1,2
b
b
can be expressed in terms of the coefficients π2n+1
, ω2n+1
:
∞

Fb1 (qb ) =

 −(2n+1)qb
1  b
b
π2n+1 + ω2n+1
e
,
2 n=0

Fb2 (qb ) =

 −(2n+1)qb
1  b
b
π2n+1 − ω2n+1
e
.
2 n=0

(65a)

∞

0

1 δvyb qb
e + eqb sinh qb
2 Di
 ∞
×
ṽrt (τb )exp(−τb eqb ) dτb ,

b=

Fb1 (qb ) = −

2
γb + 1

c=−




ζrt

−
ζrh − ζrt
0
ψ̃rh

ψ̃rt0

 0

0
ψ̃rt − ψ̃rh
ζrt
+ ψ̃rt0 ,
ζrh − ζrt
(69a)

+ ψ̃rt0 ,

0
1 ψ̃rt0 − ψ̃rh
,
γb + 1 ζrh − ζrt

(69c)

where β = (γb − 3)/(γb − 1) and α = (γb + 1)/(γb − 1). After some algebra, we obtain
Fb1 (qb ) = −

0
ṽyb

2


×

1/2 cb1 qb

eqb + ξrt

ξrt

1

Di

e sinh qb

dw0  2qb
−β
e + nM1 (ξrt − z) dz.
dz

Fb1 (qb ) = −

(66)

0
ṽyb

2

eqb +

cbf 1/2 qb
ξrt e sinh(qb )(qb ),
Di

where

(qb ) = √
nKH

e2q
+1
2
⎩ nKH


−2

e2q
nKH

e2q
nKH

1

(71)

The integral in the above equation can be obtained analytically
in terms of known transcendent functions. An exact analytical
expression for Fb1 , not reported before, is given by the
following lengthy expression:

0

⎧

(69b)

as defined in [11].
The function ṽrt inside the integral in Eq. (66) is the
dimensionless rarefaction tail tangential velocity as a function
of dimensionless time τb = kcbf t. We use Eq. (53) to write the
function ṽrt , after noting that the time inside the rarefaction is
scaled with cb1 :


β
ṽrt (τb ) = ṽraref ξ = M1 ,η = τb M1α−2 ,
(70)

(65b)

As discussed in [11], the function Fb1 is explicitly given
by the perturbations growing at the rarefaction trailing edge,
inside the rarefaction wave. The explicit formula for the
function Fb1 (qb ) is

(68)

where
0
2
ζrh
ψ̃rt0 − ψ̃rh
2ζrh
a=
−
γb + 1 ζrh − ζrt
γb + 1

n=0

b1 ξrt1 +1 ⎨

67



1
1
e2q
1
3
−
+ 1 2 F1 , − 1 ; ; 1 − 
2q 
nKH
ξrt
2
2
1 + neKH ξrt

⎫
1
⎬
1
1
3
, − 1 ; ; 1 −
+1
2 F1
2q
⎭
2
2
1+ e
nKH
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⎧
b2 ξrt2 +1 ⎨
e2q
+ √
+1
2
nKH ⎩ nKH

e2q
nKH

−2

e2q
nKH

−2

e2q
nKH

e2q
nKH
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1
1
e2q
1
3
−
+ 1 2 F1 , − 2 ; ; 1 − 
2q 
nKH
ξrt
2
2
1 + neKH ξrt

⎫
2
⎬
1
1
3
,
−

;
1
−
+1
F
;
2 1
2
2q
⎭
2
2
1+ e

⎧
b3 ξrt3 +1 ⎨
e2q
+1
+ √
2
nKH ⎩ nKH


2

Results

3

nKH



1
1
e2q
1
3
−
+ 1 2 F1 , − 3 ; ; 1 − 
2q 
nKH
ξrt
2
2
1 + neKH ξrt

⎫
3
⎬
1
1
3
, − 3 ; ; 1 −
+1
,
2 F1
2q
⎭
2
2
1 + ne

(73)

KH

in which 2 F1 (z1 ,z2 ; z3 ; z4 ) is the Gauss hypergeometric series [35,36], and
μ1 =

γb + 1
,
γb − 1

μ2 = −

2M1
,
γb − 1

γb + 1
,
3 − γb

nKH =



b1 = 0 a + bμ2 + cμ22 ,

3
7 − γb
1 = − , 2 =
,
2
2γb − 6

b2 = 1 (bμ1 + 2cμ1 μ2 ), b3 = 2 cμ21 ,

3 =

γb + 5
,
2γb − 6

(74)

where  and α were defined in Eqs. (57)–(60).
m
m
In order to later calculate π2n+1
and ω2n+1
, it is convenient to have an expansion of Fb1 in powers of e−qb . This can be done
by using Eq. (72) written above. However, a much simpler way is to make an expansion in powers of e−qb directly inside the
integrand in Eq. (71). We obtain
Fb1 (qb ) =

∞


2n+1 −(2n+1)qb
fb1
e
≡

n=0

where
=

√
ξrt cbf
,
2 Di

δ=

∞


[(n + 1) − (n)]e−(2n+1)qb ,

(75)

n=0

γb − 1
,
γb − 3

(−1)n (nKH )n
 


(n) = √
2 π (n + 1) n + δ + 12  n + 2δ + 12 ξrt

1
1 2δ+ 12
1
 n+
(n + 1) n + δ +
ξrt
× c(4δ − 1)μ21  2δ −
2
2
2

1
1
1
δ+ 1
(2cμ2 + b)(2δ − 1)μ1  δ −
 n+
(n + 1)ξrt 2
+  n + 2δ +
2
2
2
√
1 
− 2 n + δ +
ξrt (− π [(cμ2 + b)μ2 + a])(n + 1)
2
1
1 1
1 
+ n +
ξrt [(cμ2 + b)μ2 + a]2 F1 − , − n; ;
2
2
2 ξrt
1
1 1
+ μ1 cμ1 2 F1 −n,2δ − ; 2δ + ;
2
2 ξrt

+ (2cμ2 + b)

E. Functional equation for Fa1

We can match the perturbation fields at both sides of
the contact surface requiring the continuity of pressure and
normal velocity at both sides of x = 0. We write this set of
conditions in terms of the Laplace transforms in the way
R P̃a (χa = 0,qa ) = P̃b (χb = 0,qb ),

(77a)

H̃a (χa = 0,qa ) = H̃b (χb = 0,qb ),

(77b)

1
1 1
2 F1 −n,δ − ; δ + ;
2
2 ξrt


.

(76)

which can be rewritten in terms of the functions Fm1,2 using
Eq. (38) as
R

cosh qb
[Fa1 (qa ) + Fa2 (qa )] = Fb1 (qb ) + Fb2 (qb ), (78a)
cosh qa
Fa1 (qa ) − Fa2 (qa ) = Fb1 (qb ) − Fb2 (qb ). (78b)

When matching the perturbation fields at the contact
surface, the following relationship between sa and sb has been
used: N sinh qa = sinh qb . In the above system of equations
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[Eq. (78)], we remind that Fb1 (qb ) is already given by Eq. (72),
which is information given at the rarefaction tail. Besides, the
linearized Rankine-Hugoniot conditions give us a relationship
between Fa1 and Fa2 in Eq. (47). Therefore, we have a
linear system of four equations to solve for the four pressure
amplitudes Fm1,2 (m = a, b). After some algebra, we arrive to
a single functional equation for Fa1 :
Fa1 (qa ) = φa1 (qa ) + φa2 (qa )Fa1 (qa − 2χt ),

a
a
and ω2n+1
. This denumerable set of numbers can be
π2n+1
obtained with the aid of the Laplace transforms developed in
the previous subsections. Our task in this section is to build
a
the equations that enable us to calculate π2n+1
and ω2n+1 . If
we write the pressure perturbations P̃a and H̃a at the contact
surface (at x = 0 or, equivalently, χa = 0), we have

Fa1 (qa ) + Fa2 (qa )
cosh
qa
2n+1
∞

sa2 + 1 − sa
a

=
π2n+1
,
sa2 + 1
n=0

P̃ai (qa ) =

(79)

where [11]
φa1 (qa ) =

0
sinh χt
δvya

2
−1
Fb1 (qb ) −
,
+1
 + 1 ηt+ (qa − χt ) sinh qa − χt
(80a)

 − 1 ηt− (qa − χt )
φa2 (qa ) =
,
 + 1 ηt+ (qa − χt )
cosh qb
.
cosh qa

(81)

We can solve it by iterations, as shown in [11]. We need a
starting function to initiate the iteration sequence. It can be
easily obtained by solving Eq. (79) for qa  −2χt . We get
[0]
(qa ) =
Fa1

H̃ai (qa ) = Fa1 (qa ) − Fa2 (qa )
∞


2n+1
a
=
ω2n+1
sa2 + 1 − sa
,

φa1 (qa )
.
1 − φa2 (qa )

(82)

+

Fa1 (qa ) =
Fa2 (qa ) =

l=0

(83)

The above functional equation has been discussed for the first
time in [11] and in [14] to calculate the asymptotic velocity
at the contact surface ripple. We use it here with the same
purpose, but also to calculate the Bessel series coefficients
a
a
π2n+1
and ω2n+1
in Eq. (36) in order to follow the initial
transient of the pressure perturbations. It is noted that Fb1 (qb )
inside the expression for φa1 (qa ) [Eq. (80a)] is understood as
a function of qa through the relationship N sinh qa = sinh qb .
F. Time evolution of the pressure perturbations
1. Bessel series for arbitrary values of position and time

According to Eq. (36), we can follow the transient growth
of the perturbations at any position if we have the coefficients

f3a1 =

sa2n+1

∞
a2

f2n+1
n=0

[0]
φa2 (qa − 2lχt ) Fa1
(qa − 2nχt ),

n  1.

∞
a1

f2n+1
n=0

j =0
n
#

(84b)

where the subindex i indicates the location of the contact surface. Besides, the Laplace transforms of the Bessel
functions have also been used [35,36]. From the linearized
Rankine-Hugoniot relationship at the transmitted shock front
[Eq. (47)] we know that Fa2 is related to Fa1 . Therefore, the
left hand sides of Eq. (84) are known in terms of Fa1 which
is the solution to the functional equation (79). Therefore, the
a
a
desired coefficients π2n+1
and ω2n+1
could be obtained through
a convenient series expansion of Fa1 and Fa2 in powers of 1/sa .
We make

The nth step in the iteration sequence is then
⎤
⎡
n
l−1

#
[n]
⎣φa1 (qa − 2lχt )
Fa1
(qa ) =
φa2 (qa − 2j χt )⎦
l=0

(84a)

n=0

(80b)

and
=R

69

sa2n+1

,

(85a)

.

(85b)

The idea is to substitute Eq. (85a) inside Eq. (79), expand
both members in powers of 1/sa , and obtain an infinite
a1
system of equations, from which the coefficients f2n+1
can
be retrieved. Then, substituting both expansions given by
Eqs. (85) inside Eq. (47), another system of equations can
a2
be constructed to obtain the coefficients f2n+1
, as functions of
a1
a1
f2n+1 . A recurrence equation to calculate f2n+1
can be easily
implemented inside a Mathematica notebook or a similar
mathematical software. All we need is to expand the functions
φa1 , φa2 and the shifted function Fa1 (qa − 2χt ) and equate
equal powers in 1/sa . The general term would be too large to
be written here and be of practical use. We only show the first
two coefficients. We have
1 βt N(NR−1) + (βt +1)(αa10 +1)[(1)−(0)]
f1a1 =
2N
βt +NR+(βt NR+1)αa10
(86)
and


 fa

1
fa
fa
−2βt N 2 σ1 3 + σ2 3 αa10 + σ3 3 αa11
a
a
 f3a

f
f
2
8N 3 ν1 + ν2 3 αa10 + ν3 3 αa10

 fa
fa
fa 2
fa
+ (βt + 1)[(1) − (0)] σ4 3 + σ5 3 αa10 + σ6 3 αa10
+ σ7 3 αa11
 fa
fa
fa 2 
,
+ (βt + 1)3 [(2) − (1)] σ8 3 + σ9 3 αa10 + σ103 αa10
013102-10
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f3
σ1 a1 = 2R 2 N 3 βt2 + R N 2 2βt3 + βt2 + 4βt + 1 − (βt + 1)3 − Nβt βt2 + 1 ,





f3
σ2 a1 = 2R 2 N 3 βt3 − R N 2 βt βt2 − 6βt − 3 + (βt + 1)3 − N 3βt2 − 1 ,







f3
σ3 a1 = 2 R 2 N 3 βt βt2 − 1 + RN 2 −βt3 + βt2 + βt − 1 − N βt2 − 1 ,
f3

σ4 a1 = R[2N 3 (3βt + 1) − 3N (βt + 1)2 ] + 2N 2 βt (βt − 1) − βt (βt + 1)2 ,


f3
σ5 a1 = R[8N 3 βt (βt + 1) − 3N(βt + 1)3 ] + 2N 2 βt3 − βt2 − βt + 1 − (βt + 1)3 ,
f3

σ6 a1 = RNβt [2N 2 βt (βt + 3) − 3(βt + 1)2 ] − 2N 2 βt (βt − 1) − (βt + 1)2 ,


f3
σ7 a1 = 4N 2 βt3 − βt2 − βt + 1 [RN − 1],
f3

σ8 a1 = RN + βt ,
f3

σ9 a1 = (βt + 1)[RN + 1],
f3

σ10a1 = RNβt + 1,






f3
ν1 a1 = R 2 N 2 3βt2 + 1 + 4RNβt βt2 + 1 + βt2 βt2 + 3 ,






f3
ν2 a1 = 4R 2 N 2 βt βt2 + 1 + 2RN βt4 + 6βt2 + 1 + 4βt βt2 + 1 ,




f3
ν3 a1 = R 2 N 2 βt2 βt2 + 3 + 4RNβt βt2 + 1 + 3βt2 + 1.

(88)

a1
, we substitute the series for Fa1 inside Eq. (84). Expanding both members in powers of 1/sa
Once we have the coefficients f2n+1
a
a
we obtain the quantities π2n+1
and ω2n+1
. The equations can be easily implemented inside a Mathematica notebook or any similar
software, and solve them for arbitrary values of n. Writing the general term would be of little practical value, as the analytical
expressions soon become cumbersome [32]. We only show here the first two coefficients in each fluid, π1a , π3a and ω1a , ω3a :
2 −βt N + (βt αa10 + 1)[(1) − (0)]
(89)
π1a =
N
βt + NR + (βt NR + 1)αa10

and
π3a =

where

 2
 π3a

2
πa
πa
0
N βt δvya
σ1 + σ2 3 αa10 + σ3 3 αa11
 π3a
π3a
π3a 2 
ν1 + ν2 αa10 + ν3 αa10

 πa
 πa
πa
πa 2
πa
πa
πa 2 
,
+ σ7 3 αa11 + [(2) − (1)] σ8 3 + σ9 3 αa10 + σ103 αa10
+ [(1) − (0)] σ4 3 + σ5 3 αa10 + σ6 3 αa10
N3

(90)

 



πa
σ1 3 = R N 2 −5βt2 − 3 + 6βt2 + 2 + Nβt βt2 − 1 ,
 



πa
σ2 3 = Rβt N 2 βt2 − 9 + 2βt2 + 6 + 3N βt2 − 1 ,


πa
σ3 3 = −4N βt2 − 1 [RNβt + 1],


πa
σ4 3 = 3βt2 + 1 (N 2 − 1)[3RN + βt ],




πa
σ5 3 = 12RNβt βt2 + 1 (N 2 − 1) + N 2 3βt4 + 2βt2 + 3 − βt4 − 6βt2 − 1,


πa
σ6 3 = βt βt2 + 3 (N 2 − 1)[3RNβt + 1],

2
πa
σ7 3 = −4N 2 βt2 − 1 ,


πa
σ8 3 = 3βt2 + 1 [RN + βt ],


πa
σ9 3 = 4RNβt βt2 + 1 + βt4 + 6βt2 + 1,


πa
σ103 = βt βt2 + 3 [RNβt + 1],
πa

f a1

ν1 3 = ν1 3 ,

πa

f a1

πa

f a1

ν2 3 = ν2 3 , ν3 3 = ν3 3 ,
ω1a =

2 βt N 2 R + (αa10 + βt )[(1) − (0)]
,
N
βt + NR + (βt NR + 1)αa10
013102-11
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and
ω3a =

where


 ω3a

2
ωa
ωa
0
RN 2 βt δvya
σ1 + σ2 3 αa10 + σ3 3 αa11
 ω3a
ω3a
ω3a 2 
ν1 + ν2 αa10 + ν3 αa10
 ωa

ωa
ωa 2
ωa
+ [(1) − (0)] σ4 3 + σ5 3 αa10 + σ6 3 αa10
+ σ7 3 αa11
 ωa
ωa
ωa 2 
,
+ [(2) − (1)] σ8 3 + σ9 3 αa10 + σ103 αa10
N3

(93)







ωa
σ1 3 = −RN 3 βt2 − 1 − N 2 βt 3βt2 + 5 + 2βt βt2 + 3 ,




ωa
σ2 3 = −3RN 3 βt βt2 − 1 − N 2 9βt2 − 1 + 6βt2 + 2,


ωa
σ3 3 = 4N 2 βt2 − 1 [RNβt + 1],


ωa
σ4 3 = βt βt2 + 3 (N 2 − 1)[3RN + βt ],

 




ωa
σ5 3 = RN N 2 βt4 + 22βt2 + 1 − 3 βt4 + 6βt2 + 1 + 4βt βt2 + 1 (N 2 − 1),


ωa
σ6 3 = 3βt2 + 1 (N 2 − 1)[3RNβt + 1],
2

ωa
σ7 3 = 4RN 3 βt2 − 1 ,


ωa
σ8 3 = βt βt2 + 3 [RN + βt ],




ωa
σ9 3 = RN βt4 + 6βt2 + 1 + 4βt βt2 + 1 ,


ωa
σ103 = 3βt2 + 1 [RNβt + 1],
ωa

f a1

ν1 3 = ν1 3 ,

ωa

f a1

ν2 3 = ν2 3 ,

ωa

f a1

ν3 3 = ν3 3 .

2. Taylor series in time for the shock pressure perturbations

An alternative way of studying the temporal evolution of the
shock pressure perturbations consists in using an expansion in
powers of time, as done in [6,19]. We write the Taylor series
for the pressure perturbation at the transmitted shock:

(94)

t
a
a
= π2n+1
cosh[(2n + 1)χt ] + ω2n+1
sinh[(2n +
where D2n+1
1)χt ]. The Laplace transform of Eq. (97) is

P̃t (sa ) =

∞


t
D2n+1

n=0

p̃t (rt ) =

∞
(2n+1)

pt0
rt2n+1 ,
(2n
+
1)!
n=0

(95)


(2n+1)
where rt = τa / cosh χt = τa 1 − βt2 and pt0
is the 2n + 1
derivative of the shock pressure perturbation (with respect to
the variable rt ) at t = 0+. Our task in this subsection is to
(2n+1)
.
build the equations that allow us to find the quantities pt0
If we make a Laplace transform of the above equation, we get
P̃t (sa ) =

∞

p(2n+1)
t0

n=0

sa2n+2

.

∞


t
D2n+1
J2n+1 (rt ),

(98)

After expanding the right hand side of Eq. (98) in powers of
1/sa and equating with Eq. (96) we can retrieve the general
(2n+1)
term pt0
. The two first initial derivatives are
(1)
pt0
=

D t − 3D1t
D1t
(3)
= 3
, pt0
,
2
8

(99)

(2n+1)
can be easily calculated, for
and the general term pt0
example, inside a Mathematica notebook.

(96)
G. Time evolution of the transmitted shock ripple

According to Eqs. (38), (39), (47), and (85), the derivatives
(2n+1)
a1
pt0
are combinations of the quantities f2n+1
. However, it
(2n+1)
with the Bessel series
is simpler to relate the derivatives pt0
a
a
coefficients π2n+1
and ω2n+1
. According to Eq. (36), we write
the pressure perturbation at the shock in the form
p̃t (rt ) =


2n+1
sa2 + 1 − sa

.
sa2 + 1

The shock ripple evolution is directly calculated by integrating Eq. (40) [7]. If we use the Bessel functions series for
the transmitted shock pressure perturbation, we get

(97)

n=0

ψ̃t (rt ) = ψ̃t0 J0 (rt ) −
×

n

k=1

013102-12
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2βt 1 − βt2 caf n=0
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where we remind that rt = kcaf t 1 − βt2 . On the other hand,
with the Taylor series, we get
ψ̃t (rt ) = ψ̃t0 +

H. Time evolution of the rarefaction tail ripple

To calculate the time evolution of the rarefaction tail
corrugation, we follow [20], specifically its Eq. (58). We take
care that in the results presented in [20], the dimensionless
time is scaled with kcb1 . That is, the nondimensional time in
[20] is τraref . Therefore, we have

∞
(γa + 1) Di  2n+1 rt2n+2

.
pt0
(2n + 2)!
4βt 1 − βt2 caf n=0

(101)



ψ̃rt (τraref ) = ψ̃rt0 +

3 − γb D i 0
ṽ − ṽrt (τraref ) − τraref M1
4M1 cb1 yb

−2
γb −1

ṽrt (τb ) = ṽraref (ξrt ,ηrt ),
(γb −3)/(γb −1)

(γb +1)/(γb −1)

1

ξrt


(γb +1)/(γb −1)
j
[τ
nKN (ξrt − z)]
dw0 (z) 1 raref M1
dz ,
√
dz
ξrt − z
(102)

ga (x̃) = a p̃t [t = −x/(Dt − U )]
≡ a p̃t [rt = −x̃/ sinh χt )].

(103b)
.

