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Summary

Concrete is one of the main and most extended construction materials. Therefore, the
control of the damage in concrete is fundamental for the maintenance of current structures
and the design of new ones. The failure or fracture behaviour of this type of quasi-brittle
materials is studied through diverse methods like direct testing or statistical, analytical
or numerical models. In this thesis, various of these approaches have been applied to the
analysis of different types of damage in concrete and other cohesive materials like lime
mortars. In this manner, contributions to the research in relevant fields of this topic have
been made.

The first area treated in the thesis is the fatigue of concrete. In particular, the error
committed in its probabilistic characterisation has been studied. The scatter of fatigue life
results for a given stress level can be very high, even of several orders of magnitude. This
behaviour can be described by means of a probabilistic distribution, which is obtained
by fitting experimental results. However, due to the large variability of cycles to failure
that concrete presents, the number of tests becomes a highly influential factor in the
quality of the estimated distribution, which is usually disregarded. Based on a set of 100
experimental values, a statistical method has been developed to estimate the maximum
possible error in the distribution definition for a given probability and safety margin. With
the results provided by the method, the number of tests can be optimised and a design
fatigue distribution can be defined for the corresponding concrete.

Next, the analytical double-K method is revised. The method characterises concrete
fracture in mode I through two toughness parameters by applying an elastic equivalence.
The method is applied to a set of results from different specimen sizes and loading rates.
The parameter Kun

Ic , corresponding to the maximum load, increases with both the speci-
men size and the loading rate. Regarding Kini

Ic , corresponding to the crack initiation, the
method obtains it by an analytical procedure which fails for large specimen sizes. Two
proposals are made to obtain Kini

Ic in a different way. The first one is to obtain the param-
eter through the corresponding crack initiation load directly measured on the load–crack
mouth opening curve. The second proposal applies some improvements in the evaluation
of the cohesive stresses, which corrects the previous procedure. Finally, the influence of
the loading rate is introduced in the method by a viscous factor applied to the cohesive
law.

The last part of the thesis presents the application of numerical methods to the study
of fracture. First, a type of metal anchors for concrete that are not covered by standards
is studied. The performance of four different geometrical configurations is analysed for
tension and shear loads. The results of a numerical model for each case are compared and
validated with previous experimental results. These models allow further analyses to study
the effect of different variables. As general conclusions, the anchor capacity improves for
better mechanical anchorage and concrete confinement and strength.

Finally, the size effect on the compressive strength of lime mortars is studied by a
numerical analysis. The standard test measures this strength with prisms of 40 mm in
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depth. In a previous experimental programme, the strength provided by cylinders of
150 mm in height was also obtained for two different mortars, which was smaller. A model
of the standard test with prisms was validated with the experimental results and, later,
tests with two larger specimen sizes of 80 mm and 160 mm in depth were simulated. With
the results, the size effect law is obtained for each mortar. The conclusion is that the
strength given by cylinders is very similar to the real material strength while the standard
prisms offer values around a 50 or 60% higher.
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Introduction





Chapter 1

Different approaches to damage in materials

1.1. Overview

Concrete is currently the main construction material used in the world and, due to its
suitability for most situations in construction, it will continue as that in the near future
[1]. Some characteristics that favour its use are its capability to adopt any desired shape,
its good performance under compression, the availability of its constituent materials all
over the world with a reduced cost and, when properly designed, its good durability and
low requirement of maintenance. In spite of this preeminence of concrete in the construc-
tion industry, the knowledge about its behaviour is not complete, hence the necessity of
continuing its study.

The design of concrete structures is based on linear elastic models together with the
application of reduction factors to the material strength and amplification factors to the
expected loads. With the safety factor applied to the characteristic strength of concrete,
two problems are overcome. On the one hand, the heterogeneity of concrete can result
in a wide scatter of strength values when its production is not fully controlled. On the
other hand, concrete does not really present a linear elastic behaviour up to the maximum
strength but this approach may be correct until certain stress level.

Materials can be classified into three categories depending on their fracture behaviour
[2] (Fig. 1.1). Brittle materials, like glass, present a strain proportional to the stress until
their strength value, moment in which the material fails suddenly. The opposite behaviour
corresponds to ductile materials, like steel. In this case, the relation between strain and
stress is fairly linear up to the yield stress. From this point on, the strain quickly increases
for small stress changes, usually still gaining resistance. Thus, failure is reached after a
large strain has been developed. Concrete, however, presents an intermediate behaviour.
In the first place, the stress–strain relationship is linear only up to a point when damage
appears in the concrete matrix. This damage starts as microcracks spreading over a
certain region known as the Fracture Process Zone (FPZ). The originated damage makes
the strain increase faster but the material still resists more stress while damage continues
evolving. Finally, the maximum load is reached and the resisted stress decays while the
strain continues increasing following a softening branch of the stress–strain curve. This
type of failure is known as quasi-brittle.

Materials that behave in this manner are also called cohesive owing to the cohesion
forces present across their characteristic FPZ, before a completely open crack propagates.
The post-peak curve branch of concrete can be improved by the addition of fibres, which
increases the ductility of the composite and can even change the behaviour to strain
hardening.

While, obviously, concrete structures must be designed for a working stress state in the

3



4 Chapter 1. Different approaches to damage in materials

Figure 1.1: Types of material failure.

linear elastic range of the material, the generation and propagation of loading damage and
the involved fracture mechanisms must also be taken into account. In this manner, it is
possible to assess along the service life of the structure that the design hypotheses are still
fulfilled or when the damage or deterioration of a structural element is becoming critical.
Besides, a better knowledge of the material limits allows a refinement of the structural
design.

There are different types of damage in concrete. Depending on the origin of the aggres-
sive agent, they can be classified into chemical, physical or mechanical damage. Chemical
damage consists in the attack to the chemical composition of the paste, aggregates or re-
inforcing steel bars. The two main consequences of this type of deterioration is the loss of
particles or material, which weakens the microstructure of the concrete, or the formation
of new reaction products with more volume that the original components, which intro-
duces stresses in the concrete matrix or even produces cracks. Some examples of this type
of damage are leaching, efflorescence, sulfate attack, alkali–aggregate reaction, attack of
acids and corrosion of reinforcement steel bars [1, 3].

Physical damage is originated by agents of the physical environment, specially tem-
perature and humidity. The main consequence is the cracking of concrete or the further
growth of previous cracks. The phenomena relative to this type of damage are the cycles
of high and low temperature, wetting and drying, and freezing and thawing of water in
cracks [1, 3]. Erosion and abrasion are also included in this group, although they are
mainly due to the use of the structure.

In relation to mechanical damage, this is in reality another case of physical damage but
it is consider here apart as it is originated by the loads applied to the structural element,
which is the case treated in this thesis. Different situations regarding this type of damage
include localised and general damage or static and dynamic loads.

Mechanical damage can be studied through a variety of different methods. Four prin-
cipal groups are distinguished in the thesis. The first type are the experimental methods.
Experimentation is the logical first step to approach a phenomenon which is wanted to
be known. In a typical experimental test, a specimen of the studied material and with
given dimensions is disposed in a certain configuration so that a controlled load acting on
it introduces a determined stress, which is ideally isolated from other types of stress. In
this manner, the direct effect on the damage development of that stress can be measured.
Experimental tests are also suitable to analyse complex configurations where it is difficult
to establish which is the most influential factor or in which way each element contributes
to either resistance or damage. In this case, the results usually have a direct technological
application. These can be considered the most precise methods as they are applied to
the actual material. However, there are different limitations to perform this type of study
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regarding the specimen size, number of repetitions, maximum load, time and cost.

Another group comprises the statistical methods. These consist in describing the values
of a magnitude by different parameters like their range and their distribution within it,
and in assigning the probability of occurrence of new values. This is a phenomenological
approach, which means that only the observed phenomena, or final values of the magni-
tude, are taken into account, while the physical causes of those results are ignored. This
type of methods are very useful when the physical problem involves complex interrelations
between variables or the value of some properties are not constant or unknown, which in-
troduces a level of randomness in the results. This type of methods are usually applied
to previous experimental results so a limited number of test measurements is used to fit a
probabilistic model that fills the range of possibilities for that magnitude.

In contrast to the statistical approach, the analytical methods try to describe the
observed behaviour on the basis of the physics that influence the studied case by means
of models of mathematical equations that relate the different parameters and variables
that intervene. As different physical phenomena can act coupled in the same problem,
an analytical model may be more accurate or more simplified with respect to the real
mechanics involved depending on its level of definition or capacity to distinguish between
the different independent factors. In any case, one of their main characteristics is that
they consist of a clear process and step sequence of relatively simple operations that allow
a quick estimation of the result.

Finally, in regard to the numerical methods, they are conceived to perform simulations
that reproduce structural elements with given geometries, material properties and bound-
ary conditions. They are built upon basic analytical models that control the response of
discrete or small regions within the volume of the total geometry. Through the forces and
displacements transmitted between those regions, the distribution of stresses and strains
is obtained for the complete structure. The difference with the analytical methods is that,
with this procedure, multiple numerical operations are needed, including the resolution
of large equation systems, which makes necessary the aid of a computer. The principal
advantage of the numerical methods is that they allow the analysis of irregular geometries
and complex interactions between dissimilar elements. They also provide a wider set of
results in comparison with the analytical methods, which usually focus on a particular
parameter. As disadvantages, numerical methods require a prolonged calculation time,
which is in relation to the level of discretisation of the model. This aspect also influences
the approximation of the results. Examples of this group are the finite element [4], finite
difference [5] and mesh-free methods [6–9].

Different methods share same objectives or applications. Experimental methods are
necessary to check the resistance limit or ultimate strength of a material under a certain
load type, like in the standard characterisation of concrete. In the case of a structural
element, laboratory tests are also a possibility but only when the element size allows it. In
these cases, analytical, if available, and numerical models are needed to make a prediction
of the overall resistance or of a part of the analysed element, although they need some input
data like material properties. The results of these models are usually unique deterministic
values, which should be supplemented with a probabilistic assessment. As it can be seen,
some methods are interrelated or are used in subsequent steps in the study, so the results
of a method feed following calculations.

The other side of resistance is failure. The failure mode and element behaviour in
that situation can also be checked or estimated. Failure is related to damage and its
extent. The current state of actual structures can also be studied by means of analytical
or numerical models so as to evaluate the presence of damage, its development or the
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remaining safety margin before a critical state is reached. For this, damage models are
implemented in analytical or numerical procedures based on different failure mechanisms
like plasticity or fracture mechanics [10–16].

Whichever the method used, an aspect that must always be considered before or dur-
ing its application is if the hypotheses on which the method is based are valid for the
case or, in other words, if the problem to solve is covered by the scope of the method.
For example, in an experimental characterisation, the test setting must not introduce or
provoke unexpected stresses, which would alter the results and would mislead the conclu-
sions of their analysis. For a statistical method, the number of observations must be large
enough to be representative. Effects not taken into account in an analytical method may
be the cause of totally mismatching results in comparison with the reality. In a numerical
method, the mesh size may be inappropriate or some conditions like small strains, in its
case, may not be fulfilled.

Concrete damage is involved in diverse loading and structural conditions. In order to
study a given problem, the appropriate method must be selected. However, due to the
wide variety of cases, it is found that not always there is available a suitable method.
Sometimes, methods related to similar problems cannot directly be extrapolated for the
current problem. Other times, present methods are incomplete or new concerns must be
taken into account.

In this thesis, a series of topics on damage of construction materials are addressed
together with the evaluation and application of different methods. Most of the work focuses
on concrete but an analysis is also included about lime mortar, which behaves as a quasi-
brittle material as well. In other case, concrete interact with steel components. The first
studied situation is fatigue of concrete under compression, with a statistical analysis of the
characterisation precision of fatigue failure depending on the number of tests. Secondly,
concrete fracture is studied for the case of crack propagation in mode I. For this, the
applicability and scope of the analytical double-K method is revised. Next, a technological
study of the resistance and failure mode on metal anchors for concrete is performed through
a numerical model. Finally, fracture in compression of lime mortar is also analysed by
numerical tools, focusing on the size effect of the results of the experimental standard
procedure.

1.2. Motivation and objectives

For each of the different aspects introduced before, some problems or inconveniences
have been detected in the way that they are currently treated by standards or in common
practise. In some cases, there are aspects not considered or ignored. In other occasions,
there is not enough research or a standard approach to the problem.

Starting with concrete fatigue, this failure type has a relevant probabilistic facet, spe-
cially for cohesive materials like concrete, as there is not a direct or one-to-one relationship
between stress level and fatigue lifetime. On the contrary, results for the same loading con-
ditions spread over a large range of cycles. This leads to the necessity of using probabilistic
models, fitted to experimental results, so that the number of cycles to failure is related
not only to the stress level but also to a level of probability. However, this probabilistic
treatment is not standardised yet. Fatigue models in standards [17, 18] do not consider
it explicitly and researchers follow each different procedures regarding test configurations,
probabilistic models, etc. Some decisions on these aspects may considerably affect the
obtained result. In particular, the number of performed tests has a large influence on the
error made in the probabilistic characterisation of fatigue.
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In this part of the thesis, the objective is to establish the relationship between the
number of fatigue tests and the error committed in the probabilistic model estimation.
Moreover, it is intended to propose a simple method in order to adapt the results to each
particular situation.

Concerning concrete fracture, the attention is laid on the analytical double-K method.
Its application is specially extended in China and other Asian countries. This method
characterises the quasi-brittle fracture of concrete by means of an equivalence with a fully
elastic material. Two values of fracture toughness are determined, which correspondingly
define the initiation of the stable and unstable propagation of a crack. These parameters
are presented as material properties and should thereby be invariable. However, as they
are obtained from a load–crack mouth opening curve, effects typically observed in these
types of experimental results, which are produced by the specimen size and other variables,
are likely to affect the double-K parameters as well.

In the study of this method, the objective is to determine the influence of specimen
size and loading velocity on the value of the proposed toughness parameters. Furthermore,
the method can be improved in several aspects regarding the determination of the crack
initiation toughness and the evaluation of the internal cohesive stresses. Likewise, the
method can also be complemented by the introduction of the loading rate effect in the
analytical procedure.

The next part of the thesis refers to numerical methods, which have been used to study
two different cases. The first one corresponds to a technological application in the field
of anchorage to concrete. Anchors are devices used to fix external elements to a concrete
body. There is a wide variety of anchor types, with different geometries, specific functions
or resisting mechanisms. Some of them are covered by standards like the European Tech-
nical Approval Guide [19] or other construction standards [20–23]. However, their scope
does not include a certain type of anchors that are frequently used in the construction
industry. Specifically, anchors with a simple and affordable design, which consists of four
bars welded to a steel plate, are used in a construction system with precast concrete pan-
els, where those anchors are embedded. The absence of a standard procedure for their
calculation makes necessary to check their ultimate strength in laboratory. However, the
test setting is complex and can result expensive. Therefore, a numerical model can help in
the characterisation of these anchors as further analyses are possible with this tool beyond
the testing limitations.

The proposed objectives are, firstly, to study the failure behaviour of four types of
simple metal anchors, including maximum load, ductility and damage in concrete, by
means of a finite element model. Secondly, a parametric analysis will be performed on
several of their characteristics in order to check the influence of each variable, to highlight
necessary cautions in their use and to propose possible improvements in their design.

The second case where a numerical method is used in the thesis is the compressive
fracture of lime mortar specimens. Following the corresponding standard [24], the com-
pressive strength is measured by testing the half of a prism previously split in bending.
The dimension of this specimen in the load direction is 40 mm. In the experimental charac-
terisation of two different natural hydraulic lime mortars, cylindrical specimens of 150 mm
in height were also used in order to obtain the compressive strength, the same as it is
customary for concrete. The results obtained with both types of specimens, however, are
very different. A hypothesis to explain this difference is that the results are affected by a
size effect.

Therefore, the objective is to analyse this possibility through a numerical model. By
simulating the geometry of the standard compressive test with prisms, it will be studied
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which material strength yields the same observed maximum load. Likewise, the size effect
laws for these materials will be determined by performing additional analyses with the
model where the specimen size is increased.

1.3. Studied cases and results

1.3.1. Introduction

Diverse cases have been presented in the previous section as examples of currently
active research where damage of concrete or other cohesive materials is involved. Devel-
opments on this topic are necessary in order to assess the safety state of present structures
and will help to improve the design in future construction. The results presented in this
thesis are a contribution to this subject. The study of this series of damage-related exam-
ples is performed by means of varied methods, discussing their application, possibilities
and limitations.

In this section, a comprehensive summary of each case, with its results, is presented for
convenience of the reader. Nevertheless, complete details are included in the corresponding
chapter. Each of them corresponds to works published in international scientific journals,
listed in the appendix of the chapter of contributions.

The thesis is structured in parts following the categories made to classify the different
types of methods. Experimental methods are covered within each chapter, where test
results form the base for the application of the different analyses. Statistical tools have
been used to establish the error and its probability in the probabilistic characterisation of
fatigue. An analytical method used for concrete fracture is revised and some improvements
are proposed. Finally, the numerical method of finite elements is used for the study of two
different cases, the performance of a type of anchors in concrete and the size effect in lime
mortars.

1.3.2. Error in the probabilistic characterisation of fatigue

High scatter is a feature of fatigue results, which is specially relevant for heterogenous
materials like concrete. Results spread over several orders of magnitude with specimens
of the same material and geometry and loaded under the same conditions. Thus, fatigue
presents a remarkable probabilistic nature. Resisting a determined number of load cycles
has a higher or lower probability.

In order to determine the probability function that a given material follows under
certain stress variation, experimental tests are carried out. Afterwards, a probability dis-
tribution is fitted to the results of number of cycles to failure N . The Weibull distribution
properly describes concrete fatigue [25–27].

However, there is not a common criterion about the minimum number of tests, or
sample size, necessary to correctly define the fatigue behaviour of concrete and to know
the upper and lower extremes of its probability range. The high scatter of results implies
that a correspondingly high number of tests would be needed but, due to the cost in time
and resources, fatigue characterisation is usually limited to a reduced number of tests.
The distribution so obtained could greatly differ from the real distribution to which the
entire material would tend. The difference between the predicted fatigue lives by both
distributions is the committed error.

Some authors have proposed different methods to establish the necessary sample size
[28–31] but they are either relatively complex, with coefficients given for certain probability
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levels, or do not use the Weibull distribution. In this work, a simpler approach is proposed
to relate the number of fatigue tests to their corresponding expected maximum error.

The statistical study is performed on a set of 100 fatigue tests carried out with the
same concrete and conditions. Resampling methods have been applied to that pool of
results and the error range and distribution have been determined for a wide variety of
sample sizes from 3 to 90 values.

Material and tests

A steel-fibre-reinforced self-compacting concrete was produced with a maximum ag-
gregate size of 8 mm. Straight BEKAERT OL 13/.20 fibres were used, with a length of
13 mm and a diameter of 0.20 mm. Their volumetric proportion in the mix was a 0.2%.
The use of fibres was introduced as they are known to amplify the usual scatter in fatigue
life, case for which the results of the present study are specially relevant.

Fatigue tests were performed with specimens of 40 mm side, cut from prisms. A ball-
and-socket joint, fitted to the base of the cubic specimens, was used so that damage due
to possible load eccentricities was reduced. The reference fatigue strength was obtained
through 15 specimens of this same geometry. The compressive strength fc was 58.8 MPa,
with a standard deviation of 3 MPa. The loading frequency was 10 Hz and the maximum
and minimum stress levels were set as 82% and 36% of fc, respectively.

In total, 105 fatigue tests were carried out. There were 5 run-out specimens at 1000000
cycles, which was between two and three orders of magnitude higher than the expected
mean N . Those 5 results were not included in the analysis as they did not provide complete
statistical information.

Owing to the large number of results in comparison with the number of specimens
commonly tested for fatigue characterisation, the probability distribution fitted to this
data is taken as the real and reference distribution for this concrete. The two-parameter
Weibull distribution is used, defined by Eq. 1.1.

F(x) = 1− exp{−(x/λ)κ} (1.1)

where x = logN , λ is the scale parameter and κ is the shape parameter.

Experimental results are presented in terms of cumulative probability in Fig. 1.2a,
together with the fitted distribution. The resulting distribution parameters are λ = 3.72
and κ = 4.56. As shown in the figure, the results of N cover a range from 102 to 105.

Two additional definitions of the fatigue distribution were considered so that the results
of the present work cover a wider range of applicability. As the experimental results
approximately correspond to the order of magnitude of 103 cycles, two examples were
selected for the orders of magnitude around 102 and 105 cycles in order to consider low
and high cycle fatigue, respectively. Their parameters have been chosen as round figures
so as to obtain Weibull distributions uniformly distributed along the axis of logN . After
this, a series of 100 values are retrieved from each of the new distributions, selected so that
their cumulative probability representation coincides with the corresponding distribution
function. Fig. 1.2b shows the three distributions analysed in this work.

Method

Observed error

The procedure that has been followed consists in a resampling technique with which
random values are consecutively extracted from the set of 100 values in groups or samples
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Figure 1.2: Cumulative Distribution Function (CDF): (a) tests with their fitted distribu-
tion and (b) experimental distribution (medium range) together with the example distri-
butions for low and high cycle fatigue.

of a given size. Eq. 1.1 is fitted to each random sample and the difference in logN
with the corresponding reference distribution is registered at several probability values.
This difference is defined as the error made if the fatigue behaviour is characterised by
the sample result. Eq. 1.2 expresses the error relative to the reference value of the real
distribution, which depends on the failure probability p. The different values of x, logN ,
are obtained by transposing Eq. 1.1.

eo(p) =
x(p)sample − x(p)real

x(p)real
(1.2)

The number of repetitions was determined through a convergence analysis of the dif-
ference between the cumulative mean in logN of all the extracted samples and the one of
the total original values. The precision degree of the convergence was set to 10−10. The
convergence with different sample sizes was tested and the most unfavourable result was
adopted, with 500000 repetitions.

Estimated error

After the total number of sample simulations for each size, all the sample-fitted distri-
butions form a band around the reference distribution. However, they are not uniformly
distributed within that band. The distribution of the registered values of eo can be de-
scribed by the normal cumulative distribution function, Φ, dependent on the mean value of
eo and its variance σ2 at each probability p, obtained with a sample of size n. For a given
safety level SL, defined as the proportion of times that the error is under a given value,
the maximum estimated error ee for a certain SL is obtained by Eq. 1.3. This estimated
error can be determined along the probability axis, which defines an error curve. These
concepts are sketched in Fig. 1.3.

ee(n, p,SL) = Φ−1
ēo,σ2(SL) (1.3)
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Figure 1.3: Error distribution, safety level (SL) and error curve.

Determinant of the Fisher Information Matrix

The Fisher Information Matrix (FIM) indicates the amount of information that an
observed variable contains in regard to the parameters of its probability model. This
property allows the optimal estimation of the parameters of the model under study. This
is achieved by optimising a function related to this matrix under a certain criterion. The
one considered here is D-optimality, where the function to be optimised is the determinant
of the FIM, by maximising its value. The interest in the determinant of the FIM in this
work is to show, for each sample size, the quality of the obtained distribution parameters
with respect to the probability distribution to which the fatigue behaviour tends. The
determinant of the FIM of the two-parameter Weibull distribution (D2) is defined by
Eq. 1.4. This determinant is evaluated with the fitted Weibull parameters of the 500000
simulations for each sample size. The mean value shows the evolution with the number of
tests.

D2 =
1

λ2

[
1

κ

(
−1 + 2 Γ

(
1 +

1

κ

))
−
(

1− Γ

(
1 +

1

κ

))2
]

(1.4)

where Γ is the gamma function.

Results

In this summary, the results of the experimental distribution are presented. In the
cases of the low and high cycle fatigue distributions, results present similar characteristics
and are included in the corresponding chapter.

Distribution of the experimental tests

The procedure described before is applied for a series of 23 sample sizes from 3 to 90.
For each sample size, the corresponding error curve is obtained for the safety levels of 95%
and 99%. Afterwards, these curves can be represented by the axes of failure probability p
and estimated error ee (Fig. 1.4).
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0 20 40 60 80 100
Sample size

9

10

11

12

13

D
2 (

×1
0

3 )

a)

0 20 40 60 80 100
Sample size

0

5

10

15

20

25

30
Low N

Experimental

High N

b)

Figure 1.5: Mean value of D2: (a) from the experimental data and (b) from the three
fatigue distributions.

These curves evidence the great relative error that could be made when using a reduced
number of specimens for the characterisation of concrete fatigue. With the increase of the
number of tests, the maximum possible error diminishes. The figure also shows how
the error for a low failure probability is greater than in the case of a higher probability,
although this difference is less pronounced for larger sample sizes.

The results of the parameter D2 are shown in Fig. 1.5a. The value of D2 increases very
quickly until sample sizes of 15–20 but, from thenceforth, the increase slope is much more
gradual. This suggests that the appropriate number of tests could be in that interval, as
a compromise between experimental cost and precision. Fig. 1.5b shows, for comparison,
the results of the three studied cases. For high and low cycle fatigue, the evolution of D2

is similar with respect to the sample size. The difference between them simply indicates
the degree of consonance of each one with the behaviour represented by the Weibull
distribution.
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Figure 1.6: Example of design fatigue curve for a safety level of 95% of a sample with 12
tests.

Fatigue design

With the results of Fig. 1.4, it is possible to determine what is the necessary sample size
in order to have a maximum error lesser than a given admissible value. Inversely, it can
be determined the error that could be expected in an already performed characterisation
with a certain number of tests. In the first case, the curves to the left of the vertical
line at the admissible error abscissa correspond to the sample sizes that provide a smaller
error. The admissible error could also be applied starting at a given failure probability
level, disregarding the lower probability range, which is more conservative.

Additionally, these error curves can be used for probabilistic fatigue design. Following
the definition of ee, in SL% of occasions the real fatigue distribution of the material will
be to the right of the curve defined by Eq. 1.5. This design curve, although not a proper
distribution function itself, has the same meaning and application. Fig. 1.6 presents an
example of a sample distribution with 12 random values extracted from the experimental
results that overestimates the fatigue resistance of this concrete. As the sample size n =
12 is not present in Fig. 1.4, linear interpolation can be applied to obtain ee.

logN(p,SL)design = logN(p,SL)sample/(1 + ee(n, p,SL)) (1.5)

With this method, safe structures may be designed from results of few experimental
tests because the higher imprecision is counteracted by the larger related error to be
subtracted. However, the correct course of action is to adopt the appropriate sample size
so as to improve the precision of the fatigue characterisation, which is more economical,
as well as safer.