(103c)

Besides, the function j1 is given by
j1 (x) = xJ0 (x) − J1 (x) +

nKH

(103a)

,

2
M1
ηrt = τraref

√



where x̃ = kx, and the function ga is given by

where the function ṽrt (τraref ) is given by

ξrt = M1

Results

πx
[J1 (x)H 0 (x) − J0 (x)H 1 (x)].
2
(104)

H ν are ordinary Struve functions. The initial tangential
0
velocity ṽyb
is writen in Eq. (152), w0 (z) in Eq. (56), and
nKH in Eq. (74). In [20], it was demonstrated that the normal
velocity at the trailing edge reaches an asymptotic value in
time. Thanks to this, we write a formula valid in the linear
asymptotic regime in the form
ψ̃rt (t → ∞) ∼
= u∞
rt τraref .

(105)

(109)

In the above equation, p̃t refers to the pressure perturbation at
the transmitted shock. As the shock moves away, the pressure
perturbations show a damped oscillatory behavior in time. In
consequence, according to Eq. (109), this temporal behavior
of the pressure fluctuations translates into a spatial damped
oscillatory pattern for the vorticity spread inside fluid a.
The important information expressed by Eq. (109) is that
the vorticity at position x is proportional to the value of the
pressure perturbation at the transmitted shock at the time the
shock front arrived to that position. In other words, vorticity
stored in the bulk is the memory of the compressible history of
the shock ripple oscillations. The quantity a is given by [8]

 2
Mt − 1 2γa Mt2 − γa + 1
.
(110)
a = −

3/2
Mt2 (γa − 1)Mt2 + 2

There is no asymptotic ordinate to the origin for the trailing
edge ripple growth. The normal velocity u∞
rt is taken from
Eq. (61) of [20]:
 ξrt
1
dw0 (z)
cb1 γb − 3 √
ξ
dz. (106)
u∞
=
n
√
rt
KH
rt
Di 4
dz
ξrt − z
1

For large times, when the rippled wavefronts have separated
off the contact surface, at least a perturbation wavelength,
we can assume that the pressure perturbation field becomes
negligible near the material surface and the velocity perturbations become incompressible [8,10,11]. It can be seen, that for
large times, the dimensionless velocity components satisfy the
ordinary differential equations

I. Vorticity generated by the transmitted shock and asymptotic
velocities at the contact surface ripple

d 2 ua
− ua = −ga (x̃),
d x̃ 2
d 2 ub
− ub = 0,
d x̃ 2

1. Differential equations

After t = 0+, the rippled wavefronts escape from the
contact surface. The transmitted shock front generates vorticity
inside fluid a. On the contrary, no vorticity is created inside
fluid b. At each side of the contact surface, we have a steady
velocity field of the form (m = a or b)
vm (x,y) = (um (x) cos ky,vm (x) sin ky).

(107)

The vorticity inside fluid a can be expressed in dimensionless
form, as [7,15,25]
δωa (x,y)
ω̃a (x,y) =
= ga (x̃) sin ky,
kDi

(111a)
(111b)

where ga is given above by Eq. (109) and is necessary in order
to calculate the vorticity generated by the transmitted shock
inside fluid a. Inside fluid b there is no vorticity and the velocity
field simply decays exponentially. The tangential component
of the velocity (v) is easily obtained from the previous
equations because of the asymptotic incompressibility of the
perturbation field, which in our units is simply written as

(108)
013102-13
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The fact that ga = 0 implies that the normal and tangential
velocities at the contact surface ripple inside fluid a are
different. Their difference becomes more important in regimes
where shock compression is important. Let ui indicate the
dimensionless normal velocity at the interface and via the
dimensionless tangential velocity. It can be seen that
ui + via = −a sinh χt P̃t (qa = −χt ) = Fa ,
ui = vib ,

(113a)

Using R = ρaf /ρbf [see Eq. (15)], we obtain
R+1

via = −

+

0
0
− R ṽya
ṽyb

R+1

RFa
,
R+1

+

Fa
,
R+1

vib = ui .

Fa  0.25073



(113b)

0
0
− R ṽya
ṽyb

Mi 13





form of Fa [see Eq. (4)].
where Fa is the dimensionless
&∞
We see that Fa ∝ 0 p̃t (r)exp(−r sinh χt ) dr is essentially
a weighted average of the vorticity spread inside fluid a.
To close the equations system above, we need another
relationship between the asymptotic velocities. It comes from
integrating the y component of the linearized momentum
equation at x = 0, and we obtain [8,11]




0
0
= ρbf ui − ṽyb
.
(114)
ρaf via − ṽya

ui =

73



a

 1.45 ,

b

 1.8 , R0  0.0706



Mi 1






FIG. 2. Bulk vorticity parameter Fa in units of Fa∞ as a function
of Mi − 1 for the preshock conditions indicated in the legend.

(115a)
(115b)
(115c)

The first term in the above equations is only dependent on the
initial tangential velocities generated by the rippled wavefronts
at both sides of the material interface and is enough to estimate
the asymptotic velocities for weak shocks. The second term
is proportional to the vorticity integrated inside fluid a, which
is represented by the parameter Fa , and is necessary when
one reaches shock compression becomes important. This is
typically the case when the incident shock Mach number
increases beyond 1.5 and/or any of the fluids’ isentropic
exponent approaches unity.

[0]
The function Fa1
(−2χt ) has been shown in Eq. (82). The
[0]
quantity Fa is the simplest analytical expression that contains
information of the vorticity field created by the transmitted
shock inside fluid a, which is a necessary ingredient to
estimate the asymptotic linear velocities in regimes where
compressibility is important.
In Fig. 2 we show Fa , normalized with its value at
high compression. For large Mach numbers, the parameter
Fa saturates at Fa∞ ∼
= 0.250 73 for the preshock parameters
chosen in Fig. 2. At low compression, it is seen that Fa ∝
(Mi − 1)3 .

J. Velocity perturbations at the contact surface
ripple as a function of time

2. Calculation of Fa

The quantity Fa can be obtained after some careful algebra
[10,11]:
−1

 0
Mt2 4(Dt − U )
Fa = 1 + 2
ṽya − 2Fa1 (−2χt ) .
U
Mt − 1
(116)
The main difficulty in obtaining Fa is that we must get
Fa1 (−2χt ) from Eq. (79). It must be solved by iterations as
shown in Eqs. (82) and (83). The number of iteration steps will
be dependent on the values of the four preshock parameters
and n might increase if Mi increases and/or γm → 1. For most
of the cases, and especially those found in the experiments
discussed later, it is enough considering n = 0, that is, without
iteration. We call Fa[0] the corresponding value and thus we
can write
−1

 0
M 2 4(Dt − U )
[0]
ṽya − 2Fa1
(−2χt ) .
Fa[0] = 1 + 2 t
U
Mt − 1
(117)

Having obtained the variation of the pressure perturbation
field in space and time between the fronts, it is possible to
obtain the velocity fields in space and time too. In this section,
we will concentrate at the contact surface ripple and follow
the growth in time of the normal and tangential velocities.
We can calculate the time evolution either via a Bessel series
representation or with a Taylor series of powers in time. Both
approaches are detailed below.

1. Time evolution with Bessel series

As has been already shown in [15] for the shock reflected
case, the Bessel series representation of the normal velocity
of the ripple is a good mathematical choice, as it depends on
the value of the asymptotic normal velocity δvi∞ = ui Di k ψ0 ,
thus becoming a convenient tool to evaluate the goodness of
the approximation done in calculating ui . The same feature
is observed here for the rarefaction reflected case. We must
integrate Eq. (32a) at x = 0 in time. We define ũai (τa ) =
ũa (x = 0,τa ), the subindex i indicates the contact surface

013102-14
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location:
∂ ũai
= −h̃a (χa = 0,τa ) ≡ −h̃ai (τa ).
∂τa

(118)

The dimensionless function h̃a is defined in Eq. (35b). After using known properties of the Bessel functions [35,36], we obtain,
after time integration,

∞
n

1 dψi
Di
π τa
4 Di  a
[J1 (τa )H 0 (τa ) − J0 (τa )H 1 (τa )] − J1 (τa ) +
=
ui τa J0 (τa ) +
ω2n+1
lJ2l (τa ) , (119)
ψ0 dτa
caf
2
τa caf n=0
l=1

where Jν (x) are ordinary Bessel functions of order ν and H ν (x)
are Struve functions of order ν [35,36].
As for the tangential velocity at the contact surface on side
a, we must integrate Eq. (32b) in time at x = 0. We define
ṽai (τa ) = ṽa (x = 0,τa ):
∂ ṽai
= p̃(χa = 0,τa ) ≡ p̃ai (τa ).
∂τa

If we expand Eqs. (123) and equate equal power terms in 1/sa
with the corresponding expansions defined in Eqs. (124), we
(2n+1)
and h(2n+1)
, which are essential to
get the coefficients pi0
i0
determine the functions Ũia and Ṽia . In fact, substituting inside
Eqs. (122) we have

(120)
Ũai = −

After integrating in time, we have [35,36]


0
0
ṽai (τa ) = ṽya
+ via − ṽya
[1 − J0 (τa )]
−2

∞


a
ω2n+1

n


n=0

J2k (τa ).

Ṽai =

(122a)

0
+ P̃ai (sa ),
sa Ṽai (sa ) = ṽya

(122b)

where the initial condition of zero normal velocity at x = 0
has been used. Besides, the initial value of the tangential
0
velocity behind the transmitted shock front ṽya
has also been
used. The symbol Ũia stands for the Laplace transform of ũia
and Ṽia for ṽia .
Thanks to Eqs. (84) and (85) we know that
a1

a2

,

(123a)


 2n+1
∞
2n+1

fa1 − fa2
H̃ai =
(2n + 1)
,
sa2n+1
n=0

(123b)

sa2 + 1

sa2n+1

n=0

a1
a2
where the procedure to calculate f2n+1
and f2n+1
has been
discussed before. Besides, we propose

P̃ai =
H̃ai =

∞

p(2n+1)
i0
sa2n+2
n=0

∞

h(2n+2)
i0

n=0

sa2n+1

sa

+

∞

p(2n+1)
i0

n=0

(125a)

,

sa2n+3

.

(125b)

If we make an inverse Laplace transform of the above
equations, we obtain

sa Ũai (sa ) = −H̃ai (sa ),

∞

f 2n+1 + f 2n+1

0
ṽya

(121)

k=1

The Taylor series representation is equivalent to the Bessel
series solution discussed above. To obtain it, we work with
the Laplace transforms of the quantities at x = 0. We multiply
both sides of Eqs. (118) and (120) by e−sa τa and integrate
between 0 and ∞ to obtain

1

i0

sa2n+2

n=0

2. Time evolution with a Taylor series in powers of time

P̃ai = 

∞

h(2n+2)

,

(124a)

.

(124b)

ũai (τa ) = −

∞

n=0

ṽai (τa ) =

0
ṽya

+

h2n+1
i0
τ 2n+1 ,
(2n + 1)! a
∞

n=0

2n+1
pi0
τ 2n+2 .
(2n + 2)! a

(126a)

(126b)

K. Contact surface ripple growth as a function of time

The results of experiments are usually shown as plots of
the contact surface ripple as a function of time. Our model
equations provide us with the time evolution of the contact
surface normal velocity, which after time integration give the
evolution of ψi (t). The mathematical procedure is essentially
the same as followed in [15].
The ripple amplitude ψi (t) is obtained by direct integration in time of the normal velocity δvi (t) at the material
interface:
ψi (t) = ψ0∗ +



t

δvi (t ) dt ,

(127)

0+

where
ψ0∗ = 1 −

U
ψ0
Di

(128)

is the post-shock value of the ripple amplitude at t = 0+.
After using known properties of the Bessel functions and the
recurrence relationships (11.2.6) together with Eq. (11.3.22)
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of [36], we arrive to the following analytical result:
)
*
Di ' (
π τa
ui τa τa J0 (τa ) +
ψi (t) = ψ0∗ + ψ0
[J1 (τa )H 0 (τa ) − J0 (τa )H 1 (τa )] − J1 (τa ) − 1 + J0 (τa )
caf
2
+ ψ0

∞
l
n
Di  a 
2 
2ω2n+1
(2k − 1)J2k−1 (τa ) .
1−
caf n=0
τa k=1
l=1

We can also obtain the asymptotic behavior of ψi (t). We define
the Laplace transform of ψi (t)/ψ0 as
 ∞
1
ψi (τa )e−sa τa dτa .
(130)
ξ̃i (sa ) =
ψ0 0+
Taking the Laplace transform of Eq. (127), using the above
definition, and substituting inside Eq. (122a), we get


ψ∗
Di Hai (sa )
.
(131)
sa sa ξ̃i (sa ) − 0 = −
ψ0
caf sa

(129)

We clearly notice the subtle sound wave reverberations for the
more compressible cases.
Meyer and Blewett had also observed a behavior like the
one predicted by Eq. (133) in [4]. They concluded that the
asymptotic ordinate measured from their simulations was
quite different from ψ0∗ . Our Eqs. (133) and (134) answer
the question posed by them as early as 1974.
The contact surface ripple amplitude can also be obtained
by time integration of Eq. (126a), and get an expansion in
powers of time:

We make a Taylor expansion of Hai (sa ) in powers of sa , and
after some algebraic work, we arrive to
 ∗

ψ0
Di
1
Di ui
−
Hai (0)
+
+ O(1). (132)
ξ̃i (sa ) ∼
=
ψ0
caf
sa
caf sa2

ψi (τa ) = ψ0∗ − ψ0

∞
Di  h2n+1
i0
τ 2n+2 .
caf n=0 (2n + 2)! a

(136)

If we make an inverse Laplace transform, and reminding
that δvi∞ = ui kψ0 Di , we arrive to the result, written in
dimensional form
ψi (t  t1 ) ∼
= ψ∞ + δvi∞ t,

(133)

where ψ∞ is an asymptotic ordinate, given by
ψ∞ = ψ0∗ −

Di
[F (0) − Fa2 (0)]ψ0 ,
caf a1

(134)

and the prime to the right of the functions Fa1,2 indicates the
derivative with respect to their argument. An accurate method
to calculate ψ∞ is detailed in the Appendix.
The characteristic time t1 , inside the argument of ψ in the
left hand side of Eq. (133), defines the duration of the transient
phase, within linear theory, before the asymptotic is reached.
As observed in [15], a qualitative interpretation of ψ∞ can be
obtained, considering very large times inside Eq. (127). After
rearranging terms, we find
 ∞

∗
ψ∞ − ψ0 =
δvi (t) − δvi∞ dt,
(135)
0+

ψ0∗

which tells us that ψ∞ −
is a measure of the area difference
between δvi (t) and δvi∞ in a time plot of the normal velocity
evolution. We can see this in Fig. 3(a) for a specific choice
of the preshock parameters. The shaded area represents the
difference [ψ∞ − ψ0∗ ]/ψ0 .
If we define the dimensionless time τd = kδvi∞ t and
plot the difference [ψi (t) − ψ∞ ]/ψ0 , all the curves would
asymptotically collapse into a single straight line of slope 45◦ .
The universal scaling can be recognized in Fig. 3(b), where
the complete and asymptotic formulas are shown together for
several choices of the preshock parameters. Each curve joins
the asymptotic straight line at a different dimensionless time
τd1 , which would be a function of the four preshock quantities.

FIG. 3. (a) Time evolution of the contact surface normal velocity
in units of kDi t for the preshock parameters shown in the legend.
The physical meaning of the shaded area is explained in the text.
(b) Contact surface ripple amplitude, inferred from Eq. (133), in
units of kδvi∞ t. Different initial conditions are considered and the
corresponding preshock parameters are indicated in the legend.
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L. Calculation of the asymptotic velocity field in both fluids

We deal now with the velocity fields that remain in the
compressed and expanded fluids at both sides of the contact
surface when the corrugated fronts are far. Once the pressure
perturbations emitted by the rippled rarefaction and shock
fronts become negligible, the density perturbations tend to
a constant function of space inside fluid a, essentially given
by the amount of entropy generated at the transmitted shock
front. The density perturbations inside fluid b vanish for large
times, as no entropy has been generated by the rarefaction fan.
As a consequence, the velocity fields become incompressible,
but not irrotational, and Eqs. (111) hold. The most general
solution of Eq. (111) is
ua (x̃) = ui ex̃ + uap (x̃), x  0
ub (x̃) = ui e

−x̃

,

x0

(137a)
(137b)

where uap is a particular solution of Eq. (111) in fluid a. Since
in fluid b there is no vorticity, the complete solution is equal
to the homogeneous part and ubp (x̃) = 0. In the shocked fluid,
we propose a particular solution in the form of a Taylor series:
 θn
uap (x̃) =
x̃ n .
(138)
n!
n
If we substitute Eq. (138) into Eq. (111), we obtain the
following recurrence equation for the coefficients θn :
θ2n+1 = θ2n−1 − a

(2n−1)
pt0
,
sinh2n−1 χt

n1

ui + uap (0) = −vai ,

PHYSICAL REVIEW E 96, 013102 (2017)

shown. On the side of fluid b, this is correct because the
rarefaction does not generate any vorticity inside the expanded
fluid. However, inside fluid a, the situation is the opposite.
The high Mach number of the incident shock makes such an
approximation an unrealistic assumption. In fact, as we can
see from Fig. 4(a), the normal velocity changes phase at the
position x ∼ −λ/10, to change phase again at x ∼ −λ/3, etc.,
due to the vorticity field inside that fluid. Besides, it is noted
that an irrotational assumption inside fluid a would predict a
tangential velocity as indicated with the dotted line in Fig. 4(b)
which is quite different from the correct solution shown as the
continuous green curve. In Fig. 4(c), we show the density map
of the vorticity profile. It is interesting to see that the first
vortex to the left of the material surface has been generated
inside a distance ∼λ/3. The proportionality factor between the
longitudinal size of the vortex and λ is a function of the four
preshock parameters. This factor decreases below unity in the
high compression limit and increases in the limit of very weak
shocks. In [24] the size of the first vortices near the interface
has been analytically studied for the shock reflected case and
analytical estimates have been given in the weak shock limit
for different boundary conditions downstream the shock. For
the rarefaction reflected situation, this will be done in a future
work. The size observed for the vortices generated by the
transmitted front sets another characteristic length, aside from
λ, that could be important for more exact nonlinear models of
the RMI.

(139)

where use has been made of Eqs. (109) and (95) for the pressure
perturbation evaluated at the shock front. To calculate the first
coefficient θ1 , it is necessary to introduce Eq. (137) in Eq. (112)
evaluated at x = 0, and we obtain
(140)

M. Kinetic energy

Once we have the asymptotic velocity profiles, we are
able to calculate the perturbed kinetic energy stored in
the bulk. The kinetic energy, per unit length in the ẑ
direction, is
 
1 y x 2
m
δekin
(x,y) = ρmf
δvxm (x ) cos2 ky
2 0 0

from which we finally get
θ1 = −Fa .

2
+ δvym
(x ) sin2 ky dx dy ,

(141)

The asymptotic tangential velocity v(x) sin ky is easily obtained from the above results, noting that, because of incompressibility, it is v(x) = −u (x).
We show next the solution of the above differential
equations. This is done in Fig. 4, where the asymptotic velocity
profiles inside both fluids are plotted as a function of the
spatial coordinates. The incident shock has Mi = 15.3. The
gases have γa = 1.45 and γb = 1.8. The preshock density
ratio is R0 = 0.0706. The solution to the asymptotic equations
for both components of the velocity field gives rise to
the continuous curves shown in Fig. 4. The values of the
dimensionless normal and tangential velocities at the contact
surface are, for this case,
ui = ua (x = 0) = ub (x = 0) = −0.284 575,

Results

where x and y are lengths of the integration domain. Due to
the symmetry in the ŷ axis, it is reasonable to consider the
energy stored inside a vorticity strip inside fluid a of Fig. 3 of
dimensions (0,x) × (0,y). If we take y = λ/2, we obtain
m
x,
δekin

(142b)

vib = vb (x = 0) = ui = −0.284 575.

(142c)

If we assume that the velocity field is irrotational on both
sides of the contact surface, we would obtain the dotted lines

λ
2

π
= ρmf Di2 ψ02 Ikin (x̃).
4

(144)

For a rotational field like (ua ,va ), Ikin (x̃) must be carefully
evaluated using Eqs. (137) and (112):
 x̃
 2
2
um (x̃ ) + vm
(x̃ ) d x̃ .
(145)
Ikin (x̃) =
0

However, for an irrotational velocity field, it is simply given
by
irr
(x̃) = u2i (1 − e−2|x̃| ).
Ikin

(142a)

via = va (x = 0) = 0.536 345,

(143)

(146)

It is noted that Mikaelian had also calculated the kinetic energy
content in a RM environment like the one considered here
[29] using the impulsive prescription for the ripple’s normal
velocity, which amounts to using the irrotational estimation.
We plot Ikin (x̃) as a function of x/λ in Fig. 5. We remind here
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FIG. 4. Asymptotic velocity fields at both sides of the contact surface together with the vorticity generated in the bulk of fluid a by the
transmitted shock. The preshock parameters are shown inside the figure and correspond to one of the experiments described in [13]. (a) Normal
velocity perturbations in both fluids. The solid curves are the exact solution to Eqs. (111) and (112). Dotted lines show, instead, a hypothetical
irrotational approximation for the same velocity fields. The differences between the continuous and the dotted curves are discussed in the text.
(b) Tangential velocity perturbations in both fluids. (c) Vorticity density maps and streamlines in both fluids.

that x̃ = kx. This graph shows how the kinetic energy is stored
inside fluid a. At first, we realize that the energy predicted by
Eq. (145) is greater than the irrotational approximation given

kin

irrotational









x 
FIG. 5. Ikin as a function of x/λ for the preshock parameters
indicated inside the figure. The purple solid line is given by Eq. (145)
and the irrotational approximation represented by the orange dashed
line is the result of Eq. (146).

by Eq. (146). Besides, most of the energy is concentrated
very near the contact surface. Indeed, we see that almost
80% of the total energy is concentrated within a layer of
width ∼0.3λ. Most of the bulk kinetic energy falls inside
the first vortex strip for this set of preshock parameters. This
fact is in qualitative agreement whit recent simulations [30].
In Fig. 6(a), we show the kinetic energy stored in fluid a
up to a distance x/λ = −1.5 as a function of the incident
Mach number. The energy scale has been chosen independent
of Mi . We realize that a rotational field stores more energy
than a completely irrotational flow, due to the non-negligible
motion trapped inside the vortices. In the plot we see that the
irrotational prescription is only valid for weak shocks, usually
for incident Mach numbers less than 1.4. This is consistent
with the results shown in the next section. Despite the fact that
irrotational estimations of the normal velocity are reasonable
in some cases, even for strong shocks, the same is not true
for the tangential velocity in the compressed fluid. Because
of vorticity, both velocities will increase their difference with
shock Mach number and, hence, rotational kinetic energy will
m
be larger. To conclude, it is interesting to compare δekin
with
the background value. After simple algebra, we get the zero
order kinetic energy per unit length inside a rectangular strip of
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FIG. 6. (a) The kinetic energy per unit ẑ-length storage in any vorticity strip inside fluid a up to x/λ = −1.5 as a function of the incident
shock Mach number. The red dashed line is the irrotational approximation. (b) The ratio between perturbed and background kinetic energy
inside a strip of dimension (x̃ × λ/2) of the fluid a up to x/λ = −1.5. The red dashed line is the irrotational approximation. The preshock
parameters are the same in both plots and they are written inside each figure.

dimensions x × λ/2:
m
x,
ekin

λ
2

= ρmf U 2 λ2

|x̃|
.
8π

(147)

The ratio between both quantities can be written as
m
δekin
2π 2 ψ0
m =
ekin
|x̃| λ

2

Di
U

2

Ikin (x̃).

(148)

In Fig. 6(b), we plot the above energy ratio inside fluid a up
to x/λ = −1.5 as a function of Mi . We observe that the ratio
2
starts at a value equal to 2π
A2 (1 − e−2|x̃| ) and decreases as
|x̃| T
the shock becomes stronger, reaching an asymptotic value for
very strong shocks. As before, the irrotational approximation is
only valid in the weak shock limit. The distribution of kinetic
energy might be important for the problem of re-shock at
the material surface as well as an important theoretical tool
useful in the elaboration of more exact nonlinear models. A
m
careful and detailed study of the dependence of δekin
(x,y) as
a function of the preshock parameters and the corresponding
scalings laws will be the subject of a future work.
N. Contact surface asymptotic normal velocity in the form
of a Taylor series in powers of a small parameter ε: ε = Mi − 1,
ε = 1/Mi , ε = R0t t − R0 , ε = R0 − R0crit , and ε = R0 − R0min

In the previous subsections, we have learned how to solve
the perturbed fluid equations in both fluids when a rarefaction
is reflected. The velocity fields have been studied as a function
of time, and explicit analytical formulas for the asymptotic
velocities have been obtained valid in the whole parameter
space. It is very tempting to study the limiting expressions of
the asymptotic normal velocity in different physical limits.
This can be done by expanding in a Taylor series of the
corresponding small parameter in the limit considered. We
explain below the method we have used to calculate ui as
a Taylor series in powers of ε = Mi − 1. The calculations
described in this section are intended to help with the

calculations followed in the corresponding Mathematica file
attached in the Supplemental Material [37], as they are very
lengthy. Similar reasonings are straightforward if we want
Taylor expansions in any of the other physical limits. The only
difference is that for the other small parameters, the quantity
Fa is taken from the corresponding expansion of the quantity
[0]
Fa1
(−2χt ). The files are ready to use, after we provide the
necessary preshock parameters at the beginning.
All the perturbed quantities explicitly depend on zi and zt .
Therefore, obtaining an expansion of zt in powers of zi , in the
weak shock limit, is essential to get the Taylor polynomial for
ui . In Eq. (18), we propose an expansion of the form
zt =

∞


ctn zin ,

(149)

n=1

valid for sufficiently small values of zi . The series for M1 is
obtained after substituting Eq. (149) inside Eq. (18). Every
perturbation quantity δφ is a given function of γa , γb , R0 , zi ,
and zt : δφ(γa ,γb ,R0 ,zi ,zt ). Therefore, we substitute Eq. (149)
inside zt in any quantity composing the analytic expression for
ui and expand in powers of zi . Let us give some insights about
the sequence we have followed. We rewrite Eq. (115) for the
case of a reflected rarefaction:
ui =

0
0
− R ṽya
ṽyb
δvi∞
RFa
=
+
.
kψ0 Di
R+1
R+1

(150)

We expand each quantity inside the first term of Eq. (150) in
powers of zi . We write the definitions for the lateral velocity
at both sides of the contact surface at t = 0+, in fluid a,
0
ṽya
=

0
δvya

kψ0 Di

=

U
Dt
1−
,
Di
Di

(151)

and in fluid b,
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ṽyb
=

0
δvyb

kψ0 Di

=


cb1 
a + b ζrt + c ζrt2 ,
Di

(152)
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where the quantities a, b, and c are defined in Eqs. (153):
a=

0
2
ζrh
ψ̃rt0 − ψ̃rh
2ζrh
−
γb + 1 ζrh − ζrt
γb + 1


 0
0
ζrt
ψ̃rt − ψ̃rh
+ ψ̃rt0 ,
ζrh − ζrt


 0
0
ζrt
ψ̃rt − ψ̃rh
2
b=
+ ψ̃rt0 ,
γb + 1
ζrh − ζrt
0
1 ψ̃rt0 − ψ̃rh
.
c=−
γb + 1 ζrh − ζrt

(153a)

(155)

According to Eq. (96), we have
P̃t (sa = − sinh χt ) =

∞

n=0

(2n+1)
pt0
,
(sinh χt )2n+2

(156)

(2n+1)
where pt0
is the (2n + 1)th derivative of the pressure
perturbation at the transmitted shock front at t = 0+. If we
substitute Eq. (156) in Eq. (155), we obtain

Fa = −a

∞

n=0

(2n+1)
pt0
.
(sinh χt )2n+1

(157)

There is a remarkable property for the initial derivatives:
(1)
(3)
pt0
∝ zi + O(zi2 ), pt0
∝ zi2 + O(zi3 ), etc. Besides, a ∝
3
2
zi + O(zi ). It follows that Fa ∝ zi3 + O(zi4 ). This makes that
the Taylor coefficients in the weak shock limit are exact as
they are written. The expansions of the terms that compose
the truncated expression for Fa can be expanded in powers
of zi . The final result for ui can then be expanded in powers
of Mi − 1 after using the relationship given by Eq. (1). The
explicit and lengthly details of the intermediate calculations
are inside the corresponding Mathematica file attached to the
Supplemental Material [37].
If we want to develop the expansions in powers of the other
small parameters (ε = 1/Mi , ε = R0tt − R0 , ε = R0 − R0crit ,
and ε = R0 − R0min ), the only difference with the weak shock
limit is that the bulk parameter Fa is now taken from the
[0]
expansion of the function Fa1
(−2χt ). More exact expansions
of Fa could be obtained by expanding higher iteration orders
of the quantity Fa1 (−2χt ). We have preferred to work with
[0]
the starting value Fa1
(−2χt ) because it is clearly simpler
and it gives enough accuracy for the ranges explored. The
comparison between the different expansions and the exact
asymptotic velocity is presented in the next section.

0
0
− R ṽya
ṽyb
δvi∞
RFa
+
.
=
kψ0 Di
R+1
R+1

(158)

The main difficulty associated with the calculation of ui lies
in the bulk vorticity parameter Fa . If we neglected the second
term of the above equation, it would be equivalent to say that
the vorticity generated by the transmitted shock is negligible.
We call “weak shock approximation” to such an assumption,
and indicate it by

(154)

therefore we expand each factor ρb0 /ρb1 , etc., following the
exact formulas shown in Eqs. (5), (10), and (13) of Sec. II.
When expanding the vorticity parameter Fa in powers of
Mi − 1, it is convenient to use Eq. (113):
Fa = −a sinh χt P̃t (sa = − sinh χt ).

A. Irrotational approximation

The asymptotic normal velocity is given by the first
of Eqs. (115) which we repeat here for convenience (the
normalization with Di is reminded):
ui =

The velocities Di , Dt , U , and cb1 can be found, respectively,
0
in Eqs. (1), (11), (14), and (5) of Secs. I and II. ψ̃rh
, ψ̃rt0 , ζrh ,
and ζrt can be found in Eqs. (51) and (9) of Sec. III A. To
expand R, we realize that
ρaf ρb0 ρb1
,
ρa0 ρb1 ρbf

III. APPROXIMATE FORMULAS
FOR THE ASYMPTOTIC VELOCITIES

(153b)
(153c)

R = R0

79

uws
i =

0
0
− R ṽya
ṽyb

R+1

.

(159)

We compare here the differences between Eqs. (158) and
(159) in different domains of the space of the four preshock
parameters. At the end of this section, we show another
approximate formula for ui that considers the lowest possible
approximation to Fa . The accuracy with which ui is calculated
will be dictated by the number of iterations used in the
calculation of Fa . In general, we ensure at least three significant
digits for ui , increasing when necessary the number of the
iteration steps. In Fig. 7(a), we compare uws
with ui as a
i
function of Mi for the other parameters shown in the figure. In
Fig. 7(a), two sets of γ values are chosen: γa = 1.45,γb = 1.1
and γa = 1.45,γb = 1.8. In each case, three different values of
the preshock density ratio are considered, as indicated in the
figure. The relative difference |(uws
i − ui )/ui | is plotted against
the incident shock Mach number. The solid blue curve with
the blue circle as a marker corresponds to the parameters used
in the experiments of [12,13]. For low values of the shock
strength (Mi  2), the difference between the irrotational
approximation and the complete formula stays below 20%
for the cases shown, except for specific choices of R0 . In
general, the difference between the weak shock approximation
and the exact result increases when the incident shock becomes
stronger. In Fig. 7(b), we explicitly compare the exact and
approximate curves for two particular cases. In the orange
curves, the weak shock approximation always overestimates
the exact result in an amount given by the value of the vorticity
parameter Fa < 0 in the whole range studied. However, the
blue curve shows that Fa changes sign at Mi ∼
= 6.5, contrary to
our intuition. At larger Mach numbers, the weak shock formula
underestimates the asymptotic velocity. The intersection of the
solid and dashed blue curves in Fig. 7(b) corresponds with the
zero of the solid green curve in Fig. 7(a).
In Fig. 8(a), we show the relative difference |(uws
i − ui )/ui |,
as a function of the preshock density ratio R0 for the same set
of gases as before, for different choices of Mi . For very weak
shocks (Mi = 1.1), the blue curves indicate that the relative
difference stays in general below 1% in the whole range. Every
curve starts at the right, at the value R0tt , because a shock will
be reflected for R0 > R0tt . The solid blue curve shows two
interesting points: one at which Fa = 0 for R0  0.8 and a
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FIG. 7. (a) Relative difference between ui and uws
i as a function of M1 for different choices of the other parameters. (b) The quantities ui
and uws
as
a
function
of
M
for
different
pairs
of
gases.
i
i

freeze-out point at R0  1. For a stronger shock (Mi = 5),
a similar behavior is observed with the difference that the
characteristic values of R0 at which Fa = 0 and ui = 0 are
shifted to the left. For even stronger shock (Mi = 15), the
freeze-out point is observed at very low values of R0 [14,27].
It is worth to note that compressibility of fluid b is important for
moderate to strong incident shocks, as can be seen in Fig. 8(a),
where a relative difference between the weak shock formula
and the exact result of around 50% is observed. In Fig. 8(b), we
explicitly compare, as in Fig. 7(b), ui with uws
i for the two sets
of gases with Mi = 5. The point at which Fa = 0 is evidenced
by the intersection of the solid and dashed blue curves. The
freeze-out point is located at the point where the solid blue
curve crosses the zero value.
In Fig. 9(a), a similar analysis is shown as a function of
γa , the compressibility parameter of the gas compressed by
the transmitted shock. For very weak shocks, the relative
difference is negligible. For stronger shocks and values
of γa → 1, the relative difference increases significantly.
Situations for which Fa = 0 are observed for low values of

γa . In Fig. 9(b), the explicit comparison between ui and uws
i is
shown for the parameters shown. For the case indicated with
the blue line we observe that for low values of γa , Fa changes
sign and uws
i underestimates the normal velocity. Besides, it
can become positive for highly compressible fluids.
In Fig. 10(a), the analysis is done as function of the
compressibility parameter of the expanding fluid b. A similar
behavior is observed as a function of γa . However, we notice
that for relatively low values of γb , it is Fa < 0. For some
ranges it is uws
i > 0, contrary to the correct value ui < 0.
For very weak shocks, the difference is negligible, except
for shocks of moderate to high strength. It is easy to see a
characteristic value of γb for which it is Fa = 0. In Fig. 10(b),
ws
we show ui and uws
i as a function of γb . It is clear that ui is
not a good approximation for any value of γb in the interval
1  γb  3. This difference is also seen in the logarithmic plot
of Fig. 10(a). At most, ui and uws
i coincide at a single value of
γb for which it is Fa = 0.
The difference between |ui | and |via | tells us about the relative importance of the vorticity spread inside fluid a. Hence,

FIG. 8. (a) Relative difference between ui and uws
i as a function of R0 for different choices of the other parameters. (b) The quantities ui
and uws
i as a function of R0 for different pairs of gases.
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FIG. 9. (a) Relative difference between ui and uws
i as a function of γa for different choices of the other parameters. (b) The quantities ui
and uws
i as a function of γa for different pairs of gases.

how much does the ratio |ui /via | depart from unity, is informing us about the goodness of an irrotational approximation for
that specific choice of preshock parameters. As discussed in the
previous section, values of |ui /via | very different from unity
might warn us of a possible underestimation of the perturbation
kinetic energy stored inside the bulk of the compressed fluid a.
In Fig. 11, we show the ratio |ui /via | as a function of the four
preshock parameters. In Fig. 11(a), we show the velocities
ratio as a function of the incident shock Mach number for
the same pair of gases with different preshock density ratio.
As expected, both velocities have the same absolute value
for very weak shocks, as bulk vorticity is negligible. As the
shock becomes stronger, the tangential velocity on the side
of the compressed fluid increases and we can obtain values
of |ui /via | as low as 0.2 or lower, for R0 = 0.01, or other
combinations of the preshock quantities. In Fig. 11(b), we plot
the same ratio as a function of the preshock density ratio. Now
again, for very strong shocks we can get a vary large difference
for very low values of R0 . There is a maximum value of the

preshock density ratio (R0tt ), above which a shock is reflected
and the curve can not be continued with the results of this work.
For R0 > R0tt , the model of [15] has to be used. For curve (i)
it is R0tt ∼
= 0.884, and for curve (ii) it is R0tt ∼
= 0.899. It is
clear that the curves terminate to the right at the corresponding
value of R0tt . To the left, the curves start at the minimum value
R0min defined in Eq. (24). It is R0min ∼
= 0.0267 for curve (i)
and R0min ∼
= 0.00131 for (ii). In Fig. 11(c), the velocity ratio is
shown as a function of the isentropic exponent of fluid a. As
γa → 1, we see markedly different behaviors, depending on
the values of R0 . In any case, |ui /via | is always quite different
from unity, except at singular points. For both cases, there is
a maximum possible value of γa : γatt = 3.624 for curve (i)
and γatt ∼
= 221.53 above which a shock will be reflected. In
Fig. 11(d), we plot the velocity ratio as a function of γb . As
happened in the shock reflected case [15], we recognize here
two characteristic regimes. For the cases shown in Fig. 11(d),
at lower values of γb we see that via reaches a zero value, which
is the reason of the peak to the left in curve (i), centered at

FIG. 10. (a) Relative difference between ui and uws
i as a function of γb for different choices of the other parameters. (b) The quantities ui
and uws
i as a function of γb for different pairs of gases.
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FIG. 11. Ratio |ui /via | as a function of the different preshock parameters: (a) as a function of Mi , (b) as a function of R0 , (c) as a function
of γa , and (d) as a function of γb .

γb ∼
= 2.218. We also see that there is normal velocity freeze-out
also in curve (i) at γb ∼
= 3.670, where it is ui = 0. We notice
that for the curve that corresponds to R0 = 0.8, we can not
continue the to the left, for γb < γbtt = 1.171, because a shock

will be reflected. Curve (ii) has its boundary at γbtt < 1, which
is the reason why the curve starts from γb = 1. Both γatt and
γbtt can be obtained from Eq. (18) by imposing the condition
zt = zi , which defines the total transmission situation.

FIG. 12. (a) Comparison between Eqs. (158) and (160) for different pairs of gases. (b) Same as in (a) but with more compressible fluids.
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B. Approximate formula valid at any compression level
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RFa[0]
.
(160)
R+1
R+1
In Figs. 12(a) and 12(b), we compare Eq. (160) with the
exact value, for the preshock parameters shown in the legends.
We see that the approximate Eq. (160) gives an excellent result
in the whole range and does not show the shortcomings of the
weak shock estimate.
+

IV. APPROXIMATE ANALYTICAL FORMULAS
OF THE ASYMPTOTIC VELOCITY IN DIFFERENT
PHYSICAL LIMITS

h

vi

Given that the weak shock approximation formula may
not give a sufficiently accurate result at high compression,
it is worth to examine the possibility of using an analytic
expression that takes into account the generation of vorticity
inside the compressed fluid a. This is possible by considering
the lowest order approximation to the parameter Fa , given by
Fa[0] in Eq. (117). We formally get
u[0]
i =

83

a











Mi  1

FIG. 13. Comparison between the exact normal velocity and
different Taylor polynomials in powers of Mi − 1 for the gases and
shock parameters indicated in the legend. Different curves correspond
to different Taylor polynomials. For details, see the text.

A. Taylor expansion in the weak shock limit (Mi − 1  1)

For very weak shocks, the weak shock formula discussed
previously is a good estimate of the asymptotic velocity.
However, as the shock Mach number increases, the vorticity
generated by the rippled transmitted front becomes important
and Eq. (159) ceases to be strictly valid. Similarly as has been
done in [15], we can make a Taylor expansion in powers of
Mi − 1 in the weak shock limit and compare it with the exact
value. To this scope, we expand uws
i and RFa /(Fa + 1) and use
the same strategy as in [15]. According to Eq. (113), the value
of Fa is proportional to the Laplace transform of P̃t evaluated
at sa = − sinh χt . We know that we can always write [15]
∞
2n+1

p̃t0
P̃t (sa ) =
,
(161)
s 2n+2
n=0 a
2n+1
is the (2n + 1)th derivative of the pressure
where p̃t0
perturbation at the transmitted shock front at t = 0+. A series
expansion like the above one will only be valid within its
circle of convergence. The Taylor expansions of the first few
derivatives can be retrieved in the Supplemental Material [37].
After collecting equal powers of Mi − 1 in Eq. (158) we arrive
to an expansion of the form
nmax
δvi∞ ∼ R0 − 1 
+
an (Mi − 1)n + O[(Mi − 1)nmax +1 ],
=
kψ0 U
R0 + 1 n=1

(162)

where nmax is a given superior limit for the sum indicated
above. In Fig. 11, we have calculated the Taylor polynomials
up to nmax = 9.
It is remarkable to see that the lowest order term is exactly
the preshock Atwood number, confirming the validity of the
impulsive prescription for very low values of the incident
shock Mach number. An expansion like the above includes the
contribution of the weak shock term uws
i and the bulk parameter
RFa /(R + 1). For weak shocks, as it is Fa ∝ (Mi − 1)3 (see
Fig. 2), bulk vorticity effects are included in Eq. (162) since the
Taylor coefficient a2 onwards. In Fig. 13, we compare the exact
solution with the different Taylor polynomials of Eq. (162) up
to (Mi − 1)9 for a specific choice of the preshock parameters.
We see that adding additional terms is not useful because the
convergence radius of the corresponding series is quite small
(Mi − 1  0.5). Unfortunately, the additional terms beyond
the third order have very lengthy analytical expressions making
their use impractical. We only show here the coefficients a1 and
a2 as a2 is the first Taylor coefficient to have information on the
bulk vorticity profile near the contact surface. The other Taylor
coefficients, from a3 up to a9 , can be found in the Mathematica
files inside Supplemental Material [37]. The first coefficients
are


4
a1 =
γa γb + γa (γa − γb )R0 + γa (5γa − 6γb )R02
γa (γb + 1)(1 + R0 )2 (γb − γa R0 )




 2
γ a R0
2
2
− γa γb + γa + 3γa γb − 4γb R0 + γa (γa − 2γb )R0
,
γb

γ a R0
4
a2 = −
Z1 (γa ,γb ,R0 ) + Z2 (γa ,γb ,R0 )
,
3γa (γb + 1)2 (1 + R0 )3 (γb − γa R0 )3
γb
013102-24

(163)
(164)

84

Chapter 2

ANALYTICAL SCALINGS OF THE LINEAR RICHTMYER- . . .