1.3.3. Elastic equivalence of the propagation of cohesive cracks

Fracture mechanics is used to study the creation and propagation of cracks. Linear
Elastic Fracture Mechanics (LEFM) applies some assumptions that lead to relatively sim-
ple formulations easy to use. However, LEFM is not applicable to concrete or quasi-brittle
materials due to their non-linear behaviour and, so, other non-linear approaches were pro-
posed. Two main methods can be highlighted, which are the cohesive crack model by
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Figure 1.7: Equivalent elastic crack.

Hillerborg et al. [10] and the crack band model by Bažant and Oh [11]. Their problem is
that they require numerical computations and longer time.

As a consequence, other intermediate methods were developed which consisted in mak-
ing an equivalence between concrete and a linear elastic material so that LEFM could be
applied. The equivalence is established for a determined response, for example with re-
spect to the load–crack mouth opening displacement curve (Fig. 1.7). The elastic material
must have the same geometry and yield the same curve. In order to achieve this, the
corresponding elastic crack length have to be different. Likewise, the rest of aspects like
the stress field will also be totally different with respect to the original concrete element.

The double-K method [32–35] is one of those equivalent methods, which is based on
the relation between the load P and the crack mouth opening displacement wM . This
curve can be measured in laboratory using beams for three-point bending (TPB) tests or
compact specimens for wedge-splitting tests. The present work has analysed the results
for the first type.

The parameters that the method provides are two values of fracture toughness. The
initiation toughness Kini

Ic corresponds to the moment when the crack starts propagating
and the unstable toughness Kun

Ic corresponds to the peak load, when the crack propagation
becomes unstable. Kun

Ic can be directly obtained by a LEFM expression from the maximum
or critical load Pc and its corresponding crack mouth opening displacement wMc. The same
expression could be used to obtain Kini

Ic . However, the load value at the crack initiation
Pini is not easy to determine.

In order to overcome this problem, a third parameter, the cohesion toughness Kc
Ic,

is defined as the toughness developed during the propagation of the FPZ since the crack
initiation until the peak load, so Kun

Ic = Kini
Ic + Kc

Ic. Therefore, Kini
Ic is obtained as

Kun
Ic − Kc

Ic. Two variants of the method are proposed. In one, Kc
Ic is calculated by a

non-linear integration and in the other, a simplification of the stress profile is applied so
that Kc

Ic can be explicitly obtained.
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Figure 1.8: Numerical P–wM curves.

The double-K method presents Kun
Ic and Kini

Ic as material properties. However, they
could be affected by size effects, as it happens, for example, with the compressive strength
of concrete. This is studied in the present work. Moreover, the method does not consider
the loading velocity either and, thereby, a proposal is made to introduce its effect.

Load–crack mouth opening curves

For the study of the size effect, the double-K method has to be applied to experimental
results of P–wM obtained with different specimen sizes. An experimental programme was
carried out with TPB tests performed on notched beams with depths of 75 mm, 150 mm
and 300 mm.

In order to extend the study beyond the limitations in dimensions of laboratory tests,
a numerical model of a standard TPB test was used. In this model [36], a cohesive law
relates the stress across the FPZ with the corresponding wM . As the material was fully
characterised, including the necessary fracture energy, the model could reproduce the
experimental behaviour for the three specimen sizes, specially attending to the peak load
and the curve tail. With the model calibrated to this material, simulations of additional
sizes were performed and P–wM curves were generated for beam depths between 13 mm
to 1300 mm (Fig. 1.8).

Furthermore, the scope of the numerical model was amplified to include the effect of
the loading velocity [37]. High loading rates find higher opposition to break the material
due to viscous and inertial phenomena. Thus, a simple approach to insert this effect in
the model consists in considering a time dependent or viscous factor that multiplies the
cohesive stress given by the softening law in the FPZ. This factor has been defined as:

g(ẇ) = 1 +

(
ẇ

ẇ0

)n
(1.6)

where ẇ is the crack opening rate, which includes the time dependence, ẇ0 is a reference
crack opening rate and n is a constant.
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Figure 1.9: Rate-affected numerical P–wM curves.

New P–wM curves were generated with the influence of loading rate for some of the
previous sizes, for an opening rate ẇM = 2.5 µm/s (Fig. 1.9).

Size effect

By applying the simplified double-K method [35] to the different specimen sizes, ex-
perimental and numerical, the results of Kun

Ic and Kini
Ic are obtained. Fig. 1.10 shows the

evolution of different KIc values. The dots correspond to the experimental results and the
curves, to the numerical ones. For the different cases, the curve trajectories cross through
the experimental zone defined by the corresponding dots.

The evolution of Kun
Ic shows a slight increase with the specimen depth so this parameter

presents size effect. Regarding Kini
Ic as it is calculated by the simplified method, the evo-

lution curve is approximately horizontal up to a size of 200–300 mm but later it decreases
reaching even negative values, which has no physical sense. This happens because the
Kc
Ic obtained for large sizes is higher than the corresponding Kun

Ic . Therefore, the method
provides a size independent Kini

Ic for the typical range of laboratory tests but results are
not valid for larger sizes.

A proposal to measure Pini directly on the P–wM curve consists in setting a band
containing the linear elastic ramp. The load at which the curve gets out of the band
would correspond to the crack initiation. In Fig. 1.11 two alternatives are presented to
establish the width of that band. In the first place, the width could be set as a percentage
of the non-elastic offset of the peak load (wmax). In the second place, it could have a fixed
width corresponding, for example, to the typical resolution order of measurement devices,
like 1 µm. By applying these two criteria, new values of a measured initiation toughness,
Kini
Ic,m, are obtained, shown also in Fig. 1.10. In the case of the band width proportional

to the peak load, the curve also increases like Kun
Ic . For the case of a fixed band width,

however, the curve is horizontal after a short initial increase. In any case, both options
seem to properly yield realistic results in comparison with the experimental values.
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Figure 1.12: Curves Kini
Ic –D obtained using different cohesive laws.

Effect of the cohesive assumptions on Kini
Ic

The difference between the measured and computed values of Kini
Ic is further analysed.

The simplified double-K method [35] uses the softening law proposed by Reinhardt et
al. [38] and its default parameters. However, it has been found that the assumption
of the validity of these parameters whichever the material is the cause of the incorrect
performance of the model.

In order to study this problem, the parameters of the Reinhardt’s softening law are set
according to the concrete used in the experimental programme. Additionally, four other
cohesive laws are used in the method, to compare their different influence on Kini

Ic . These
are the rectangular and linear softening laws, chosen due to their simplicity, the bilinear
law proposed by Guinea et al. [39], which is, in fact, the one implemented in the numerical
model used to produced the P–wM curves, and the first line of this bilinear law, referred
to as linear-w1. Finally, both the integration and simplified methods are applied.

The results obtained by the different options are shown in Fig. 1.12, together with
the measured values of Kini

Ic already presented before. Three positions are marked in the
graph for the specimen sizes where, at the peak load, the opening of the point in the
equivalent crack that corresponds to the notch tip reaches the shown value. These values
are the kink in the bilinear softening law (wk), the abscissa at σ = 0 of the linear-w1 (w1),
and the characteristic opening defined as wch = GF /ft.

In general, the results obtained by the integration method are closer to the measured
values than those provided by the simplified version. Curves obtained by the simplified
method and with the linear and rectangular laws are lower and approximately horizontal
until the sizes corresponding to wk or w1, but fall down for larger sizes. These results are
due to the simplification of the stress profile in the FPZ. With the integration method,
the cohesive law by Reinhardt yields a constant value in the entire range. The bilinear
and the linear-w1 laws, after an initial increase up to the measured experimental values,
are also constant thenceforth except the linear-w1, which increases after the size for which
the notch tip width is w1. This is because the crack is supposed to open completely at
this point and start to propagate. However, this is not correct as the linear-w1 law does
not include the total fracture energy.

In any case, the good agreement of the linear-w1 law with the measured results up
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Figure 1.13: Static and rate-affected double-K parameters.

to a beam size of 550 mm and its simple definition make it a good option to improve
the simplified double-K method by substituting the cohesive law by this one, with the
condition that wTc ≤ w1.

Loading rate effect

The effect of the loading rate is included in the double-K method by the same approach
implemented in the numerical model [37]. In this case, the viscous factor defined by Eq. 1.6
is introduced in the cohesive law σ(w) present in the parameter Kc

Ic, which becomes
dependent on the crack opening rate ẇ as σ(w, ẇ) = f(w)g(ẇ). In this section, the
softening law f(w) is set as the bilinear law by Guinea et al. [39].

The cohesive stress depends on the position along the crack as the crack opening w
varies from the crack opening at the notch tip (wT ) to 0 at the crack tip, expressed as
w(x). Similarly, the crack opening rate ẇ depends on the variation of crack opening in
a time step, ẇ(w(x), t). This is taken into account by recording the crack width in the
previous point to the maximum load in the curve so that it is possible to obtain the local
opening velocity along the crack until the critical crack length.

Kini
Ic is measured here by the procedure shown in Fig. 1.11b. Once this parameter has

been determined, which is considered to have a low variation under a change of loading
rate and, so, can be kept constant, the new value of Kun

Ic is obtained by adding the rate-
affected Kc

Ic to Kini
Ic . With this methodology, it is possible to easily evaluate the rate

effect in the double-K parameters.

This method aims to get a term (Kc
Ic) capable to relate the corresponding Kun

Ic and
Kini
Ic values whatever the loading velocity, consideration that the original method did not

include. Moreover, by assuming the hypothesis that Kini
Ic is less sensitive to rate effects

than Kun
Ic and, so, it will experience little change regardless of the loading velocity, Kc

Ic

would help to estimate Kun
Ic for a certain loading rate starting from a known Kini

Ic value
measured with quasi-static tests. Inversely, if what is known is a Kun

Ic measured in a case
with a relevant loading velocity, a Kc

Ic calculated accordingly could serve to detract the
rate effect from that parameter to obtain a reference Kini

Ic and, after that, adding a new
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Kc
Ic without rate influence would provide the static Kun

Ic that corresponds to that concrete.
This is analysed in Fig. 1.13.

The values of Kun
Ic and measured Kini

Ic obtained from both static and rate-affected P–
wM curves show that Kun

Ic experiences a rate effect which indeed amplifies the size effect,
while Kini

Ic does not change with the load velocity and remains approximately constant for
all sizes. With respect to the introduction of the opening rate in the double-K method,
two versions of Kc

Ic are computed. The first one uses as input data the static P–wM
curves. The resulting Kc

Ic(ẇ) is added to the static Kini
Ic in order to estimate the rate-

affected Kun
Ic . Fig. 1.13 shows that this approximation works appropriately up to a beam

size of 500 mm. After this size, the result remains constant, under the directly measured
value of Kun

Ic . The second version of Kc
Ic is obtained from the P–wM curves that include

the effect of loading rate. In this case, Kini
Ic is estimated by subtracting Kc

Ic(ẇ) from Kun
Ic .

Again, the approximation is good for beam depths under 500 mm but, later, the value
increases following the tendency of Kun

Ic . Therefore, the proposed method has a range of
applicability until that size.

1.3.4. Performance and failure of metal anchors in concrete

The use of precast concrete elements in construction has experienced an increase during
the last decades, innovating with new construction methods and, usually, going ahead of
the standard rules of design. Thus, it is needed to set different ways to estimate the
resistance of these elements and all their components. In this context, the present work
studies the resistance and mode of failure of four types of anchor plates used in thin precast
concrete panels.

These anchorages fix the panels with each other once in their place in the building, as
well as with the main structure. These panels are mainly used in façades. The problem
that the designer faces is that there is not a standard rule for the calculation of anchorages.
Over the years, there have been many investigations about anchorages to study their failure
mechanism and to provide a formulation to estimate their capacity [40–45]. However, these
formulations are as variable as the type of anchorages, so they only cover particular cases
and they can rarely be extrapolated to other situations as a whole. Some standards just
mention the aspects that should be considered, like in the Model Code 2010 [18].

The most suitable method to calculate the type of anchorages that are treated here
is given by the European Technical Approval Guideline (ETAG) of ‘Metal Anchors for
Use in Concrete’ [19]. With this method, it is possible to obtain a reference value of
the maximum load that an anchor plate can resist, attending to different types of failure
modes.

However, the main method to establish an anchor plate capacity is still an evaluation
in laboratory by directly testing these elements. Therefore, an experimental programme
was carried out, sponsored by the precasting company INDAGSA, Spain.

Here, the following step of that investigation is presented, where the same cases covered
by the previous laboratory tests are studied through a numerical analysis. The results
given by the analytical method introduced above [19] are also included in order to check
its suitability for these anchorages and the differences with the numerical analysis.

Experimental programme

The objectives of the experimental programme were to determine the maximum load
that the anchor plates were able to reach and to study their failure modes, analysing
the damaged area of the concrete (crack pattern) and the load–displacement curves of
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Figure 1.14: Studied anchor plates (dimensions in mm): a) anchor D15, b) anchor AL, c)
anchor D10 and d) anchor DE.

the load application point. Four types of anchors were studied, described in Fig. 1.14.
The anchorages are embedded in the concrete, keeping the external face of the plate at
the surface of the panel in order to weld on it the connection elements. The concrete
specimens are shaped as thin panels, with some added components necessary to fix the
specimens during the tests, such as a concrete pedestal. The mechanical properties of the
concrete and steel used in the specimens were characterised by standard tests, including
bond adherence parameters.

Each anchor type was tested under two different load directions, with three repetitions
in order to obtain a representative value. Therefore, a total of 24 tests were carried out.
The anchor plates were put in different positions within the panel (next to an edge or far
from it), applying either a force perpendicularly to the plate (tension test, denoted as T)
or in a parallel direction to its surface (shear test, denoted as V). In this case, there were
another two options when placing the anchorage on an edge: applying the load outwards
perpendicularly to that border (V1) or in a parallel direction (V2). Fig. 1.15 shows the
shape of the specimens and the test configurations.

Analytical and numerical methods

In order to obtain an analytical reference value of the capacity of the anchor plates,
the method proposed by the European Technical Approval Guideline (ETAG) of ‘Metal
Anchors for Use in Concrete’ [19] has been used. This method takes into account different
load directions (tension and shear) and analyses varied failure modes (in the steel, in the
concrete cone, by pull-out and pry-out, splitting failure and concrete edge failure). It is
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Figure 1.15: Tests configurations for different anchor plates: a) D15, b) AL, c) D10 and
d) DE.

necessary to highlight that this method is aimed to a different type of anchors, usually
straight bolts, so some hypotheses must be adjusted to apply the method to this particular
case, where the anchorages consist of thin bent bars.

Numerical models were created to reproduce the same configurations of the tests which
were carried out in laboratory. The commercial programme ATENA [46] was used, which
uses the Finite Element Method and is specialised in non-linear calculus for concrete
structures. It also applies the crack band model [11], which allows to obtain crack pat-
terns. With these models, a wide variety of different results like stresses, reactions and
displacements are available all over the geometry.

Material properties were set as those obtained during the experimental programme,
including fracture parameters. About geometry, the principal dimensions were maintained
but some simplifications were performed to reduce the computational load without losing
precision. Boundary conditions have been accounted for by selecting the appropriate
loading points and fixed nodes. About the finite element type, prismatic elements were
used where possible to have a good precision reducing the number of operations, compared
with the tetrahedral type. After a mesh sensitivity study, the size of the finite elements
was set as 60 × 60 × 30 mm3 for concrete panels and 12 × 12 × 4 mm3 for the anchor
plate. For an auxiliary plate disposed to transmit the load to the anchor plate, elements
of 10× 10× 10 mm3 were used.

Results

The first type of results correspond to the maximum capacity of the anchors obtained
by each method. Fig. 1.16 shows the peak load measured in laboratory in comparison
with the estimations of the numerical and analytical methods, for each anchorage type
and loading configuration. Analytical results are in general more conservative, specially
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Figure 1.16: Comparison of the maximum loads provided by the different methods.

for shear loads. On the contrary, under tension loads, the analytical method offers higher
resistance values because, on the one hand, the method does not analytically evaluate the
pull-out failure, critical in the case of AL-V1, and, on the other hand, it cannot predict
the growing-eccentricity effect that appears in the D15-T test, due to the non-symmetric
concrete damage around the anchor plate. The most restrictive types of failure for shear
forces is the concrete edge failure because the analytical method highly penalises the
absence of concrete confinement of the anchorage. The method takes into account the
distance between the concrete edge and the nearest anchor row only, disregarding the
collaboration of the second row of anchors.

The numerical method obtains a better adjustment with respect to the experimental
results. In five of the eight models, the variation in comparison with laboratory data is
under 10% in relative values. The maximum difference occurs with the AL anchorage,
like with the analytical method, but only reaches a 33% variation on the safe side. This
highlights how the numerical method can take into account other considerations such as the
presence of reinforcement in the concrete or the specific effect of a particular geometrical
configuration in each case.

The numerical model can also provide additional results like the load–displacement
curves, P–δ, of the loading point. Fig. 1.17 compares the three experimental curves with
the numerical one for each case. In general, the agreement between both results is good,
specially in the initial phase until reaching the maximum load. The post-peak tendency
is also consistent with the corresponding experimental one. The post-peak section of
the curves reflects the ductility of the anchorages, which is an important aspect to be
considered as this demonstrates to what degree the anchorage can be deformed and still
maintain a residual strength before a complete collapse. For instance, in D15-T, D15-V
and DE-V1 tests, anchorages undergo a fragile breakage after reaching their maximum
loads and quickly lose resistance. On the contrary, in the remaining tests, anchorages
have a gentle post-peak slope, which may be of interest to designers. The simulation of
AL-V2 presents more difference in maximum load due to its particular angular geometry,
although the behaviour of its P–δ curve is very similar to the experimental ones.

Another relevant result provided by the models is the crack pattern, which are in
accordance with experimental results. Fig. 1.18 compares crack patterns between the
experimental (left) and numerical (right) results. In numerical simulations, the lines in
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Figure 1.17: Load–displacement curves comparing experimental results with numerical
models: a) D15-V, b) D15-T, c) AL-V1, d) AL-V2, e) D10-V1, f) D10-V2, g) DE-V1 and
h) DE-V2.
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a) b) 
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Figure 1.18: Experimental and numerical crack patterns: a) D15-V, b) D15-T, c) AL-V1,
d) AL-V2, e) D10-V1, f) D10-V2, g) DE-V1 and h) DE-V2.
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the elements schematically represent the cracks. The damaged area spreads over the
same concrete zone and the main cracks follow the same paths as in laboratory tests,
with similar inclination and length. Even remote cracks in the panels, especially at the
connection with the pedestal, are properly reproduced by the calculations. Therefore, the
numerical models appropriately show the failure mechanism.

Finally, as general considerations about the performance of the anchors, the tensile
capacity largely increases when there is mechanical anchorage at the end of the embedded
bar apart from the bond adherence between the bars and concrete. In the test D15-T, the
bent of each bar produces this effect while in the case of the AL-V1, only the tangential
stress on the bar surface contributes to the resistance. With respect to the shear capacity,
it increases when there is a good concrete confinement in the load direction (V2 tests and
D15-V). In V1 tests, anchorages fail much earlier because of the small volume of concrete
that can be mobilised.

Different parametric analyses were carried out with the models validated by the pre-
vious comparisons. These analyses confirm that the most relevant factor on the anchor
shear capacity is the concrete confinement or distance to a concrete edge. The second
factor is the concrete strength but when the confinement is right. Other factors has less
influence on the anchor maximum load but, for instance, a better concrete reinforcement
improves the post-peak behaviour, increasing the anchorage ductility.

1.3.5. Size effect in the compressive strength of lime mortars

Lime was one of the first cementing materials used in construction for binding stones
or bricks in its aerial or hydraulic versions, as a precedent of the current portland cements
[3]. Nowadays, lime mortars are thereby used in restoration of such constructions. Its use
in masonry joints has a structural role, which makes necessary its complete mechanical
characterisation.

This motivated an experimental programme to measure different properties of two
natural hydraulic lime mortars [47]. These mortars consisted of one part of lime and three
parts of sand, in volume. The difference between them was the water proportion, which
was 0.8 times the volume of the lime for the first one (NHL08), and 1.1 times for the
second one (NHL11). Two of the measured properties were the compressive strengths fc1
and fc2 obtained respectively with prisms of 80×40×40 mm3 and with cylinders of 75 mm
in diameter and 150 mm in height. The first one is the standard specimen for mortars [24]
and is loaded perpendicularly to the longest axis.

A relevant difference was observed between fc1 and fc2 for both mortars. Due to the
differences in geometry and dimensions of the prismatic and cylindrical specimens, the
discrepancy between fc1 and fc2 was studied as a size effect. In order to do this, the
compressive test for prisms was reproduced by a finite element model where the compres-
sive strength was set as fc2. The resulting maximum loads, load–displacement curves and
crack patterns were compared with the experimental results. The good agreement between
them confirms that fc2 is close to the real material strength while fc1 is the product of a
size effect. With two additional models with specimen depths of 80 mm and 160 mm and
the rest of dimensions proportional to the original ones, the size effect law was obtained,
which indicates the nominal strength that would be measured by using a given specimen
size.
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Table 1.1: Mechanical properties.

NHL08 NHL11

fc1 (MPa) 4.2 (0.3) 1.7 (0.1)

fc2 (MPa) 2.7 (0.3) 1.4 (0.1)

ft (MPa) 0.51 (0.01) 0.24 (0.03)

ff (MPa) 1.33 (0.10) 0.89 (0.04)

E (GPa) 5.4 (0.6) 2.8 (0.7)

GF (N/m) 12.7 (1.2) 4.9 (0.8)

`ch (mm) 265 237

a) b) 

Figure 1.19: Specimen and test configuration: a) experimental test and b) numerical
model.

Experimental tests and numerical model

Two natural hydraulic lime mortars were used. The mortar NHL08 with a 0.8 wa-
ter/lime ratio was designed for a dry consistency in the fresh state and the mortar NHL11
with a 1.1 ratio, for a fluid consistency. After 56 days in the climatic chamber, the char-
acterisation tests were performed. Prismatic specimens of 160×40×40 mm3 were used to
measure the flexural strength ff . Notched prisms with these same dimensions were used to
obtained the fracture energy GF . With the split halves of approximately 80×40×40 mm3,
the compressive strength fc1 and the indirect or splitting tensile strength ft were obtained.
Finally, the compressive strength fc2 and elastic modulus E were measured by means of
cylinders of 75 mm in diameter and 150 mm in height. Results are presented in Table 1.1,
with the standard deviation within parentheses. The characteristic length `ch is also in-
cluded, defined as `ch = EGF /f

2
t . The strength values are clearly higher for the first

mortar, with a lower water/binder proportion. The experimental setup for fc1 is shown
in Fig. 1.19a.

A numerical model of this test was prepared with the commercial programme ATENA
[46]. The modelled geometry is shown in Fig. 1.19b, with a body corresponding to the lime
mortar specimen and two elements of 40× 40× 10 mm3 that represent the auxiliary steel
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Figure 1.20: Load–displacement curves.

plates that respectively support and transmit the load to the specimen. As the symmetry
conditions allowed it, only a quarter of the geometry was modelled, with the movements
restrained perpendicularly to the symmetry planes. The base of the bottom plate was also
fixed and the load was applied as a point force in the node corresponding to the centre
of the complete upper plate. All the mechanical and fracture properties of the mortar
were available thanks to the previous experimental characterisation. For the compressive
strength, fc2 was used. Cubic finite elements were selected and their size was set as 5 mm
through a mesh study.

Results

Simulation of the experimental test

The maximum loads obtained with the numerical models fit very well the experimental
results. For the NHL08 mortar, the value is within the experimental range and, for the
NHL11, the value is very close. This means that the same strength values of fc1 are
obtained from a model where the compressive strength was correspondingly established
as the value of fc2. Therefore, the prismatic strength fc1 presents a size effect and the
cylindrical strength fc2 is, indeed, very close to the real or intrinsic material strength.

Attending to the load–displacement curves (P–δ curves in Fig. 1.20), an elastic cor-
rection of their stiffness was necessary as the experimental displacement also included
the deformation of several components of the testing machine. After this, the numerical
curves appropriately follow the experimental ones. The NHL08 mortar reaches the peak
load even at the same displacement value. Thereafter, the model curve extends (dashed
line) reproducing the post-peak behaviour that the tests under loading rate control did
not provide.

The crack pattern could also be studied. Fig. 1.21 shows the comparison between the
experimental and numerical cracks. The thickest cracks correspond to the compression
arches that can also be observed in the experimental image. All these results validate the
model to reproduce the compressive test with prisms.
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Figure 1.21: Comparison of crack patterns.
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Figure 1.22: Load–displacement curves of the three specimen sizes.

Size effect

With the models prepared for the specimen size of 40 mm (D40), two new simulations
were carried out for the same geometry scaled by 2 and 4 (D80 and D160, respectively),
but maintaining mechanical properties and finite element sizes. The new P–δ curves are
shown in Fig. 1.22 in comparison with the previous ones.

The size effect is defined by following the procedure by Del Viso et al. [48]. The
nominal strength σN is obtained by dividing the corresponding maximum load by the
loading surface. If σ2

N is represented against the inverse of the Hillerborg’s brittleness
number (1/βH or `ch/D), the points obtained from the three curves are aligned. By fitting
Eq. 1.7, the strength for an infinite specimen size σ∞ is obtained, which corresponds to
the real material strength. The fitted parameters are shown in Table 5.2, together with
fc1 and fc2 for comparison.

σ2
N = σ2

∞ + σ2
∞B

1

βH
(1.7)

With the parameters σ∞ and B, the size effect law can be plotted (Fig. 1.23), following
Eq. 1.8. The curve tends to a horizontal asymptote for an infinite specimen size. For both
mortars, the compressive strength converges to the value used in the models for fc, i. e.
the cylindrical strength fc2 or a close value.

σN
σ∞

=

√
1 +

B

βH
(1.8)
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Table 1.2: Strength values and fitted parameters.

NHL08 NHL11

Prismatic strength fc1 (MPa) D = 40 mm 4.2 1.7

Cylindrical strength fc2 (MPa) D = 150 mm 2.7 1.4

Intrinsic strength σ∞ (MPa) D =∞ 2.8 1.4

Parameter B 0.131 0.127
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Figure 1.23: Size-effect laws of both mortars.

Furthermore, the size-effect curves of both mortars follow approximately the same
trajectory in non-dimensional units, although in terms of strength one is more than the
double that the other. Therefore, in the basis of the present results, the strength obtained
with a standard specimen of 40 mm in depth will be around a 50–60% higher than the real
strength, independently of the nominal strength value.