Results

PHYSICAL REVIEW E 96, 013102 (2017)

where


Z1 (γa ,γb ,R0 ) = 4γa γb3 (γb + 1) − γa γb2 γa (3γb + 9) + γb2 − 5γb R0

− γa3 (7γb + 31) + γa2 γb (−3γb − 81) + γa γb2 (−5γb + 16) + 33γb3 2γb R02

+ γa4 (13γb + 19) + γa3 γb (−61γb − 283) + γa2 γb2 (51γb + 549) + γa γb3 (21γb − 297) + 36γb4 R03

+ γa4 (28γb + 10) + γa3 γb (−52γb − 115) + γa2 γb2 (21γb + 138) + γa γb3 (3γb − 36) + 3γb4 2R04

+ γa2 (43γb − 95) + γa γb (−63γb + 183) − 108γb2 γa2 R05 − (γa + 1)6γa2 γb2 R06 ,

Z2 (γa ,γb ,R0 ) = −5γa γb3 (γb + 1) + γa2 (10γb + 40) + γa γb (−13γb − 109) + γb2 (6γb + 72) γb2 R0

+ γa3 (3γb + 27) + γa2 γb (62γb + 110) + γa γb2 (−77γb − 365) + γb3 (6γb + 222) γb R02

+ γa4 (−8γb − 14) + γa3 γb (−33γb + 99) + γa2 γb2 (100γb − 152) + γa γb3 (−81γb + 99) − 54γb4 R03

+ γa4 (−16γb − 4) + γa3 γb (−21γb + 243) + γa2 γb2 (60γb − 396) + γa γb3 (−12γb + 180) − 12γb4 R04

− γa3 (8γb − 10) + γa2 γb (−15γb + 21) + γa γb2 (−12γb − 18) − 12γb3 γa R05 ,
(165)
B. Strong shock limit Mi  1

For very strong incident shocks, the following expansion is possible, similarly as for the shock reflected
situation [15]:


b2
b4
ui ∼
= b∞ + 2 + 4 + O Mi−6 .
Mi
Mi

(166)

The analytical general expressions of the above coefficients
can be retrieved in the corresponding Mathematica file
attached in the Supplemental Material [37]. As happened with
the shock reflected case [15], the analytical expressions are
rather long to be written. To obtain bn we have used Fa[0] ,
which makes a good job even for low values of Mi , as can be
seen in Fig. 14, where the preshock parameters are indicated
in the legend.

C. Taylor expansion in powers of (R0t t − R0 ),
valid for R0min  R0  R0t t

Near the boundary of total transmission, the asymptotic
velocity can be expanded in powers of R0tt − R0 . As done in
the previous paragraph, the expansion is done on the analytical
formula for u0i and we obtain a formula of the type



2

3
ui ∼
= c0 + c1 R0tt − R0 + c2 R0tt − R0 + c3 R0tt − R0


4
5
+ c4 R0tt − R0 + O R0tt − R0 .
(167)
We can see in Fig. 15 that the fourth order polynomial agrees
quite well with the exact formula over a wide interval of the
parameter R0 . We notice that for this choice of preshock
quantities, the asymptotic velocity is positive for R0 > 1,
indicating the possibility of freeze-out near R0 ∼
= 1.1433.
The coefficients c0 ,c2 , . . . can be found in the corresponding
Mathematica file attached in the Supplemental Material [37].



ui

a

 1.45 ,

b

 1.8 , R0  0.0706

ui



a

 1.45 ,

b

 1.8 , Mi  15.3

Rtt0  1.1433


b


b 


b 



b1



Mi2
b1
Mi2

exact



c0  c1 Rtt
0  R0

b2
Mi4

tt
c0  c1 Rtt
0  R0  c2 R0  R0

exact






Mi

c0  c1 Rtt
0

 R0  c2 Rtt
0

tt
c0  c1 Rtt
0  R0  c2 R0  R0

2

 R0

 c3 Rtt
0  R0

2

3

 c3 Rtt
0

 R0

 c4 Rtt
0  R0

2
3

4

R0

FIG. 14. Comparison between ui and different Taylor polynomials in 1/Mi2 for the preshock conditions indicated in the
legend.

FIG. 15. Comparison between ui and different Taylor polynomials in R0tt − R0 for the preshock conditions indicated in the legend.
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ui


a

 5 3 ,

b

 7 5 , Mi  1.8
R0tt  0.88059


R0crit  0.44943
exact



d0 d1 x
d0 d1 x d2 x 2
d0 d1 x d2 x 2 d3 x 3
d0 d1 x d2 x 2 d3 x 3 d4 x 4



85

R0min  0.03203

R0



FIG. 16. Comparison of the Taylor polynomials centered at R0 =
R0crit with the exact value of ui . For R0 > R0crit , the expansion parameter is x = R0 /R0crit − 1. For R0 < R0crit , the expansion parameter is
x = 1 − R0 /R0crit . For details of the expansion, see the text.

It is noted that the expansion discussed in Eq. (167) is not
limited to the weak shock limit, as there is no restriction on the
incident shock Mach number, analogously as has been shown
for the similar expansion in [15].
D. Taylor expansion in powers of (R0 − R0crit )

At the value R0 = R0crit , given by Eq. (25), the rarefaction
tail remains steady in the laboratory frame of reference.
Mikaelian studied a similar configuration for the case of a
shock reflected, in which the reflected shock was at rest.
A similar situation is possible here, and having at our
disposal the model equations, it is worth to expand ui in a
neighborhood of R0crit :



2

3
ui ∼
= d0 + d1 R0tt − R0 + d2 R0tt − R0 + d3 R0tt − R0

4
5

(168)
+ d4 R0tt − R0 + O R0tt − R0 .
The comparison is shown in Fig. 16 for the preshock
parameters indicated in the legend. This expansion shows
the largest circle of convergence when compared to the other
Taylor expansions obtained in this work.
E. Normal velocity in the limit R0 → 0
1. R0 → 0, z i ≡ ∞

When we approach the limit of very low density gases to
the left of the contact surface, we arrive to the limits shown
in Eqs. (20) and (22) and we must be careful inside which
interval we want to perform the Taylor expansion. For exactly
R0 = 0, the only possible incident shock strength is zi = ∞
or, equivalently, Mi = ∞. For small but finite values of R0
we must distinguish whether we make zi  1 or work with
a large enough but finite value of the shock strength. This
fact enables us to establish the boundary R0 = R0 (zi ), which
is a function of the incident shock Mach number. For not
necessarily negligibly small values of the preshock density

ratio, the rarefaction tail starts to move to the left, following
the transmitted shock. As R0 decreases still further, the velocity
of the rarefaction tail is nearer to the velocity of the material
boundary. In those conditions, it is clear that the pressure,
density, and sound speed at the contact surface become also
infinitely small. In the strict limit of R0 = 0, both surfaces
coincide and we are not working any longer with an RM
environment in two fluids, as there is only the expanding
fluid against vacuum. In this case, it is known that the normal
ripple velocity is exactly zero [6]. In the limit R0 very near
zero, the bulk vorticity term rapidly tends to zero, but the
0
weak shock term uws tends to δvyb
= 0, even in the expansion
against vacuum situation, as discussed in [28]. We must admit
that our model does not give a continuous limit for ui in
the limit R0 = 0. This discontinuous behavior is related to
the fact that this limit is singular. On one hand, the shock
strength must be taken equal to zi ≡ ∞, and on the other
side, only one fluid is present. In fact, even for negligibly
small and nonzero values of R0 , two fluids are present and the
one-dimensional (1D) background velocities of the contact
surface and of the rarefaction tail are different. Therefore, a
region of uniform density and pressure will always be created
between the contact surface and the rarefaction tail, where
pressure perturbations exist and a velocity field is generated.
Inside this strip of fluid, lateral mass flow exists up to the
contact surface itself, giving rise to the velocity contribution
0
δvyb
. Our two fluids model does not handle the limiting case
R0 = 0. Such a case must be studied with a traveling alone
rarefaction wave in the strict limit M1 = 0, using the results
of Sec. III A, as discussed in [28]. Under such conditions, the
normal velocity at the rarefaction tail can be seen to be exactly
zero at all times since t = 0+.
2. Taylor expansion in powers of (R0 − R0min ),
valid for R0min  R0  R0t t

The preshock density ratio defined in Eq. (24) defines two
regimes of the expansion. For R0 > R0min , we keep the incident
shock strength at a finite value. In the same way as before,
we can make a Taylor expansion of the normal perturbation
velocity in powers of (R0 − R0min ) of the form



2
ui ∼
= e0 + e1 R0 − R0min + e2 R0 − R0min

3

4
+ e3 R0 − R0min + e4 R0 − R0min
5

(169)
+ O R0 − R0min .
We compare the above formula with the exact solution in
Fig. 17. It is seen, as happens with the Taylor expansions
studied in the other physical limits, that the convergence radius
of the whole series is also finite, amounting for this case to
R0 − R0min  0.0005, where R0min = 0.001 168. The analytical
results for the coefficients en are rather lengthy to be written
and are shown inside the Mathematica files attached in the
Supplemental Material [37].
V. COMPARISON WITH SIMULATIONS
AND EXPERIMENTS

In this section we compare experiments and simulations
with our linear theory. In particular, we follow the linear time

013102-26

86

Chapter 2

ANALYTICAL SCALINGS OF THE LINEAR RICHTMYER- . . .

Results

PHYSICAL REVIEW E 96, 013102 (2017)




ui
 e3 R0  Rmin
0

3

 e4 R0  Rmin
0

4

e0  e1 R0  Rmin
 e2 R0  Rmin
0
0

2

 e3 R0  Rmin
0

3

e0  e1 R0  Rmin
 e2 R0  Rmin
0
0

2

e0  e1 R0  Rmin
 e2 R0  Rmin
0
0



2

e0  e1 R0  R0min



exact






Rmin
 0.001168
0
a

 1.45 ,

b

 1.8 , Mi  15.3

R0



FIG. 17. Comparison of the Taylor polynomials centered at R0 =
R0min with the exact value of ui for the parameters indicated in the
legend.

evolution of the contact surface ripple and how it depends
on the preshock parameters (initial ripple amplitude and
perturbation wavelength and fluids parameters). Besides, it
is worth to compare the growth rate of the experiments and
simulations, with the different analytic approximations, where
adequate, as obtained in the previous sections.
A. Experiments of Refs. [12,13]

In the experiments described in [12,13], strong shocks
have generated to drive the RMI for the rarefaction reflected
situation. The target is formed with a beryllium (Be) ablator
and a tamper formed by a low density foam or plastic.
Two-dimensional (2D) corrugation is imposed at the contact
surface an its evolution is diagnosed with face-on and side-on
radiography. The 1D background flow had been studied with
LASNEX simulations and the details are shown in [12]. Two
incident shock strengths had been used: Mi = 15.3 (which
is called high drive) and Mi = 10.8 (called low drive). The
isentropic exponents used are γb = 1.8 for the beryllium
ablator, γa = 1.45 for the foam tamper, and γa = 1.8 for
the plastic tamper. An initial density jump R0 = 0.0706
is considered for the Be-foam target and R0 = 0.647 for
Be-plastic. A wide range of initial amplitude and wavelength ratios have been studied in [12] (0.04  ψ0 /λ  0.28).
In order to distinguish the different experiments, we respect the identification scheme used in [12]: the first letter
means the driving type (L for low pressure and H for high
pressure), the second letter identifies the tamper material
(F foam and P for plastic), the first written number is
the perturbation wavelength and the second number is the
preshock ripple amplitude (both in microns). For example,
LF100/4 represents low drive, foam tamper, a wavelength
equal to 100 μm and an initial interface corrugation amplitude
equal to 4 μm. However, in the simulations reported in [13],
more cases with other driving pressures have been also studied.
For those cases, we simply indicate the incident shock Mach
number in front of the tamper material letter.

FIG. 18. Comparison between the temporal evolution of the
interface ripple and its velocity for HF100/10 case of [13] and our
theoretical model. Curves are indicated inside the figure and explained
in the text.
1. Numerical simulations

Simulations based on different codes are compared with
experimental data in the two works cited before. In [12],
they simulated face-on and side-on radiographs with CALE,
a hydrodynamic Langragian-Eulerian code. In [13], they
evaluate three different codes: FRONTIER is a front tracking
code, PROMETHEUSwhich solves Euler’s equations on a uniform rectangular grid, and RAGE (Radiation Adaptive Grid
Eulerian) which is a multidimensional Eulerian radiationhydrodynamics code. All of them had been validated against
a variety of both analytic test problems and experiments. For
details and extended bibliography, see [12,13].
2. Detailed comparison for a single case: HF100/10

In this section we make an analysis of the experiment
HF100/10, for which the experimental data and simulation
results have been taken from [13]. We show the temporal
evolution of the contact surface ripple in Fig. 18. The incident
shock comes from the beryllium ablator and a shock is
transmitted inside the foam tamper. The preshock parameters
are Mi = 15.3, γa = 1.8, γb = 1.45, and R0 = 0.0706.
The preshock initial surface corrugation is 10 μm and the
perturbation wavelength is 100 μm. In Fig. 18, we show the
temporal evolution only up to t = 4 ns. Besides, we do only
show the face-on data (black circles) because the side-on measurements cannot resolve small amplitudes (see [12]), which
are relevant for the comparison within the temporal window in
which linear growth is important. The origin of time coincides
with the instant when the incident shock has completely
disappeared, as discussed in [13], which is uncertain by
∼
= 0.25 ns. Using Eq. (129) is a good test for our linear theory
results because it depends explicitly on the value of δvi∞ ,
which is given by Eq. (115). Choosing a wrong value would
result in disagreement between curve (a) and the experiments,
which is not the case here. Besides, as is evident from Fig. 18,
for these experimental conditions we can not discern between
[0]
u[5]
i and ui , and the curves predicted using both values are
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TABLE I. Growth rate comparison of the cases discussed [12,13]. The experimental and simulation data for HF cases are taken from Fig. 7
of [13] and for LF and plastic tamper (P) cases from Fig. 26 of [12]. The last three columns are linear asymptotic velocity predictions: the
first of them are calculated using five iterations in the functional equation [Eq. (79)], the second is the approximate formula without iteration
[Eq. (160)], and the third are Taylor’s series estimations. The key is (ws) weak shock limit [Eq. (162)], (ss) strong shock limit [Eq. (166)],
and (hdj) high initial density jump [Eq. (167)]. The first two columns are the values of initial post-shock amplitude Eq. (128) and asymptotic
ordinate Eq. (134) for the contact surface ripple. Lengths are given in μm and velocities in μm ns−1 .
Case

ψ0 /λ

ψ0∗

ψ∞

δvi∞ (Expt.)

δvi∞ (Simul.)

δvi∞[5]

δvi∞[0]

δvi∞ (Limits)

HF 100/4
HF 150/10
HF 100/10
HF 100/14
HF 50/7
HF 60/10
HF 30/7
HF 38/10
HF 50/14

0.04
0.067
0.1
0.14
0.14
0.167
0.233
0.263
0.28

−0.775
−1.938
−1.938
−2.713
−1.357
−1.938
−1.357
−1.936
−2.713

0.731
1.828
1.828
2.559
1.279
1.828
1.279
1.828
2.559

−3.135
−7.411
−9.174
−10.721
−13.012
−9.009
−10.153
−11.906
−14.630

−3.568
−6.033
−8.356
−10.742
−10.742
−11.670
−13.308
−13.793
−14.546

−3.562
−5.936
−8.904
−12.466
−12.466
−14.841
−20.777
−23.433
−24.932

−3.557
−5.929
−8.893
−12.450
−12.450
−14.822
−20.750
−23.403
−24.900

−3.557 (ss)
−5.928 (ss)
−8.892 (ss)
−12.449 (ss)
−12.449 (ss)
−14.821 (ss)
−20.749 (ss)
−23.401 (ss)
−24.899 (ss)

LF 100/4
LF 150/10
LF 100/10
LF 100/14
LF 50/7
LF 30/7
LF 50/14

0.04
0.067
0.1
0.14
0.14
0.233
0.28

−0.746
−1.865
−1.865
−2.611
−1.306
−1.306
−2.611

0.754
1.884
1.884
2.638
1.319
1.319
2.638

−2
−3.5
−5
−5
−6
−8
−10.5

−2.5
−4.5
−5.5
−7
−6
−7
−9

−2.557
−4.261
−6.391
−8.948
−8.948
−14.913
−17.896

−2.554
−4.257
−6.386
−8.940
−8.940
−14.900
−17.880

−2.554 (ss)
−4.257 (ss)
−6.386 (ss)
−8.941 (ss)
−8.941 (ss)
−14.901 (ss)
−17.881 (ss)

1.33F 100/4
5.6F 100/4
HF 100/25
HF 100/50

0.04
0.04
0.25
0.5

1.995
−0.597
−4.845
−9,691

3.190
0.929
4.569
9.138

−0.347
−1.429
−22.261
−44.522

−0.347
−1.428
−22.232
−44.465

−0.382 (ws)
−1.429 (ss)
−22.231 (ss)
−44.462 (ss)

HP 100/14

0.14

2.979

4.459

−2

−3.5

−2.750

−2.749

LP 100/14

0.14

3.026

4.506

−0.8

−2.42

−1.954

−1.953

−2.749 (ss)
−2.743 (hdj)
−1.953 (ss)
−1.951 (hdj)

therefore indistinguishable. In Table I, we give δvi∞ using u[5]
i
and u[0]
,
as
well
as
a
comparison
with
different
physical
limits,
i
where appropriate. The post-shock amplitude [Eq. (128)] is
ψ0∗ = −1.94 μm indicating that during the shock refraction,

the interface changes its phase. This is due to the difference
between the shocked contact surface velocity and the incident
shock speed (U = 59.4 μm/ns > Di = 49.8 μm/ns), known
as direct phase inversion [5]. The dotted line (b) is the

FIG. 19. (a) Time evolution of the contact surface ripple and the transmitted shock pressure perturbations for the experiment HF100/10.
(b) Time evolution of the contact surface ripple and the contact surface acceleration for the experiment HF100/10.
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FIG. 20. (a) Time evolution of the transmitted shock ripple for the experiment HF100/10. (b) Time evolution of the rarefaction tail ripple
for the experiment HF100/10.

asymptotic evolution predicted by Eq. (133). It intersects the
vertical axis at a value equal to ψ∞ = 1.83 μm, which can be
calculated with Eq. (134). We notice that ψ∞ is quite different
from the post-shock corrugation ψ0∗ . The orange triangles
have been numerically calculated using the linear simulations
of Ref. [5]. We also show the prediction of some formulations
of the impulsive model: dotted line (c) is calculated using
the Richtmyer’s prescription [1], dotted line (d) is calculated
with the value uws given by Eq. (159), and dotted line (e) is
obtained with the impulsive Meyer-Blewett formula [4]. The
2D simulations are given by the solid curves: (f) FRONTIER,
(g) PROMETHEUS, and (h) RAGE. The impulsive formula
used to draw curve (c) is given by the original Richtmyer’s
prescription [1]

(171)

Blewett formula [4], proposed to fit their numerical data, gives
a reasonable velocity estimation for this case. For these high
values of the incident shock Mach number, compressibility
effects are manifested not only in the growth rate value, but
also in the asymptotic ordinate ψ∞ and the tangential velocities
∞
∞
δvya
and δvyb
, which are different. In fact, as discussed in [4],
they had to admit the existence of an asymptotic ordinate,
quite different from ψ0∗ , of which they were unable to give
a scaling law, derived either analytically or numerically. In
Fig. 18, we see that the linear asymptotic formula [Eq. (129)]
is valid inside the interval 0.8  t  2.5 ns. The temporal
window of linear saturation would be a function of the values
of ψ0 and λ, probably through the ratio ψ0 /λ. In Fig. 19(a),
we show the temporal evolution of ψi and δpt . We see that
the interface ripple enters its asymptotic stage much earlier
than the transmitted shock pressure perturbations. By the time
t∼
= 2 ns, the interface ripple is growing with approximately
constant velocity and the shock has just generated its first peak
of vorticity inside fluid a. In Fig. 19(b), a similar comparison
is done with the interface acceleration. Finally, in Fig. 20,
we show the temporal evolution of the rippled transmitted

Several features concerning Fig. 18 merit discussion. First,
as observed before, the approximate formula proposed in
this work, with no iteration [Eq. (160)], shows very good
agreement with the exact solution (115) [11]. Both expressions
exactly agree with the calculations of [5], as shown in [11].
The adequacy of the compressible linear theory developed here
to describe the experimental data and the simulations, before
nonlinearities appear, is very good for this case. In fact, there
is a reasonable description of the initial transient phase and the
later linear asymptotic growth for 0 < t  2.5 ns. However,
some weak shock approximate formulas give inaccurate
results and scalings. Since impulsive prescriptions ignore the
perturbation dynamics of the shock fronts for t > 0+ , they
cannot take into account the compression effects and the bulk
vorticity generation. Consequently, in the situations where
the shock is not weak, they provide imprecise values for
the growth rate [5,6,11]. However, the empirical Meyer and

FIG. 21. Time evolution of the normal and tangential velocities
(lighter fluid) at the contact surface for the experiment HF100/10.

δvimp = kψ0 U

R0 − 1
,
R0 + 1

(170)

and the Meyer-Blewett formula used to draw curve (e) is
given by [4]
δvMB =

k
R−1
(ψ0 + ψ0∗ )U
.
2
R+1
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FIG. 23. Temporal evolution of the contact surface ripple for LF
cases of [12]. Experimental data: black points are measured from
face-on radiographs. Simulations: (f) FRONTIER, (g) PROMETHEUS,
(h) RAGE, (k) face-on CALE, and (m) side-on CALE. Linear theory:
[Eqs. (129) with (160)] and (b)
(a) temporal evolution using u[0]
i
asymptotic evolution predicted by Eq. (133).

FIG. 22. Temporal evolution of the contact surface ripple for HF
cases of [12]. Experimental data: black points are measured from
face-on radiographs. Simulations: (f) FRONTIER, (g) PROMETHEUS,
(h) RAGE, (k) face-on CALE, and (m) side-on CALE. Linear theory:
[Eqs. (129) with (160)] and (b)
(a) temporal evolution using u[0]
i
asymptotic evolution predicted by Eq. (133).

shock and rarefaction tail corrugation. The rarefaction tail
corrugation has been calculated with Eq. (58) of Ref. [20]. The
shock corrugation amplitude is obtained using the calculations
shown in the Appendix. There is a distinguishing characteristic

when comparing the shock and interface ripple growths. The
time taken by contact surface and rarefaction trailing edge
corrugation amplitudes to reach their asymptotic is different
from the characteristic time to reach the asymptotic for the
transmitted shock ripple. This fact had also been qualitatively
observed in [4], who had written the following: “The (helium)
shock, in particular, was seen to undergo oscillations that are
independent of the interface behavior.” The characteristic time
to reach the asymptotic for ψrt is on the order of 4 ns and ψi
is typically on the order of 1 ns. However, at the shock ripple, as
discussed in [24], the asymptotic stage is usually reached after
the third-fourth zero crossing, which for this case, amounts to
a characteristic time between 4–5 ns. By the time the contact
surface ripple reached its asymptotic, the transmitted shock
has almost entirely generated the first peak of the vorticity
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FIG. 24. Asymptotic normal velocity as a function of ψ0 /λ for the previous experiments: (a) HF, (b) LF.

distribution in the bulk as shown in Fig. 19(a). This seems to
be a general trend behind corrugated shock fronts [15].
As commented along the work, an important consequence
of the high compression with corrugated shocks in RM
environments is the generation of bulk vorticity which is
manifested in different values for the normal and tangential
velocities at the contact surface. In fact, in Fig. 21, we show
the temporal evolution of both quantities within the temporal
window of the experiment. The transverse final velocity via
is quite different from ui , a fact that a priori precludes the
use of a potential flow model inside the compressed fluid.
Up to date, there is no rigorous theory with which to study
the weakly nonlinear phase that consistently joins the fully
compressible linear growth phase and the following weakly
nonlinear transition taking into account the vorticity spread in
the compressed fluids.
3. Rest of experiments and simulations of [12,13]

In [12], the authors provided experimental data covering an
extensive range of perturbation amplitudes and wavelengths

(0.04  ψ0 /λ  0.28), for two different shock strengths. In
Fig. 18, we compare those results with our [Eqs. (129) and
(160)] for high drive, and the same is done in Fig. 19 for
the low drive cases. Additionally, they presented a pair of
configurations where the initial density ratio is changed with
a plastic tamper (Fig. 20). In [13], the authors presented an
exhaustive study of three experiments HF100/10, HF100/4,
and LF100/4, adding to each experimental data the error
bars together with 2D simulations. In Fig. 21, we compare
with another four cases, only studied with simulations in
[13]. As already commented before, in the curves drawn
in [13], time is referenced to the instant when the incident
shock has crossed the contact surface. The origin of time
has an uncertainty around 0.25 ns. However, in the figures
shown in [12], time is referenced to the moment when
the experiments start. Therefore, knowing that the beryllium
ablator has a depth of 100 μm, we estimate the instant when
the shock has completely crossed the interface ripple as t0+ =
(100 + ψ0 )/Di . We obtain the range 2.09  t0+  2.29 ns for
HF and 2.96  t0+  3.24 ns for LF cases. Let us concentrate
in Fig. 18. As commented in [12], when the rarefaction wave

FIG. 25. Temporal evolution of HP (a) and LP (b) cases. The labeling used for the different curves follows the same indications as in Fig. 22.
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FIG. 26. Temporal evolution of the contact surface ripple for simulated cases of [13]. Simulations: (f) FRONTIER, (g) PROMETHEUS, and
(h) RAGE. Linear theory: (a) temporal evolution using u[0]
i [Eqs. (129) with (160)] and (b) asymptotic evolution predicted by Eq. (133).

travels back to the ablation surface, a weak shock is generated
inside the expanded fluid that hits the interface at t ∼ 4 ns
after the incident shock disappears. This means that for t  4
a second shock is transmitted inside the lighter fluid. It is
clear that our theory is only valid before reshock occurs.
In Fig. 19, the low drive cases are plotted as a function of
time. Similar conclusions can be inferred as with the high
drive case. The cases with a higher value of ψ0 /λ show
different initial slopes as compared to the experiments and
simulations due to nonlinearity. In Table I we show, for
each case, the ratio ψ0 /λ, the post-shock interface ripple
amplitude ψ0∗ , the asymptotic ordinate ψ∞ , the asymptotic
normal velocity given in [12,13], the asymptotic velocity as
given by the simulations shown in [12,13], the exact theoretical
asymptotic velocity given by Eq. (158) [Eq. (160)], and
the last column is the inferred value from the corresponding approximation (strong shock, weak shock, high density
jump).
Different initial conditions (some of them with large values
of the pre-shock ripple) are studied in Figs. 22 and 23. The dots
are taken from the experimental results, the orange curves are
different numerical simulation results and we have superposed

to them our time evolution curves (complete and asymptotic).
In Fig. 24, the dependence of the ripple normal velocity with
the ratio ψ0 /λ is shown. Dots are experimental results, the
continuous curves are taken from simulations and the dotted
lines are calculated with Eq. (160). In Fig. 25, the experimental ripple time evolution is compared with our results for
experiments done with plastic targets and two shock strengths.
In Fig. 26, a similar analysis is done for the cases studied in
Ref. [13] only with simulations. In Fig. 27 we show several
plots showing the dependence of the ratio between the normal
velocity ui and the tangential velocity via as a function of the
four pre-shock parameters: Mi , Ro , γa , and γb , as discussed
in Fig. 11. We have used here the pre-shock conditions of
the experiments of Ref. [13]. The markers refer to the experiments. We see that normal and tangential velocities are quite
different, as the markers stay well below the horizontal line
ui /via = 1.
It is interesting to compare the dependence of ui , via , and vib
as a function of the Mach number for the preshock parameters
corresponding to the foam and plastic targets. This is shown
in Fig. 28. The tangential velocity vib agrees exactly with ui ,
as expected. The more interesting behavior is shown by via
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FIG. 27. Ratio of the normal velocity to the tangential velocity (in the lighter fluid) as a function of the four preshock parameters. In each
plot, the experiments previously discussed are marked.

where we see that via and vib start to deviate significantly at
Mi  1.4, due to the vorticity in fluid a.

B. Experiments of Ref. [22]

The authors of [22] have conducted a series of experiments
in a shock tube at low Mach numbers in which the rarefaction

FIG. 28. Parametric curves showing the tangential and normal velocities in the HF (a) and LF (b) cases. The Mach number increases along
each curve.
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FIG. 29. Contact surface ripple amplitude as a function of time
for the experiment 121 of [22]. Triangles refer to the experimental
measurements. The continuous red curve is the result of Eq. (129)
where u[0]
i , given by Eq. (160), has been used. The dashed line is the
asymptotic formula given by Eq. (133).

reflected configuration was studied. They have used a novel
technique to accurately characterize the initial conditions at
the shocked material surface. Perturbations are sinusoidal and
laser sheet diagnostics were used to measure the interface
displacement. Unfortunately, it is quite difficult to extract
useful information for comparison from their experimental
data. We have been able to compare with their results plotted in
Figs. 4 and 5, for the case they called Run 121, in which a shock
coming from air impinges a contact surface separating it from
helium. The Mach number used for this case is Mi = 1.15. We
plot the contact surface ripple as a function of time ψi (t) using
our Eqs. (129) and (133) in Fig. 29. The blue markers represent
the measured temporal evolution of the fundamental mode (as
seen from their Fig. 4) and the green markers represent the
ripple amplitude as inferred from the positions of the bubble
and spike. Our theoretical prediction goes in the middle of the
experimental points. It is interesting to make a short analysis

of the dynamics of the surface ripple, shock, and rarefaction
tail, and tangential velocities in the interval of time during
which linear theory is a reasonable assumption, in the same
way we did in Figs. 18 to 27 in the previous subsection. In
Fig. 30(a), we superpose the surface ripple complete and
asymptotic evolution [Eqs. (129) and (133)] with the shock
pressure perturbations calculated with Eq. (36) at χa = χt . We
see that the surface ripple enters its asymptotic stage when the
transmitted shock has almost passed its first peak, that is, at
the time the transmitted shock has almost generated the first
maximum of the vorticity distribution in the bulk. At that time,
the interface acceleration is oscillating near zero [Fig. 30(b)].
A similar trend was observed in the experiments of [12,13]
for a much stronger incident shock. In Fig. 31(a), we show
the transmitted shock ripple amplitude given by the solution
(40). We have superposed the approximate solution obtained
by simply retaining up to π5 and ω5 in the expression for p̃t . In
m
m
and ω2n+1
become
fact, for weak shocks, the coefficients π2n+1
negligible after n ∼ 2. In Fig. 31(b), the rarefaction tail ripple
growth is compared to the interface ripple. Behavior is similar
as in the strong shock experiments.
In Fig. 31, we show the time evolution of the ripple at the
rarefaction trailing edge. We compare the exact and asymptotic
evolution. We see that during the interval of time in which
linear theory is an acceptable approximation, the surface ripple
enters its asymptotic stage much before than the rarefaction
tail ripple, as in the experiments at large Mach.
In Fig. 32, we show the temporal evolution of the tangential
velocity on fluid a at the contact surface va (x = 0,t) and
vb (x = 0,t) = u(x = 0.t). We see that both velocities start
from quite different values and tend to an almost common
asymptotic which is also very near the asymptotic value of
the normal velocity. There is a very small difference between
them due to the small amount of vorticity spread in the bulk
of fluid a. We can notice the difference of this weak incident
shock situation with Fig. 21 for the experiments of [12,13].
VI. SUMMARY

We have presented an analytical study of the RichtmyerMeshkov instability when a rarefaction is reflected. This work

FIG. 30. (a) Contact surface ripple (exact and asymptotic) superposed to the transmitted shock pressure perturbations temporal evolution
for the experiment 121 of [22]. (b) Contact surface ripple (exact and asymptotic) superposed to the contact surface ripple acceleration.
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FIG. 31. (a) Transmitted shock ripple amplitude as a function of time. The continuous curve represents the exact solution of Eq. (40) and
the dots represent the asymptotic solution. (b) Rarefaction tail ripple as a function of time: continuous curve is the exact solution and the dashed
line is the asymptotic solution taken from [20].

is a natural continuation of previous works on the subject.
The background profiles of pressure, density, and velocity
have been obtained and the scaling laws in different regimes
have been studied (weak and strong rarefactions, refraction
near the boundary of total transmission). The equations of
motion have been linearized and their solution has been
briefly reviewed in order to be used later in the subsequent
sections. The asymptotic velocity profiles inside each fluid
have been solved taking into account the generation of vorticity
inside the compressed fluid. The exact rotational solution is
compared with the irrotational approximation and an important
difference is observed in the values of the tangential velocity
profiles. Besides, the rotational velocities change sign due
to the spatial variations of the vorticity generated by the
transmitted shock. The kinetic energy content of the perturbed
fluids is analyzed by integrating the analytical profiles and
we see that the asymptotic kinetic energy is concentrated in
a narrow layer near the contact surface, essentially inside the

FIG. 32. Comparison of the time evolution of the normal and
tangential velocity inside fluid a.

first peak of the vorticity distribution in the bulk. This effect is
stronger as the shock strength increases. A careful study of the
dependence of the kinetic energy on the preshock parameters
is obviously left for a future work. These scaling laws might
result important to understand how energy is distributed in the
bulk, becoming a useful tool in the design of theoretical models
that aim to describe, for example, reshock. Besides, future
nonlinear model may benefit from that knowledge. The exact
and asymptotic time evolution of the contact surface ripple has
been exhaustively studied with the help of the Bessel functions
series and the model presented here. We have found that in
order to describe the asymptotic behavior of ψi (t), we must
incorporate an asymptotic ordinate ψ∞ . This behavior was
already observed by Meyer and Blewett in their simulations,
but they could not give any scaling law to describe it. The
goodness of an irrotational approximation to characterize the
behavior of the normal contact velocity has been studied in
different ranges of the preshock parameter space. The influence
of the incident shock strength as well as the values of R0 , γa ,
and γb have been carefully analyzed. In general, an irrotational
approximation is justified for Mi  1.5. As with the behavior
with respect to R0 , there is no simple rule to be given. Even
for very weak shocks, there could be ranges of R0 in which
an irrotational approximation would be very bad because
we could be approaching a freeze-out situation. At higher
strengths, the comparison would be also strongly dependent
on the values of the isentropic exponents. We have found
that for strong shocks, the relative error might be well above
10%, except in exceptional cases in which Fa = 0. As for the
relative error between the exact solution and the irrotational
approximation as a function of γa and γb , conclusions are
more or less similar. This complicated behavior is certainly
related to the complex mathematical structure of the solutions
of this apparently simple linear problem, which is manifest
because of the nonzero value of Fa in most of the parameter
space. A good indicator of irrotationality would be the equality
between the normal and tangential velocities in the compressed
fluid. To this scope, the ratio between both quantities has also
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been studied as a function of the four preshock parameters
and conclusions are consistent with the behavior observed
before. As a good rule of thumb, in order to decide whether
an irrotational approximation could be a good choice or not,
is to roughly compare the bulk parameter Fa = 0 with any of
the initial tangential velocities. If these quantities are similar,
this might indicate us that significant vorticity is generated
behind the transmitted shock. An approximate and quite
simple formula for the normal velocity has been proposed
that work very well in situations where Fa is not negligible,
and irrotational estimations fail. Having at hand an exact
description of the velocity field, it is worth to present exact
Taylor expansions of the normal velocity as a function of some
small parameter in different physical limits. This has been
done expanding ui in the weak shock limit, strong shock limit,
near the total transmission boundary, near the critical preshock
density ratio where the rarefaction is steady in the laboratory
frame, near the limit of negligible ambient density for very
strong rarefactions. All these expansions suffer from the same
illness: they have limited convergence circles. The expansion
coefficients can be easily calculated with the files attached
inside the Supplemental Material [37]. The calculations shown
here have been contrasted with experiments and simulations
done in two different environments: a very strong incident
shock and a weak incident shock situation. The contact surface
ripple evolution followed with our model equations agree quite
well with experiments and numerical calculations within the
time interval in which a linear theory is acceptable. We have
found that, in both limits, the contact surface ripple enters its
asymptotic stage much earlier than does the transmitted shock
to enter its asymptotic regime. This fact had been also observed
by Meyer and Blewett in their 1974 work. We have also found
that the rarefaction tail ripple also enters its asymptotic stage
at a much later time than the interface. Besides, the contact
surface enters its linear asymptotic when the transmitted has
almost generated its first vorticity peak. We hope that the
results shown here might be useful in the design and analysis of
future more complex experiments and more elaborate models
of nonlinear evolution, and to help with the development of
reshock theoretical models.
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APPENDIX A: CALCULATION OF ψ∞

The value of the origin ordinate ψ∞ depends on the
accuracy with which we evaluate the derivatives of the pressure
functions Fa1,2 at qa = 0. In fact, we must calculate
ψ∞ = ψ0∗ −

Di
[F (0) − Fa2 (0)]ψ0 .
caf a1

(A1)

We rewrite here Eq. (47) for convenience:
Fa2 (qa ) = a1 (qa ) + a2 (qa )Fa1 (qa − 2χt ),

95

(A2)

where
a1 (qa ) =

0
vya

sinh(qa − χt )η+ (qa − χt )

a2 (qa ) = −

,

η− (qa − χt )
.
η+ (qa − χt )

(A3a)
(A3b)

On the other hand, Fa1 (qa ) satisfies the functional equation
(79), which we also rewrite here for convenience:
Fa1 (qa ) = φa1 (qa ) + φa2 (qa )Fa1 (qa − 2χt ).

(A4)

We make an expansion of Fa1 (qa − 2χt ) near qa = 0 and retain
linear terms in qa . After substituting in both Eqs. (A2) and
(A4), we easily arrive to the desired result:
Fa1 (0) − Fa2 (0)
= φa1 (0) − a1 (0) + [φa2 (0) − a2 (0)]Fa1 (−2χt )
+ φa2 (0)Fa1 (−2χt ).

(A5)

We see, as happened in the shock reflected case [15], that
the accuracy with which we can calculate ψ∞ is governed by
the accuracy with which we obtain Fa1 (−2χt ) and Fa1 (−2χt ).
These last two quantities can be calculated with the desired
accuracy, by increasing the number of iteration steps inside
Eq. (83).
APPENDIX B: DETAILED CALCULATIONS
FOR PARTICULAR CASE HF100/10 OF [12,13]

In this Appendix, we show, step by step, the algebraic
calculations to obtain the results presented in the main text
for the case HF100/10 of [12,13] where a shock comes
from beryllium and transmits inside a foam. The preshock
parameters for this particular case are [13]: incident shock
strength Mi = 15.3, initial density ratio across the contact
surface R0 = 0.0706 which gives a preshock Atwood number
AT ∼
= −0.8681. The shocked (foam) and rarefacted (beryllium) fluids are correspondingly characterized by γa = 1.45
and γb = 1.8. The preshock ripple amplitude is ψ0 = 10 μm
and the corrugation wavelength is λ = 100 μm. As R0tt ∼
=
1.1432 > 0.0706, it is clear from Eq. (2) that we are in a
rarefaction reflected case.
1. Zero order quantities

From Eq. (1), the incident shock strength is zi = (p1 −
p0 )/p0 ∼
= 300 and the downstream incident Mach number, is,
according to Eq. (7), βi ∼
= 0.474 14. The incident shock speed
is Di = −49.79 μm/ns [13]. The initial sound speeds are
ca0 ∼
= 10.992 μm/ns for foam, and cb0 ∼
= 3.254 μm/ns for
beryllium. Therefore, the ratio of preshock sound speeds is
N0 = ca0 /cb0 ∼
= 3.377 89. To calculate the transmitted shock
strength (zt ) and the expansion strength M1 = cbf /cb1 , as
proposed in [19], we need to solve the nonlinear equations
system (18). We obtain zt = (p2 − p0 )/p0 ∼
= 53.094 09 and
M1 ∼
= 0.683 05. The upstream and downstream transmitted
Mach numbers are, respectively, according to Eqs. (11) and
(12): Mt ∼
= 6.771 66, and βt ∼
= 0.413 27. We display below
the different ratios of post-shock quantities. We show at first
the ratios behind the incident front, according to Eqs. (5)
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and (6):
ρb1 ∼
= 3.463 02,
ρb0

cb1 ∼
= 9.318 16,
cb0

U1 ∼
= 10.881 89.
cb0
(B1)

For this experiment, we thus have cb1 ∼
= 30.324 μm/ns and
U1 ∼
= 35.412 μm/ns. The fluid particles with speed U1 move
from right to left (see Fig. 1). The self-similar coordinates
of the rarefaction head and tail in the system fixed to the
contact surface are, respectively, according to Eq. (9): ζrh ∼
=
1.792 38 and ζrt = M1 ∼
= 0.683 05. The density and pressure
jumps across the rarefaction fan are given by Eq. (10). We
remind that A = M1 at the rarefaction tail. Then,
ρbf ∼
pb1 ∼
(B2)
= 0.385 59,
= 0.179 90.
ρb1
pb0
The transmitted shock dimensionless coordinate is χt =
− arctan βt ∼
= −0.413 27. We also calculate the ratios across
the transmitted shock, using the expressions inside Eqs. (13)
and (14):
ρaf ∼
= 4.963 38,
ρa0

caf ∼
= 3.301 31,
ca0

U ∼
= 5.407 33.
ca0
(B3)
The ratio of final densities and final sound velocities, at the
contact surface, are
ρaf ∼
caf ∼
R=
(B4)
= 0.262 42, N =
= 1.752 06.
ρbf
cbf
We have caf = 36.290 μm/ns, cbf = 20.713 μm/ns. In
the laboratory frame, we have U ∼
= 59.440 μm/ns, cbf ∼
=
20.713 μm/ns, and Dt = 74.437 μm/ns. Besides, R0crit ∼
=
1.7552 > 0.0706, which means that the rarefaction tail moves
opposite to the contact surface in the laboratory frame.
2. First order quantities in the shocked fluid

The initial amplitude of the rippled transmitted front is, as
it was defined after Eq. (34), ψt0 ∼
= −0.495 03 ψ0 . Besides,
the initial tangential velocity behind the transmitted shock
0 ∼
is [Eq. (151)] δvya
= 0.590 97 kψ0 Di = 18.488 μm/ ns. The
dimensionless slope of the Hugoniot curve at the final state
behind the transmitted front is [see Eq. (46)] 1/κt ∼
= 7.831 64.
In order to solve for the pressure field inside fluid a, we need
the parameters αa10 , αa11 , and αa20 [Eq. (44)]:
αa10 ∼
= 1.236 25,

αa11 ∼
= 1.209 87,

αa20 ∼
= 0.268 20.
(B5)
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It is clear that the initial tangential velocity at the rarefaction
head is zero. However, the initial tangential velocity at the
tail is given by Eq. (152), where we have substituted the selfsimilar variable of the rarefaction trailing edge ζ = ζrt . We
0 ∼
get δvyb
= −0.270 24 kψ0 Di = −8.454 μm/ns. The negative
0
sign indicates that δvyb
points along the negative direction of
the ŷ axis.
4. Calculation of Fb1 (−N sinh 2χ t )

In this section we calculate the pressure amplitude Fb1 ,
evaluated at the rarefaction tail, which is needed to later on calculate the asymptotic velocities at the contact surface. At first,
we calculate the integral numerically using Eqs. (53)–(60). At
t = 0+, the characteristic coordinates of the rarefaction tail are
ξrt = 1.771 421 and η = 0. On the other hand, Eq. (72) gives
us an exact finite analytical expression of Eq. (71). Below, we
show the values obtained, with the numerical integration or
the analytical expression. We use Mathematica software. The
quantity tc is used to indicate the calculation time used in each
evaluation:
Eq. (53) : Fb1 [qb = arcsin(N sin −2χt )]
∼
= 0.048 110 033; tc = 0.30 s,
Eq. (72) : Fb1 [qb = arcsin(N sin −2χt )]
∼
= 0.048 110 033; tc = 0.03 s.