Part II

Statistical methods





Chapter 2

Number of tests and error in concrete fatigue

Concrete fatigue presents probabilistic behaviour evidenced by the wide scatter of cycles to
failure under the same conditions. Experimentally-fitted probabilistic distributions have an error
in terms of fatigue life that depends on the number of tests. Through statistical resampling, this
relationship has been obtained for the Weibull probabilistic distribution fitted to a set of 100 tests
and with two additional parameter combinations. Results for low to high cycle fatigue help to
obtain design fatigue probability curves or the necessary number of tests for a given admissible
error. Their applicability extends to any other phenomenon that follows the Weibull distribution
with similar parameters.

2.1. Introduction

The improvement in concrete strength achieved by its continuous technological devel-
opment has made it possible to use this material in some structural applications where new
limiting conditions characterise the design, such as fatigue loads. This is the case, for ex-
ample, with railway slab tracks [49]. Therefore, fatigue resistance must be experimentally
estimated for the expected working stress-range and frequency.

The main problem when testing concrete specimens under fatigue is the wide scatter
of cycles to failure, which can vary by several orders of magnitude, for example from 100
to 100000 cycles [26], from one specimen to another and always under the same loading
conditions. This fact also means that some of the tests may take an extended time and
even without the certainty of finally reaching the failure point.

The complexity for treating and interpreting this disparity of results, together with the
time necessary to carry out each test, leads to elementary approaches based on S–N curves
presented in design codes such as Eurocode 2 [17] and Model Code 2010 [18, 50]. These
design methods offer an expected number of cycles to failure for a certain maximum stress,
which theoretically refers to a mean value. However, this is a deterministic treatment of a
phenomenon that in reality has a probabilistic nature, proven by the wide range of total life
results. In order to consider the possibility of an early failure, partial safety factors of the
material strength and applied loads are used, which may, in the end, be too conservative.

Despite this calculation procedure adopted in standards, the probabilistic behaviour
of fatigue is perfectly assumed by researchers and engineers, as the abundant bibliography
on the subject demonstrates [25–27, 51–58]. In some cases, it is treated as a fact derived
from the randomness of material properties [59–61]. Although other distributions are also
considered, such as log-normal or Birnbaum-Saunders [55, 62–64], most researchers agree
that fatigue results follow a Weibull distribution (with two or three parameters) [25–27,

33
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51, 52, 56, 58]. In fact, Castillo and Fernández-Canteli [65] demonstrated that Weibull and
Gumbel are the only family distributions applicable to fatigue, based on the weakest-link
hypothesis, compatibility conditions and asymptotic properties. Different fatigue models
have been developed based on one of these distributions, by giving a physical meaning to
the distribution parameters or relating them to some other empirical parameters, fitted
through experimental tests [25, 26].

However, there is still a lack of knowledge or, at least, common criteria about the
necessary number of tests, or sample size as understood in statistics, in order to determine
the correct fatigue probability that a certain concrete follows under given loading condi-
tions. As each possible specimen which could be extracted from the material continuum
has a specific fatigue life, an infinite number of specimens would be necessary for precisely
measuring the real distribution parameters of the complete material. Nevertheless, this
unique set of distribution parameters can be estimated, in practical terms, from a suffi-
cient number of tests, with an admissible error. The issue is to define what the admissible
error is and how it is related to the number of tests. This error is taken, at each level
of cumulative probability, as the distance in cycles to failure between the sample fitted
distribution and the one defined by the real parameters of the material.

It is clear that if results may spread over a wide range of cycles, reduced samples
of specimens have a large associated error because the possible combinations of multiple
samples of this size would cover a wide band around the real probability distribution. The
width of this band diminishes, and so does the error, as the number of tests increases.
Therefore, a compromise between precision and experimental cost has to be made by
setting the minimum number of tests in order to obtain an error under an established
maximum admissible value.

Some authors have proposed different methodologies for estimating this sample size
[28–31, 55, 64, 66], usually based on confidence intervals. However, some are based on
distributions different than Weibull, which is considered the most suitable for fatigue.
Others present a complex methodology which, for a direct application, provides only
examples for certain levels of probability and confidence.

In the present work, a simple approach based on admissible error is presented to
determine the appropriate number of tests for characterising the fatigue failure probability
at one given stress range. The proposed methodology can be applied for the situation in
question. Apart from that, results for particular cases are presented. Several sets of error
curves of different sample sizes are plotted for the safety levels of 95% and 99%. Each
curve shows the possible error arising when a sample of a certain number of tests along
the total range of the failure probability of the material is used.

These curves are obtained from 100 specimens tested under compressive cyclic loading
with a mean fatigue life around an order of magnitude of 103 cycles. With this large pool of
results, a statistical operation has been performed with numerical resampling techniques.
By applying this methodology, an analysis of the entire variability of probability distri-
butions obtained from samples of different size with respect to the reference distribution
defined by all the performed tests can be carried out. Such variability corresponds to the
statistical distribution of the error associated with each sample size, from which the error
curves are derived.

Furthermore, despite having performed this study on compressive fatigue results of
concrete, these error curves could be applicable to other materials and even other phe-
nomena that follow the Weibull distribution with fitting parameters close to those analysed
in this work. Similar distribution parameters correspond to similar experimental values,
regardless of their physical meaning. Therefore, the random numerical combinations per-
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formed with the proposed methodology will result in the same error curves. Thus, in order
to cover a wider range of cases, two additional sets of Weibull parameter values have been
studied, which place the distribution to the left and to the right of the original fitted one.
For a nominal distinction, they can be interpreted as a case of low and high cycle fatigue,
respectively, around 102 and 105 cycles.

Finally, the analysis is supplemented by the evaluation of the determinant of the Fisher
Information Matrix (FIM) [63, 67, 68], deduced for the two-parameter Weibull distribution.
This determinant reaches a maximum value when the results of the sample of specimens
present the best fit according to the considered distribution. The average value of the
determinant after performing all the simulations for each sample size increases with the
number of tests, which confirms the improvement of the results with each new test, but
shows that, from a certain sample size on, that improvement is slight.

The next section describes the Weibull distribution parameters used for the study;
in Section 2.3, the statistical resampling method is explained and the application of the
determinant of the FIM is introduced; Section 2.4 presents the results and their analysis;
and finally, the conclusions of the work are presented in Section 2.5.

2.2. Fatigue probabilistic distribution

2.2.1. Experimental tests

A fatigue experimental programme was carried out in order to determine the proba-
bilistic distribution that appropriately describes the fatigue behaviour of concrete. The
set of distribution parameters fitted for these results is the first studied in this work for
analysing the probabilistic error that affects this type of mechanical failure.

The material tested was a self-compacting steel fibre-reinforced concrete. The self-
compacting concrete matrix was made with CEM I 52.5 SR cement and siliceous coarse
aggregates with a maximum size of 8 mm. The mix proportions by weight were 1: 0.44:
0.012: 0.32: 2.25: 1.73 (cement: water: superplasticizer: filler: sand: coarse aggregate)
following previous studies by Deeb and Karihaloo [69, 70]. The fibre used was BEKAERT
OL 13/.20 with a length of 13 mm and a diameter of 0.20 mm (aspect ratio of 65). The
fibre volume ratio was 0.2%. The slump flow test was performed according to standard EN
12350-8 [71] in order to assess the flowability and flow rate of the concrete and to visually
check the stability of the mix, the resistance to segregation and the air migration. The
time needed to reach a diameter of 500 mm or t500 was 1.5 s and the maximum diameter
was 670 mm. With this self-compacting concrete, fibre segregation due to vibration was
avoided altogether [72].

Concrete was cast in prismatic moulds of 400× 100× 100 mm3 (Fig. 2.1a). The tested
specimens were cut from these prisms, shaped like cubes with an edge of 40 mm (Fig. 2.1b
and c). Fibres were preferentially oriented perpendicular to the actuating compressive
load.

As a first step, the concrete compressive strength (fc) was obtained for that specimen
geometry through 15 quasi-static tests, carried out in position control at an equivalent
stress rate of 0.3 MPa/s (Table 2.1). The result was fc = 58.9 MPa with a standard
deviation of 3 MPa. Subsequently, 105 fatigue tests were performed at 10 Hz, with a
maximum stress level of 0.82 and a minimum level of 0.36 with respect to fc (σmax =
48.3 MPa, σmin = 21.2 MPa, ∆σ = σmax − σmin = 27.1 MPa, R = σmin/σmax = 0.44).

Both characterisation and fatigue tests were conducted in a servo-hydraulic machine
with a maximum loading capacity of 250 kN. The machine was equipped with two com-
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Figure 2.1: Production of specimens: (a) steel mould, (b) cutting sequence and (c) sketch.

Table 2.1: Experimental results of compressive strength (fc).

Test fc (MPa) Test fc (MPa) Test fc (MPa)

1 57.80 6 58.73 11 56.33

2 61.53 7 56.75 12 60.29

3 57.24 8 54.90 13 59.24

4 56.69 9 63.68 14 60.78

5 55.24 10 61.09 15 63.21

Mean 58.9

St. dev. 3
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Figure 2.2: Individualised ball-and-socket joint (i-BSJ) for specimens with a square base
of 40 mm side.

Figure 2.3: Specimens: (a) not tested and (b) tested under compressive fatigue.

pressive steel platens and a spherical seat in the upper part in order to align the load with
the actuator axis. This spherical seat was adjusted and fixed in every test at a pre-load
of 4 kN. Furthermore, another self-produced ball-and-socket joint, particularly shaped for
testing cubes with an edge of 40 mm, was placed on each specimen (Fig. 2.2). With this
device, possible loading eccentricities and their influence on an early fatigue failure are
reduced [73]. Fig. 2.3 shows an intact and a tested cube.

Results of cycles to failure, N , are shown in Table 2.2, in testing order. Run-out tests
were stopped at the limit of one million cycles. The obtained five run-outs have not been
included in the probabilistic analysis. The lifetime N of the 100 fatigue failures are rep-
resented in decimal logarithm (logN) in terms of cumulative probability in Fig. 2.4a. In
order to establish the distribution that best represents the probabilistic behaviour of the
experimental data, the goodness of fit was tested for different distributions. Although the
three-parameter Weibull distribution has a better fit, the two-parameter Weibull distri-
bution (Eq. 2.1) was chosen in order to allow for the possibility of very short lives, which
must be considered in regard to the inherent scatter of concrete (Fig. 2.4a). The maxi-
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Table 2.2: Experimental results of number of cycles to failure (N). Run-out tests are
marked with an asterisk.

Test N Test N Test N Test N Test N

1 14429 22 2050 43 3904 64 763 85 152343

2 19345 23 1009 44 136 65 1987 86 104

3 2209 24 969 45 727 66 829 87 1190

4 2157 25 254 46 2645 67 19399 88 71

5 6655 26 340 47 3481 68 621 89 97

6 88758 27 806 48 827 69 500 90 7569

7 1609 28 1505 49 1118 70 4780 91 506

8 5519 29 8991 50 9656 71 916 92 18191

9 9177 30 155 51 1537 72 3828 93 752

10 10227 31 3016 52 763 73 1919 94 16385

11 2179 32 66 53 407 74 604 95 1553

12 22499 33 664 54 8407 75 3529 96 957

13 4048 34 4473 55 6062 76 21929 97 2917

14 7113 35 396 56 1000000* 77 1000000* 98 798

15 16600 36 128 57 7452 78 2057 99 109544

16 1000000* 37 1687 58 1000000* 79 24991 100 48207

17 121444 38 637 59 1526 80 610 101 120579

18 1000000* 39 1672 60 24074 81 4178 102 405504

19 2390 40 5618 61 204 82 50449 103 69288

20 532 41 939 62 1292 83 356 104 7135

21 4797 42 1327 63 127 84 889 105 5954
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Figure 2.4: Cumulative Distribution Function (CDF): (a) tests with their fitted distribu-
tion and (b) experimental distribution (medium range) together with the example distri-
butions for low and high cycle fatigue.

mum likelihood estimator was used in order to estimate the distribution parameters, with
x = logN . Every distribution fitting performed in this work applies this method.

F(x) = 1− exp{−(x/λ)κ} (2.1)

The estimations of the parameters are λ = 3.72 (scale) and κ = 4.56 (shape).

2.2.2. Additional distribution parameters

Two additional definitions of the fatigue distribution were considered so that the results
of the present work cover a wider range of applicability. Grouping the experimental results
in powers of ten, the interval with more data (45 values) is the one corresponding to the
thousands, (1000, 10000). In addition, the average in logarithm (x̄ = 3.41) is within the
equivalent interval (3, 4). The average in natural scale (N̄ = 15675) is also close to that
interval, although outside it due to the weight of the extreme values. Therefore, their
probability distribution covers the order of magnitude of 103 cycles. Thus, it is of interest
to include the orders of magnitude around 102 and 105 cycles in order to consider low and
high cycle fatigue, respectively. For this purpose, possible distribution definitions were
adopted as a guidance for each one. Their parameters have been chosen as round figures
within the interval of interest. Another criterion followed for selecting the new values of
the parameter set was to obtain Weibull distributions uniformly distributed along the axis
of logN .

The scale parameter is approximately related to the average of the distribution so
it can be assigned the physical meaning of the order of magnitude of the corresponding
fatigue lifetime. Therefore, λ can be freely chosen in order to represent the case of interest.
Using the experimental distribution parameters (λ = 3.72 and κ = 4.56) as a reference,
a distribution definition describing shorter lifetimes must have a smaller λ and vice versa
for longer fatigue lives.

In reference [74], experimental fatigue results of fibre-reinforced concrete are mostly
contained in the interval of logN (2, 3) so these can be taken as a reference for fatigue lives
in the order of magnitude of the hundreds (102). In regard to the fitted scale parameters
λ, they range from 2.23 to 3.04. Therefore, λ = 2.5 seems a reasonable round figure for
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this case. As the difference between the experimental λ and the new one for low cycle
fatigue is approximately 1.25, a value of λ = 5 for the case of high cycle fatigue keeps the
uniformity for the covered lifetime range.

Regarding the shape parameter, it can be related to the scatter of the distribution as
κ controls the slope of the cumulative distribution function. When κ is high, the slope is
pronounced (more vertical) so the covered x-range and its associated scatter are smaller.
For a smaller κ, the behaviour is the opposite. This parameter, however, is not totally
independent for concrete fatigue. The scatter of cycles to failure increases with the increase
of the average lifetime, as it is described in [75, 76]. This means that κ is usually higher
for low cycle fatigue than for high cycle fatigue. This behaviour of the shape parameter is
shown in [77] with respect to the stress level (bearing in mind that the higher the stress
level, the shorter the fatigue life).

In the present work, by varying the experimental κ by approximately ±0.5, the corre-
sponding shape parameters for low and high cycle fatigue are 5 and 4. In the first case, κ
= 5 is close to the lower limit in [74] (5.27) and, in the second case, κ = 4 yields a scatter
that is not excessive for high cycle fatigue yet.

Fig. 2.4b shows the three distributions analysed in this work.

After defining the parameters, there is a need to obtain particular values that follow
these distributions. In the same manner as there are 100 tests for the experimental distri-
bution, 100 values are selected for each of the new ones. This is performed by taking values
placed on each cumulative function curve that are equally spaced vertically. Therefore,
the corresponding abscissa value xi is retrieved for every 0.01 of cumulative probability so
that xi fulfils P(x ≤ xi) = i/n, where n = 100 and i ∈ [1, 99]. The last point corresponds,
instead, to x100|P(x ≤ x100) = 0.999, as there is an asymptote at P = 1. The set of 100
values obtained for low cycle fatigue has a mean of cycles, in logarithm, x̄ = 2.31 and, for
high cycle fatigue, x̄ = 4.57.

2.3. Method

2.3.1. Observed error

The error in a measurement of a magnitude is the difference between that measurement
and the real value. Here, the studied magnitude is the probabilistic fatigue life of a
concrete. For this work, the Weibull distributions defined in the previous section are
established as the known real failure distributions in fatigue of their corresponding material
at certain loading conditions.

In the case of the distribution fitted to the experimental results, this assumption can
be made based on two aspects. On the one hand, the set of 100 results for the estimation
of the distribution parameters is very large considering the usual procedures for fatigue
characterisation of concrete. The improvement in the estimation with 100 tests with
respect to the number of tests used in common practise is enough as to take this result
as the reference to study the error made when performing fewer tests. On the other
hand, additional tests do not actually modify the general tendency already observable, so
the estimation of the real distribution parameters through these 100 tests has an error
sufficiently small. The good fit with the two-parameter Weibull distribution and the
evolution of the determinant of the Fisher Information Matrix analysed later support this
assumption.

Considering now that the real distribution parameters were unknown, they would need
to be estimated through a particular measurement that consists in a distribution fitted



2.3. Method 41

to a sample of tests. The observed error eo of a sample can be defined, therefore, as the
distance between the sample and the real distributions, in terms of logN , at each failure
probability level p in the interval (0, 1). It can be expressed in relative terms by dividing
by the reference value of the real distribution:

eo(p) =
x(p)sample − x(p)real

x(p)real
(2.2)

In this equation, the different values of x, logN , are obtained with Eq. 2.3, a transpo-
sition of Eq. 2.1, with the corresponding parameters.

x(p) = λ [− ln(1− p)]1/κ (2.3)

2.3.2. Estimated error

An adaptation of a resampling technique known as ‘bootstrapping’ was applied to
perform the numerical statistical study, which consists in generating multiple samples by
randomly selecting results from the totality of data, replaced constantly for subsequent
samples. In this case, in order to retrieve the complete statistical information given by the
total of values, the sampling procedure is firstly performed without replacement. When
fewer results are left in the pool than those necessary for filling a last sample, the procedure
is repeated again by starting from the total of results. This means that for samples with
sizes higher than 50, each sample is always taken from the complete pool of values. A
series of 23 different sample sizes was used in order to analyse the convergence towards
the total distribution with 100 tests: 3, 5, 7, 9, 11, 13, 15, 17, 19, 22, 25, 30, 35, 40, 45,
50, 55, 60, 65, 70, 75, 80 and 90.

The number of repetitions was established through a convergence analysis of the
sample averages. The set of 100 results (in logarithm) has an arithmetic mean x̄100 =
(1/100)

∑100
i=1 xi. For samples of n results, the mean of the total extracted values in m

samples is x̄n,m = (1/nm)
∑nm

i=1 xi. The average of the samples converges to the total
average when their difference is under a given tolerance, which in this case had been set
as 10−10. While |x̄n,m − x̄100| > 10−10, m is gradually increased until the condition is
fulfilled. The final value of m is taken as the number of simulations for the analysis. This
was tested for various sample sizes between 5 and 40. The most unfavourable results were
obtained with samples with 7 to 11 values. In the end, the adopted number of repetitions
was 500000.

Once this has been done, the final calculations can be performed. For each random
sample, its corresponding probability distribution is obtained by fitting Eq. 2.1. After the
total number of simulations, sample distributions cover a band surrounding the reference
distribution, which is wider or narrower in each case depending on the studied sample
size. The meaning of these bands is that, for the corresponding size, the distribution
curve of a single experimental sample can be traced in a certain way within the band
following the shape of Eq. 2.1. This in turn provides an idea about the total error that
may be committed when the sample result is taken as the real behaviour. Accordingly,
the designer must be aware of this fact.

The simulated sample distributions are not uniformly distributed within the scatter
band. Their density along a horizontal at a given failure probability p can be described by
fitting the corresponding probability distribution. The normal distribution was adopted
for this after a test of goodness of fit. Therefore, the distribution of the observed errors,
defined by Eq. 2.2, at the different failure probabilities p can be defined through their
mean ēo(n, p) and standard deviation σ(n, p).
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Figure 2.5: Error distribution, safety level (SL) and error curve.

With these parameters, we can estimate the maximum error ee on the unsafe side of
the fatigue distribution (that is, where the fatigue resistance is overestimated) which will
not be exceeded in a determined percentage of occasions. This percentage is defined as
the safety level SL. Therefore, ee is dependent on the sample size n and failure probability
p (through ēo and σ) and on the desired safety level SL of the error estimation (Eq. 2.4).
As the parameters ēo and σ are relative proportions, ee is also a relative error.

ee(n, p,SL) = Φ−1
ēo,σ2(SL) (2.4)

where Φ−1
ēo,σ2 is the inverse of the cumulative normal distribution function for a mean ēo

and a variance σ2.
The evolution of ee for a given n and SL along the failure probability axis can be

described with a curve. In the graph logN–p (x–y), this curve follows the real distribution
at a horizontal distance corresponding to ee. Likewise, the curve can be plotted in a graph
ee–p as the result of the error analysis.

The determination of ee and its corresponding curve is sketched in Fig. 2.5.

2.3.3. Determinant of the Fisher Information Matrix

The Fisher Information Matrix (FIM) indicates the amount of information that an
observed variable contains in regard to the parameters of its probability model. This
property allows the optimal estimation of the parameters of the model under study. This
is achieved by optimising a function related to this matrix under a certain criterion. The
one considered here is D-optimality, where the function to be optimised is the determinant
of the FIM, by maximising its value. It has been applied for optimal experimental design
in fatigue [68], where the methodology determines which proportion of the specimens must
be tested under which different configurations in order to get the best fit of the fatigue
model parameters. In this manner, keeping to that experimental design minimises the
number of tests.

The interest in the determinant of the FIM in this work is to show, for each sample
size, the quality of the obtained distribution parameters with respect to the probability
distribution to which the fatigue behaviour tends. For the derivation of the determinant
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expression, first the FIM is obtained. For the two-parameter Weibull distribution, the
FIM is a 2× 2 matrix.

FIM =

(
I11 I12

I21 I22

)
(2.5)

If the Weibull distribution parameters are contained in the array ~α = {λ, κ}, the
components of the FIM are obtained as:

Iij = E

[
−∂

2LL(x)

∂αi ∂αj

]
=

∫ ∞
0

(
−∂

2LL(x)

∂αi ∂αj

)
L(x) dx (2.6)

where E is expectation, L is the likelihood function and LL is the log-likelihood function.

The likelihood and log-likelihood functions of the Weibull distribution are:

L(x) =
dF(x)

dx
=
κ

λ

(x
λ

)κ−1
exp

[
−
(x
λ

)κ]
(2.7)

LL(x) = lnκ− κ lnλ+ κ lnx− lnx− κ

λ
x (2.8)

where F(x) is defined in Eq. 2.1.

The various partial derivatives of LL(x) with respect to the Weibull parameters are:

∂LL(x)

∂λ
= −κ

λ
+

κ

λ2
x (2.9)

∂LL(x)

∂κ
=

1

κ
+ ln

x

λ
− x

λ
(2.10)

∂2LL(x)

∂λ2
=

κ

λ2
− 2κ

λ3
x (2.11)

∂2LL(x)

∂κ2
= − 1

κ2
(2.12)

∂2LL(x)

∂λ ∂κ
= − 1

λ
+

1

λ2
x (2.13)

The final expressions of each component Iij are:

I11 =

∫ ∞
0
−
(
κ

λ2
− 2κ

λ3
x

)
κ

λ

(x
λ

)κ−1
exp

[
−
(x
λ

)κ]
dx

= − κ

λ2

∫ ∞
0

κ

λ

(x
λ

)κ−1
exp

[
−
(x
λ

)κ]
dx+

2κ

λ3

∫ ∞
0

x
κ

λ

(x
λ

)κ−1
exp

[
−
(x
λ

)κ]
dx

= − κ

λ2
+

2κ

λ2
Γ

(
1 +

1

κ

)
(2.14)

I12 = I21 =

∫ ∞
0
−
(

1

λ
+

1

λ2
x

)(x
λ

)κ−1
exp

[
−
(x
λ

)κ]
dx =

1

λ
− 1

λ
Γ

(
1 +

1

κ

)
(2.15)

I22 =

∫ ∞
0

1

κ2

κ

λ

(x
λ

)κ−1
exp

[
−
(x
λ

)κ]
dx =

1

κ2
(2.16)
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Figure 2.6: Scatter bands, with the reference total distribution plotted: (a) 7 tests, (b) 25
tests.

where Γ is the gamma function.

Finally, the determinant of the FIM of the two-parameter Weibull distribution (D2)
is:

D2 =
1

λ2

[
1

κ

(
−1 + 2 Γ

(
1 +

1

κ

))
−
(

1− Γ

(
1 +

1

κ

))2
]

(2.17)

This determinant is evaluated with the fitted Weibull parameters of the 500000 sim-
ulations for each sample size. The mean value shows the evolution with the number of
tests.

2.4. Results and discussion

2.4.1. Distribution of the experimental tests

The first observation that can be highlighted is the great variability of the sample fitted
distributions around the reference fatigue distribution of the material. Fig. 2.6 shows two
examples of scatter bands for the sample sizes of 7 and 25, where the region that the
multiple sample distributions cover is coloured between the limit curves, defined by the
extreme results to the left and right.

The width of each band represents the maximum possible variation with respect to the
real distribution of the material that may be expected with a sample of the corresponding
size. It can be observed that the band is wider at higher and lower failure probability
levels while the scatter in the middle section of the band is smaller. Moreover, the scatter
band width decreases for increasing sample sizes, as it is also shown in the figure. This
is logical as larger samples provide more information. Therefore, the use of a reduced
number of tests for assessing fatigue resistance could involve an excessive error regarding
safety or economical considerations.

After the total simulations for each sample size, the mean and the variance of the
observed errors eo are obtained at different distributed failure probability levels p. With
these parameters, the estimated maximum error ee is calculated by Eq. 2.4 for the desired
safety level.
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Figure 2.7: Relative error ee for a safety level of (a) 95% and (b) 99%.
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Figure 2.8: Mean value of D2: (a) from the experimental data and (b) from the three
fatigue distributions.

Fig. 2.7 shows the results of ee as a relative error represented by the curves ee–p for
each sample size n and for two examples of safety levels: SL = 95% (a) and SL = 99%
(b). It must be noted that the error axis is in logarithmic scale.

As it may be observed, smaller sample sizes have much more error than larger ones.
Another point is that, within the same curve, the error is especially high for low failure
probabilities because, there, the variability of sample distributions is higher. This is
the same behaviour noted before in regard to envelopes in Fig. 2.6, which becomes less
pronounced for a higher number of specimens as samples converge to the total distribution.

The results of the parameter D2 are shown in Fig. 2.8a. As shown in the figure, the
value of D2 increases very quickly until sample sizes of 15–20 but, from thenceforth, the
increase slope is much more gradual. This suggests that the appropriate number of tests
could be in that interval, as a compromise between experimental cost and precision.