(B8)

We see that the calculation time for Fb1 is one order of
magnitude lower with the analytical formula.
5. Calculation of the asymptotic velocities at the contact surface

We remind here the sonic parameter Fa [Eq. (116)]:
−1

 0
Mt2 4(Dt − U )
Fa = 1 + 2
ṽya − 2Fa1 (−2χt ) .
U
Mt − 1
(B9)
From which we see that the pressure amplitude Fa1 must be
evaluated at qa = −2χt . To get Fa1 , we need to solve the
functional equation (79) [11]. The starting function is Eq. (82).
The auxiliary quantities necessary to build the recurrence are
φa1 (qa ), φa2 (qa ), (qa ), and ηt± (qa ) [Eqs. (80) and (81)].
The function Fb1 (qb ) is inside the expression of φa1 (qa ). The
variable qb has to be put as a function of the variable qa through
the conversion relation at the interface caf sin qa = cbf sin qb .
We have
φa1 (qa = −2χt ) ∼
= 0.0409, φa2 (qa = −2χt ) ∼
= −0.0789,
(B10)

3. Initial conditions at the corrugated rarefaction tail

The initial amplitudes of the corrugated rarefaction head
and tail are, respectively, according to Eq. (51): ψrh ∼
=
0.897 80 ψ0 and ψrt ∼
= 0.222 18 ψ0 . The initial tangential
velocity profile inside the rarefaction fan is shown in Eq. (52),
and can be rewritten in the form
δvy (ζ, t = 0+)
= a + b ζ + c ζ 2,
(B6)
cb1 kψ0

and the functional equation becomes
[n+1]
(qa = −2χt ) = 0.0409 − 0.0789
Fa1
[n]
× Fa1
(qa = −2χt ), n  0. (B11)

Therefore, the starting and the first five iterated values of
Fa1 (−2χt ) are
[1]
(−2χt ) ∼
Fa1
= 0.039 750 764 kψ0 Di ,

where [see Eq. (153)]
a∼
= −0.450 64,

b∼
= −0.138 44,

[0]
(−2χt ) ∼
Fa1
= 0.037 929 826 kψ0 Di [Eq. (82)],

c∼
= 0.217 51.

(B7)
013102-37
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2.3

Analytical scalings of the linear Richtmyer-Meshkov instability when a rarefaction is reflected

F. COBOS-CAMPOS AND J. G. WOUCHUK

PHYSICAL REVIEW E 96, 013102 (2017)

 ∞ [3]
δvi
 ∞ [4]
δvi
 ∞ [5]
δvi

[3]
Fa1
(−2χt ) ∼
= 0.039 719 922 kψ0 Di ,
[4]
(−2χt ) ∼
Fa1
= 0.039 719 913 kψ0 Di ,
[5]
(−2χt )
Fa1

∼
= 0.039 719 913 kψ0 Di .

(B12)

The sonic parameter Fa is obtained from Eq. (B9), and we
substitute the different iterations of Fa1 , we have
Fa[0]
Fa[1]

Fa[2] ∼
= 0.251 770 290 kψ0 Di ,
[3] ∼
F = 0.251 769 783 kψ0 Di ,
a

(B13)

a

Finally, we go to Eq. (115) to calculate the asymptotic
velocities. If we substitute Fa[0] in the asymptotic normal
velocity formula, we will get the approximate formula without
iteration u[0]
i [Eq. (160)]. If we put successive iterations we
obtain different accuracies, this process can be continued until
we get the desired number of exact decimal digits. Usually,
five iterations are enough to get six exact significant digits,
even in very compressible cases. So, the asymptotic velocities
∞
= δvi∞ )
are (remember that δvyb
 ∞ [0]
∼
δvi
= −0.284 208 640 kψ0 Di
∼
= −8.891 μm/ns [Eq. (160)],
 ∞ [1]
∼
δvi
= −0.284 581 247 kψ0 Di ,
 ∞ [2]
∼
δvi
= −0.284 574 830 kψ0 Di ,

∼
= −0.284 574 936 kψ0 Di ,
∼
= −0.284 574 934 kψ0 Di ,
∼
= −0.284 574 934 kψ0 Di ∼
= −8.903 μm/ns,

 ∞ [0]
δvya
 ∞ [1]
δvya
 ∞ [2]
δvya
 ∞ [3]
δvya
 ∞ [4]
δvya
 ∞ [5]
δvya

∼
= 0.253 531 913 kψ0 Di [Eq. (117)],
∼
= 0.251 739 422 kψ0 Di ,

Fa[4] ∼
= 0.251 769 790 kψ0 Di ,
[5] ∼
F = 0.251 769 790 kψ0 Di .

97

(B14)
∼
= 0.537 740 554 kψ0 Di ∼
= 16.823 μm/ns,
∼
= 0.536 320 669 kψ0 Di ,
∼
= 0.536 345 120 kψ0 Di ,
∼
= 0.536 344 718 kψ0 Di ,
∼
= 0.536 344 725 kψ0 Di ,
∼
= 0.536 344 725 kψ0 Di ∼
= 16.779 μm/ns.
(B15)

Notice the great difference between the normal and tangential
velocities at the material surface. This difference is due to the
non-negligible vorticity field inside fluid a. The weak shock
approximation presented in Eq. (159) for the normal velocity,
where we neglected the bulk vorticity parameter Fa , gives
 ∞ ws
∼
δv
= −0.3369 kψ0 Di
i

= −10.542 μm/ns.

(B16)

(δvi∞ )ws

∞ ws
It is easy to realize from Eq. (115) that
= (δvyb
) =
ws
∞
−(δvya
) . This weak shock approximation overestimates the
asymptotic normal velocity by 18% and underestimates the
asymptotic tangential velocity in fluid a by 37%. But, the more
important effect due to the difference between the tangential
and normal velocities is in the kinetic energy stored inside
fluid a, as will be calculated below.

a
a
6. Calculation of the coefficients of the perturbed pressure solution π2n+1
and ω2n+1
, and the initial derivatives p(2n+1)
t0

a
In order to obtain the pressure field and the rest of the perturbed quantities, it is necessary to calculate the coefficients π2n+1
a
and ω2n+1 inside the perturbed pressure solution [Eq. (36)] in the form of a Bessel function series. The procedure to obtain them
is explained in Sec. II. The first step is to expand each side of the functional equation for Fa1 [Eq. (79)] in powers of 1/sa (where
sa = sinh qa ). We have

Fa1 (qa ) =

∞
a1

f2n+1

s 2n+1
n=0 a

=

1
0.043 59 0.005 53 0.002 98 0.002 90 0.002 93
−
+
−
+
+ O 11 .
sa
sa3
sa5
sa7
sa9
sa

(B17)

3
1
and fa1
are explicitly written in Eqs. (86) and (87). We use the linearized boundary conditions at the shock
The coefficients fa1
2n+1
front to relate Fa2 and Fa1 , and we reach to Eq. (47). We are able to write Fa2 as a function of the previous coefficients fa1
.
The relation between Fa1,2 with the Laplace transform of the pressure perturbation P̃a and its auxiliary function H̃a is detailed
in the main text, reaching to Eq. (38). If we particularize the relationships inside Eq. (38) at the contact surface (χa = 0), we
will arrive at Eq. (84). We have chosen this particular coordinate at the interface in order to get a single linear system for each
a
a
and ω2n+1
. In Eq. (84), we see that there is a side which depends on Fa1
coefficient, instead a coupled system to calculate π2n+1
and another on a single pressure coefficient. Thus, we expand each side in powers of 1/sa and equalize terms with the same
2n+1
a
power, we have a linear relation between fa1
and π2n+1
:

Pai (sa ) =

3
3
5
1
1
1
+ 0.9924fa1
− 0.4986fa1
+ 0.9987fa1
−0.0773 + 0.9561fa1
0.0584 − 0.5098fa1
−0.0488 + 0.3992fa1
+
+
sa2
sa4
sa6

+

3
5
7
1
+ 0.3781fa1
− 0.4992fa1
+ 0.9998fa1
0.0428 − 0.3415fa1
1
+ O 10 ,
8
sa
sa

013102-38
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π5a − 5π3a + 10π3a
π5a − 7π5a + 21π3a − 35π3a
π3a − 3π1a
π1a
1
+
+
+
+ O 10 .
2sa2
8sa4
32sa6
128sa8
sa

(B18b)

Equating equal powers of 1/sa between the last two equations, we have the first π2n+1 coefficients. We repeat the procedure with
Hai (sa ):
Hai (sa ) =

3
3
5
1
1
1
+ 1.0076fa1
+ 0.0023fa1
+ 1.0013fa1
0.0773 + 1.0437fa1
−0.0198 + 0.0317fa1
0.0010 − 0.0247fa1
+
+
sa
sa3
sa5

+
Hai (sa ) =

3
5
7
1
− 0.0048fa1
− 0.0001fa1
+ 1.0002fa1
−0.0063 + 0.0184fa1
1
+O 9 ,
7
sa
sa

ωa − 3ω3a + 4ω3a
ω5a − 5ω5a + 9ω3a − 5ω3a
ωa − ωa
ω1a
1
+ 3 3 1 + 5
+
+O 9 .
2sa
8sa
32sa5
128sa7
sa

(B19a)
(B19b)

We have finally
π1a ∼
= −0.0712, ω1a ∼
= 0.2456,
a ∼
a ∼
π3 = 0.0321, ω3 = 0.0537,
πa ∼
= 0.0497, ωa ∼
= 0.0498,
5

5

π7a ∼
= −0.0737,

ω7a ∼
= −0.0726.

(B20)

At this point, we are able to calculate the initial derivatives of the pressure at the transmitted shock. We use the equation system
that result to equalize Eqs. (96) and (98), and we obtain
(1) ∼
pt0
= −0.094 812 947,

(3) ∼
pt0
= 0.067 499 167,

(5) ∼
pt0
= −0.054 579 150,

(7) ∼
pt0
= 0.046 698 056.

(B21)

7. Contact surface ripple growth as a function of time (Fig. 18)

In this section we show the time evolution of the ripple interface. Our linear theory provides us with Eq. (129) and asymptotic
formula (133). The post-shock ripple amplitude at t = 0+, according to Eq. (128), is ψ0∗ ∼
= −0.193 815 267ψ0 , which indicates
that it is a direct phase inversion case. Using u[0]
as
the
value
for
the
dimensionless
asymptotic
normal velocity, we get
i

 
π τa
ψi (t)[μm] = −1.938 + 13.720 180 1 −0.284 208 640 τa τa J0 (τa ) +
[J1 (τa )H 0 (τa ) − J0 (τa )H 1 (τa )] − J1 (τa )
2

l
∞
n


2 
a
2ω2n+1
(2k − 1)J2k−1 (τa ) ,
(B22)
1−
− 1 + J0 (τa )) +
τa k=1
n=0
l=1
where for this particular case τa = 2.280 143 51 ns−1 t. Equation (B22) is used to plot the exact linear time evolution curve (a) in
Fig. 18. In order to calculate the asymptotic linear regime, it is needed to obtain the asymptotic ordinate ψ∞ given by Eq. (134),
where we need to calculate the derivatives of Fa1 and Fa2 at the origin qa = 0. Then, the asymptotic ordinate [Eq. (134)] is
 [n] 
 [n] 
(0) − Fa2
(0) .
(B23)
(ψ∞ )[n] = −1.938 − 13.720 180 1 Fa1
[n]
[n]
To calculate (Fa1
) (0) − (Fa2
) (0) we follow the strategy developed in Eq. (A5). We show the first five iterations:

(ψ∞ )[0] ∼
= 0.370 315 726 ψ0 ,
[1] ∼
(ψ∞ ) = 0.138 085 814 ψ0 ,
∼ 0.184 543 403 ψ0 ,
(ψ∞ )[2] =
(ψ∞ )[3] ∼
= 0.182 725 015 ψ0 ,
[4] ∼
(ψ∞ ) = 0.182 761 012 ψ0 ,
∼ 0.182 760 406 ψ0 = 1.828 μm.
(ψ∞ )[5] =
Finally, the ripple asymptotic time evolution for this particular case is written as
∼ 1.828 μm − 8.893 μm t,
ψi (t  t1 ) =
ns
which is the formula used to plot curve (b) in Fig. 18.
013102-39
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8. Velocity perturbations at the contact surface as a function of time (Fig. 21)

In this section we calculate the time evolution of the normal and tangential velocities at the interface. In this case, we use
Taylor series instead of Bessel functions series. Since both methods give similar results, Taylor series provide a little more
accurate description. If it is desired to calculate the time evolution through Bessel function series, we use Eq. (119) for normal
velocity and its equivalent to the tangential velocity at the a side:
∞
n




0
0
a
[1 − J0 (τa )] − 2
+ via − ṽya
ω2n+1
J2k (τa ).
δvai (τa ) = ṽya
n=0

(B26)

k=1

2n+1
For the Taylor series coefficients, we need the auxiliary coefficients fa1
that for this particular case were calculated in Eq. (B17).
2n+1
For fa2 , we get

Fa2 (qa ) =

∞

f 2n+1
a2
2n+1
s
a
n=0

=−

0.079 19 0.018 45 0.008 89 0.005 42 0.003 73
1
+
−
+
−
+ O 11 .
3
5
7
9
sa
sa
sa
sa
sa
sa

(B27)

We get the series for H̃ai (sa ), with the initial derivatives h(2n+1)
:
i0
H̃ai (sa ) =

∞

h(2n+1)
i0
2n+2
s
n=0 a

=

0.122 78 0.071 93 0.059 32 0.058 27 0.059 93
1
−
+
−
+
+ O 12 .
2
4
6
8
10
sa
sa
sa
sa
sa
sa

(B28)

(2n+1)
We write next the series for P̃ai (sa ) withe the initial derivatives pi0
:
∞
(2n+1)
p
0.035 60 0.030 71 0.025 72 0.021 44 0.018 05
1
i0
P̃ai (sa ) =
=−
+
−
+
−
+ O 12 .
2n+2
2
4
6
8
10
s
s
s
s
s
s
s
a
a
a
a
a
a
a
n=0

(B29)

Combining the above results, we get the following Taylor series in time for the normal and tangential velocities:
 
uai (τa ) = −0.122 783 515 τa + 0.003 996 278 τa3 − 0.000 098 873 τa5 + 0.000 000 165 τa7 − 0.000 000 018 τa9 + O τa11 ,
(B30a)
vai (τa ) = 0.590 970 559 − 0.017 797 562
 
− 0.000 000 005 τa10 + O τa12 .

τa2

+ 0.001 279 777

τa4

− 0.000 035 717

τa6

+ 0.000 000 532

τa8
(B30b)

We note that all the series used to calculate the different quantities and to plot the figures shown in this work have been
done with at least 50 coefficients in the Bessel and Taylor series. Besides, to avoid the accumulation of round-off errors, the
calculations have been done with at least 200 digits behind the decimal comma. For obvious reason of space, we only show here
a more limited number of coefficients and the numerical results are displayed with less than 10 digits.
9. Pressure perturbation and ripple evolution at the transmitted
shock; rarefaction tail corrugation as a function of time
(Figs. 19 and 20)

To obtain the pressure perturbation time evolution at the
transmitted shock, we can use Eq. (97) in which we use
the Bessel function series solution or Eq. (95) if we want to
represent it with the Taylor series. The auxiliary parameters we
need for both methods have been already calculated in previous
subsections. It is useful to remember that rt = τa / cosh χt ∼
=
2.076 321 ns−1 t. To plot Figs. 19 and 20(a), we have used
the Taylor series solution. The ripple time evolution of the
rarefaction tail [Fig. 20(b)] is calculated by Eq. (102), and
its asymptotic regime by Eq. (105). For this particular case,
−1
∼
∼
u∞
t.
rt = 0.231 363 and τraref = 1.301 406 ns
10. Asymptotic velocity profiles and vorticity field (Fig. 3)

The general solution for the asymptotic velocity profiles
inside both fluids is written in Eq. (137):

We must obtain the particular solution of fluid a. It can be
written in the form of a Taylor series, and its coefficients are
calculated using Eqs. (141) and (139). We get
uap (x̃) =

n=0

θn2n+1
x̃ 2n+1
(2n + 1)!

= −0.251 77 x̃ + 0.121 36 x̃ 3 − 0.022 16 x̃ 5
+0.002 11 x̃ 7 − 0.000 12 x̃ 9 + O(x̃ 11 ).

(B32)

In the previous formula, we have only shown the first five
coefficients, for lack of space. In Fig. 4, we have truncated
the series at a much higher power (up to x 99 ). Because of the
asymptotic incompressibility of the perturbation field, we can
easily calculate the tangential velocities as v = −du/d x̃. The
bulk vorticity field in fluid a is given by Eq. (109), which in
the form of a Taylor series is

ua (x̃) = ui ex̃ + uap (x̃), x  0
ub (x̃) = ui e−x̃ , x  0.

∞


(B31)
013102-40

ga (x̃) = a

∞

p(2n+1) sinh2n+1 χt
t0

n=0

(2n + 1)!

x̃ 2n+1 ,

(B33)
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where sinh χt ∼
= −0.453 836 and a ∼
= 4.690 599 according
(2n+1)
have been obtained
Eq. (110). The initial derivatives pt0
before.

11. Kinetic energy

We calculate now the kinetic energy perturbation stored
in a vorticity strip inside the fluid a. The formula is given
by Eq. (144), where we need to evaluate an integral which
is a function of the normal coordinate x. The exact value
[Eq. (145)] involves the normal and tangential velocity profiles
obtained in the previous subsection, which strongly depend on
the amount of vorticity stored inside the fluid. For the sake
of comparison, an irrotational estimate [Eq. (146)] could also
be done (valid, however, only for very weak shocks). Both
estimates (rotational and irrotational) are shown in Fig. 4. We
give below the values obtained with both estimates, inside
different strips of fluid:
λ
2
λ
−1.4λ,
2

a
δekin
−0.2λ,

∼
= 16.747 J/m,

a
δekin

∼
= 20.301 J/m,

Results

 a irr
λ
−0.2λ,
δekin
2
 a irr
λ
−1.4λ,
δekin
2

∼
= 8.631 J/m,
∼
= 9.391 J/m.

(B34)

The irrotational calculation underestimates the real kinetic
energy by slightly more than 50%.
The ratio between the perturbed kinetic energy and the zero
order kinetic energy is given in Eq. (148). We get
a
δekin
(−0.2λ) ∼
= 1.59%,
2
ekin
a
δekin
(−1.4λ) ∼
= 0.28%,
2
ekin
a
δekin
2
ekin

irr

a
δekin
2
ekin

irr

(−0.2λ) ∼
= 0.82%,
(−1.4λ) ∼
= 0.12%.

(B35)

12. Physical limits approximate analytical formulas

To conclude this particular case, we calculate the asymptotic normal and tangential velocities at the interface using the
Mathematica files attached in the Supplemental Material [37]. In this particular case, the only reasonable physical limit we may
take is the strong shock limit. We use the corresponding file and obtain the expansions
1
1.264 283 7.140 142
ui )Mi 1 ∼
,
+
+O
= −0.278 923 −
M12
Mi4
Mi6
1
0.950 479 70.081 469
Fa )Mi 1 ∼
−
+O
.
= 0.250 735 +
2
4
M1
Mi
Mi6
If we evaluate the above expressions at Mi = 15.3, we get

∼ −0.284 193 kψ0 Di ∼
δvi∞ Mi 1 =
= −8.891 μm/ns,


∞
∼
∼
= Fa )Mi 1 − δu∞
δvya
i Mi 1 = 0.537 710 kψ0 Di = 16.8217 μm/ns.
Mi 1

(B36)

(B37)

The strong shock approximation underestimates the normal velocity in 0.13% and overestimates the tangential velocity in 0.25%.
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Abstract

The hydrodynamic flow generated by rippled shocks and rarefactions (Richtmyer–Meshkov
like flows) is presented. When a corrugated shock travels inside an homogeneous fluid, it
leaves pressure, density and velocity perturbations in the compressed fluid. The velocity
perturbations generated in the composed fluid are inherently rotational. Vorticity is an
important quantity in order to determine the asymptotic rate of growth in the linear stage.
The size of the strongest vortices generated by the rippled shocks is analyzed as a function
of the shock Mach number for different boundary conditions downstream. Comparison to
experiments and simulations is provided for the RMI in the shock and rarefaction reflected
cases and the validity of the growth law ψ∞ + δ v∞
i t is emphasized.
Keywords: Richtmyer–Meshkov instability, rippled shocks, flow instabilities
(Some figures may appear in colour only in the online journal)

1. Introduction

consist of several layers of materials with different thermodynamic properties that are traversed by a sequence of shock
fronts and reflected rarefaction waves. These inner surfaces
are never exactly symmetrical due to inherent construction
imperfections and besides, non uniform laser irradiation is
also a factor to be taken into account. When a planar/corrugated shock hits any of the rippled material surfaces separating the different layers, the refracted wavefronts become
also rippled and contribute to generating additional perturbations inside each of the materials, in the form of vortices,
entropy spots and/or acoustic fluctuations, thus enhancing
non uniform compression at later times. This initial imprint
leaves the initial conditions for the Rayleigh–Taylor instability that develops later in the acceleration phase of the
early implosion [15]. The whole problem is a very complicated phenomenon, and it is therefore clear that Richtmyer–
Meshkov (RM) like flows have become the object of continuous analytical [15, 18–27], numerical [14, 15, 16, 28–30]
and experimental research [17, 31–36] during the last 20
years. Due to the limited space allowed, we will only focus
on the dynamics of corrugated shock fronts and its influence
on the properties of the perturbation field that develops downstream the corrugated wavefront and we concentrate our analytical efforts in obtaining the size of the strongest vortices

When a shock (or a rarefaction) wave becomes corrugated
in shape, hydrodynamic perturbations are generated downstream (pressure, density, and velocity fluctutations) [1–37].
The flow that develops may show high-levels of non uniformity which, depending on the specific problem, may be
unwanted or not [5]. It is a desired effect in the process of fuel
and air mixing inside turbines of supersonic aircrafts, as the
non-homogeneity of the background flow enhances combustion. In high-energy-density physics, it might be also a desired
effect and generated on purpose in order to study constitutive
relationships of matter at extreme conditions of pressure and
temperature [6–8]. In fact, measuring the temporal evolution
of the perturbed flow, may give some light into the properties of the fluid into which the rippled front is propagating.
The interaction of shock waves with non uniform flows, like
turbulent flows in general is also an important field that has
been growing since the middle of the last century, see, for
example [9–12], and references therein. However, in inertial
confinement fusion (ICF), for example, the generation of
several non uniform shocks may severely degrade the target
performance resulting in low compressions/temperatures at
the end of the implosion [13]. In fact, ICF targets usually
0741-3335/17/014033+8$33.00
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of linear perturbation theory. The fluid equations inside the
compressed material can be recast into the well known wave
equation for the pressure perturbations δp:

generated by a rippled wavefront. In the next section, a brief
sketch of the perturbations evolving in the fluid compressed
by a corrugated shock wavefront are discussed and particular
attention is paid to the generation of vorticity at the shock
front. As a novel feature, the size of the strongest vortices
is analytically calculated for different boundary conditions
downstream (isolated shock, rigid piston, free surface, and
contact surface separating two different media). The limit
of very weak shocks is discussed and an analytical formula
for the strongest vortices is given in that limit. In section 3,
the classical RMI problem of a shock refracting at a rippled
contact surface is shown for both cases of shock/rarefaction reflected with a comparison to experimental data. The
asymptotic contact surface ripple temporal growth formula:
ψ∞ + δ v∞
i t is confirmed in both scenarios and the importance
of the asymptotic ordinate ψ∞ is highlighted. A brief summary is given in section 3.