2.4.2. Distributions for low and high cycle fatigue

The results for the low and high cycle fatigue distributions share the same character-
istics as the experimental distribution regarding the influence of sample size and failure
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Figure 2.9: Relative error in low cycle fatigue for a safety level of (a) 95% and (b) 99%.
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Figure 2.10: Relative error in high cycle fatigue for a safety level of (a) 95% and (b) 99%.

probability. The error curves for safety levels of 95% and 99% for both cases are presented
in Fig. 2.9 and Fig. 2.10.

It must be highlighted the large error that could result from a sample of few specimens.
For example, for low cycle fatigue and a safety level of 95%, the error curve for a sample
of 11 specimens is beyond 10% at every point, with the low extreme reaching 40%. If
the admissible error for any failure probability is, for example, 15%, a minimum of 40
specimens would be needed.

It can be also observed how the errors in high cycle fatigue reach higher values than
in the previous case. The reason is that, in the first situation, the shape parameter
κ = 4 makes the distribution appear more inclined than in the case of low cycle fatigue,
with κ = 5. Therefore, the spread of the data of logN is much wider and the possible
combinations with these results also have a larger variability or error.

Regarding the determinant of the Fisher Information Matrix, Fig. 2.8b shows the
evolution curves of D2 with the sample size for the three studied distributions. All of
them have a similar shape with an initial rapid growth followed by a plateau with a
moderate increase. However, the low cycle fatigue distribution has the highest values
and the high cycle fatigue one, the lowest. As D2 indicates the quality of the estimation
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of the parameters of a given probability model, a distribution with higher values of this
variable better represents the behaviour of a phenomenon characterised by the Weibull
distribution, in this case. Nevertheless, this has no further implications and these curves
just illustrate for each case the improvement of the estimation with the number of tests.

2.4.3. Fatigue design

A simple application of the results presented in this chapter for establishing an appro-
priate number of tests for concrete fatigue characterisation has already been introduced.
Provided the admissible error for a given failure probability, the minimum number of tests
is marked by the curve immediately to the left of the defined point within the correspond-
ing graph of error curves.

Additionally, these error curves can be used for probabilistic fatigue design. In the
experimental fatigue characterisation, a certain number of specimens is tested. The prob-
abilistic distribution that these results follow should represent the real fatigue behaviour
of the material under study but, depending on the number of tests, this experimental dis-
tribution could be affected by a possible higher or lower maximum error. As exemplified
in Fig. 2.5, the density of sample fitted distributions follows a normal distribution along
the width of the scatter band. As the mean value nears the real distribution, there is
a 50% probability that a sample distribution will be to its right, thus estimating a false
higher fatigue resistance.

Therefore, if the distribution fitted to the results of the sample is directly taken as the
design distribution, the safety level will be 50%. The design fatigue distribution will be on
the safe side only half of the times. In order to increase the safety level to a desired value,
the difference of fatigue life marked by the corresponding error ee has to be deducted from
the experimental estimation.

Following the definition of ee, if logN(p)sample ≤ (1 + ee(n, p,SL)) logN(p)real in SL%
of occasions, then, in SL% of occasions logN(p)real ≥ logN(p)sample/(1 + ee(n, p,SL)).
Therefore, a design fatigue curve for a safety level SL% can be obtained by multiplying the
values of logN(p)sample for a series of failure probabilities p by the factor 1/(1+ee(n, p,SL))
(Eq. 2.18). The logarithmic lifetime values of the experimental distribution are obtained
from the inverse cumulative Weibull distribution (Eq. 2.3), with the fitted parameters λ
and κ. This design curve, although not a proper distribution function itself, has the same
meaning and application.

logN(p,SL)design = logN(p,SL)sample/(1 + ee(n, p,SL)) (2.18)

As an example, the design fatigue curve for a safety level of 95% is obtained for a
sample distribution fitted to 12 random tests extracted from the experimental results of
Table 2.2 (Fig. 2.11). Here, the real probabilistic distribution that this sample should
reproduce is known, which allows their comparison and knowing which error curves must
be used (Fig. 2.7a). In a real application, the mean of the logNsample values indicates which
interval of cycles to failure that case belongs to and, therefore, which error curves should
be considered. The errors marked by the curves presented in this work are applicable
when the lifetime scatter is comparable, which happens when the shape parameter κ is
similar. Otherwise, these values serve only as a guidance. Customised error curves can be
generated by applying the presented methodology.

After selecting the appropriate case, if the corresponding error curve is not present,
linear interpolation can be applied. The error curves for n = 11 and n = 13 are found in
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Figure 2.11: Example of design fatigue curve for a safety level of 95% of a sample with 12
tests.

Fig. 2.7a. For the present case of n = 12 and SL = 95%, the estimated error ee can be
approximated along the failure probability axis by:

ee(ni, p,SL) = ee(ni−1, p,SL) +
ee(ni+1, p,SL)− ee(ni−1, p,SL)

ni+1 − ni−1
(ni − ni−1) (2.19)

where ni = 12, ni−1 = 11 and ni+1 = 13.

With this methodology, safe structures may be designed from results of few experimen-
tal tests because the higher imprecision is counteracted by the larger related error to be
subtracted. However, the correct course of action is to adopt the appropriate sample size
so as to improve the precision of the fatigue characterisation, which is more economical,
as well as safer.

2.5. Conclusions

The fatigue of fibre-reinforced concrete specimens of fc = 58.9 MPa and a 0.2% of
fibres of 13 mm has been studied. Its probabilistic behaviour has been described by the
two-parameter Weibull distribution. A special effort has been made to highlight that
experimental probabilistic fatigue distributions have an associated possible error with re-
spect to the real distribution that varies with the number of performed tests. This error
diminishes, on average, with the size of the sample of specimens, as each new test supple-
ments the information available for the characterisation. When the fatigue distribution of
a material covers a large range of cycles to failure, the variability of possible combinations
of random data that follows that distribution is very high if the sample of specimens is
not sufficiently large. Therefore, for a same sample size, the maximum error is higher in
this case than in the case with a smaller fatigue life range.

Furthermore, the maximum error related to a given number of tests also changes
regarding its own probability of occurrence. This probability marks the proportion of
times that the error of multiple random samples is under that maximum error to the safe
side and represents the safety level of the estimation.
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Three different sets of distribution parameter values for fatigue have been studied
that range between orders of magnitude of 102 and 105 cycles to failure. As a result, the
maximum error for different sample sizes has been obtained in each case for safety levels of
95% and 99%, represented as error curves depending on the failure probability in fatigue.
The evolution with the number of tests of the determinant of the Fisher Information Matrix
of the Weibull distribution has also been presented. This variable measures the quality of
the estimation of the parameters of the probabilistic model. This determinant increases
for larger sample sizes, which emphasises the improvement of the estimated distribution
with the number of tests.

Based on these error curves, a simple methodology has been proposed in order to estab-
lish the minimum number of tests needed to limit the possible error below an admissible
value. This can be defined for a certain failure probability or for the entire range, which
is much stricter. Furthermore, a design fatigue curve can be obtained for any sample size
by subtracting the error marked by its corresponding error curve from the experimental
distribution, for a given safety level.

Finally, it must be stated that these error curves are independent from the physical
phenomenon itself as their derivation only depends on the probabilistic distribution and
its defining parameters. Therefore, these results can be applied for situations other than
for fatigue that also follow the two-parameter Weibull distribution around similar abscissa
values.
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Part III

Analytical methods





Chapter 3

Double-K method

This work studies the double-K method, which is an analytical fracture model that applies
an elastic equivalence to materials with a non-linear behaviour like concrete. The method obtains
the crack initiation toughness Kini

Ic and the unstable toughness Kun
Ic , which mark respectively the

beginning of the stable and unstable stages of crack propagation. By means of experimental tests
and numerical simulations, the method is applied to cases with different specimen sizes and loading
rates in order to analyse the effect of each variable. Furthermore, the cohesive assumptions upon
which the method is built are also revised. The results show that Kun

Ic and Kini
Ic are size dependent.

While Kun
Ic increases slightly with the beam size, Kini

Ic remains constant for the smaller sizes and,
later, it diminishes for larger beam depths. This points out an incorrect definition of the procedure
to obtain Kini

Ic by means of the auxiliary cohesive toughness Kc
Ic. This problem can be overcome by

the appropriate selection of the initial stretch of the cohesive law. Moreover, the original method
does not take into account the influence of the load velocity. In the present work, this is included
in the method through Kc

Ic by adding a viscous factor to the softening law. The results show that
the double-K parameters increase with the loading rate. The rate dependence is slightly greater
for large specimens, which amplifies the size effect. R-curves are also obtained for the different
analysed cases.

3.1. Introduction

An initial approach to fracture consists in using Linear Elastic Fracture Mechanics
(LEFM), which assumes that a crack grows once the factor proportional to the intensity
of the stresses around its tip reaches a critical value, the fracture toughness. LEFM is
easy to use and admits the superposition principle, which is key to most structural design
methodologies. However, cracks in concrete do not behave in this way, since the intense
stresses at the tip of them or around defects generate a gradual deterioration process that
extends in a zone whose size is commensurate to the dimensions of normal structural
elements (Fracture Process Zone or FPZ). This phenomenon makes concrete behave in
an inelastic way, so LEFM is not directly applicable. In order to solve this problem,
two main different non-linear approaches were developed, the cohesive crack model by
Hillerborg et al. [10] and the crack band model by Bažant and Oh [11], although they
require of numerical methods to be used.

Alternatively, simplified calculation methods based on elastic equivalences were also
proposed [78, 79]. They consist in considering a specimen geometrically identical to the
concrete one but behaving elastically so that LEFM is applicable. The virtual elastic
specimen is enforced to give the same mechanical output as the actual concrete one in
any two parameters X–Y [79]. It is common that the equivalence is established so that

53
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Figure 3.1: Equivalent elastic crack.

the actual concrete specimen and the equivalent one yield identical load (P ) and crack
mouth opening displacement (CMOD or wM ) curves [78] (thus X = P and Y = wM ), by
finding the appropriate equivalent crack length, as represented in Fig. 3.1 for the case of
a three-point bending (TPB) beam. In this case, the P–wM curve is the only similitude
between both cases, as the resulting stress and strain fields may be very different. Indeed,
the actual concrete specimen develops the FPZ [80] where the material is deteriorating
and thus the stresses are low, whereas the stress at the crack tip of the equivalent specimen
is infinite, as sketched in Fig. 3.1.

One calculation procedure based on a P–wM equivalence is the double-K method
proposed by Xu and Reinhardt [32–35]. It consists in the determination of two different
values of the fracture toughness KIc. The first one is Kun

Ic , associated with the maximum
load resisted by concrete when the crack starts an unstable growth. The second parameter
is Kini

Ic , which is taken as the stress intensity factor at the moment of crack initiation. This
method is specially relevant because it has being included in a standard for structural
design [81] and thus is normally used by practitioners. There are numerous studies on the
double-K method [82–97] and, besides, there is a draft of RILEM recommendation on the
testing methods to obtain Kini

Ic and Kun
Ic .

Being a P–wM equivalence, the double-K method takes as input parameters the max-
imum or critical load and its corresponding crack mouth opening displacement (Pc–wMc)
alongside geometrical dimensions of the specimen and some mechanical properties of the
material (elastic modulus and tensile strength). Kun

Ic is then calculated as if the material
was linear elastic (for instance, with the Handbook of Tada et al. [98]).

Regarding Kini
Ic , its calculation presents the problem of how to detect the crack ini-

tiation, which is normally identified with the moment of the strain peak measured by a
couple of gauges near the crack tip. However, the use of this technique is affected by
researchers’ personal decisions about the strain gauge size and its position in relation
with the notch tip. In addition to the difficulties with the correct manipulation of strain
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gauges in laboratory, the crack may not develop homogeneously throughout the specimen
width, starting at different moments on each side, which makes the determination of crack-
initiation load still more difficult. In order to overcome these inconveniences, the double-K
method [33, 35] obtains Kini

Ic using an analytical process that consists in evaluating the
toughness developed in the FPZ or cohesive toughness (Kc

Ic). As Kun
Ic is the toughness at

the maximum load, Kini
Ic is calculated by subtracting Kc

Ic from Kun
Ic .

The double-K method presents both parameters as material properties, which means
that they should remain invariable regardless of the geometry and dimensions of the body
and loading conditions. However, this must be studied and proved.

On the one hand, some researches can be found that analyse the size effect on the
double-K parameters. Kumar and Barai have studied the size and geometry dependence
of the parameters of this method [83, 87, 90, 94, 95] from a numerical standpoint, using the
cohesive crack model [10] and their own weight function method [92], concluding that Kini

Ic ,
Kun
Ic and other related parameters are not size-independent. However, their work lacks of

some experimental validation and focuses mostly on the analytical/numerical strategies
to obtain the data and on the differences between them.

This is why the present work starts with the study of the size effect on the values
of Kini

Ic and Kun
Ic for notched beams in three-point bending loading by means of experi-

mental results with specimens of several sizes. Tests were carried out in wM control with
specimens of three different sizes (75 mm, 150 mm and 300 mm in depth), made with the
same concrete. The concrete fabrication process was under an intense control, in order
to ensure the homogeneity of its properties, each one obtained through its corresponding
characterisation test. Besides, the tests were performed using anti-torsion supports to
ensure that the crack grows only due to bending.

The experimental results of load and crack mouth opening displacement are used to
calibrate a numerical cohesive model, with which additional three-point bending tests
were reproduced, so that the beam size range was increased from depths of 13 mm to
1300 mm. This allowed studying cases beyond laboratory limitations. Applying the
double-K method to these new results, the KIc values obtained with several cohesive
assumptions were compared in relation with the different sizes. Additionally, the method
was extended to obtain the complete KIc–a and R–a curves (toughness/fracture energy–
crack length), commonly used in material characterisation, where the values corresponding
to Kini

Ic and Kun
Ic are just two particular points. As shown by the obtained results, Kini

Ic

and Kun
Ic are slightly size-dependent. Kini

Ic remains fairly constant for laboratory sizes but
drops abruptly for large sizes, whereas Kun

Ic of large specimens is slightly bigger than that
of small ones. A simplification of the method to calculate Kini

Ic is proposed, which provides
correct results for large sizes.

On the other hand, one problem that arises from using Kc
Ic as it was originally defined

is that it only deals with data from static tests. Experience has demonstrated the influence
of loading velocity in tests results, which may result relevant for many test configurations
used in laboratories, with loading rates that are not quasi-static or when unstable portions
appear in P–wM curves. Besides, rate-effects couple with the ones deriving from the size
of the specimen [99]. Therefore, it is necessary to adapt the double-K methodology so that
the loading velocity influence can be estimated, whether it is necessary to correct rate-
affected double-K parameters or static input data is wanted to be used for extrapolating
to different loading rates.

The introduction of rate-effects in the double-K methodology is made by following
the approach of Rosa et al. [37], who developed a viscous–cohesive model which was
implemented in the numerical model used in this work. It gives the cohesive stresses as
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a function of both the crack opening and the crack opening velocity. The same viscous–
cohesive model is now introduced in the double-K methodology by means of a viscous
factor implemented in the cohesive toughness Kc

Ic. This parameter allows computing
rate-dependent toughness values and deriving the corresponding R curves.

With the numerical model already calibrated for the concrete produced for the experi-
mental programme, additional rate-affected P–wM curves were obtained in order to apply
the modified double-K method. The values of Kc

Ic obtained from static and rate-affected
P–wM curves are compared to observe their relation. Moreover, different calculations
with the rate-affected Kc

Ic are performed to analyse the particular effects of considering
different crack opening rates or viscous parameters. The results show that the toughness
parameters increase with the loading velocity. The rate dependence is slightly weaker
for small specimens than for large ones. This amplifies the size effect on the double-K
parameters, which is pronounced for small sizes and mild for big sizes at strictly static
tests.

The chapter is structured as follows: in Section 3.2, the original double-K method is
briefly described; Section 3.3 presents the experimental results and additional simulated
data; in Section 3.4, the analysis of the influence of the specimen size is shown; Section
3.5 studies the influence of the cohesive law used in the method; in Section 3.6, the
effect of loading rate is included in the double-K method; finally, Section 3.7 presents the
conclusions of the work.

3.2. Description of the double-K method

3.2.1. Integration method

The integration method to determine the double-K parameters consists of seven steps
[33]. Some comments are added about the applicability of certain equations.

(a) Evaluation of the elastic modulus E:

E =
1

B ci

[
3.70 + 32.60 tan2

(π
2
Vh

)]
(3.1)

where Vh = (a0 +H0)/(D+H0), ci is the compliance of the initial linear segment of
the measured P–wM curve, a0 is the length of a preformed crack or initial crack, D
the depth of the tested beam, B the thickness of the beam and H0 the thickness of
the knife edge of the clip gauge used to measure the crack mouth openings.

The use of Eq. 3.1 can be skipped when E is independently characterised.

(b) Calculation of the critical effective crack length ac:

ac =
2

π
(D +H0) arctan

√
BE wMc

32.6Pc
− 0.1135−H0 (3.2)

where wMc is the crack mouth opening displacement at Pc.

(c) Obtaining the crack opening displacement w(x) at any position along the cohesive
crack for the maximum load, Pc, using the expression by Jenq and Shah [100]; x is
set to zero at the mouth of the crack and, then, it is a0 at the tip of the notch and
ac at the tip of the cohesive crack:
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w(x) = wMc

{(
1− x

ac

)2

+
(

1.081− 1.149
ac
D

)[ x
ac
−
(
x

ac

)2
]}1/2

(3.3)

This is an assumed universal function, i. e. taken as valid for any cohesive law,
relating the size of the specimen, D, the critical crack mouth opening displacement,
wMc, and crack length, ac, to the openings along the crack. Actually, such openings
are also dependent on the softening curve. Analogously, it should be stated that
this function is only valid for the geometry where the span is four times the depth
but with any crack length. It cannot be used for other type of specimens with an
edge crack nor for central cracked bodies like split-tension specimens. Appropriate
functions should be selected or derived for these cases.

(d) Evaluation of the cohesive stresses along the cohesive crack at Pc. For this, the
softening law proposed by Reinhardt et al. [38] is suggested. However, any other
softening function, σ(x) = f(w), could be used:

σ =


0 when 0 ≤ x < a0

σ(x) when a0 ≤ x < ac

ft when x = ac

(3.4)

(e) Calculation of the cohesive toughness, Kc
Ic:

Kc
Ic =

∫ ac

a0

2σ(x)
√
πac

F1(U) dx (3.5)

where F1(U) is the geometric function of U = x/ac, given by:

F1(U) =
3.52 (1− U)

(1− Vc)3/2
− 4.35− 5.28 U

(1− Vc)1/2

+

[
1.30− 0.30 U3/2

(1− U2)1/2
+ 0.83− 1.76 U

]
[1− (1− U) Vc]

(3.6)

and Vc = ac/D.

(f) Calculation of the unstable fracture toughness Kun
Ic according to [98]:

Kun
Ic =

3 Pc S

2 D2B

√
ac F2(Vc) (3.7)

where F2(Vc) is:

F2(Vc) =
1.99− Vc (1− Vc) (2.15− 3.93 Vc + 2.7 V 2

c )

(1 + 2 Vc)(1− Vc)3/2
(3.8)

(g) Obtaining of the initiation toughness Kini
Ic :

Kini
Ic = Kun

Ic −Kc
Ic (3.9)
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Figure 3.2: Simplified cohesive stresses to obtain Kc
Ic.

3.2.2. Simplified method

Step (e) of the previous procedure requires integration of Eq. 3.5. To avoid doing that,
a simplification to obtain Kc

Ic was proposed in [35], which consists in a substitution of the
actual cohesive stresses by a linear profile of stresses between f(wTc) for a0 and ft for ac,
as sketched in Fig. 3.2. The resultant of such equivalent cohesive stresses at both sides
of the crack, Pe, and their acting position, xe, constitute a pair of closing forces that are
used to calculate Kc

Ic. So, the simplified procedure consists in changing steps (d) and (e)
of the integration method as follows:

(d) Evaluation of the resultant of the equivalent cohesive stresses acting on the crack,
Pe:

Pe =
ft
2

(1 + βc)(ac − a0) (3.10)

where βc is the non-dimensional stress at the tip of the notch, i. e. βc = f(wTc)/ft,
where wTc = w(a0) in Eq. 3.3 and f(wTc) = σ(a0) (note that it is assumed that wTc
corresponds to the maximum load [100]). βc could be computed according to any
cohesive law, but in [35] the procedure presents the curve by Reinhardt et al. [38]
and, then:

βc =
f(wTc)

ft
=

[
1 +

(
c1
wTc
w0

)3
]

exp

(
−c2

wTc
w0

)
− wTc

w0
(1 + c3

1) exp (−c2) (3.11)

where c1, c2 and w0 (which has the same meaning as wc in Fig. 3.10a) are supposed
to be material constants. Xu and Reinhardt [35] indicate that, for normal concrete,
their respective values are 3, 7 and 160 µm.

The effective relative acting position xe/ac at the critical situation can be evaluated
as follows:

Ue =
xe
ac

=
1

3(1 + βc)

{
2 + βc + (1 + 2βc)

V0

Vc

}
(3.12)

where V0 = a0/D and Vc = ac/D.
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(e) Calculation of the cohesive toughness Kc
Ic due to the cohesive force on the cohesive

crack length at the critical situation:

Kc
Ic = Z(Ue, V0/Vc)

2Pe√
πac

F1(Ue) (3.13)

where Z(Ue, V0/Vc) is the calibration function:

Z(Ue, V0/Vc) =
6 (1.025− 0.1βc)

1 + 1.83 (V0 − 0.2)

(
V0

Vc

)p√Vc
π
U−0.2
e 0.2 ≤ V0 ≤ 0.8 (3.14)

and

p =


1.5 (V0 − 0.2) + 0.8 when 0.2 ≤ V0 < 0.6

3.0 (V0 − 0.6) + 1.4 when 0.6 ≤ V0 < 0.7

6.0 (V0 − 0.7) + 1.7 when 0.7 ≤ V0 ≤ 0.8

(3.15)

F1(Ue) is the geometric function F1(U) in Eq. 3.6 for Ue.

3.3. Load–CMOD curves

3.3.1. Experimental tests

An experimental programme was designed to study the size effect in the resistance
parameters of concrete given by three-point bending tests, using notched beams. Three
different beam sizes were tested. The tests were performed in crack mouth opening control,
registering load and wM values. This data forms P–wM curves which are used to obtain
the stress intensity factors using the double-K method and to calibrate a numerical model,
aimed to generate additional P–wM curves with a wider range of beam sizes.

Geometry

The beams consist in a prism that rests on two supports separated by a span S of four
times the depth or size (D) of the beam. The third and the smallest dimension is the
width (B). This beam has a notch in the central section, made by cutting from the lower
face of the beam. Its length (a0) is, in this work, 0.5D. The load P is applied in the same
section, on the upper face. Fig. 3.3 represents a sketch of the geometry.

The depth D is the parameter that controls the size of the beam, as the rest of the
dimensions are dependent on it, except the width B. Three different values of D were
chosen, keeping the proportions expressed before, in order to get three homothetic beams,
but with different measurements. The initial beam size is 75 mm (D1), taking as the
second one the double of that, 150 mm (D2), and the third one as the double again,
300 mm (D3). The width B has been kept constant, with a value of 50 mm. Fig. 3.4 offers
a graphical comparison of the scale of each beam. Table 3.1 shows the real measurements
of the specimens. The reason for the notch length variability is that the adjustment of the
cutting depth of the saw was made manually.
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Figure 3.3: Specimen geometry.

Figure 3.4: Proportion between the different sizes.

Table 3.1: Measurements of the beams (mm).

Beams Depth (D) Length (S) Width (B) Notch (a0)

D1-1 75 300 50 33

D1-2 75 300 51 34

D1-3 75 300 51 34

D2-1 150 600 50 75

D2-2 150 600 50 82

D3-1 300 1200 50 157

D3-2 300 1200 50 159
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Figure 3.5: Aggregates of different size used to make the concrete. The reference object
has a diameter of 6 mm.

Material

The material used is a micro-concrete, which means that its maximum aggregate size
is smaller than that of usual concretes, 5 mm in our case. The size of the aggregates
(see Fig. 3.5) and their proportions in the mix were selected to obtain the granulometric
curve recommended by the standard ASTM C33 [101]. This material was chosen because
the objective was to represent the fracture behaviour of real beams using specimens at
a smaller scale. Therefore, it was intended to obtain a similar D/`ch relation to that
of standard-concrete beams, where `ch is the characteristic length, which quantifies the
intrinsic brittleness of a cohesive material [10] and is defined as:

`ch =
GFE

f2
t

(3.16)

where GF , E and ft are the fracture energy, the elastic modulus and the tensile strength,
respectively.

Micro-concretes are usually more brittle than normal concretes, so their characteristic
lengths are shorter, which results in higher D/`ch ratios.

Characterisation tests were carried out to determine every mechanical parameter of
concrete prior to making the final specimens that would be tested to obtain P–wM curves.
Concrete was made under an intense fabrication control to assure that mechanical prop-
erties remain constant in every specimen comparing six independent batches. The same
concrete was used for another investigation, hence the number of batches and characteri-
sation tests, which allowed obtaining a representative value of the concrete properties for
both works.

The obtained parameters were the compressive and tensile strengths, elastic modulus
and fracture energy. Each type of test was done following the standard methodology
[102–109]. Several tests were carried out with each batch. The compressive strength fc
(12 tests) and the elastic modulus E (6 tests) were obtained from cylindrical specimens of
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Figure 3.6: Determination of the fracture energy.

75 mm in diameter and 150 mm in height. The tensile strength ft was obtained through
Brazilian tests (12 tests), using cylindrical specimens with the same dimensions as in the
previous case, but applying the load on two opposite generatrices. Finally, the fracture
energy GF was calculated with three-point bending tests (30 tests) using prismatic notched
beams. For a correct measurement of GF , the correction proposed in [109] and [110] was
applied, which computes the unmeasured fracture work corresponding to the still-unbroken
ligament at the end of the test. This is achieved by fitting the function defined by Eq. 3.17
to the curve tail, which describes the asymptotic behaviour of the curve approaching a
load P = 0:

P = A

(
1

δ2
− 1

δ2
u

)
(3.17)

where A is a constant, P is the load, δ is the displacement of the load application point and
δu is the displacement of the last point of the experimental P–δ curve. These measurements
are referred to the axes labelled as Pm–δm in Fig. 3.6, which correspond to the actual
section of the experimental curve whose fracture work can be measured (Wm). These axes
are placed after the correction of the initial linear ramp of the experimental curve and
making that P = 0 at the point δ = δu.

This procedure is applicable when the specimen weight is compensated so the load
P = 0 of the Pexp–δexp curve registered during the test does not correspond to the real
P = 0. The difference between the load at δ = δu and the horizontal asymptote of Eq. 3.17
(Pu) is the remaining load for a complete failure of the specimen when the test is stopped,
which is obtained by Eq. 3.17 for δ =∞.

The unmeasured fracture work Wum (shadowed area in Fig. 3.6), is computed by
Eq. 3.18:

Wum = 2
A

δu
(3.18)

The elastic modulus was also obtained by means of Eq. 3.1 from the TPB tests for GF ,
called ETPB in Table 3.2. Comparing E and ETPB , little difference can be appreciated.
However, E is selected, as this is the value directly measured from its specific type of
test. Table 3.2 offers the mean value of the different mechanical properties, taken as the
reference fracture parameters, and their standard deviation. With this data we can obtain
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Table 3.2: Mechanical properties of concrete.

fc (MPa) ft (MPa) E (GPa) ETPB (GPa) GF (N/m) `ch (mm)

Mean 39.5 3.8 30.5 30.3 62.5 130

Std. dev. 2 0.3 2 3 5 –

the characteristic length, `ch. Note that it is quite small, approximately half of that of a
standard concrete, which allows to say that the beams are going to behave as if they were
nearly twice their own size [111, 112].

Description of the tests

Every aspect concerning the three-point bending tests was controlled. In the tests, the
opening rate was scaled with the size (D1, 5 µm/min; D2, 10 µm/min; D3, 20 µm/min),
since this provides scaled kinematics for specimens of various sizes, i. e. scaled specimens
have not only proportional dimensions but also proportional openings and displacements
at the same instant of the loading process, which also results in the same testing time
for each specimen regardless of its size. However, this may introduce rate effects in the
fracture development and related parameters, specially for large sizes [99]. This is not the
case though, since the fastest opening rate is of only 20 µm/min, which is quite slow and
can be considered quasi-static.

In order to ensure that cracks grew straight up exclusively due to bending, anti-torsion
supports were used. These supports consist of a rigid half rod perpendicularly to the beam
axis, which permits the bending movement. This half rod rests on a plate that can rotate
over a cylinder disposed in parallel to the beam. Finally, this group of elements can
slide horizontally thanks to some rollers. This support system assures that the bending
moment produced by the applied load is the only agent that makes the crack open, without
additional internal stresses. In particular, the presence of torsional moment is avoided
altogether, which facilitates that the crack forms all at once along the width, appearing at
both sides at the same time, and that it grows perfectly straight. Besides, these supports
minimise the energy expenditure due to local crushing. Fig. 3.7 shows a picture of one of
the tests, with a beam of size D1, where the aforementioned details of the support system
can be observed.

Experimental P–wM curves

Finally, Fig. 3.8 presents the experimental P–wM curves obtained by testing seven
different beams: three for D = 75 mm (D1), two for D = 150 mm (D2), and two for D
= 300 mm (D3). The maximum load and corresponding critical CMOD of each beam
are arrayed in Table 3.3. The graph shows that every curve shares a similar initial slope
(the values of the compliance ci are also given in Table 3.3). When each curve reaches its
maximum, they fall down with similar tendencies. These tests results are representative as
very similar curves are obtained within each beam size. The largest difference occurs for
the intermediate beam size, with still admissible results in the same order of magnitude.
The explanation of this difference resides in the higher notch length than the intended one
of the specimen D2-2.

In Fig. 3.9, the same data are presented but using non-dimensional units. The load is
represented by the term σN/ft, where σN is the nominal maximum stress in a three-point
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Figure 3.7: Test configuration and support system.

Table 3.3: Experimental Pc–wMc values.

Specimen D (mm) Pc (N) wMc (µm) ci (µm/N)

D1-1 75 806.0 21.16 0.019554

D1-2 75 820.0 20.10 0.019272

D1-3 75 824.7 23.86 0.020479

D2-1 150 1364.0 37.75 0.021891

D2-2 150 1042.2 45.42 0.033156

D3-1 300 1819.1 62.75 0.026546

D3-2 300 1823.6 54.16 0.026617

bending test, whose expression is:

σN =
3PS

2BD2
(3.19)

while the crack mouth opening displacement is divided by the characteristic crack opening,
wM/wch, defined as

wch =
GF
ft

(3.20)

For this particular material wch is 16.4 µm. It can be observed that the results for
bigger sizes are proportionally smaller than in the case of the smallest beam size. Now,
the initial slopes are different but the falling sections of the curves coincide forming a
band.
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3.3.2. Numerical simulations

In order to extend the study beyond the limitations on dimensions of laboratory tests,
a numerical model was used which reproduces a standard three-point bending test, widely
validated throughout previous works [36, 37]. This model is fed here with the material
parameters experimentally obtained (Table 3.2) and then calibrated with the previous
experimental P–wM curves. Afterwards, it is used to generate 19 new P–wM curves in a
range of beam sizes from 13 mm to 1300 mm.

Numerical model

The model is based on the smeared crack-tip method of Planas and Elices [113], which
assumes that only one discrete crack develops vertically in the middle section of the beam.
In this case, it starts from the notch tip. The model also considers that the crack is
cohesive and stresses are transferred transversally through it. The numerical formulation
consists in an improvement of the influence method of Petersson [111] by a triangulation of
the system of equations. This system can be solved by direct substitution, making easier
the calculation process. For a detailed description of the method, see the work of Ruiz
[36], where the numerical model includes a reinforcement layer, or the one of Rosa et al.
[37], where a time dependent factor in the cohesive law is added to take into account the
loading rate effect.

The method needs to set a cohesive (or softening) law to relate the stresses in the
crack to the corresponding crack openings, σ = f(w). Four different softening laws were
considered: rectangular, linear, the exponential function developed by Planas and Elices
[113] and the bilinear model of four parameters by Guinea et al. [39]. The rectangular
and the linear softening curves were chosen due to their simplicity. They are defined by
applying the conditions of starting at σ = ft and that the area under the softening curve
is GF . The exponential function [113] is defined, in non-dimensional units, by Eq. 3.21:

σ∗ = (1 +A)e−Bw∗ −A (3.21)

where σ∗ = σ/ft, w∗ = w/wch, A = 8.289 10−3 and B = 0.9602.

With respect to the bilinear function [39], the first and second sections are defined so as
to fit, respectively, the peak load and the tail of the experimental curve. The slope of the
initial section is defined by the intercept with the horizontal axis at w = w1. For the beam
geometry with S = 4D and a0 = D/2, w1 can be obtained by closed form expressions
[110]. First, the intermediate variable Y , with the meaning of a reduced flexural strength,
is obtained:

Y =
σN
ft

(1 + 3.9934∆α+ 12.220∆α2 + 32.409∆α3) (3.22)

where σN is defined by Eq. 3.19 and ∆α = a0/D−0.5 is the deviation of the relative notch
depth with respect to the reference value 0.5. The range of validity of the expression is
for Y ∈ [0.25, 0.54].

A second intermediate variable X, with the meaning of a reduced intrinsic size, is
obtained by:

X =
0.053107

Y 2
− 0.0081523

Y
− 0.55999 + 1.0820Y − 0.60473Y 2 (3.23)

After this, the variable `1, with a nature similar to `ch, is computed as:
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`1 =
D

X
(0.15755− 0.25677∆α− 0.22136∆α2) (3.24)

With `1, w1 is obtained as:

w1 = 2
ft l1
E

(3.25)

The rest of the defining points of the bilinear cohesive law is determined through the
abscissa value of the gravity centre of the area under the softening function, wG, which is
computed by:

wG =
4A

B S GF
(3.26)

where A is the constant in Eq. 3.17.
Next, the critical crack opening wc is obtained by solving the equation [39]:

w2
c − wc

6wG(GF /ft)− 2w1(GF /ft)

2(GF /ft)− w1
+

6wGw1(GF /ft)− 4w1(GF /ft)
2

2(GF /ft)− w1
= 0 (3.27)

Finally, the coordinates of the kink point are given by:

wk = w1
wc − 2(GF /ft)

wc − w1
, σk = ft

2(GF /ft)− w1

wc − w1
(3.28)

The different softening laws are shown in Fig. 3.10a, which also arrays the values for
each one of wk (only for the bilinear), w1 (the intercept with the x-axis of the tangent to the
curve at w = 0), wG and wc. These parameters are shown relative to wch. In comparison
with experimental results, the softening law that offers a better fit is the bilinear. In
Fig. 3.10b it can seen that the P–wM curve calculated with this cohesive model is within
the experimental band given by the 30 specimens used to measure GF , with the same
initial slope and a maximum load within the range obtained in laboratory. The post-peak
section of the curve also follows a similar tendency. The other three options reach higher
maximum loads and most of their curves are out of the experimental band.

Furthermore, the scope of the model was amplified to include the effect of the loading
velocity [37]. High loading rates find higher opposition to break the material due to viscous
and inertial phenomena. Thus, a simple approach to insert this effect in the model consists
in considering a time dependent or viscous factor that multiplies the cohesive stress given
by the softening law in the FPZ. This factor has been defined as:

g(ẇ) = 1 +

(
ẇ

ẇ0

)n
(3.29)

where ẇ is the crack opening rate, which includes the time dependence, ẇ0 is a reference
crack opening rate and n is a constant.

Previous experiences [37] have proved that an appropriate value for ẇ0 is 100 µm/s,
while n can be chosen from the range (0.15, 0.30).

Calibration

In order to calibrate the results given by the model, it is necessary to compare them
with the experimental results obtained before and to check that they present the same
behaviour, with similar values. A previous validation was done to choose the adequate



68 Chapter 3. Double-K method

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0 2 4 6 8 10

σ
 / 

f t

w  / wch

(4)(3)(2)(1)
0.57———w

k
 / w

ch

0.671.162∞w
1
 / w

ch

2.460.940.660.5w
G
 / w

ch

9.555     21w
c
 / w

ch

(1) Rectangular

(2) Linear

(3) Exponential [33]

(4) Bilinear [34]

(a)

0

200

400

600

800

1000

1200

0 0.2 0.4 0.6 0.8 1

P  
(N

)

wM (mm)

Rectangular

Linear

Exponential [33]

Bilinear [34]

Experimental band, D = 75 mm(b)

Figure 3.10: (a) Four softening laws and (b) numerical results with the four laws compared
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Figure 3.11: Numerical and experimental non-dimensional curves.

softening law. Now, the analysis is extended to the three different sizes studied in the
laboratory, whose depths are 75 mm, 150 mm and 300 mm. As `ch = 130 mm, their corre-
sponding D/`ch ratios are approximately 0.58, 1.15 and 2.31. A total of 100 equally-spaced
nodes were used along the depth D of the beams. After introducing in the model the ge-
ometrical and mechanical parameters, the P–wM curve for each size is obtained. As
the tests were performed under quasi-static conditions, the numerical results have been
obtained without including the rate effect.

Fig. 3.11 presents the results with the non-dimensional units defined in Subsection
3.3.1. As it can be observed, the numerical results fit very well the experimental ones,
attending to two main aspects, maximum load and trajectory, which also informs about
the initial slope. The non-dimensional representation evidences that the smallest beam
reaches a higher relative peak load at a smaller crack opening, which means that the size
effect of the experimental results is properly simulated by the computations.

Numerical P–wM curves

Finally, having checked the suitability of the numerical approximation, it is possible to
generate the P–wM curves corresponding to the beam size range of interest. It is pertinent
to establish a range of sizes in relation to a parameter of the concrete used to make the
notched beams. Attending to the value of the characteristic length (`ch), D/`ch = 1 is set
as the reference value, taking the 9 decimal fractions and the 9 multiples until 10. As `ch
= 130 mm, this means that the range of sizes introduced in the numerical model covers
the following 19-size series: 13 mm, 26 mm, ..., 117 mm, 130 mm, 260 mm, ..., 1170 mm,
1300 mm.

Fig. 3.12 shows these results. It can be appreciated that every curve has the same
initial slope. After the peak load, with higher values for higher sizes, the curves fall
down in parallel to the rest. Fig. 3.13 presents the same data but, in this case, in a non-
dimensional fashion. Here again, the relative maximum load is higher for smaller sizes
than for bigger sizes. At the same time, the corresponding value of the non-dimensional
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Figure 3.12: Numerical P–wM curves.

crack opening is smaller, so the biggest sizes have curves with a gentler slope covering a
wider length of crack opening.

These curves are made of a series of P–wM values which are taken as input data in the
double-K method since they are backed by experimental validation. Next section presents
the results of the toughnesses (KIc) and the energy curves (R) obtained by using these
numerical P–wM curves.

Additionally, six more P–wM curves were obtained including the rate influence for
sizes from D = 1`ch (130 mm) to D = 10`ch (1300 mm). The configuration parameters
were: ẇM = 2.5 µm/s, ẇ0 = 100 µm/s, n = 0.15. Double-K parameters obtained from
these curves are compared with the ones calculated from the static curves. Fig. 3.14 shows
three examples of the new curves in comparison with their corresponding static curves.

3.4. Size effect

Two different sets of results are obtained. On the one hand, the double-K method is
applied to calculate the values of Kun

Ic and Kini
Ic for each beam depth, representing them

alongside the experimental results and other particular values, using as input data each
couple of Pc–wMc from the P–wM curves (Table 3.4). On the other hand, the formula of
Kun
Ic (Eq. 3.7), i. e. the formula to calculate the stress intensity factor based on LEFM,

is used to obtain different variants of the whole toughness–crack length curves (KIc–∆a,
R–∆a) from the complete P–wM curve points.

3.4.1. Fracture toughness values, KIc

Starting with the results of Kun
Ic and Kini

Ic given by the simplified method, Fig. 3.15
shows several dots and curves corresponding to different values of KIc. In this graph, the
results are presented with dimensions, showing the order of magnitude of the obtained
results. In Fig. 3.16, the results appear in a non-dimensional manner. As stated before,
the size of the beam is scaled by the characteristic length (`ch), since it is an invariable
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Table 3.4: Numerical Pc–wMc values, plus wTc or critical crack tip opening displacement
(CTOD), obtained by Eq. 3.3 for w(a0) when wM = wMc.

D (mm) Pc (N) wMc (µm) wTc (µm) D/`ch σNc/ft wMc/wch wTc/wch

13 189.4 11.54 3.91 0.1 0.45998 0.70163 0.23773

26 329.9 16.10 4.97 0.2 0.40074 0.97888 0.30218

39 450.6 19.57 5.65 0.3 0.36487 1.1899 0.34352

52 558.6 22.48 6.16 0.4 0.33922 1.3668 0.37453

65 657.3 25.01 6.55 0.5 0.31934 1.5206 0.39824

78 748.9 27.30 6.88 0.6 0.30320 1.6598 0.41830

91 834.7 29.37 7.14 0.7 0.28965 1.7857 0.43411

104 915.6 31.29 7.36 0.8 0.27802 1.9024 0.44749

117 992.4 33.09 7.55 0.9 0.26786 2.0119 0.45904

130 1065.6 34.75 7.70 1 0.25885 2.1128 0.46816

260 1667.0 48.21 8.62 2 0.20247 2.9312 0.52410

390 2139.0 59.35 9.51 3 0.17320 3.6085 0.57821

520 2535.8 69.49 10.70 4 0.15399 4.2250 0.65056

650 2905.1 78.92 11.79 5 0.14114 4.7983 0.71683

780 3252.2 88.84 13.53 6 0.13167 5.4015 0.82262

910 3571.6 100.64 16.85 7 0.12394 6.1189 1.0245

1040 3871.6 109.79 18.70 8 0.11756 6.6752 1.1370

1170 4231.7 121.37 21.28 9 0.11422 7.3793 1.2938

1300 4544.4 132.23 23.99 10 0.11039 8.0396 1.4586
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Figure 3.15: KIc–D graph (dimensional units).

property of the material. In the case of KIc, it is divided by
√
GFE.

This allows comparing the results related to a certain material, studying directly the
influence of size. It must be highlighted that the non-dimensional parameter D/`ch was
taken as a reference to choose the sizes of beam to create the P–wM curves, taking nine
divisions and nine multiples of the unit (from 0.1 to 10). Owing to this distribution of
sizes, it is convenient to rearrange the data in a logarithmic scale in order to be able to
properly appreciate the entire range of results.

Unstable toughness, Kun
Ic

In the graphs, the solid black squares represent the values of Kun
Ic for each one of the

laboratory tests whereas the black upper curve consists in the values of Kun
Ic of each size

of beam. Both approaches give commensurate results within the laboratory size range.
Attending to the graph with real dimensions (Fig. 3.15), the curve grows quickly in the
first section until D/`ch = 1 or D = 130 mm. After that, it climbs up with a constant and
gentler slope. In Fig. 3.16, due to the change in the horizontal scale, the observed trend is
the opposite. This increasing tendency points out a size dependency for this parameter.

Initiation toughness following the simplified method, Kini
Ic

The red solid circles are the values of Kini
Ic obtained by using the simplified method

described in Section 3.2 and in [35] with the laboratory results, while the red curve plots
the corresponding Kini

Ic values for the whole range of sizes. It bears emphasis that the
recommended values for βc in Eq. 3.11 are used. In this case, the curve is sensitively
horizontal in the first stretch, while it crosses the experimental circles, but from D/`ch =
2 on, the curve falls down, reaching even negative values, which has no physical sense.

This means that the mathematical expressions used in the method work reasonably
well in the range of laboratory sizes but when they are applied to bigger ones, results start
to worsen. In particular, note that once βc = 0, Eq. 3.10 yields the resultant of a triangle
of stresses going from 0 at the notch tip, a0, to the tensile strength at the crack tip, ac, in
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Figure 3.16: KIc–D graph (non-dimensional, logarithmic x-axis).

spite that for large sizes the crack openings may be quite large and thus a long portion of
the crack may not be transferring stresses across its lips. Thus, Pe is overestimated by the
simplified method in [35] for large sizes, which results in large values of Kc

Ic, even larger
than those of Kun

Ic , and consequently, in low or even negative values of Kini
Ic .

This shortcoming can be overcome by setting a limit to the value of wTc for which
Eq. 3.11 can be applied. The physical limit is wTc ≤ w0 (note that w0 = wc in Fig. 3.10a),
since w0 is the critical opening beyond which no cohesive stresses are transmitted between
the crack lips, but it would be better to set wTc ≤ w1, since otherwise the assumption of
linear stresses along the crack can hardly be realistic. Note that setting a limit for wTc
implies that the simplified method is not valid for large specimen sizes.

Measured initiation toughness, Kini
Ic,m

Focusing on the physical meaning of Kini
Ic , a ‘measured’ value can be directly obtained

from the P–wM curve. Kini
Ic is related to the instant when the cracking process initiates,

corresponding to the point in the P–wM curve where the material loses its linearity in the
loading ramp. Following this idea, that point can be taken to calculate its corresponding
KIc value, which is called Kini

Ic,m here. However, the mentioned point is not easily distin-
guishable. Indeed, a close examination of an experimental curve shows that an apparently
homogeneous curve section is formed by a sequence of points oscillating around the gen-
eral tendency. This signal noise is produced by the measuring instrument. Having this
in mind, the linear elastic ramp extends up to the point where the variation of the curve
noise around that straight line of constant slope becomes higher than the resolution of
the measuring instrument, moment when a real deviation from the initial linearity takes
place. Crack initiation points so selected are used to obtained the experimental Kini

Ic,m

values, which are the green solid triangles in Fig. 3.15 and Fig. 3.16. These values have an
increasing tendency and are considerably higher than those obtained with the simplified
double-K method.

Values of Kini
Ic,m can also be obtained from the numerical simulations. In this case, the

first step in the calculation of the P–wM curve gives the exact linear ramp-up before the
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Figure 3.17: Criteria to define Pini attending to the P–wM curve: (a) ∆w = 0.15wmax ;
(b) ∆w = 1 µm.

crack starts to propagate. The deviation starts with the second step and thus, theoretically,
the load at the first step could be taken as the point that gives a numerical crack initiation
load Pini. However, doing so is not realistic since the second step depends on the crack
discretisation, that may not have to do with the physics of the problem. Besides, depending
on the size and on the cohesive law, there may be many steps giving points that are
apparently aligned to the naked eye until a significant curvature is achieved (specially
for small specimens and mild initial slopes of the cohesive law). In other words, the
nonlinearity is associated with a certain extension of the fracture process zone that is not
actually related to the number of nodes that already resist cohesive stresses [80].

Therefore, a simple method based on the idea expressed before for experimental curves
is proposed here. The procedure consists in defining the load at the crack initiation (Pini)
when the P–wM curve gets out of a measurement error-band containing its linear elastic
section. There are two options to set the width of this error band (∆w). On the one hand,
one hypothesis is that Pini could keep a relation with Pc and the initial elastic slope of the
P–wM curve. Then, it is possible to define ∆w as a given percentage of the width of the
band parallel to the linear elastic ramp that crosses through the peak load of the curve
(wMc minus the elastic offset of the maximum load, called here wmax ). Taking ∆w as a
15% of wmax offers good results. On the other hand, it could be used a criterion based on
the precision of the instrument used to measure wM , as in the experimental case, using
that value as the width of the error band. Obviously, thinner error-bands lead to smaller
values of Pini and thicker bands to the opposite. A value of 1 µm, as the typical order of
magnitude of the resolution of these devices, is taken as an example.

Both alternatives are shown in Fig. 3.17. The results of Kini
Ic,m for these two options are
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also plotted on Figs. 3.15 and 3.16, labelled with (a) and (b) according to Fig. 3.17. Both
curves start at the same KIc level and cross through the experimental Kini

Ic,m zone. The
curve for ∆w = 0.15wmax increases in parallel to the Kun

Ic curve, which is the expected
behaviour because of its interrelation with Pc and wMc. In the case of ∆w = 1 µm, the
curve increases until beam sizes of D = 130–260 mm, continuing with a nearly horizontal
trend henceforth. In the non-dimensional graph with a logarithmic horizontal scale, this
curve, however, presents an almost constant slight slope over all of its length. From the
dimensional plot, it can be inferred that the precision of the measuring instrument is more
important for small sizes. For the bigger ones, the fracture process zone is small in relation
with the beam size and, then, the Kini

Ic,m value is not affected by the increment of size.

The discrepancies between the results obtained with the two alternatives point at the
sensitiveness of the double-K method to an accurate determination of Pini. This also holds
true for the ‘standard’ method to obtain Pini, which consists of glueing a pair of strain
gauges astride the crack tip and assuming that Pini is the load for which the strain has a
relative maximum [81], since this measurement may depend on the gauge length and on
the distance to the crack tip.

3.4.2. KIc–∆a and R–∆a curves

The other set of results studied in this work are the KIc–∆a curves. The double-K
method calculates Kun

Ic using Eq. 3.7 taken from the Handbook of Tada et al. [98]. In this
expression, it is necessary to introduce the critical load Pc and its corresponding crack
length ac. This last parameter is obtained using another LEFM formula like Eq. 3.2,
where the crack mouth opening is already known thanks to the P–wM curve. In the same
manner that Kun

Ic and ac are obtained from the critical values Pc and wMc, Eq. 3.7 and
Eq. 3.2 can be generally used as well for any other couple of load–crack mouth opening
values taken from the experimental P–wM curve in order to obtain the corresponding
fracture toughness KIc and crack length a. These two parameters form a new curve where
Kun
Ic represents only one point. These KIc–a curves provide more information because all

available data is used.

For non-linear materials like concrete, this information is more commonly treated in
the form of R–a curves, so both options are presented. The translation of KIc into R is
done by the expression:

R =
K2
Ic

E
. (3.30)

Furthermore, in order to better study the differences between the curves from different
beam sizes, it is preferable to plot them depending on the increment of crack length with
respect to the notch length, ∆a = a − a0. At the same time, to isolate the influence
of size, it is interesting to use non-dimensional axes. The proposed scaling factors are
only based on constant material properties, such as GF , E and `ch. Then, the x-axis is
expressed as ∆a/`ch and the y-axis is respectively expressed as KIc/

√
GFE (Fig. 3.18)

and R/GF (Fig. 3.19). Figures 3.18 and 3.19 show the results obtained from each P–wM
curve, divided into two graphs for smaller and bigger beam sizes.

In these graphs, all the curves start with a quick growth, following similar trajectories,
defining later a convex arc separating each curve from the rest. For smaller beam sizes,
their trajectory is more vertical, and vice versa. As we can notice, the initial point of these
curves has a negative value of ∆a/`ch. The explanation is that the formula to calculate
the equivalent crack length offers a lower value than the notch length a0 in every of these
cases, resulting in an initial negative ∆a. The reason comes simply from the fact that
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the P–wM equivalence is spurious, since concrete does not actually behave elastically in
fracture. These figures certify the size dependency of the fracture toughness.

3.5. Effect of the cohesive assumptions on K ini
Ic

3.5.1. Softening law in Kc
Ic

The fact that there exists a discrepancy between the measured values for the initia-
tion toughness and the ones obtained through the simplified method deserves additional
attention. Such disagreement is attributable to the choices made for the cohesive law to
compute Kc

Ic (Eq. 3.11). The values recommended in [35] were used for the parameters
c1, c2 and w0, respectively 3, 7 and 160 µm. However, these values do not fit the material
used in this work. Besides, it should be noted that both Kini

Ic and Kun
Ic depend on the

maximum load, Pc, and thus they are mainly sensitive to the first stages of the crack
propagation. Therefore, the initial portion of the cohesive law determines the toughness
values obtained with the method. It can be characterised by the intercept of the tangent
to the cohesive law at w = 0 with the abscissa, which is called w1 in Fig. 3.10a and its
value is 11 µm for this concrete. Only for large sizes, cracks may be found that are fully
developed at the peak, case where the complete cohesive curve is influential.

In order to check the effect of the cohesive law on the results, the values for Kini
Ic

were computed using the laws in Fig. 3.10a (except the exponential one) plus the law by
Reinhardt et al. used in Eq. 3.11, originally proposed in [38], but with the parameters
adjusted to fit the experimental w1, ft and GF , which results in values for c1, c2 and w0 of
3, 5.5 and 61 µm, respectively. Both the simplified and the integration double-K methods
were used to check the influence of the simplifications, specially for large sizes.