∂ 2δp ∂ 2δp
=
− k 2δp.
(1)
∂t 2
∂x 2

The above equation has been the subject of intensive theor
etical work for over sixty years and its solutions can be neatly
described by means of the useful variables r, χ, which are
connected to the cartesian coordinates by the relationships
(see, for example, [2, 3, 21]):
kcf t = r cosh χ, kx = r sinh χ.
(2)

At the shock front, the value of the χ coordinate is given
by: tanh χs = M2 < 1, where M2 is the downstream shock
Mach number relative to the compressed fluid. It can be easily
seen that r = (kcf t )2 − (kx )2 and tanh χ = x /cf t, and we
recall that the coordinate system used to measure the position
x is co-moving with the compressed fluid. After some algebraic work, the solutions to the wave equation in the whole
space downstream can be written as [3, 21]:

2. Richtmyer–Meshkov like flows
2.1. Shock pressure perturbations and vorticity generation

∞

δp(χ, r ) = ∑ Dν (χ, r )Jν (r ).
(3)
ν≥1

As known since the middle of the last century, a shock which
is corrugated in shape will generate disturbances in pressure,
density, velocity and create additional entropy and vorticity
fluctuations. The basic building block is therefore the pattern of fluid perturbations radiated downstream by the rippled
shock as it moves into the homogeneous fluid. The specific
boundary conditions downstream will therefore condition the
perturbed shock dynamics. Because pressure perturbations
are propagated inside the compressed fluid, these acoustic
waves would eventually arrive at the surface bounding the
fluid downstream, which in turn would reflect those waves
towards the shock. The process may repeat itself giving rise
to a more or less complicated time evolution in which the
acoustic reverberations will be seen as characteristic oscillations in time of the quantities of interest. Besides radiating
acoustic fluctuations, entropy and vorticity perturbations are
created which, will be important to describe the transition to
the linear asymptotic stage. As the vorticity profile inside the
compressed fluids is of paramount importance for determining
the linear rate of growth asymptotically in time [22–26], we
focus on how the vorticity generated by the rippled fronts is
distributed in space and the main objective of this section will
be the calculation of the size of the strongest vortices. With
this scope in mind, we need to describe the mathematical solutions of the perturbed fluid equations inside the compressed
material and afterwards discuss the generation of vorticity.
Let us consider a rippled shock front that starts moving
along the positive x̂ axis, at t  =  0 with speed Ds and that the
compressed fluid moves following the shock with velocity U,
where both velocities are measured in the laboratory frame of
reference. The ripple is described mathematically by a function ψs(t ) cos ky, where ψs(t ) is the corrugation amplitude at
time t and k = 2π /λ, where λ is the perturbation wavelength
in the direction parallel to the shock surface. We assume that
ψs(t )  λ at any time, and therefore, we work within the limits

The coefficient Dν, which depends on χ, can always be
decomposed in the form:
Dν = πν cosh νχ + ων sinh νχ.
(4)

The double sequence of coefficients πν and ων must be
calculated by imposing conditions at the surface where the
shock has started its motion at t  =  0 (that it, at x  =  0, which is
the surface that acts as a piston driving the shock wave). The
index ν is determined by inspection of the linearized Rankine–
Hugoniot conditions. For the problems studied in this work, it
is always ν = 2n + 1 (n ⩾ 0), an odd integer. Another representation of the temporal evolution of the pressure perturbations is by writing a Taylor series in time, as done in [20]. If
we focus only on the pressure perturbations at the shock front,
the Taylor series will certainly be of the form:

∞
⎛ d2n + 1δp ⎞
1
⎜ 2n + 1s ⎟ r 2n + 1
ps (r ) ≡ δp(χs, r ) = ∑
δ(5)
2
1
!
n
(
+
)
⎝ dr
⎠t = 0
n=0

where δps = δp(x = (Ds − U )t , t ) is the pressure perturbation
exactly behind the shock front. It is not difficult to see that we
can get the initial derivatives used in equation (5) above, by
making an adequate Taylor expansion in powers of time of
equation (3).
Besides the representations given by equations (3) and (5),
we have found that the shock pressure perturbations at the
shock surface can be written as an infinite product over the
zeros of the pressure function:
∞ ⎡
⎛ r ⎞2 ⎤
⎛ dδps ⎞
⎟ r ∏ ⎢1 − ⎜ ⎟ ⎥
(6)
δps(r ) = ⎜
⎝ dr ⎠t = 0 n = 1 ⎢⎣
⎝ rn ⎠ ⎥⎦

in much the same way as Bessel functions do, and first studied
by Euler [38, 39]. The dimensionless numbers rn are the zeros
2
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λ, well below unity, for very compressible situations (M1  1
and γ − 1  1). Even though Fig 1 relates to a shock moving
into a single fluid, the same picture will also develop in any
RM configuration with two fluids as can be seen in figure 3 of
[26]. To our knowledge, up to date there is no analytical study
of the size of the vortices generated in any RM configuration
and how does this size depend on the pre-shock parameters.
We thus calculate the longitudinal size of the strongest vortices
generated by a rippled shock traveling inside an ideal gas. This
problem will be considered with different boundary conditions
imposed downstream at the surface x  =  0: isolated shock, rigid
piston and a free surface. An analytical scaling law is provided
in the weak shock limit.
As discussed in previous work (see, for example, [9–11,
21–26]), the vorticity generated at the position x is the vorticity generated by the corrugated shock at the instant of time
when the wavefront arrived to that point in space (that is, at
t =| x /(Ds − U )|). It is generated as a consequence of the conservation of tangential velocity across the rippled shock wave.
Using the linearized Rankine–Hugoniot conditions at the
shock front, it is straightforward to see that the amount of vorticity generated at the point (x,y) is of the form [21–23, 25, 26]:
δω (x, y ) ∝ δps (t = | x /Ds − U| ) sin ky.
(7)

Once the shock moves far away from x  =  0, the pressure
perturbations fade in time decaying like t−3/2 [2, 4, 20] and the
fluid particles acceleration, due to the perturbation field, vanishes asymptotically in time. As a consequence, at any point
(x,y) downstream, an asymptotic velocity field slowly emerges
in time. This velocity field is divergence free (because the
time derivative of the density perturbations decay to zero) but
not curl free, as vorticity is frozen at that point. It is known
that the space distribution of the shock generated vorticity
is essential to accurately calculate the asymptotic velocity
field. This has been accomplished recently in [26], where the
fluid equations of motion have been integrated in space and
the profiles of vorticity, normal and tangential velocities have
been drawn for a given environment in which the Richtmyer–
Meshkov instability develops. Because vorticity is stored in
the bulk, rotational kinetic energy is trapped which does not
contribute to longitudinal motion and hence increases the
flow non uniformity. The size of the eddies is determined by
the zeros of the function δω(x, y ) along the x̂ axis, which in
turn is equivalent to determine the zeros of the function δps
in time, according to equation (7). As has been evidenced in
recent simulations, the fluid motion at later times, during non
linear growth is mainly concentrated near the material surface,
that is, inside the first strongest vortices generated during the
linear stage [30]. We show for the first time, explicit analytical
calculations to determine the size of the more intense vortices
generated by rippled corrugated fronts.

Figure 1. (a) Dimensionless pressure perturbations at the shock as

a function of the distance travelled in units of λ. The fluid isentropic
exponent is γ = 7/5 and the shock Mach number is Ms = 5
(b) Streamlines and vorticity density map of the asymptotic velocity
field.

of the function δp(χs, r ). They can be related to dimensional

time (tn) through the relationship: rn = kcf tn 1 − M 22 , as can
be seen from equation (2).
In figure 1(a) we show the time evolution of the shock pres
sure perturbations for a shock driven by a corrugated rigid
piston. We show the dimensionless quantity δp /(kψ0ρf c2f ),
where ψ0 is the corrugation amplitude at the rigid piston, and
ρf is the density of the compressed fluid. The corresponding
coefficients Dν used in equation (3), are obtained as explained
in [25]. The shock moves inside a fluid with γ = 1.4 and the
upstream Mach number is M1  =  5. We see that the pressure
fluctuations on the shock surface oscillate with decaying ampl
itude. As the shock moves away from x  =  0, the pressure waves
that fill the space downstream will modify the initial velocity
field generated by the shock and when the shock is typically a
distance on the order of λ, or greater from the driving piston
surface, the compressed fluid near the piston surface will attain
a steady state velocity field. It is not difficult to foresee that the
velocity field left by the shock wave will show a square-like
pattern, as evidenced in figure 1(b). This asymptotic velocity
field is characterized by two different length scales: λ in the
transverse direction (ŷ axis), and a fraction of λ in the longitudinal direction. The velocity streamlines evidence the
fact that it is a rotational velocity field and vorticity has been
stored inside the compressed fluid particles. It is clear that the
size of the eddies would be a function of the compressibility
of the material as well as of the shock strength. It may vary
from +∞ for extremely weak shocks to a variable fraction of

2.2. Zeros of the pressure perturbations

The idea to represent δp as an infinite product like equation (6)
is motivated by the fact that this kind of representations holds
for any Bessel function. Given that the temporal evolution is a
series of Bessel functions as given by equation (3), it is natural
3
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steps as Euler did (see, for example, [38] or [39]). Let rn be the
nth zero of the function δps (r ) = δp(χs, r ), where we assume the
ordering: r1 < r2 < r3 < ..... For any integer m, we define:
∞
1
σ2m = ∑ 2m
(8)
n=1 r n

For simplicity in the notation, we define: pn = (dnδps /dr n )t = 0.
By equating equations (5) and (6), and taking the logarithmic
derivative at both sides, we get after some algebraic work to
the following chain of equations:

p2(m − j ) + 1
p2m + 1 m − 1
σ2j
m
−∑
(2m + 1) ! p1
p1
j = 1 [2(m − j ) + 1] !
(9)
Following Euler’s arguments, we arrive to the following
inequalities:
σ2m = −

σ2m
1 /(2m )
< r1 <
σ−
2m
(10)
σ2m + 2

valid for any integer m. As m increases, we get improved
determinations of the first zero r1 of δps. If we further define
σ′2m = σ2m − 1/r12m, and substitute σ′m in the place of σm inside
equation (9), we can get a good approximation to the second
zero r2. The procedure can be repeated, by using σ′2m − 1/r 22
in order to determine the third zero. This algorithm is limited to the first few zeros, because of the loss of precision for
larger values of n. Besides, it is seen that rn + 1 − rn ∼ π for
sufficiently large values of the index n. Usually, n ∼ 3 would
be enough. This means that, in general, the shock pressure
perturbations reach an asymptotic stage after the fourth zero
crossing. We apply the described method to calculate the first
zeros of δps for different boundary conditions at x  =  0. The
simplest one is to assume an isolated shock, that is, there is
actually no piston downstream and there are no sound waves
reflected back to the shock surface. In figure 2 we show the
longitudinal size of the first three vortices (in units of λ) for
three boundary conditions downstram: (a) isolated shock,
(b) rigid piston (the normal velocity is zero at the piston surface), and (c) free surface (there are no pressure perturbations
at the piston surface). The fluid isentropic exponent is indicated in each figure. We also show as dotted lines the weak
shock approximation to the eddy size. In fact, for very weak
shocks, it can be seen, independently of the downstream
condition, that D1 ∼ D3 and that Dν  D1 for ν ⩾ 5. This fact
allows us to easliy write [40, 41]:
J (r )
δps (r ) ≅ 4D1 2
(11)
r

Figure 2. Longitudinal size of the first three vortices as a function
of the shock Mach number for three different boundary conditions
downstream as explained in the text.

and hence, the first zeros for very weak shocks are governed
by the zeros of the ordinary Bessel function J2(r), independently of the downstream boundary condition. The asymptotic
limit of the above function is equal to [40, 41]:

to ask whether such a representation is also valid for RM like
flows. Euler was the first to realize the validity of an expansion

like equation (6) for the ordinary Bessel function J0(2 t ). It was
later generalized to Bessel functions of any order. The answer
is affirmative for a rippled shock moving into a single fluid as
will be discussed below. The idea is to follow the same algebraic

δps (r ) ≅

4D1
r

⎛
2
3π ⎞⎟
cos⎜r −
⎝
πr
4 ⎠

which confirms the fact observed above, that at large values of
the index n, it is rn + 1 − rn ∼ π. The first three zeros of J2 are
4
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Figure 4. Typical configuration of the shock reflected case in the
RMI. Details are explained in the text.

reflected shock inside fluid b. This particular case is called
total transmission [26].

Figure 3. Longitudinal size in units of λ of the first vortex at both

sides of the contact surface separating two fluids with γa = γb = 5/3
and a pre-shock density ratio R0  =  1.817. Vertical lines indicate the
Mach number used in experiments 1 and 2 of [34].

2.3. RMI at the contact surface separating two fluids

In this last section we discuss the important linear asymptotic
law of growth of the classical RMI when a shock hits a corrugated contact surface. We do so for both cases of shock or
rarefaction reflected, and start presenting the problem for the
first scenario, described in figure 4. When an incident shock
hits a contact surface separating two fluids, another shock
or a rarefaction wave are usually reflected back and another
shock is transmitted into the second fluid [23, 24]. We will
not repeat calculations done in previous published work,
and will only concentrate on final results regarding the comparison between linear theory/simulations and experiments.
Both fluids are inviscid, ideal gases with isentropic exponents
γa, and γb, respectively. Pre-shock densities are ρa0 and ρb0,
and we define the pre-shock density ratio: R0 = ρa0 /ρb0. An
incident shock (not shown), with speed Di and shock Mach
number Mi has compressed fluid b and set it in motion with
velocity U1 to the left. The reflected shock moves with speed
Dr to the right and the transmitted shock moves with velocity
Dt in the laboratory frame. In the space between the reflected
and transmitted shocks, the fluid velocity is U, as shown. Postshock densities are ρaf and ρbf . The contact surface separating
both materials has a perturbation in shape of wavelength λ and
pre-shock ripple amplitude ψ0. The post-shock ripple ampl
itude is ψ∗0 = ψ0(1 − U /Di ). The initial velocity shear is given
by the velocities δv0ya and δv0yb.
As is known [23, 26], the contact surface ripple reaches an
asymptotic velocity which we call δ v∞
i . At both sides, rotational velocity fields have been generated by the corrugated
wavefronts. At t  >  0+  the initial circulation deposited at the
contact surface interacts with the pressure waves emitted by
the rippled shocks and in turn, the surface amplitude starts
to grow. After some damped oscillations, the surface velocity
δvi(t ) reaches the value δ v∞
i before entering the non linear
phase. Using the Bessel series expansion representation for
the pressure perturbations in both fluids [21, 26], it can be
seen that the contact surface ripple velocity δvi(t ) can be followed in time, with an analytical expression like:

approximately: 5.136, 8.417, and 11.620. Using equation (2),
we obtain the sizes of the first three eddies in the weak shock
limit:
∆x n
≅ an(M1 − 1)−1 / 2
(12)
λ

where a1  =  0.578, a2  =  0.369, and a3  =  0.360. We see that
after the third zero, the size of the vortices tends to a constant
value. For stronger shocks a similar behavior is observed but
their size would no longer be determined by just the zeros of
J2, and the algorithm described by equations (9) and (10) has
to be used.
Finally, in order to close the discussion of the size of the
strongest vortices in an RM like flow, we show here the length
of the strongest vortices at both sides of a contact surface in a
typical RM environment (shock reflected) with two fluids. In
figure 3 we show the size of the first vortex at each side of the
contact surface separating two fluids with γ = 5/3 and a preshock density ratio equal to R0  =  1.817 which corresponds
to an Atwood number AT = (R0 − 1)/(R0 + 1) = 0.29, as a
function of the incident shock Mach number. The vertical
lines refer to the experiments 1 and 2 discussed in [34]. The
weak shock approximation is also governed by the zeros of
J2 as before. The typical scenario is described in figure 4.
The size of the first eddy behind the reflected and transmitted
shock is, respectively, a1(M1 − 1)−1 / 2, where Mi is the incident shock Mach number and the coefficient a1 is different
on each side:
(a1)refl

= 0.578


(a1)transm = 0.578

γaR0 − γb
γaR0 − γb
(γb + 1)(γaR0 + γaγbR0 )
2γb(γa + 1)R0

.

(13)

Note that if γaR0 = γb, we would get (a1)refl ≡ ∞, that
is, there is no vortex at all, because in that limit there is no
5

2.4

Linear theory of Richtmyer–Meshkov like flows

107
J G Wouchuk and F C Campos

Plasma Phys. Control. Fusion 59 (2017) 014033

Figure 6. Reflected rarefaction and transmitted shock together with
the contact surface separating fluid a and b. The relevant quantities
are explained in the text.

δ v0yb − Rδ v0ya
RF − Fb
(17)
.
δ v∞
=
+ a
i
R+1
R+1

Figure 5. Contact surface ripple time evolution for a shock
reflected case: (a) exact linear theory, (b) asymptotic linear theory,
(c) irrotational (impulsive) prediction. The background parameters
are described inside the figure.

δvi(t ) = δ v∞
i



kcmf t

∫0+
n−1

+2

J0(τ ) dτ +
⎤

⎡

∞

∑ ω2mn + 1⎢J2n + 1(kcmf t )

n=0

∑ J2j + 1(kcmf t )⎥
j=0

The quantities Fa and Fb represent spatial averages of the
vorticity fields generated inside each fluid. Their calculation
requires iterating on a system of coupled functional equations as described in [23, 26]. Their values are strongly dependent on the level of shock compression. Unfortunately, up
to now, the asymptotic velocity has to be calculated after a
complicated iteration over a system of functional equations,
as described in the literature [25, 26]. Hopefully, in the future,
a closed analytical expression might be obtained. On the other
hand, the quantity ψ∞ can be seen to be equal to the difference:

⎢⎣

(14)

⎥⎦

where cmf is the post-shock sound speed of fluid m  =  a or b.
It is easy to see that the right-hand-side converges asymptotically in time to δ v∞
i , as J2n + 1(τ → ∞) → 0 and that the integral
of the J0(τ ) Bessel function converges asymptotically to unity
[38, 40]. The coefficients ω2mn + 1 are given by the pressure perturbation inside each fluid and must be determined from the
boundary conditions at the shocks and at the contact surface.
It is important to notice that in order to correctly describe the
temporal evolution of the velocity perturbation at the contact
surface ripple we also need an accurate value of its asymptotic value δ v∞
i . This peculiarity of the velocity representation
given by equation (14) makes of it a good test when comparing to experimental data. Choosing a wrong value for δ v∞
i
would show disagreement between theory and experiment.
The contact surface ripple starts growing from its post-shock
value given by: ψ∗0 = (1 − U /Di )ψ0, where Di is the incident
shock speed. Its temporal evolution is given by the equation:

∞

ψ∞ =
[δvi(t ) − δ v∞
(18)
i ] dt ,

∫0+

and in order to be calculated, it is required to work with the
same system of coupled functional equations that lead us
to equation (17). Both quantities are sensitive to the shock
strength and to the compressibility of each fluid.
In figure 5 we compare the predictions of the above equations together with the results of the whole linear theory of
[21, 26] and a series of experiments described in [35]. These
experiments have also been described in [26] and very good
agreement with the linear theory described in this work and the
rest of the experiments has been seen. We see that for the experiments shown here, there is a small temporal window over which
the contact surface velocity saturates linearly and later enters
the non linear stage with a smaller velocity. Besides, we realize
that there is a characteristic time t1 for the asymptotic linear
growth to be valid. That is, equation (16) is only valid for t ⩾ t1.
For the experimental results shown in figure 5, we can estimate
t1 ∼ 0.25 ms. The value of t1 would be certainly important for
development of more accurate non linear models. It is clear that
t1 would depend on the four pre-shock parameters: γa, γb, R0,
and Mi. It has been seen in recent analytical and numerical work
that t1 could be a time scale above which any other effects like
more complicated constitutive equations would start to have an
effect. In fact, if the fluid were not inviscid or showed more
complicated constitutive relationships, or if the shocks were
driven by ablation, the RMI would be unaffected by those properties until the time t1 at which the contact surface enters the

kcmf t

ψi(t ) = ψ∗0 +
δvi(τ ) dτ .
(15)

∫0+

For large times, it can be seen that the contact surface ripple
obeys the law:
ψi(t ) ≅ ψ∞ + δ v∞
(16)
i t,

where ψ∞ is an asymptotic ordinate to the origin. The values
of the asymptotic velocity δ v∞
i and of the asymptotic ordinate
ψ∞ are strongly dependent on the level of compression, which
is determined by the incident shock Mach number together
with the values of the ratios of specific heats (for ideal gases).
The velocity is given by:
6
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It is evident from the experimental results that ψ∞ ≠ ψ∗0. Curve
(c) shows the prediction of the irrotational two gravities impulsive model, where the velocity is taken from [21] which agrees
with the first term of equation (17). For this case, there is also
a characteristic time t1 such that equation (16) is valid for t ⩾ t1.
For the experiments shown in figure 7 we approximately estimate an interval ∆t1 ∼ 0.8 ns, where the origin of time is taken
at t  =  2 ns, such that for the experiments shown in figure 6, it
is t1 ∼ 2.8 ns. We can also infer an approximate value for the
temporal window where linear saturation is valid: t2 − t1 ∼ 1 ns.
Analytical scaling laws in different physical limits for δ v∞
i
and ψ∞ in the rarefaction reflected scenario will be shown in a
separate work, due to space limitations.
3. Summary
Figure 7. Contact surface ripple time evolution for a rarefaction
reflected case: (a) exact linear theory, (b) asymptotic linear theory,
(c) irrotational (impulsive) prediction. The background parameters
are described inside the figure.