Fig. 3.20 plots the obtained curves in both dimensional/natural and non-dimensional/x-
logarithmic scales, including the experimental and numerical Kini

Ic,m values for comparison.
The first observation is the difference between the results of both methods. In general,
the results of Kini

Ic obtained by the integration method are higher than those computed
by the simplified method. The reason is explained by Fig. 3.21, which shows the stress
profile for the two main states of crack propagation at maximum load. The first case,
on the left, corresponds to a not too large specimen where no open crack has propagated
ahead the notch tip. The simplified method establishes a linear stress profile along the
FPZ from the corresponding tension σ(wTc) at a = a0 to ft at a = ac, where a is the crack
length measured from the notch mouth. Meanwhile, the integration method computes the
stress along the FPZ depending on the corresponding crack opening at each position. The
resulting profile is not linear and depends on the cohesive law. The estimated stress is
higher with the simplified method than with the integration one. That extra stress, shad-
owed between both stress profiles, makes that the Kc

Ic obtained by the simplified method
is higher and, thus, Kini

Ic = Kun
Ic − Kc

Ic is lower. However, the difference between both
methods is still small and both results are valid.

However, for large beam sizes, the results of the simplified method experience a large
decrease, reaching even negative values. This is because the FPZ is fully developed and
an open crack has already propagated when the peak load is attained. In this case, the
stress is 0 at the open crack tip, which is correctly reproduced by the integration method,
as σ = 0 for w ≥ wc. On the contrary, the simplified method, as it was originally defined,
does not take into account this situation and considers that the stress is only 0 at the
notch tip, increasing from that point until a = ac. In this situation, the additional stress
computed by the simplified method is too large, which distorts the results of Kini

Ic and
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Figure 3.21: Stress profile along the FPZ at maximum load for a generic softening law
and for small and large specimens, according to the integration and simplified double-K
methods.

invalidates the simplified method for this beam size range.

The second observation about the results shown in Fig. 3.20 is the magnitude and
evolution of the values obtained by the different cohesive laws. The closest results to the
measured ones are obtained by the bilinear law of four parameters by Guinea et al. [39]
as this cohesive function is specially suited for fitting the peak load by using the correct
initial slope of the stress softening. Besides, as it is clear that the Kini

Ic results depend
mainly on the initial part of the softening curve for small sizes, using exclusively the first
line of the bilinear law from ft in the ordinates to w1 in the abscissas yields exactly the
same values for Kini

Ic up to the size for which wTc equals wk according to Eq. 3.3 and
Table 3.4 (wk is the kink of the bilinear curve, see Fig. 3.10, obtained by Eq. 3.28). This
straight line is referred to as ‘linear-w1’ from now on. It can be also obtained by Eq. 3.11
just by setting c1 = 0, c2 = 0 and w0 = w1.

The size corresponding to wk is roughly 390 mm for the material used in this work
(corresponding to D/`ch = 3, a depth that is already large for a conventional concrete
with `ch in the range between 200 and 300 mm). After that point, the bilinear and its
associated linear-w1 still yield very similar results until wTc = w1, which occurs for a beam
depth of 555 mm (which corresponds to D/`ch = 4.3, a depth significantly beyond what
can be easily tested). This indicates that solely the correct initial stretch of the cohesive
law suffices to provide accurate results even with the simplified method.

The softening law of Reinhardt et al. [38] (again, with c1, c2 and w0 being 3, 5.5 and
61 µm respectively) also yields acceptable values forKini

Ic , slightly below the measured ones,
when the integration method is used. Besides, the results are almost size-independent.
The curve of the simplified method though, has a slight negative slope and drops once the
size for wTc = w1 is surpassed.

The curves obtained with the linear and the rectangular cohesive laws fall below the
measured values, since the cohesive stresses at the beginning of the crack propagation
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are quite high and thus the results for Kc
Ic are quite high as well. It is interesting to

note that the rectangular softening yields the same results with both methods, integration
and simplified, since the cohesive stresses reduce in both cases to a rectangular block,
the cohesive stresses being ft along the crack. The curve obtained with the integration
method shows a kink that corresponds to the size where the condition wTc = w0 is attained,
i. e. to the size for which the critical crack tip opening displacement equals the critical
displacement of the cohesive law (which is wch for the rectangular law). In contrast,
the curve given by the simplified method exhibits a discontinuity at this point, since the
cohesive stresses change instantly from a rectangular to a triangular profile once wTc ≥
wc, resulting in a sudden drop of Kc

Ic (and thus a sudden raise of Kini
Ic ). Interestingly,

this second stretch of the curve meets the black dashed line obtained with the linear-w1

softening, for which wTc is also greater than its corresponding wc for these sizes. This
happens because, whichever the softening function used, the stress profile always becomes
the triangle shown in Fig. 3.21 for wTc ≥ wc. In fact, the rest of the curves of the simplified
method would consecutively converge to this curve if larger specimens were simulated.

3.5.2. Proposal to improve the simplified method

Based on the above results, the simplified method can be improved by the use of the
linear-w1 softening. The parameter w1 can be obtained by Eq. 3.25 [39, 110]. Besides,
the use of the simplified method is only valid while wTc ≤ w1, which is equivalent to
set a condition on the maximum size of applicability of the method. Observe that these
two conditions provide not only an improvement, but also a further simplification of the
simplified method, since a linear softening law is easier to handle than any other one and
w1 can be obtained having Pc, E and ft (note that GF is not needed to get w1). All these
considerations can be abstracted in the following new step (d) which can replace profitably
the one of the simplified procedure:

(d) Evaluation of the resultant of the equivalent cohesive stresses acting on the crack,
Pe:

Pe =
ft
2

(1 + βc)(ac − a0) (3.31)

βc is :

βc =
f(wTc)

ft
= 1− wTc

w1
where wTc ≤ w1 (3.32)

and w1 can be obtained following the procedures in [39] or in section 7.3.2 of [110].

The calculation of the effective relative acting position xe/ac at the critical situation
can be done as before (Eq. 3.12). The use of this linear-w1 cohesive law can also be
recommended for the integration method provided that wTc ≤ w1.

3.5.3. KIc–a and R–a curves

After this study of the effect of considering one cohesive function or other, the toughness–
crack length curves presented in Section 3.4 can be plotted again in order to show the
position of different toughness values obtained by the previous analyses. As mentioned
before, Kini

Ic and Kun
Ic are particular points on the KIc–a curve. By joining the corre-

sponding points throughout the curves of the different beam sizes, equivalent curves to
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Figure 3.22: KIc–a curves: (a) D = 13–130 mm, (b) D = 130–1300 mm.

the ones presented in Fig. 3.15 are obtained in terms of crack length instead of beam
size. This allows finding the relation of each of those points with the whole KIc–a curve.
In particular, it can be noticed that Kun

Ic values correspond or are near to the point of
maximum curvature.

Figures 3.22 and 3.23 show now respectively the KIc–a or R–a curves in natural dimen-
sions and with respect to the real value of the crack length, so that the added curves are
visible. Thus, the curves are represented starting from the corresponding notch length for
each beam size, being this difference of length the interval between them at the beginning.

3.6. Loading rate effect

3.6.1. Loading rate influence in the double-K method

As introduced before, the double-K method was originally proposed to obtained tough-
ness values in quasi-static loading conditions. Therefore, it could not be applied when the
loading velocity does not fulfils this condition. After the insight gained about the formu-
lation to obtained the cohesive toughness Kc

Ic and the influence of the softening law, the
effect of the loading rate can also be introduced through this parameter. In this manner,
the range of application of the method is amplified.

The simplest idea to implement the loading rate influence is by following the same
procedure that in the numerical model. There, the softening law is transformed by in-
troducing a viscous factor (Eq. 3.29) that amplifies the cohesive stress for a given crack
opening. Here, Kc

Ic allows the introduction of this same viscous factor as it contains a
cohesive law as well. The integration method is followed for this purpose. The original
softening law σ(w) in Eq. 3.5 (where w depends on x) is substituted by σ(w, ẇ):

σ(w, ẇ) = f(w) g(ẇ) (3.33)
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Figure 3.23: R–a curves: (a) D = 13–130 mm, (b) D = 130–1300 mm.

where f(w) is the softening law, dependent on the crack opening w, and g(ẇ) is the viscous
factor defined by Eq. 3.29.

The bilinear softening law by Guinea et al. [39] is adopted for this study as it obtains
the best fit with the experimental results, as checked in Section 3.5. Apart from that, this
is the cohesive function implemented in the numerical model that was used for generating
the P–wM curves taken as input data, with the same parameters.

Kc
Ic is calculated by integrating the cohesive stresses along the crack, from the notch

tip (a0) to the critical crack length (ac). The stress depends on the position along the
crack as the crack opening w varies from the crack opening at the notch tip (wT ) to 0
(at the crack tip), expressed as w(x). Similarly, the crack opening rate ẇ depends on
the variation of crack opening in a time step, ẇ(w(x), t). This is taken into account by
recording the crack width in the previous point to the maximum load in the curve so that
it is possible to obtain the local opening velocity along the crack until ac (see Fig. 3.24).

Kini
Ic is expected to have a low variation under a change of loading rate, as this param-

eter corresponds to the last step of the elastic range, and, so, can be kept constant. Once
Kini
Ic has been determined, the new value of Kun

Ic is obtained by adding the rate-affected
Kc
Ic to Kini

Ic . By this procedure, it is possible to easily evaluate the rate effect in the
double-K parameters.

Furthermore, although Kc
Ic was initially established to calculate the difference between

Kini
Ic and Kun

Ic , it is possible to obtain this parameter at every point of the P–wM curve,
each with a corresponding equivalent elastic crack length. Thus, Kini

Ic +Kc
Ic at each point

generates a toughness–crack length curve (KIc–a), with its equivalent resistance curve
R–a through Eq. 3.30.

This methodology aims to get a term (Kc
Ic) capable to relate the corresponding Kun

Ic

and Kini
Ic values whatever the loading velocity, consideration that the original method did

not include. Moreover, by assuming the hypothesis that Kini
Ic is less sensitive to rate effects

than Kun
Ic and, so, it will experience little change regardless of the loading velocity, Kc

Ic
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Figure 3.24: Local crack opening rate.

would help to estimate Kun
Ic for a certain loading rate starting from a known Kini

Ic value
measured with quasi-static tests. Inversely, if what is known is a Kun

Ic measured in a case
with a relevant loading velocity, a Kc

Ic calculated accordingly could serve to detract the
rate effect from that parameter to obtain a reference Kini

Ic and, after that, adding a new
Kc
Ic without rate influence would provide the static Kun

Ic that corresponds to that concrete.

3.6.2. Results and discussion

The first results to analyse consist in the double-K parameters that can be measured
directly on the static and rate-affected P–wM curves, respectively. Fig. 3.25 shows that,
while Kun

Ic experiences an increment when considering the loading velocity, Kini
Ic keeps

around a constant value. This fact supports the idea presented above, which considers
that a static Kini

Ic may not differ much from its corresponding rate-affected value and, so,
it can be taken as the base for reaching Kun

Ic considering the load velocity by means of Kc
Ic.

The similarity between both Kini
Ic values is partially explained because the numerical model

does not consider the variation of the elastic modulus E due to rate effects. However, this
would not induce an appreciable change in Kini

Ic and, thus, the approximation is correct.

Next, Kc
Ic parameters are introduced. On the one hand, the cohesive toughness cal-

culated from the rate-affected P–wM curves, with the appropriate viscous parameters, is
detracted from its corresponding Kun

Ic to obtain Kini
Ic . As shown in Fig. 3.25, this new Kini

Ic

value coincides with the one already measured up to a beam size of 600 mm, although later
it continues growing following the increasing tendency of Kun

Ic . Then, for typical specimen
sizes in laboratory, the Kc

Ic parameter with a viscous factor works as well as its static
counterpart for estimating Kini

Ic (Fig. 3.20).

On the other hand, the modified Kc
Ic, obtained now from the static P–wM curves, is

added to the static Kini
Ic . This new Kun

Ic is, again, a good approximation for the one that
can be directly measured with the rate-affected curves until a size of 600 mm, remaining,
in any case, within a 20% of variation on the safe side for larger sizes.

Focusing on these two values of the cohesive toughness, with the same viscous pa-
rameters and crack opening rates, Fig. 3.26 presents a direct comparison between them,
without the distortion introduced in Fig. 3.25 by the size effect of Kun

Ic . This way, it is
possible to observe that both Kc

Ic parameters are very similar in the entire size range, only
slightly different for smaller sizes.

The value of Kc
Ic with a viscous factor for a certain point depends on the distribution
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Figure 3.29: Rate effect varying ẇM , proportional to the beam size.

of the crack width along its length in the propagation state of the previous point on
the curve. Therefore, the likeness between both groups of Kc

Ic means that there exists
a relation between consecutive P–wM points that is not affected by rate effects. This a
relevant result as it validates the hypothesis that rate effects can be estimated from static
P–wM curves within a range of tolerance, and vice versa. Experimental tests with different
specimen sizes and with high loading rates are required to contrast this observation.

In the following, rate effects on the double-K method adapted with this methodology
are studied through Kc

Ic obtained with the static P–wM curves, depending on the variables
that affect Eq. 3.29. Parametric analyses have been performed on the parameter n of the
viscous factor, the crack mouth opening rate for a constant value for any beam size and
the crack mouth opening rate for a value proportional to the beam size.

In Fig. 3.27, Kc
Ic diminishes for higher n. This is in consonance with [37], where

an increasing value of n obtains decreasing values of load up to a certain displacement-
rate/reference-opening-rate relation. From that point on, the effect is the opposite. Then,
the relation of ẇ0 = 100 µm/s and ẇM = 2.5 µm/s is to the left of that inflection point.

Figures 3.28 and 3.29 show the variation of Kc
Ic depending on ẇM , keeping n = 0.15.

In the first case, ẇM is constant for every specimen, analysing different velocities. In the
second case, ẇM is proportional to the beam size, considering only a common starting
value of 2.5 µm/s, corresponding to the smallest size (0.1`ch).

For constant opening rates, each Kc
Ic curve presents a certain size effect, increasing

for larger sizes. The different ẇM values form a family of parallel curves. The interval
between them is proportionally bigger for smaller opening rates than for larger ones. An
increase of ẇM results in an increase of the Kc

Ic value, although not in the same magnitude,
as from 2.5 µm/s to 500 µm/s the variation of Kc

Ic is about a 40%. Fig. 3.30 shows the
increase tendency of Kc

Ic, depending on the crack mouth opening rate for the beam of size
D = 1`ch. The relation is linear for a logarithmic horizontal scale, which means that for
an exponential increase of ẇM , the variation in Kc

Ic is moderate in relative terms.

Fig. 3.29 also shows the static Kc
Ic curve and repeats the corresponding one for ẇM

= 2.5 µm/s. Again, their trajectories are parallel, with the rate-affected curve a 50%
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higher. In the case where the opening rate increases with the size, the size effect in Kc
Ic

is amplified, from that 50% of increase for the smallest size to a 100% for the largest one
(10`ch).

Finally, the rate effect in Kc
Ic is also presented in the form of R-like curves, studying

the evolution of the cohesive toughness along the crack for different crack opening rates.
Fig. 3.31 presents the results for D = 1`ch in non-dimensional units and in terms of Kc

Ic.
As Kini

Ic is a constant, Kc
Ic curves have the same shape than KIc (Kini

Ic + Kc
Ic). By Eq. 3.30,

it is possible to convert this data into an R curve. These curves follow the same tendency
already observed in Fig. 3.28, with a higher value of Kc

Ic for larger velocities. Besides, it
is possible to appreciate an increasing tendency along the crack, although very slight, so
it can be neglected.

This graph is useful to predict the behaviour of a concrete during a test where the
opening rate is changed (intentionally or not), for example, in order to reduce its duration.
If this has been a sudden change, the trajectory followed on a Kc

Ic–∆a curve would suffer
a jump to another one, continuing along this new curve after that.

3.7. Conclusions

In the present work, the double-K method has been studied to analyse the dependency
on size and cohesive assumptions in the results. To achieve this objective, experimental
three-point bending tests in crack mouth opening displacement control were carried out,
using notched beams with three different sizes (75 mm, 150 mm and 300 mm). The material
used was a micro-concrete, with well defined mechanical properties. A numerical model has
been calibrated with these laboratory results. This model considers the cohesive behaviour
in the cracking zone. The bilinear softening law in [39] was used, which is the one that
better fits the experimental data. With this model, 19 P–wM curves were obtained for
a range of sizes from 13 mm to 1300 mm, based on the characteristic length value of the
concrete (D/`ch = 0.1–10). With these curves as input data, it is possible to calculate
Kun
Ic , related to the maximum load, and Kini

Ic , related to the crack initiation load.

Kun
Ic shows a moderate increase with size, reflecting a slight size effect. On the contrary,

Kini
Ic remains almost constant within the experimental range, but it starts to decrease for

larger sizes, becoming even negative for the biggest ones. As Kini
Ic is obtained by the

subtraction of Kun
Ic and Kc

Ic, this means that the mathematical expressions to calculate
Kc
Ic are only valid up to a certain size, the one for which the crack tip opening displacement

at the maximum load, wTc, reaches a critical opening (wc). Beyond that limit, and in spite
of the increase of Kun

Ic , Kc
Ic increases proportionally more, resulting in smaller values of

Kini
Ic that can even be negative. Therefore, this condition of applicability on wTc should

be added to the simplified method.

The double-K parameters are very sensitive to the concrete behaviour during the first
stages of the crack propagation, which control the maximum load. Thus, the initial slope
of the cohesive law, characterised by the intercept of the tangent at the initial stretch
of the softening curve with the abscissa (usually referred to as w1), is the most relevant
feature to fit the predictions of the simplified method with the measured results. Indeed,
a proposal is presented to further simplify and improve the method by using a linear law
from ft in the ordinates to w1 in the abscissas.

The size dependency of double-K parameters is also confirmed by KIc and R curves
with both dimensional and non-dimensional units. This is clearly stated by the variety of
different curve slopes and trajectories observed for different sizes. It is also suggested that
these results may be geometry dependent as well. Further studies would be necessary to



90 Chapter 3. Double-K method

analyse this aspect.
Additionally, rate effects have also been added to the standard double-K method. A

viscous factor has been introduced in order to reproduce the loading rate influence. Kc
Ic

is the parameter that integrates the cohesive toughness developed along the FPZ of the
crack at a certain loading state. With its help, it is possible to modify the associated
stress for a given crack opening and, so, include the increase in the response of concrete
against fracture that is empirically observed.

With the simple approach presented here, it has been possible to reproduce in the
double-K parameters typical increments due to rate effects in other fracture parameters.
This study shows how relatively small crack opening rates produce a clear increase in the
result of toughness parameters, with a damped growing tendency. The election of the
parameters of the viscous factor has also an important role as they control the final value
of Kc

Ic and, therefore, they must be properly chosen for the material under study.
The proposed methodology can also determine the resistance curves for a given spec-

imen for various crack opening velocities, which allows following the evolution during a
fracture process where changes of the loading rate take place.

Appendix 3.A Nomenclature

a Crack length

a0 Notch length

ac Critical crack length, corresponding to the maximum load

ci Initial compliance of the linear ascending part of the load–CMOD curve

c1, c2 Parameters in the Reinhardt’s softening law

fc Compressive strength

ft Tensile strength

`ch Characteristic length

n Constant of the viscous factor of the cohesive law

w Crack width

w∗ Non-dimensional crack width

ẇ Crack opening rate

w0 Critical crack opening in the Reinhardt’s softening law

ẇ0 Reference crack opening rate

w1 Intercept with the x-axis of the tangent to the softening curve at w = 0

wc Critical crack opening in a softening law

wch Characteristic crack width

wG Position of the centre of gravity of the softening curve

wk Crack opening at the kink of the bilinear softening law

wM Crack mouth opening displacement or CMOD

ẇM Crack mouth opening rate

wmax Intercept with the x-axis of the parallel to the linear ascending part of the load–
CMOD curve that crosses at its peak point

wMc Critical crack mouth opening, corresponding to the maximum load

wTc Critical crack opening at the tip of the notch, corresponding to the maximum load
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x Position along the crack with origin at the notch mouth

xe Acting position along a crack of the resultant of cohesive stresses

A Constant of the hyperbolic function to fit the curve tail in a three-point bending
test

B Thickness of the specimen

D Specimen size or depth

E Elastic modulus

ETPB Elastic modulus from a three-point bending test

F1, F2 Geometric functions

GF Fracture energy

H0 Thickness of a clip gauge holder

K Stress intensity factor at the tip of an elastic crack

KIc Fracture toughness in opening mode I

Kc
Ic Cohesion toughness

Kini
Ic Initiation fracture toughness

Kini
Ic,m Initiation fracture toughness from a measured value of the crack initiation load

Kun
Ic Unstable fracture toughness

L Length of a beam specimen

P Load

Pc Maximum or critical load

Pe Resultant of cohesive stresses on a crack

Pini Measured crack initiation load

R Crack extension resistance

S Span in a three-point bending test

U Relative position along a crack

Ue Relative acting position of the resultant of cohesive stresses on a crack

V0 Parameter that relates the notch length to the specimen size

Vc Parameter that relates the critical crack length to the specimen size

Vh Parameter that relates the notch length to the specimen size considering the pres-
ence of a clip gauge holder

Wm Measured fracture work in a three-point bending test

Wum Unmeasured fracture work in a three-point bending test

Z Calibration function

βc Non-dimensional stress at the tip of the notch

δ Displacement of the load application point in a three-point bending test

δu Displacement of the last point of the P–δ curve registered in a three-point bending
test

σ Stress

σ∗ Non-dimensional stress

σN Nominal stress at the centre of the span in bending

σNc Critical nominal stress

CMOD Crack Mouth Opening Displacement
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FPZ Fracture Process Zone

LEFM Linear Elastic Fracture Mechanics

TPB Three-Point Bending beam or test



Part IV

Numerical methods





Chapter 4

Failure behaviour of metal anchors for concrete

This work presents a study of steel anchors in precast façade concrete panels subjected to
normal and tangential extraction forces. It focuses on four types of inexpensive non-certified
anchorages, fairly used in the precast concrete industry but not properly covered by design stan-
dards. The experimental programme consists of 24 extraction tests that are used to validate
a three-dimensional fracture model by comparing both load–displacement curves and concrete
crack-patterns. Experimental and numerical extraction loads are also compared with the results
obtained with the analytical method for the design of anchorages of the European standard ETAG
001, while discussing the problems of their application to these non-certified anchorages. Finally, an
extensive parametric analysis is performed on the anchor plate extraction resistance. The distance
of the plate to the edge of the panel results the most influential factor.

4.1. Introduction

The use of precast concrete elements in construction has increased over the last decades.
It arises from the innovation of new construction methods and usually advances beyond
standard rules of design. These individual elements must be transported to the building
site and affixed in the corresponding place by connecting them with the main structure
or with other auxiliary elements. Anchor elements previously incorporated in the precast
pieces serve to perform this function. Every load that affects these elements is transferred
through their anchorages, which makes them an essential part of the structural support
system. Thus, the proper design of these elements is essential.

The problem that designers face is that there is not a standard calculation rule ap-
plicable to the high variety of anchors available in the construction industry. Normally,
concrete national or international standards include a chapter on metal anchorages in con-
crete, such as ACI 318-11 [22], CSA A23.3-04 [23] or Eurocode 2 (specifically, CEN-TS
1992-4 [20] or its revision draft prEN 1992-4 [21]). Additionally, anchorages covered by
these standards must be certified in Europe following the European Technical Approval
Guide ETAG 001, ‘Metal Anchors for Use in Concrete’ [19]. This certification process leads
to sophisticatedly designed anchor systems, such as headed fasteners, anchor channels or
post-installed mechanical/bond anchors. However, many of the anchor systems used in
the precast industry have a simpler and more affordable design and do not necessarily
follow a specific standard. The design of such connections is mainly based on general
recommendations from manufacturers or experimental studies.

Over the years, various research has been performed on anchorages [40–45, 114–121]
in order to study their failure mechanism and to provide a formulation for estimating
their capacity. Some authors have focused on anchorages of precast concrete elements.

95
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Cziesielski and Friedmann [114] studied anchor bolts subjected to shear and tension in
precast concrete elements welded to a steel plate. They used several calculation methods
in order to establish an expression to obtain the anchor strength, including a finite element
analysis. From those results, they concluded that resistance is related to the diameter and
proposed a simplified empirical formula, taking into account the influence of a concrete
edge. Çolak [42] focused on the behaviour of chemical anchors of precast concrete panels.
This researcher undertook a parametric study in order to determine the influence of the
epoxy layer on the adhesion of steel anchors to concrete and the embedment length.

Other authors focused on anchorage length, thereby using long anchor bolts. Ožbolt et
al. [115] performed a parametric study of long headed anchor bolts loaded in tension. They
compared the results of the technical approval guide ETAG 001 [19] and the ACI standard
[22] with a numerical model (based on the microplane material model for concrete) and
experimental results available in the bibliography. Design methods provide good results
in the depth range of 50 to 1500 mm for small heads. However, they do not consider the
variability of head size and thus, they do not take into account the increase of resistance
for larger heads. The authors proposed a correction factor for different head sizes in order
to improve the estimate of the ultimate anchor strength. Other researchers, who provide
a comparison between experimental and numerical results and the method of the ETAG
001 [19] include Unterweger et al. [116] and Kuhlmann and Rybinski [43].

Delhomme and Debicki [44] modelled the pull-out tests of long and smooth anchor
rods with anchor washers on the end, embedded in concrete, by means of a nonlinear
analysis. They emphasised the high compliance of this anchorage in comparison with a
bolted joint. Nguyen and Kim [118] developed an accurate nonlinear three-dimensional
finite element model to investigate large headed stud shear connections embedded in a
solid slab and to perform a parametric analysis of concrete strength. Fathy et al. [119]
investigated headed stud anchors in granite, a quasi-brittle material similar to concrete.
They performed experimental tests and finite element analyses by applying linear elastic
fracture mechanics (LEFM), with different anchor sizes. They observed that LEFM does
not properly predict the real behaviour, except with larger sizes, and proposed that a
nonlinear model should be considered. Other types of size effects, for example in concrete
cone failure, have been studied by Eligehausen et al. [40] and Chang et al. [120].

The work presented here comprises this body of research in regard to concrete anchor-
age, specifically in the field of precast concrete elements. It has a dual purpose. On the
one hand, this is a contribution to the knowledge on metal anchors in concrete and their
failure behaviour. On the other hand, the study has a technological purpose which is to
analyse a certain type of anchorage, that is fairly used in the precasting industry, but is
not covered by design standards, the capabilities and limitations of which are not fully
understood. These anchorages are used to affix façade panels in their place and generally
consist of an anchor plate with four ribbed-steel-bars, embedded in concrete. This type
of anchor plate allows a quick and easy union by welding the connection elements to the
external plate surface. Furthermore, the use of this type of anchor plate is needed due to
the small thickness of the panels. This geometrical restriction prevents the use of other
normalised anchors, which need a higher available depth. Although these metal anchors
for thin concrete members are very common in the precasting industry, they could also be
applied to in-situ concrete.

An experimental programme was carried out in order to study four different types of
anchorages. A total of 24 pull-out tests were performed in order to analyse the behaviour
of the anchor plates under tensile and shear loads. The failure mode, load–displacement
curves with the maximum load and crack patterns were obtained. However, as these
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Table 4.1: Concrete properties.

Ec [GPa] fc [MPa] ft [MPa] GF [N/m] ν

31 (4) 78 (7) 5.0 (0.2) 150 (30) 0.18 (0.01)

Table 4.2: Reinforcement steel properties.

Es [GPa] fy,0.2% [MPa] fu [MPa] εu [%] τc [MPa]

210 (10) 586 (10) 694 (7) 16.8 (1.0) 8.7 (1.1)

experimental tests are costly and time-consuming, full-scale tests were complemented by
non-linear finite element models. Therefore, numerical analyses of the same cases covered
by the laboratory tests were carried out. The analytical results of maximum load estimated
by the method of the ETAG 001 [19] are also included for comparison, for both types of
loading.

The rest of the chapter is organised as follows: Section 4.2 describes the experimental
programme; Section 4.3 describes the analytical and numerical methods used to calculate
the anchorages under the same conditions as in the laboratory; Section 4.4 presents the
different results; Section 4.5 discusses the parametric analyses for improving the design of
the anchorages and concrete panels; Section 4.6 includes the conclusions of this work; and
finally, Appendix 4.A details the procedure and results of the analytical method.

4.2. Experimental programme

The objectives of the experimental programme were to determine the mechanical re-
sponse of the anchor plates and to study their failure modes by analysing the damaged
area of the concrete (crack pattern) and the load–displacement curves at the load ap-
plication point. Each of the four anchorage-types were tested under two different load
directions and the tests were repeated three times for each geometrical configuration in
order to obtain a representative value. Therefore, a total of 24 tests were carried out. The
experimental programme was presented preliminarily in [121].

The geometry of the studied anchorages is shown in Fig. 4.1. Three of the anchorages
are composed of four ribbed-steel-bars welded to a steel plate. The fourth one has two
ring-shaped bars welded to the plate at both ends. The anchorages are embedded in the
concrete, with the external face of the plate at the surface of the panel in order to weld
the connection elements to it.

The concrete specimens are thin panels with some added components that are necessary
to affix the specimens during the tests, such as concrete pedestals.

The anchor plates were placed at different positions within the panel (next to an
edge or far from it), by either applying a force perpendicularly to the plate (tension test,
denoted as T) or in a direction parallel to its surface (shear test, denoted as V). In the
latter position, there were another two options when placing the anchorage on an edge:
applying the load outward perpendicularly to that border (V1) or in a parallel direction
(V2).

Initially, the material properties of the concrete and steel used in the specimens were
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Figure 4.1: Studied anchor plates (dimensions in mm): a) anchor D15, b) anchor AL, c)
anchor D10 and d) anchor DE.

Figure 4.2: Tests configurations for different anchor plates: a) D15, b) AL, c) D10 and d)
DE.
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Table 4.3: Dimensions of the concrete components.

Test Component Designation Dimension

V - V1 Panel Front view 1 m × 0.85 m

Thickness 0.12 m

Pedestal Front view 1 m × 0.5 m

Thickness 0.4 m

V2 Panel Front view 0.55 m × 0.85 m

Thickness 0.12 m

Pedestal Front view 1 m × 0.5 m

Thickness 0.4 m

T Panel Front view 1.72 m × 1.72 m

Thickness 0.12 m

characterised by standard tests, including the bond adherence strength. The obtained
values are shown in Tables 4.1 and 4.2 with the standard deviation in brackets. Table 4.1
shows the concrete properties, which are the elastic modulus, Ec, Poisson’s ratio, ν, com-
pressive strength, fc, tensile strength, ft, and fracture energy, GF . Table 4.2 shows the
mechanical properties of the steel: the elastic modulus, Es, the 0.2% offset yield strength,
fy,0.2%, the ultimate strength, fu, the ultimate strain, εu, and the bond strength, τc.

Fig. 4.2 shows the test configurations and the shape of the concrete specimens, while
Table 4.3 sets forth the dimensions. The load is applied on an auxiliary plate welded to
the anchor plate surface. In the test configuration T, the panel is affixed to the strong floor
of the laboratory by a bolt in each corner, aided by a square frame on the upper surface
of the panel connecting the four bolts. In test configurations V, V1 and V2, the concrete
specimen is affixed by means of a section of metal beam that presses on the upper surface
of the concrete pedestal. This element is anchored to the floor by a stud that crosses the
pedestal through the notch placed along the same vertical axis as the load, so that the
test minimises the bending moment of the panel. Anchorage tests results are provided in
Section 4.4.

4.3. Analytical and numerical methods

4.3.1. Analytical method

In order to obtain an analytical reference value of the capacity of the anchor plates, the
method proposed by the European Technical Approval Guideline (ETAG 001) of ‘Metal
Anchors for Use in Concrete’ [19] has been used. This method arises from the concrete
capacity (CC) or concrete capacity design (CCD) method [41, 45]. It takes into account
various load directions (tension and shear) and analyses various failure modes (in steel,
in concrete cones, by pull-out and pry-out forces, splitting failure and concrete edge fail-
ure). The results presented in the next Section are compared with the experimental and
numerical ones. Emphasis should be placed on the fact that this standard is aimed at
normalised anchors and, therefore, it is used in an analogous manner for this type of an-
chors studied here, for which there are no specific codes. The method can be generally
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applied to these cases but it does not consider some of their particularities. For example,
under shear loads, there is an underestimation of resistance. While in this method the
individual anchorages are straight bolts, which are relatively stiff, the anchorages studied
here consist of thin bars, which are considered to have a low resistance to shear. Their
resistance to this type of load is achieved by a lever-effect mechanism, as the shear load
is applied combined with a moment force.

Moreover, due to the thinness of the concrete panel, the bars bend and extend in
parallel to the concrete surface. The design method does not consider the resistance
exerted by this extra-length. The effective depth (hef ) has been measured as the length
of the section of the bars perpendicular to the anchor plate, following the same criterion
as the method, and therefore, disregarding most of the length of the anchor bars.

Finally, the ETAG 001 does not propose an analytical expression to determine the
pull-out failure, which is critical in one of the studied cases (AL-V1). For the pry-out
failure, the previous existence of an ETA for the calculated anchor is also required. In the
case that it is not the critical failure, it provides coefficients, considered conservative, in
order to evaluate it. Thus, the pull-out failure has not been considered and the pry-out
failure has been calculated using those coefficients. The Appendix 4.A shows a description
of the method, including two tables setting forth the parameter values that were taken for
each particular case and the results for each kind of failure.

4.3.2. Finite Element Model

The objective of this simulation is to propose a suitable three-dimensional model to
investigate the behaviour of these types of connections. Seeking to improve the estimation
of the resistance of anchorages, some numerical models have been developed to reproduce
the same configurations as the tests, which were carried out in the laboratory.

To develop these models, ATENA [46] has been used, a programme that uses the
Finite Element Method combined with non-linear constitutive equations and an explicit
representation of concrete fracture. This programme had been successfully used previously
by some researchers to investigate the effect of loads applied to anchor elements under
tensile [122] and shear loads [116]. It is specialised in nonlinear calculus for concrete
structures, including assumptions for concrete such as nonlinear behaviour in compression,
fracture of concrete in tension based on nonlinear fracture mechanics and reduction of the
shear stiffness after cracking.

Material properties were established as those obtained during the experimental pro-
gramme, including fracture parameters. Six different materials were defined, including
fictitious materials to model contact properties. These materials are the concrete for the
panel and the pedestal; three different types of steel for the anchor plate, the auxiliary
plate, and the reinforcement and anchor bars, respectively; the cohesive contact between
the anchor plate and the concrete panel, and the reinforcement bond adherence.

The concrete panel and the pedestal were modelled using a fracture–plastic material
[46]. The different mechanical properties necessary for the model were taken from the
experimental results, see Table 4.1. The nonlinear behaviour of the concrete is represented
by the equivalent uniaxial stress–strain curve shown in Fig. 4.3a. The effective maximum
compressive and tensile stresses, f ′c

ef and f ′t
ef , are derived from the stress failure criterion

that combines a Rankine criterion for tension and the plastic criterion by Menétrey and
William [123] for compression. Fig. 4.3b represents the failure criterion for two dimensions.
The prime notation refers to the principal stress direction for a rotated crack model or to
the principal stress direction at the onset of cracking for a fixed crack model.

Cracks initiate when the tensile resistance is reached. Prior to cracking, the material
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Figure 4.3: a) Uniaxial stress–strain diagram for concrete and b) stress failure criterion.

Figure 4.4: a) Exponential cohesive law for concrete fracture by Reinhardt et al. [38, 124],
b) stress–strain diagram for the steel reinforcement bars, or rebars, and c) bond–slip law
for the concrete–steel interface.

is treated as isotropic with a modulus of elasticity derived from the equivalent uniaxial
law using the lowest principal stress. After cracking, the material is orthotropic. The
fracture model is based on the classical smeared crack formulation and crack band model
[11], where the crack band size is taken as the projection of the element size on the crack
direction [46]. The exponential softening law proposed by Reinhardt et al. [38, 124] is
used, Fig. 4.4a, already defined by Eq. 3.11, where w0 = wc is the crack opening at the
state of complete stress release, and the values of c1 and c2 are 3 and 7, respectively.

The reinforcement and anchor bars were modelled using a bilinear stress–strain law
(Fig. 4.4b), with the strain-hardening behaviour observed in the laboratory tests. The
reinforcement bond adherence was modelled by means of a multi-linear law based on the
Model Code [18] with the maximum bond strength τc from the tests (Fig. 4.4c).

Two different steel plates were used in the simulations: the anchor plate and an aux-
iliary plate connected to it. The steel anchor plate was modelled as an elastic perfectly-
plastic material with a bilinear stress–strain law. It was not tested, but it was made of
S275JR steel [125]. The following values were used: ν as 0.3, Es as 210 GPa and fy,0.2%

as 275 MPa. Meanwhile, for the auxiliary steel plate, a perfectly-linear elastic material
was chosen, with the same ν and Es as in the anchor plate. Since it never reached its
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Figure 8 Boundary and loading conditions. 
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Figure 4.5: Reinforcement and mesh of the finite element model: a) V and V1, b) V2 and
c) T test.

yielding strength in the experimental tests, using a perfectly-linear elastic material was a
suitable approximation. Accordingly, this element is enforced to have a linear behaviour
in the numerical analysis. The contact between the concrete and the steel plate surface
was modelled with interface elements. The normal and tangential stiffness values, Knn

and Ktt respectively, were taken as 4 TN/m4, tensile strength, ft, as 1 MPa, cohesion, c,
as 1 MPa, and friction coefficient, µ, as 0.4.

Insofar as geometry, Fig. 4.5 provides each concrete specimen for the different test
configurations, including the position of the anchor plates in each case and the internal
reinforcement bars. Fig. 4.5a summarises the reinforcement and geometry used for the first
type of shear tests, V1, for anchorages D10, DE and AL, and for the shear test V, for D15.
For this last test, the position of the anchorage in the panel changes, but the geometry
and reinforcement remain the same. Fig. 4.5b presents the geometry of the second kind of
shear test, V2, for D10, DE and AL, while Fig. 4.5c represents the model for the tensile
test of the D15 anchor plate. In all cases, the anchor bars were embedded in the concrete
members. Each panel had two layers of reinforcement meshes of diameter φ = 8 mm, with
the exception of the panel for the D15-T tests, with φ = 6 mm. The distance between
rebars was 150 mm and the concrete cover was 25 mm. The reinforcement and anchor bars
were modelled as discrete bars by truss elements. Note that, although truss elements do
not have shear stiffness by themselves, shear transmission is actually considered in the
model as displacement compatibility is imposed between the bar truss-element nodes and
the surrounding concrete elements. Shear forces cannot move a bar without provoking
a corresponding strain on the concrete elements that contain it which, in turn, have an
improved resistance by the presence of that bar.

It must also be noted that in the test D15-T, the auxiliary plate was not placed in
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a central position in the anchor plate. Due to the non-symmetric damage in concrete
surrounding the anchor plate, an unavoidable eccentricity of the applied load appeared.
This caused the four bars of the anchorage to not receive the same load, thereby starting
an unstable process that caused the eccentricity to grow continuously and the anchorage
to fail at 50% of its design value of resistance. In the numerical model the response was
sensitively symmetrical and did not represent the observed real behaviour unless initial
eccentricity to the load was provided.

The concrete panel and steel plates were discretised as 8-node brick elements where
possible. This resulted in good precision but reduced the number of operations compared
with the 4-node tetrahedral type, as it required a higher number of elements for the same
finite element size. This size was in consonance with the size of each member and the
required precision in each part.

A mesh sensitivity study was performed for the concrete panel with the objective
of obtaining the best results at the lowest computational cost. In that study, the test
configuration D10-V2 was used, as it is one of those tests where the concrete specimen
has the smallest panel (0.55 m × 0.85 m × 0.12 m). Two main conditions were considered
when establishing the finite element size. On the one hand, there is a shape limitation that
recommends that the largest dimension is not larger than three times the smallest one.
On the other hand, it is good practice that at least four layers of finite elements should be
provided in elements subjected to bending. This last condition dictates the maximum size
of the finite elements in the panel thickness direction, which was set as 30 mm. Therefore,
in the other two directions, dimensions could reach a maximum of 90 mm. The mesh
sensitivity study covered these element sizes: 90 × 90 × 30 mm3 (proportion 3:3:1), 60 ×
60 × 30 mm3 (2:2:1), 30 × 30 × 30 mm3 (1:1:1), and 15 × 15 × 30 mm3 (0.5:0.5:1). The
resulting number of finite elements for each case, including every component of the model,
were 1682, 2172, 3440 and 9860, respectively.

Results of load–displacement curves and crack patterns are compared in Figs. 4.6 and
4.7, which demonstrate that the four models obtained very similar results, in accordance
with the experimental ones. The P–δ curves follow almost the same path until a displace-
ment as large as 8 mm, near their peak load. Their trajectory is parallel to that of the
experimental curves, that is just beneath them. Insofar as crack patterns, Fig. 4.7 only
shows cracks wider than 5 µm, in order to highlight localised cracks and better compare
these four models. The discretisation with elements of 90 mm presents a pattern with
cracks covering the entire surface of the panel, differing from experimental observations,
although maintaining the direction of the main cracks. The other three, however, localise
cracks in the same positions and following the same paths as the cracks observed in labo-
ratory tests, with small differences in the segment of panel above the anchor plate. Due to
the high number of elements in the last two configurations, the computation time results
excessive, as there is not a clear improvement in the outcome. Between the other two
sizes, 60 × 60 × 30 mm3 has been chosen in order to avoid the shape proportion limit
and achieve a better crack pattern. This finite element size has been used throughout the
models for the different anchorages and test configurations (see Fig. 4.5).

Regarding the rest of the model components, the finite element size for the anchor plate
is 4 × 12 × 12 mm3, and for the auxiliary plate, 10 × 10 × 10 mm3. The concrete pedestal
was discretised with tetrahedral elements because the supporting forces act only on a
certain area within its upper surface, which prevented using brick elements (available only
in prismatic pieces with regular surfaces). Likewise, the anchor plate AL was modelled
with tetrahedral elements due to its angular geometry (see Fig. 4.1). The tetrahedral
elements have an average size of 100 mm for the pedestal and 50 mm for the panel. In
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Figure 4.6: Mesh sensitivity study: comparison of P–δ curves.
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Figure 4.7: Mesh sensitivity study: comparison of crack patterns. a) Concrete reinforce-
ment and experimental crack pattern, b) panel mesh size of 90 mm, c) 60 mm, d) 30 mm
and e) 15 mm.
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Figure 4.8: Boundary and loading conditions.

AL-V1 model, a refined mesh was made only in the anchorage zone, and a larger size was
used in the rest of the panel to avoid an excessive number of elements.

Boundary conditions were accounted for by selecting the appropriate loading points
and fixed nodes. For instance, the corresponding surface in the concrete pedestal was
restrained to reproduce the same supporting conditions as in the tests, so all the degrees
of freedom of the nodes belonging to the referred surface were restricted. A constant
displacement was applied upwards in a node at the end of the auxiliary plate in every
model. Thus, the auxiliary plate transmitted the load to the anchor plate. The registered
load corresponded to the reaction force in that point against the imposed deformation.
Fig. 4.8 shows the boundary conditions for the different tests and the restricted-movement
areas.

A nonlinear analysis was carried out to obtain deformations, stresses, crack develop-
ment and failure modes throughout the loading history.

4.4. Results and discussion

In this Section, the experimental data is compared with the analytical and numerical
results. Fig. 4.9a represents the peak load obtained by the experimental tests and by the
analytical and numerical methods, for each configuration of test and anchorage.

Starting with the analytical results, the method proves to be quite conservative in
comparison with the experimental and numerical results under shear loads, in most cases.
On the contrary, under tension loads, it offers higher resistance values because, on the one
hand, the method does not analytically evaluate the pull-out failure, critical in the case
of AL-V1, and, on the other hand, it cannot predict the growing-eccentricity effect that
appears in the D15-T test.

In light of the different types of failure for shear forces, the most restrictive one is
the concrete edge failure because the analytical method highly penalises the absence of
concrete confinement of the anchorage. This is especially relevant for the AL-V2, D10-V1
and DE-V1 tests, as shown in Fig. 4.9c. The explanation of these low values resides in
the dependency of the initial value of the characteristic resistance of each anchor plate on
the distance between the concrete edge and the nearest anchor row. This means that it
does not consider the collaboration of the second row of anchors within the plate, which
would increase the minimum expected resistance three times, thereby still resulting in a
conservative value.

The highest differences in comparison with the experimental results correspond to the
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Figure 4.9: a) Comparison of maximum loads, b) results of the different failure types
considered by the ETAG 001 method under tension and c) shear loads.
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AL anchorage due to its particular angular shape and position on the panel. Significant
differences also occur for D10-V1 and DE-V1, as mentioned above. The best approxima-
tions of the method correspond to the D15 anchorage, as it has boundary conditions that
are more similar to those contemplated in the method.

The numerical method obtains a better adjustment with respect to the experimental
results. In five of the eight models, the variation in comparison with laboratory data is
under 10% in relative values. The maximum difference occurs again with the AL anchor-
age, but only reaches a 33% variation on the safe side. This highlights how the numerical
method can take into account other considerations such as the presence of reinforcement
in the concrete or the specific effect of a particular geometrical configuration in each case.

As general considerations, Fig. 4.9a shows that anchorages better resist shear forces
when there is a good concrete confinement (V2 tests and D15-V). In V1 tests, anchorages
fail much earlier because of the small volume of concrete that can be mobilised, especially
with anchorage AL, the resistance of which mainly depends on the bond adherence between
the concrete and bars. Furthermore, the D15-T test confirmed the important role that
eccentricity plays in the capacity of the anchorages, which concentrated stresses in two of
the four bars, so the anchorage eventually failed at a half of the expected load. Prior to
failure, the effect of the concrete cracking on the loss of stiffness was also significant, since
the failure had already started in the concrete matrix (as seen in Pallarés [126]).

Focusing on other interesting results that the numerical model provides, Fig. 4.10
contains the complete load–displacement curves, P–δ, of the loading point compared with
the three experimental curves that correspond to the repetitions of each test configuration.

In general, the numerical curves are in accordance with the experimental curves, espe-
cially in the initial phase until reaching the maximum load, as well as the slip at the peak
load. The calculation of AL-V2 presents more differences with respect to the experimental
ones, due again to its particular angular geometry. However, the numerical curve for this
anchorage is very similar to the experimental curves, although with a peak load lower than
the experimental results.

In most cases, the post-peak tendency is consistent with the corresponding experimen-
tal one. The post-peak section of the curves reflects the ductility of the anchorages, which
is an important aspect to be considered as this demonstrates to what degree the anchor-
age can be deformed and still maintain a residual strength before a complete collapse.
For instance, in D15-T, D15-V and DE-V1 tests, anchorages undergo a fragile breakage
after reaching their maximum loads and quickly lose resistance. On the contrary, in the
remaining tests, anchorages have a gentle post-peak slope, which may be of interest to
designers.

Another important set of results analysed here concerns crack patterns, which are in
accordance with experimental results. For instance, Fig. 4.11 compares crack patterns
between the experimental (left) and numerical (right) results. In numerical simulations,
the lines in the elements schematically represent the cracks. The damaged area spreads
over the same concrete zone and the main cracks follow the same paths as in laboratory
tests, with similar inclination and length. Even remote cracks in the panels, especially at
the connection with the pedestal, are properly reproduced by the calculations. Therefore,
the numerical models appropriately show the failure mechanism.

4.5. Parametric study

With the models validated for the eight types of tests, parametric analyses can be
performed in order to study the effects of relevant variables on anchor capacity. On the
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Figure 4.10: Load–displacement curves comparing experimental results with numerical
models: a) D15-V, b) D15-T, c) AL-V1, d) AL-V2, e) D10-V1, f) D10-V2, g) DE-V1 and
h) DE-V2.
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Figure 4.11: Experimental and numerical crack patterns: a) D15-V, b) D15-T, c) AL-V1,
d) AL-V2, e) D10-V1, f) D10-V2, g) DE-V1 and h) DE-V2.
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Table 4.4: Concrete and interface properties for the parametric study.

fc [MPa] Ec [GPa] ft [MPa] GF [N/m] τc [MPa]

30 31 2.4 135 5.9

40 34 3.0 142 7.1

50 37 3.6 148 8.1

60 39 4.1 153 9.0

70 41 4.4 157 9.8

80 43 4.7 161 10.6

one hand, the influence of different variables referring to the panel are analysed and on
the other hand, the anchor plate itself has been studied, that is to say, the effect of the
geometry of the anchor plate and of the bars attached to it.

Firstly, it is observed that in general the concrete fails before the steel of the anchorages.
This is also reflected by the analytical method (concrete cone failure for tensile tests and
concrete pry-out and concrete edge failure for shear tests). Thereby, the improvement of
the anchorage capacity is likely dependent on the surrounding concrete.

A parametric analysis was carried out on the influence of the concrete strength for
the six shear tests (V, V1 and V2), varying the compressive strength from 30 to 80 MPa,
which results in a total of 36 simulations. As some other mechanical properties vary
in accordance to the compressive strength, Table 4.4 shows these parameters derived by
following the Model Code [18]. The rest of the parameters and variables of the model are
maintained.

Fig. 4.12a sets forth the load–displacement curves obtained for the DE anchorage, V2
test, as an example. It can be observed that, when decreasing the compressive strength,
the capacity of the anchor plate decreases too, while the displacement of the maximum
load increases. However, that decrease of the anchor capacity is less pronounced than the
variation of the concrete strength. In this example, the reduction of the concrete strength
by 62% (from 80 MPa to 30 MPa), diminishes the maximum load by 23% (from 67 kN to
52 kN). The results of all the analysed cases are provided in Fig. 4.12b, which includes, for
each anchor plate, the evolution of the first peak load (the point where the breakage process
begins), registered for each different concrete strength value. The general tendency is that
load capacity increases with the increase of concrete strength, which suggests that the
concrete has a relevant influence on the resistance of a given anchorage type. However,
comparing the D15-V and DE-V1 tests (with a similar geometry and using the same
concrete specimen), the compressive strength in the first one plays a greater role than
in the second, as in D15-V, the first peak load decreases a total of 33% from 80 MPa to
30 MPa, whereas in DE-V1, it only decreases 12%. Thus, concrete strength presents a
greater influence when the anchorage is in the middle of the panel. In DE-V1, in which
the anchor plate is placed on an edge, the lack of concrete confinement affects the result
much more than the concrete strength itself, hence its small variation. Although the DE-
V2 test is a different type of shear test (shear force parallel to the concrete edge), it also
shows the tendency observed in D15-V, despite being on an edge too. In this case, the
first peak load decreases 40%, on account of the relative position of the anchorage, which
produces a good concrete confinement in the load direction.

The remaining parametric analyses have been performed using the DE anchor plate
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Figure 4.12: Parametric analyses: a–b) concrete strength, c–d) concrete edge distance and
e–f) concrete reinforcement.



112 Chapter 4. Failure behaviour of metal anchors for concrete

in the V1 test configuration. Once observed the influence of the edge distance in the
anchorage maximum load, the next analysis was to study this aspect. According to the
experimental and numerical results, those anchor plates placed on a panel edge present
a lower resistance when they are loaded with an outward shear force. This is due to the
lack of concrete confinement.

The position of the anchor plate was changed to different distances from the edge
towards the centre of the panel. Fig. 4.12c shows the different load–displacement curves for
several distances between the concrete and anchor plate edges. There is a clear increment
of the resistance even for a short distance. When it is equal to the side length (10 cm)
of the anchor plate, the maximum load is double than that in the original case. For a
distance of 20 cm or higher, the resistance stabilises around 2.5 times the maximum load
on the concrete edge. That means that the edge distance is what determines the anchorage
failure until that point.

Another observation is that the failure of the anchor plate is ductile for edge distances
smaller than 10 cm. Afterwards, the load–displacement curves attain a higher value of
maximum load but, at that moment (approximately at 4 mm of displacement), the curves
fall steeply. The loss of resistance ceases at approximately a value of 20 kN and the curves
continue horizontally until they fall again for displacements of 6–7 mm. The first decrease
corresponds to the breakage of the anchors of the low row of the group, and the second, to
the remaining two. In the remaining curves, the steel of the anchors does not fail because
the failure appears earlier in the concrete matrix or in the steel–concrete interface, which
means that the anchor bars slip.

Another aspect that influences concrete resistance, in addition to the concrete strength
itself, is the concrete reinforcement. A parametric analysis was performed in which the re-
inforcement rate of the panel, including the absence of reinforcement, was varied. Fig. 4.12e
shows the different curves obtained. Comparing them, different reinforcement ratios influ-
ence the ultimate strength, because higher rates seem to have a light tendency of keeping a
higher level of reaction force during the anchor extraction process after the breaking point.
However, it does not affect the maximum load reached. Additionally, the weak sensitivity
of the anchorage strength to the panel reinforcement evidences that the maximum load is
attained while the cracking process has not fully developed.