One of the distinguishing features of the perturbation evolution
in the RMI is the generation of a rotational velocity field by
the rippled oscillating shock fronts. It is emphasized that the
vorticity generated in the interior of the compressed fluids
contributes to rotational kinetic energy which adds to the non
uniformity of the target. A study of the size of the strongest
vortices generated by the corrugated shock front has been
done considering different boundary conditions downstream.
An approximate analytical formula has been obtained in the
very weak shock limit and the scaling  ∼(M1 − 1)−1 / 2 holds for
any boundary condition downstream. An important conclusion
is that the weakest the shock, the largest are the eddies. Of
course, the intensity of the vorticity stored will also decrease.
For moderate to strong shocks, the intensity of the vorticity
increases and the length of the eddies decreases to a small fraction of the perturbation wavelength, depending on the shock
Mach number and the material compressibility. Comparison
of the contact surface ripple growth between linear theory and
experiments is shown and the agreement is satisfactory for
those situations in which the initial amplitude is small enough
compared to the perturbation wavelength. It is observed that
in the linear asymptotic stage, the surface ripple evolves with
an asymptotic ordinate ψ∞ which is different from the initial
post-shock value ψ∗0. This fact had been stressed out as early
as year 1972, in the paper by Meyer and Blewet [14] who in
order to compare the asymptotic growth of the contact surface
obtained in their simulations, they had to admit the existence
of an asymptotic ordinate, quite different from ψ∗0. An exact
description of the linear asymptotic growth of the RMI is a
necessary prerequisite if more rigorous, accurate, and exact
non linear models are to be built in the near future.

asymptotic linear phase [42–44] modifying the simple linear
theory results described by equations (14)–(16). Besides, we
see that the experiments discussed in [35] saturate linearly, that
is, equation (16) is valid inside a finite interval of time t1 ⩽ t ⩽ t2,
where the time t2 would characterize the transition to the non
linear phase. It is clear that the characteristic time t2 would
depend on the ratio ψ0 /λ. Up to date, there is no rigorous theory
that could estimate t2 when compressible effects are consistently taken into account. The most complete description of the
transition from linear to non linear growth, assuming incompressible evolution, can be found in [45].
In figure 6 we show a typical scenario when a rarefaction
is reflected. The rarefaction composed by a rarefaction head
and tail move to the right after shock refraction and a shock is
transmitted inside the light fluid. Following [24], it can be seen
that the same equations (17) and (18) hold in this case. In the
rarefaction case, the orientation of the initial velocity circulation is of opposite sign to the shock reflected case. Hence, the
growth rate δ v∞
i is usually negative in this situation. Besides,
in the rarefaction situation, no vorticity is generated by the rarefaction, and therefore, Fb  =  0 in equation (17). In figure 7 we
show a comparison between equation (16) and the complete
temporal evolution of the contact surface ripple over a series of
experiments described in [29, 31]. The authors of the experiments also compared with simulations done on the CALE code
using experimental data taken from face-on and side-on diag
nostics. See [31] for details on the experimental technique and
a description of the numerical work. We have compared these
experiments with our linear theory since the time of incident
shock refraction (t  =  0+), using a series of Bessel functions
for the pressure perturbations inside the light fluid and a new
model for the rarefaction region and expanded heavier fluid, the
details of which will be shown elsewhere (this new approach
is an improvement on the perturbed rarefaction model used in
earlier work [21]). To this scope we need a good estimate of the
linear asymptotic velocity and the results are shown as curve (a)
in figure 7, where equation (17) has been used. Curve (b) is the
result of the asymptotic scaling in time, given by equation (16).
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CLOSURE

3 1

Summary and conclusions
In this thesis, an analytical study of the Richtmyer-Meshkov Instability (RMI), in the
regime in which a linear theory is valid, has been presented. This work is a natural
continuation of previous works on the subject [14, 15, 16, 17, 25].
We have solved analytically the whole perturbed fluid equations and described the
velocity profiles in RMI for the reflected shock and the reflected rarefaction cases.
The results shown here consider an ideal gas, but are not limited in principle
with this constraint. Different substances can be taken into account through their
equivalent adiabatic index. Moreover, it has been seen in recent analytical and
numerical work [61, 62, 79] that it is in the asymptotic linear regime when more
complicated constitutive equations would start to have an effect. In fact, if the fluid
were not inviscid or showed more complicated constitutive relationships, or if the shocks
were driven by ablation, the RMI would be unaffected by those properties during the
initial transient phase before the contact surface enters in the asymptotic linear regime.
The initial transient and the later asymptotic linear phase have been neatly followed,
and good agreement with experiments has been found.
We have obtained an asymptotic linear growth of the form: ψi (t) = ψ∞ +δvi∞ t, valid
for both cases, where ψ∞ is different from the initial post-shock ripple amplitude ψ0∗ ,
because of vorticity and sound wave reverberation. Both ψ∞ and δvi∞ are calculated
analytically. Furthermore, the asymptotic velocity spatial profiles has been analytically
calculated. It has been shown that vorticity generation must be taken into account in
order to consistently describe the velocity field in each fluid. We have provided analytical formulas for the asymptotic velocities in different physical limits. Comparison of
the contact surface ripple growth given by the linear theory with experimental results
reported in the literature has been shown, and the agreement is satisfactory for those
situations in which the initial amplitude is small enough compared to the perturbation
wavelength (linear regime).
In the first paper, we have presented an analytic model to study the single fluid
linear RM like flow that develops between a corrugated shock and the piston driving
it. Rigid and free surface conditions were imposed at the piston surface. The results
shown on this paper are preliminary calculations before studying the standard RMI
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with two fluids.
In the second publication, we have found analytical expressions for the asymptotic
velocities that develop at a shocked contact surface when another shock is reflected.
The analytical model we have used to exactly solves the fluid equations in the linear
regime for the perturbations generated between the transmitted and reflected rippled
wavefronts.
In the third paper, a similar study of the linear phase of the RMI was done but this
time for the reflected rarefaction case.
Finally in the last work, the study of the size of the strongest vortices generated by
the corrugated shock front has been done by considering different boundary conditions
in the downstream flow.
Initial generation of transverse velocities at the contact surface is the main responsible for the subsequent evolution dynamics of the perturbations. For situations where
compression is important, the vorticity field created by the shocks is a relevant quantity in order to accurately determine the steady-state velocity that characterizes the
asymptotic RMI. Unfortunately, the mathematics is complicated because of the coupling between the reflected and transmitted shocks, which obliges us to deal with a
coupled functional equations system.
One of the distinguishing features of the perturbation evolution in RMI is the
generation of a rotational velocity field by the rippled oscillating shock fronts. The
equations of motion has been solved to obtain the spatial profiles of the asymptotic
velocity field, at each side of the interface. It is emphasized that the vorticity generated
in the interior of the compressed fluids contributes to rotational kinetic energy which
promotes the non uniformity inside the fluid.
In fact, the spatial profile of the kinetic energy distribution is directly related with
the vorticity topology. An important conclusion is that the weakest the shock, the
largest are the eddies. Of course, the magnitude of the vorticity stored, given by the
function g(x) of Eq.(1.14), will also decrease. For moderate to strong shocks, the
magnitude of the vorticity increases and the length of the eddies decreases to a small
fraction of the perturbation wavelength, depending on the shock Mach number and the
material compressibility. An approximate analytical formula for the size of the eddies
has been obtained in the very weak shock limit and the scaling ∼ (M1 − 1)−1/2 holds
for any boundary condition downstream.
Another characteristic of the velocity field is that the maximum value of the
perturbation velocities is achieved at the material surface itself. As highlighted in
Eqs.(1.2) and (1.3), the asymptotic velocities at the interface are interrelated, and
they are dependent on the whole perturbation history (0+ < t < ∞) through the
quantities Fa and Fb which are a weighted average of the bulk vorticity spread in each
fluid. Consequently, since we consider inviscid flow and the vorticity at each position is
proportional to the shock pressure perturbation at the instant of time the shock arrives
at that point, the quantities Fa,b are a weighted average of the whole shocks pressure
perturbations history. This means that any consistent analytic model that tries to
calculate the contact surface velocities has to consider the evolution dynamics of the
pressure fluctuation fields in both compressed fluids, at least for shocks of moderate
to high strength. For the asymptotic velocities of the ripple, a general formula can
be obtained by iterating a finite number of times [16, 17]. Actually, the asymptotic
velocities at contact surface [Eq.(1.2)] can be written as the sum of two terms. On one
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hand, a first term which only takes into account the initial velocity shear deposited at
the interface by the shocks at the instant of time the incident shock has completely
disappeared (t = 0+). It can be considered as the impulsive part because it neglects
later sound waves reverberation and vorticity generation. Additionally, it has been
demonstrated that this term is the exact result for the growth rate if we assume a twodifferent acceleration impulsive model [14]. On the other hand, a second term which
includes the bulk vorticity through the quantities Fa and Fb .
Several approximate expressions for the asymptotic linear velocities have been compared with the exact solution in different regimes. Assuming a completely irrotational
velocity field in each compressed fluid turns out to be a good approximation only for
incident weak shocks. So far, the impulsive approximation is known to be valid only
for weak incident shocks [8, 11, 12, 14, 15, 16, 17]. At higher shock compressions, the
disagreement might become quite important depending on the fluids compressibility
and on the pre-shock density ratio across the interface. In this work, we have done a
detailed study of the validity of the irrotational approximation, comparing it with the
exact solution in every possible pre-shock combination. We conclude that the assumption of an irrotational velocity field is not a very good hypothesis over wide regions
of the space of pre-shock parameters, usually for situations when the incident shock
Mach number is greater than 1.4. Vorticity effects almost always reduce the growth
or the instability, that is, the bulk vorticity term usually has opposite sign that the
irrotational term. Nevertheless, we have surprisingly found small regions of the preshock parameter space, near to freeze-out conditions, in which the exact growth rate
is larger than the irrotational estimation. This unexpected result deserves attention
and will be studied in the future. Additionally, a good indicator of irrotationality is
the equality between the normal and tangential velocities in the compressed fluid. To
this scope, the ratio between both quantities has also been studied as a function of the
four pre-shock parameters and conclusions are consistent with the behaviour observed
before.
Motivated by these results, a different set of approximate expressions which take
into account vorticity deposition, have been presented in the form of Taylor expansions.
Each one is valid in a different physical limit depending on the small parameter
expanded. The weak shock regime has been analyzed by expanding the quantities that
compose the exact normal velocity in powers of Mi − 1. The first term of the expansion
confirms the validity of the impulsive approximation by Richtmyer for Mi . 1.1. Bulk
vorticity effects become explicit in the third and higher powers of the series expansion.
In this work, we have expanded the normal velocity up to the fourth power in Mi − 1,
and we have found that adding more terms is not practical because the convergence
radius of the series is generally limited to Mi . 1.5. To obtain the other physical limit
is necessary to expand the initial guess solution of the coupled functional equation
[0]
system given by Eq.(1.12). This solution is denoted as ui , where the superindex [0]
[0]
indicates that it is the ”zero” iteration. Thus, we expanded ui in powers of the small
parameters 1/Mi , R0 , and 1/R0 respectively. In each limit, analytical expressions have
been presented and they have been compared with the exact solution in their validity
range. Moreover, the limits of very compressible fluid ”a” and highly incompressible
fluid ”b” could also be studied, but we have found that the corresponding expansions
show a very small convergence radius. Therefore, a study of the growth rate in those
limits would require a deeper analysis of the singularities of the background profiles in
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the complex plane, giving rise to quite involved calculations, which have been left for
future research.
In order to provide a formula valid for arbitrary configurations, the approximate
[0]
analytic solution ui is propose. Despite its apparent algebraic complexity, it is
the simplest expression that has been obtained so far from the linear theory which
consistently takes into account the rotational character of the velocity fields generated
by the corrugated shocks. A comparison between this expression and the exact value is
shown in various situations with different degrees of compression, and their agreement
[0]
is quite good. On one hand, in the reflected rarefaction case, ui fits perfectly (3
significant digits accuracy) with the exact solution even in very compressible scenarios.
On the other hand, in the reflected shock case, the approximation starts to separate
from the exact solution for very compressible gases configurations with strong incident
shocks (usually, γ . 1.1 and Mi & 5). It is easy to see that approximate formulas will
always work better in reflected rarefaction cases than in reflected shock cases due to
the lack of vorticity in the expanded fluid.
Unfortunately, all above approximate formulas are not simple. This is a very
unlucky feature of the calculations for RMI with two fluids. The reason underlying
such complexity resides in the nature of the functional equations that describe the
interaction of both shocks. In fact, when one of the rippled shocks oscillates, it
generates velocity and pressure perturbations that are felt for some time later on the
other rippled shock which in turn reacts, and so on. The process repeats indefinitely,
giving rise to a complicated pattern of reverberations which couple the velocity fields
in each fluid. Weak shocks travel very fast in comparison to the compressed material
surface and therefore, just an irrotational velocity field is enough to deal with the
asymptotic perturbed motion. When compression becomes important, at least the
transmitted shock moves very slowly relative to the compressed contact surface, and
this fact enhances the coupling through reverberation, complicating the underlying
calculations.
The main signature of the compression by rippled shocks of ideal gases is the
generation of vorticity in the bulk. This vorticity has also been identified in recent
simulations [67] and is an important ingredient to be taken into account if more accurate
non linear models want to be developed. The scaling of the kinetic energy contained in
the more intense vortices near the contact surface is a relevant question. The kinetic
energy content of the perturbed fluids has been analyzed by integrating the analytical
profiles and we see that the asymptotic kinetic energy is concentrated in a narrow layer
near the contact surface, essentially inside the first peak of the vorticity distribution
in the bulk. This effect is stronger as the shock strength increases. A careful study of
the dependence of the kinetic energy on the pre-shock parameters is left for a future
work.
The exact and asymptotic time evolution of the contact surface ripple [ψi (t)] has
been exhaustively studied with the model presented here. The solution has been written
with the help of series expansions in therms of Bessel functions or in powers of time.
The ripple evolution starts form the initial post-shock amplitude (ψ0∗ ) with no slope.
It grows slowly at the beginning and we can clearly discern oscillations during this
early growth phase. The velocity increases until it reaches a constant value. Thus,

3.2

Future work

115

we can always distinguish two different phases in the linear growth. The first one is
a transient compressible stage in which the oscillations due to the acoustic pressure
fluctuations are noticed; and, the second one is a linear incompressible phase. For
this last period, we have found that in order to describe the asymptotic behavior of
ψi (t) we must incorporate an asymptotic constant ψ∞ . Actually, ψ∞ (which has been
named as asymptotic ordinate in this work) is the ordinate to the origin of the straight
line which describes the asymptotic linear stage of the interface ripple time evolution.
This behavior was already observed by Meyer and Blewett in their simulations, but
they could not give any scaling law to describe it. In fact, the asymptotic linear
behavior ψi (t) = ψ∞ + δvi∞ t is obtained, where the value of ψ∞ is not equal to ψ0∗ .
The geometrical interpretation of ψ∞ is based on recognizing that it is equal to the
difference between the exact velocity history and its asymptotic value. Therefore, the
difference between the asymptotic ordinate and the initial post-shock amplitude clearly
depends on the sound waves reverberation and the vorticity generated in the bulk by
the corrugated shock fronts.
The analytical calculations shown in this work have been contrasted with recent
experiments in a wide range of pre-shock density ratios, fluids compressibilities and
incident shock strengths. The ripple evolution of the contact surface predicted by our
model agrees quite well with experiments and numerical calculations within the regime
in which a linear theory is acceptable. That is, for situations in which the initial
amplitude is small enough compared to the perturbation wavelength, usually when
ψ0 /λ . 0.1. We have found that the contact surface ripple reaches the asymptotic
stage much earlier than it does the transmitted shock to achieve the asymptotic regime.
This fact had been also observed by Meyer and Blewett in Ref.[21]. Besides, we have
observed that the contact surface enters the linear asymptotic when the transmitted
has almost generated its first vorticity peak. Likewise, we have also found that the
rarefaction tail ripple also enters its asymptotic stage at a much later time than the
interface.
3 2

Future work
Although this thesis has addressed most of the problems for which it had been
conceived, a greater number of significant new questions has appeared. Moreover,
owing to the knowledge accumulated during the few last decades, we are also able to
deal with some unsolved relevant queries now. Here, we resume some of them:
With the purpose of providing simpler analytic formulas for the interface asymptotic
velocities valid for arbitrary pre-shock parameters, we propose an estimation in the form
of a two-points Padé approximant. At the origin we would use the weak shock limit
and at infinity we have the strong shock limit, both have been calculated analytically
in this thesis. In preliminary calculations, we have seen that this two-points Padé
approximant works quite well even in very compressible situations. Nevertheless, we
need to reach an acceptable trade between the length of the formula and its accuracy.
For a reasonable easy to use expression, we obtain that the maximum relative error
between the approximation and the exact solution is always lower than 10% for the
reflected shock case, and 3% for the reflected rarefaction case for any Mach number.
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In this way, these formulas would be shorter than the current expressions, even more,
they could be done by a pocket calculator.
The same study presented in this work for the asymptotic velocities at the contact
surface could be done for the other parameter which determine the linear asymptotic
regime: the asymptotic ordinate ψ∞ . Since it is also experimentally accessible, its
analytic description and its dependence on the pre-shock parameters would be relevant
not only to the instability evolution description, but also to deduce material properties
in HEDP experiments. Additionally, since the initial transient phase is unaffected by
non-ideal flow properties [62], the calculation of the instant of time which determines
the frontier between the transient and the asymptotic linear regime would be very
useful in order to develope more accurate linear and non-linear RMI models.
Due to the rotational character of the velocity fields generated behind corrugated
shock fronts, there is a significant amount of kinetic energy stored inside the vortical
structures which, so far, has not been quantified for arbitrary shock strength and/or
arbitrary values of the fluid compressibility. To our knowledge, the only published
works correspond to the calculations done by Saffman and Meiron [80] and by Mikaelian
[81]. Both works studied the kinetic energy content of the RMI flow field under the
hypothesis of impulsive loading of the fluids, without taking into consideration any
vorticity in the velocity field. Nevertheless, it is known that impulsive approximation
is valid as far as the involved shocks are very weak. Fortunately, our analytical model
can handle these calculations taking into account sound waves and vorticity generation.
At present, we have submitted a paper to the Physica Scripta journal in which we show
first results on the calculation of the kinetic energy of the flow field that emerges after
compression of a single fluid by a corrugated isolated shock wave. This is a preliminary
step towards the determination of scaling laws for the kinetic energy of both fluids in
RMI frameworks. It is also noted that the Graf’s addition theorem of the Bessel
functions, presented in such a work, is seen to be an adequate mathematical tool to
evaluate the detailed perturbation temporal evolution. This formalism would also allow
us to extend the study of RMI for cases in which re-shock is considered.
Furthermore, the previous papers [14, 15, 16, 17, 25] and the work presented here
provides the basis to develop exact compressible linear theories in which, for example,
it can be considered a non-ideal EOS, multimode contact surface corrugations, or
viscosity and thermal conduction properties.
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3.5 Use of proper copyright notice for a Work is required as a condition of any license
granted under the Service. Unless otherwise provided in the Order Confirmation, a proper
copyright notice will read substantially as follows: “Republished with permission of
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terms and conditions, shall be a material breach of the license created by the Order
Confirmation and these terms and conditions. Any breach not cured within 30 days of
written notice thereof shall result in immediate termination of such license without further
notice. Any unauthorized (but licensable) use of a Work that is terminated immediately upon
notice thereof may be liquidated by payment of the Rightsholder's ordinary license price
therefor; any unauthorized (and unlicensable) use that is not terminated immediately for any
reason (including, for example, because materials containing the Work cannot reasonably be
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incurred in collecting such payment.
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8.1 User acknowledges that CCC may, from time to time, make changes or additions to the
Service or to these terms and conditions, and CCC reserves the right to send notice to the
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secured and paid for.
8.2 Use of User-related information collected through the Service is governed by CCC’s
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such license in its entirety on written notice to CCC in the event of a transfer of all or
substantially all of User’s rights in the new material which includes the Work(s) licensed
under this Service.
8.4 No amendment or waiver of any terms is binding unless set forth in writing and signed
by the parties. The Rightsholder and CCC hereby object to any terms contained in any
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to govern or otherwise relate to the licensing transaction described in the Order
Confirmation, which terms are in any way inconsistent with any terms set forth in the Order
Confirmation and/or in these terms and conditions or CCC's standard operating procedures,
whether such writing is prepared prior to, simultaneously with or subsequent to the Order
Confirmation, and whether such writing appears on a copy of the Order Confirmation or in a
separate instrument.
8.5 The licensing transaction described in the Order Confirmation document shall be
governed by and construed under the law of the State of New York, USA, without regard to
the principles thereof of conflicts of law. Any case, controversy, suit, action, or proceeding
arising out of, in connection with, or related to such licensing transaction shall be brought, at
CCC's sole discretion, in any federal or state court located in the County of New York, State
of New York, USA, or in any federal or state court whose geographical jurisdiction covers
the location of the Rightsholder set forth in the Order Confirmation. The parties expressly
submit to the personal jurisdiction and venue of each such federal or state court.If you have
any comments or questions about the Service or Copyright Clearance Center, please contact
us at 978-750-8400 or send an e-mail to info@copyright.com.
v 1.1
Questions? customercare@copyright.com or +1-855-239-3415 (toll free in the US) or
+1-978-646-2777.
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