The next step of the study was to analyse three parameters related to the geometry
of this type of anchorage (DE-V1): the anchor depth, the length of the anchor bars, and
finally, the bar diameter. Firstly, one idea to improve the resistance of the anchor plates
was to embed the anchorages deeper (from 40 mm to 100 mm), thereby trying to involve
more concrete in the resistant mechanism, see Fig. 4.13b. However, the contrary effect is
observed, with a 10% reduction in the peak load upon comparison of both extreme values.
This could be caused from the fact that anchor bars tend to withstand all the strain near
the anchor plate due to their relative low stiffness value. Furthermore, there is a clear
limitation in the embedment depth because of the thinness of the panels. From 65 mm to
80 mm the anchorage resistance remains practically constant.

With respect to the length of the bars, that is the length of the prolongations in parallel
to the panel plane, it does not actively contribute to the anchorage resistance from a
specific length. As observed in Fig. 4.13d, from 50 to 150 mm the resistance increases
slightly, while from 150 mm this value scarcely changes. This indicates that short lengths,
until 150 mm, negatively influence anchorage capacity due to the lack of bond adherence.
However, from that point onward, bond adherence is already assured and failure occurs
due to different aspects.

Finally, a parametric analysis was conducted to study the effect of changing the diam-
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Figure 4.13: Parametric analyses: a–b) anchor depth, c–d) anchor-bar length and e–f)
anchor diameter.
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eter of the anchor bars. Four different diameters of 6, 8, 10 and 12 mm were established.
As Fig. 4.13f shows, resistance increases with an increase of the anchor bar diameters, as
expected. Nevertheless, the difference between 10 and 12 mm is small. This means that
the limit value that makes the steel failure critical is lower, that is between 8 and 10 mm.

4.6. Conclusions

The failure mechanisms of different types of anchorages in concrete panels were inves-
tigated, subjected to tensile and shear stresses, by means of extraction tests, non-linear
numerical simulations and by the analytical method proposed by the ETAG 001 [19].
Non-linear finite element simulations provide a good estimate of the maximum load that
actual anchorages can resist and of the cracks generated in the concrete matrix. On the
contrary, the analytical method is too conservative with regard to some types of failure for
shear forces, and for tensile forces it does not provide an analytical expression for pull-out
failure, which may be critical, as observed in the laboratory.

An extensive parametric study was performed once the numerical methodology was
validated. First, it was analysed how the concrete strength affects the maximum load
that the anchorages can resist. It decreases with the decrease of the compressive strength.
However, the concrete strength presents a greater influence when the anchorage is in the
middle of the panel, that is, when there is good concrete confinement, concrete strength is
a relevant parameter. In addition, our study showed that a low concrete confinement has
a critical influence on an early failure of the anchorage. By keeping a distance between
the anchor plate and the concrete edge equal to the anchor plate side length (10 cm),
the maximum load can reach a value double than in the case where that distance is
zero. Thereby, it is advisable to place anchor plates away from a concrete edge whenever
possible.

With respect to the concrete reinforcement, it was verified that it does not have a clear
influence on the maximum anchor plate resistance. However, it does affect the post-peak
behaviour, keeping a higher level of resistance for higher rates of reinforcement, as the
reinforcement controls the generation and the maximum opening of cracks.

The study also considered aspects related to the anchor geometry. Bearing in mind the
limitation imposed by the panel thickness, no favourable behaviour results from embedding
the anchors deeper, probably because of the low relative stiffness value of the anchor bars.
Furthermore, most of their length does not actively contribute to anchorage resistance.
This also includes the section of the bars that prolong in parallel to the panel plane. Beyond
a length of 150 mm, the anchorage resistance is not affected. Thus, it is possible to reduce
the length of the bars while adjusting it to the minimum bond adherence requirements.
In addition, anchorage capacity increases with the increase of the anchor bar diameters.

Focusing now on the specific anchor plates studied here, some conclusions can be drawn
about their general applicability. The use of the anchorage AL configuration (angular plate
with straight bars) is not recommended because it does not work properly under tension
and, to resist shear loads, its particular geometry and position causes the disposal of the
connection elements to introduce an additional torsional force.

Comparing D10 and DE, tested under the same conditions, they attained similar max-
imum loads, but the results of D10 were better. Besides, the ring-shaped anchorage bars
of D10 use less material than the individual bars of DE, so using the first one is more
cost-effective.

The anchorage D15 fails at a load which is half of that expected in tension tests. It has
been verified with the numerical model how deviations in the load direction in real tests,
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generated by a non-symmetric failure process, produce a high reduction of the resistance
compared with the design value. Then, this aspect must be taken into account to ensure
safety requirements in the structure.

Finally, the necessity of including these types of anchorages in design standards is
highlighted, now that they are being revised in the European Union [21]. Currently, certi-
fied anchors are only considered, those with more sophisticated characteristics. However,
anchorage types similar to those studied in this work are used very often, especially in the
precast industry. Therefore, this lack of regulation must be covered to ensure a proper
safety level for buildings. The observations and conclusions provided in this article may
result useful for that purpose.

Appendix 4.A Analytical method: Description and results

The ETAG 001 method obtains two different values for tension loads and shear loads.
For each, it analyses several aspects for determining the critical effect that provokes the
failure of the anchorage. Under tension loads, the method considers four sorts of failure:
steel failure, pull-out failure, concrete cone failure and splitting failure. Steel failure refers
to the strength provided by the anchor material itself and is evaluated as:

NRk,s = As fuk (4.A.1)

where As is the area of the steel anchor cross-section and fuk is the ultimate steel strength.

Pull-out failure refers to the resistance developed in the steel–concrete interface which
accounts for the bond adherence of the anchors in the concrete matrix. It needs to be
certified by means of experimental tests so the method refers to the corresponding ETA
of the anchor.

In case of concrete cone failure, the characteristic resistance is:

NRk,c = N0
Rk,c

Ac,N
A0
c,N

ψs,N ψre,N ψec,N (4.A.2)

where:

N0
Rk,c = k1

√
fck,cube h

1.5
ef [N] (4.A.3)

with k1 = 7.2 for applications in cracked concrete, fck,cube in MPa and hef in mm.

A0
c,N and hef are given in Fig. 4.A.1a, with scr,N = 3hef . Meanwhile, Ac,N is the

actual area of the concrete cone (see Fig. 4.A.1b).

ψs,N considers the disturbance of the distribution of stresses in the concrete due to
edges.

ψre,N considers the effect of reinforcement.

ψec,N considers the group effect when different loads are acting on individual anchors
of a group.

Splitting failure refers to the phenomenon when a concrete member splits in several
pieces because of cracks developed in the anchor plane, which increase over the whole
depth of the member. It is determined by adding to Eq. 4.A.2 a factor dependent on the
actual member depth, ψh,sp:

NRk,sp = N0
Rk,c

Ac,N
A0
c,N

ψs,N ψre,N ψec,N ψh,sp (4.A.4)
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Figure 4.A.1: a) Idealised concrete cone and b) example of actual area Ac,N .

Regarding shear loads, the method evaluates three kinds of failure: steel failure, con-
crete pry-out failure and edge failure.

The resistance of an anchor in the case of steel failure for a shear load depends on
whether the load is applied with a lever arm or without it, referring to the extra length of
the anchor outside the concrete, with the load applied at its extreme. In our case, every
bar of the anchorages ends at the concrete surface so steel strength is calculated as half of
the steel resistance in tension, as follows:

VRk,s = 0.5As fuk (4.A.5)

Anchorages can fail by a concrete pry-out failure at the side opposite to load direction,
see Fig. 4.A.2a:

VRk,cp = kNRk,c (4.A.6)

with k to be taken from the ETA. According to current experience, it can be taken as 1
or 2 depending on hef when the anchor fails under tension load by concrete cone failure.

Finally, for concrete edge failure, the characteristic resistance is:

VRk,c = V 0
Rk,c

Ac,V
A0
c,V

ψs,V ψh,V ψα,V ψec,V ψre,V (4.A.7)

where:

V 0
Rk,c = k1 d

α hβef
√
fck,cube c

1.5
1 [N] (4.A.8)

α = 0.1

(
lf
c1

)0.5

(4.A.9)

β = 0.1

(
dnom
c1

)0.2

(4.A.10)
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Figure 4.A.2: a) Concrete pry-out failure and b) idealised concrete cone and area A0
c,V .

where d and dnom are the anchor diameters, lf = hef and k1 = 1.7 for applications in
cracked concrete. The d, hef and c1 are in mm and fck,cube in MPa.

A0
c,V and c1 are given in Fig. 4.A.2b. Ac,V is the actual concrete area.

ψs,V considers the disturbance of the distribution of stresses in the concrete due to
further edges.

ψh,V considers the fact that the shear resistance does not decrease proportionally in
relation to the member thickness as assumed by the ratio Ac,V /A

0
c,V .

ψα,V considers the angle between the load applied and the perpendicular direction to
the free edge of the concrete member.

ψec,V considers a group effect when different shear loads are acting on individual an-
chors of a group.

ψre,V considers the effect of the type of reinforcement used in cracked concrete.
Finally, the value of the adopted parameters and the results of the calculations are

presented in Tables 4.A.1 and 4.A.2.

Table 4.A.1: Input data and results for anchorages under tension loads (D15-T and AL-
V1). The bold text means the final value of the anchorage resistance for each type of
failure and the final result.

Tension D15-T AL-V1

Parameters

fuk MPa 586 586

fck,cub.
(1) MPa 85 85

N – 4 4

φ mm 8 8

hef mm 52 343

s1 mm 90 58

s2 mm 90 36

h(2) mm 120 843

c1
(3) mm 812.5 471

c2
(3) mm 812.5 471
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Tension D15-T AL-V1

c3
(3) mm 812.5 40

c4
(3) mm 812.5 44

eN mm 0 138

φreinf. mm 6 8

sreinf. mm 150 150

(a) Steel failure

As mm2 201 201

NRk,s kN 118 118

(b) Concrete cone failure

scr,N mm 156 1029

ccr,N mm 78 515

Special case (Ac,N ) No Yes

h′ef mm 52 333

s′cr,N mm 156 1000

c′cr,N mm 78 500

k1 – 7.20 7.20

N0
Rk,c kN 25 404

A0
c,N mm2 24336 1000000

Ac,N mm2 60516 120000

Ac,N/A
0
c,N 2.49 0.12

ψs,N – 1.00 0.72

ψre,N – 1.00 1.00

ψec,N – 1.00 0.78

NRk,c kN 62 28

(c) Splitting failure

cmin ≥ 1.2ccr,sp Yes No

hmin mm – 686

ψh,sp – – 1.15

NRk,sp kN Not eval. 32

(d) Summary

NRk,s kN 118 118

NRk,c kN 62 28

NRk,sp kN Not eval. 32

NRk kN 62 28

(1) Concrete grade C70 [18]: fcm = 78MPa, fck = 70MPa.
(2) Maximum available depth.
(3) Distances to the concrete edges in the four directions.
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Table 4.A.2: Input data and results for anchorages under shear loads (D15-V, AL-V2, D10-
V1, D10-V2, DE-V1 and DE-V2). The bold text means the final value of the anchorage
resistance for each type of failure and the final result.

Shear D15-V AL-V2 D10-V1 D10-V2 DE-V1 DE-V2

Parameters

fuk MPa 586 586 586 586 586 586

fck,cub.
(1) MPa 85 85 85 85 85 85

N – 4 4 4 4 4 4

φ mm 8 8 8 8 8 8

hef mm 52 343 80 80 52 52

s1 mm 90 58 60 60 50 50

s2 mm 90 36 60 60 50 50

h(2) mm 120 528 120 120 120 120

c1 front(3) mm 375 391 20 390 25 395

c2 left(3) mm 455 40 470 470 475 475

c2 right(3) mm 455 44 470 20 475 25

c3 back(3) mm 385 401 770 400 775 405

α ◦ 0 0 0 0 0 0

eV mm 0 138 0 0 0 0

φreinf. mm 6 6 6 6 6 6

sreinf. mm 150 150 150 150 150 150

(a) Steel failure

As mm2 201 201 201 201 201 201

VRk,s kN 59 59 59 59 59 59

(b) Pry-out failure

scr,N mm 156 1029 240 240 156 156

ccr,N mm 78 515 120 120 78 78

Special case (Ac,N ) No Yes No No No No

h′ef mm 52 283 80 80 52 52

s′cr,N mm 156 850 240 240 156 156

c′cr,N mm 78 425 120 120 78 78

k1 – 7.20 7.20 7.20 7.20 7.20 7.20

N0
Rk,c kN 25 317 47 47 25 25

A0
c,N mm2 24336 722500 57600 57600 24336 24336

Ac,N mm2 60516 102000 60000 60000 31518 31518

Ac,N/A
0
c,N 2.49 0.14 1.04 1.04 1.30 1.30

ψs,N – 1.00 0.73 0.75 0.75 0.80 0.80

ψre,N – 1.00 1.00 1.00 1.00 1.00 1.00

ψec,N – 1.00 0.75 1.00 1.00 1.00 1.00
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Shear D15-V AL-V2 D10-V1 D10-V2 DE-V1 DE-V2

NRk,c (V ) kN 62 25 37 37 26 26

k – 1 2 2 2 1 1

VRk,cp kN 62 49 74 74 26 26

(c) Concrete edge failure

c > 10hef ; c > 60d No No No No No No

(c2,max, h) ≤ 1.5c1 Yes Yes No Yes No Yes

c′1 mm 333 41 20 333 25 333

k1 – 1.70 1.70 1.70 1.70 1.70 1.70

α – 0.04 0.29 0.20 0.05 0.14 0.04

β – 0.05 0.07 0.08 0.05 0.08 0.05

V 0
Rk,c kN 125 12 3 130 4 125

A0
c,V mm2 500000 7688 1800 500000 2813 500000

Ac,V mm2 120000 7440 3600 66000 4688 66000

Ac,V /A
0
c,V 0.24 0.97 2.00 0.13 1.67 0.13

ψs,V – 0.97 0.89 1.00 0.71 1.00 0.72

ψh,V – 2.04 1.00 1.00 2.04 1.00 2.04

ψα,V – 1.00 1.00 1.00 1.00 1.00 1.00

ψec,V – 1.00 0.81 1.00 1.00 1.00 1.00

ψre,V – 1.00 1.00 1.00 1.00 1.00 1.00

VRk,c kN 60 8 6 25 6 24

(d) Summary

VRk,s kN 59 59 59 59 59 59

VRk,cp kN 62 49 74 74 26 26

VRk,c kN 60 8 6 25 6 24

VRk kN 59 8 6 25 6 24

(1) Concrete grade C70 [18]: fcm = 78MPa, fck = 70MPa.
(2) Maximum available depth.
(3) Distances to the concrete edges in the four directions with respect to the shear direction.



Chapter 5

Size effect in natural hydraulic lime mortars

This chapter presents the study of the size effect on the compressive strength of two lime
mortars. The standard tests of the compressive strength for lime mortars (fc1) are performed on
prisms of 80× 40× 40 mm3, by loading through two opposite square plates centred on the longest
specimen side. Additionally, the compressive strength was also obtained with cylinders of 75 mm
in diameter and 150 mm in height (fc2). The notorious difference between fc1 and fc2 suggests
the existence of size and geometry effects. This has been studied through a numerical model
made with ATENA, a commercial finite-element programme that is able to simulate fracture of
quasi-brittle materials through a crack band model. The model reproduces the configuration of
compressive tests with prisms but modelling the mortar with fc2 for the compressive strength. The
numerical maximum loads of both mortars fit very well the experimental ones which means that
the measured fc1 is obtained. This implies that fc2 is very close to the real intrinsic strength (fc)
and fc1 is the result of a size effect. These two conclusions are confirmed by the size-effect law of
both mortars, obtained each with the aid of two additional numerical analyses with specimen sizes
of 160× 80× 80 mm3 and 320× 160× 160 mm3, respectively.

5.1. Introduction

Lime mortar is typically used in restoration of historical buildings, especially those
made with masonry and earthen materials. The reason is mainly due to its lower stiffness
in comparison with the substrate material, which makes them compatible. Owing to the
usual structural role that lime mortars must undertake in such situations, it is required
to properly know their mechanical properties.

Different researchers have carried out experimental tests on the compressive [127–
129], flexural [129] and tensile [130] strengths, elastic modulus [128, 131, 132] and fracture
energy [133] (this last parameter with lime-cement mortars). However, it is difficult to find
a full characterisation of pure lime mortars. This motivated an experimental research [47]
carried out on two different natural hydraulic lime mortars, with a 0.8 and 1.1 water/lime
ratio, respectively (NHL08 and NHL11).

This research included three-point bending tests with prismatic specimens of 160 ×
40 × 40 mm3 for obtaining the flexural strength (ff ) and fracture energy (GF ). With
the resulting half specimens from the previous tests (80× 40× 40 mm3), compressive and
Brazilian tests were performed, obtaining this way the compressive prismatic strength (fc1)
and the indirect or splitting tensile strength (ft). Additionally, cylindrical specimens were
used in order to obtain the elastic modulus (E) and the cylindrical compressive strength
(fc2).

As expected, the mechanical properties of the first mortar (NHL08), with a lower wa-
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ter/lime ratio, were higher than the corresponding ones of the second (NHL11). Regarding
the compressive strength of each mortar, it was also observed that, in both cases, fc1 was
notoriously higher than fc2, especially for NHL08, and two hypotheses were considered.
On the one hand, this difference could be due to the dissimilar curing conditions of both
types of specimens. Cylinders have more mass in relation to the surface in contact with
the air than the prisms (the double for the dimensions used in this research) and this
aspect is very influential in the strengthening of lime mortar pastes, which have low hard-
ening rates. However, the curing time of 56 days used in this research should overcome
this possible effect. On the other hand, the different measurements of the compressive
strength for a same material could derive from a size and geometry effect.

Considering this second idea as the main reason for the observed difference, the real
intrinsic mortar strength must be lower than the prismatic one (fc1). Therefore, the
size effect is analysed in this work for both mortars through a numerical model. This
model consists in reproducing the prismatic compressive test but assigning to the specimen
material a strength lower than fc1 so that the experimental peak load is achieved. For
this purpose, fc2 is adopted as this value as a first approach.

The results of maximum loads and load–displacement curves fit very well the experi-
mental data. This verifies the size effect and means that fc2 is, in fact, very close to the
searched intrinsic strength. The size-effect law is also obtained for each mortar with two
additional calculations with specimen sizes of 160×80×80 mm3 and 320×160×160 mm3,
which allows fitting the curve that relates the expected maximum load for a certain spec-
imen depth, for this shape and material.

The rest of the chapter is structured as follows: the experimental procedure and results
are presented in Section 5.2; Section 5.3 describes the numerical model; the results and
their analysis are shown in Section 5.4; finally, the conclusions are presented in Section
5.5.

5.2. Experimental tests

Two mortars were made with natural hydraulic lime and crushed limestone sand (0–
4 mm), differing between them the water/lime ratio: 0.8 for NHL08 and 1.1 for NHL11.
The volume proportion between lime and sand was 1/3 for both mortars. With each paste,
18 prismatic specimens (160× 40× 40 mm3), 4 of them with a precast notch of 20 mm in
the centre of the span, and 6 cylinders (75 mm in diameter and 150 mm in height) were
prepared. They were stored in the humidity chamber during 56 days, age at which the
characterisation tests were performed.

The flexural and compressive strengths were determined according to EN 1015-11
[24]. Every prismatic specimen was tested in three-point bending, obtaining the flexural
strength (ff ) or the fracture energy (GF ). For this last parameter, the notched prisms
were used and the improved procedure proposed in [109] was followed, which takes into
account the unmeasured energy of the tale of the load–displacement (P–δ) curve. With
the resulting halves (approximately 80 × 40 × 40 mm3), compressive tests in load control
were performed by loading through two opposite auxiliary steel plates of 40 × 40 mm2

centred on the faces corresponding to the longest side of the prism, which yielded the
prismatic compressive strength (fc1). Fig. 5.1 shows this test configuration, including a
ball-and-socket joint disposed to centre the load transmitted to the specimen. The indirect
or splitting tensile strength (ft) was obtained by adapting the Brazilian test described in
[134] to this same half specimens, loading through two plywood strips of D/10 width
disposed transversally on the middle of two opposite faces of the longest side.
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Figure 5.1: Compressive test for prisms.

Table 5.1: Mechanical properties.

NHL08 NHL11

fc1 (MPa) 4.2 (0.3) 1.7 (0.1)

fc2 (MPa) 2.7 (0.3) 1.4 (0.1)

ft (MPa) 0.51 (0.01) 0.24 (0.03)

ff (MPa) 1.33 (0.1) 0.89 (0.04)

E (GPa) 5.4 (0.6) 2.8 (0.7)

GF (N/m) 12.7 (1) 4.9 (0.8)

`ch (mm) 260 240

The elastic modulus (E) was measured using the cylinders with the aid of two clip
extensometers placed on opposite generatrices, centred on the height of the specimen with
an initial span of 50 mm. Finally, the cylindrical compressive strength (fc2) was obtained.

The results of these mechanical properties are shown in Table 5.1, with their standard
deviation in brackets. The characteristic length is calculated with Eq. 5.1:

`ch =
EGF
f2
t

(5.1)

The characteristic lengths are very large in comparison with the specimen dimensions,
which means that the fracture process zone (FPZ) length is of the same order of these.
Therefore, the fracture process may be affected by border effects resulting, then, in size
effects. This is thought to be the reason for the difference observed between fc1 and fc2
for both mortars, which was numerically analysed.
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Figure 5.2: Geometry of the model.

5.3. Numerical model

The compressive test with a prismatic specimen was modelled. This model was made
with ATENA [46], a commercial finite-element programme. As presented in the previous
chapter, this programme has already been used to simulate laboratory tests [135]. It has
different non-linear constitutive models implemented, including an exponential softening
law [38, 124] for quasi-brittle or cohesive materials. Besides, it can explicitly represent
fracture by placing cracks on the finite elements, with their corresponding direction and
width, obtained with the crack band model [11].

The geometry of the model is shown in Fig. 5.2. It consists of three elements. A
supporting steel plate of 40× 40× 10 mm3 is disposed horizontally, with the movements
of its base restrained. The mortar specimen, with dimensions 80×40×40 mm3 (specimen
size D40), is placed on top of the supporting plate, in a horizontal position. The third
body corresponds to another steel plate with the same dimensions that the first one, which
transmits the load to the specimen. In order to reduce the total number of finite elements
in the model, symmetry conditions were taken into account and only a quarter of the
real geometry was represented. Therefore, movements perpendicular to the body faces
corresponding to the symmetry planes are restrained. Finally in regard to the boundary
conditions, the load is applied as a prescribed downwards displacement in the intersection
point of the symmetry planes on the upper face of the loading plate, which corresponds
to the central point of the complete geometry.

The material properties of the specimen element were taken from the experimental
results (see Table 5.1), for E, GF and ft. For fc, fc2 was taken as an initial value,
assuming that it is closer to the actual intrinsic mortar strength than fc1.

The other two elements just represent the apparatuses of the testing machine that
transmit the load to the mortar specimen. As they only work in an elastic regime, they
were defined with the same properties as a perfectly linear elastic material. As they were
made of steel, their elastic modulus (Es) was set as 210 GPa, which allows an appropriate
distribution of the load transmitted to the mortar specimen. However, the strain dis-
placement was measured in the experimental tests through the actuator position of the
machine, which includes the deformation of different elements apart from the specimen
itself. Therefore, the results of the model present a different stiffness with respect to the
experimental curves, so it must be corrected by introducing the corresponding additional
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Figure 5.3: Mesh study: P–δ curves.

elastic displacement. Finally, the contacts between the three model elements were also
defined, with no adherence between them and a friction angle of 0.45, typical value for a
contact between steel and a cementitious material.

Finite elements were set as cubes thanks to the regular geometry, as they provide
accurate results with a reduced number of elements. Their size was determined with the
aid of a previous mesh study. Fig. 5.3 shows the P–δ curves obtained for three different
finite element sizes (cube sides of 2, 5 and 8 mm), whereas the rest of the mechanical
properties were kept the same. Ideally, a mesh refinement produces an improvement of
the model result. In this case, the obtained peak load decreases by decreasing the element
size, falling under the experimental results. This evidences the influence of this factor and
points out an inconvenient of the subjacent crack band model of the programme, where
the model response depends on the band size. Following the indication that the band
width is related to the aggregate size [11] and, thus, each material has an optimal band
size, the intermediate finite element size of 5 mm was selected as this is the one which
better reproduces the experimental behaviour.

5.4. Results and analysis

5.4.1. Simulation of the experimental test

Two main aspects are compared between the experimental and numerical results: load–
displacement curves and crack patterns. Attending in the first place to the P–δ curves,
the model response obtained for both mortars fits very well the laboratory results, as
shown in Fig. 5.4. From the start to the peak load, the model follows the trajectory of
the experimental curves and attains a similar maximum value. For the mortar NHL08,
the peak load is reached even in the same displacement interval. Additionally, the model
offers the softening branch beyond the peak that the compressive tests carried out in load
control cannot provide.

The fact that it is possible to reach the same experimental maximum load of the com-
pressive tests for prisms (from which fc1 derives) with a model where the lime mortar
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Figure 5.4: Load–displacement curves.

Figure 5.5: Comparison of crack patterns.

strength has been set as fc2 (obtained with cylindrical specimens) reveals that the dif-
ference between fc1 and fc2 is caused by size and geometry effects. Moreover, this result
means that the cylindrical strength is very close to the value of the intrinsic compressive
strength, specially in the case of the mortar NHL08. For the NHL11, using fc2 = 1.4 MPa
in the model results in a higher prismatic strength than fc1 (1.7 MPa). However, by a
slight correction of fc by means of reducing its value just 0.1 MPa, which is the standard
deviation of both fc1 and fc2, the newly obtained fc1 (1.8 MPa) differs from the experimen-
tal one that same amount. Thereby, the variations introduced in the model are covered
by the experimental scatter.

The other interesting result that the model offers is the crack pattern. As it can be
observed in Fig. 5.5 for the example of mortar NHL08, the model reproduces accurately
the fracture behaviour, with the main cracks placed in the same locations and with the
same directions that in the tested specimen.

These results validate the model, and the parameters that have been established to
define it for each mortar, for representing the compressive test with prisms, which allows
to perform the following size effect analysis.

5.4.2. Size effect

In order to analyse the size effect in the prismatic compressive strength of lime mor-
tars, numerical simulations are performed where the specimen depth is varied. Two new
geometry configurations were calculated, where the dimensions are the double (D80) and
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Figure 5.6: Load–displacement curves of the three specimen sizes.
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Figure 5.7: Stress–strain curves of the three specimen sizes.

the quadruple (D160) of the original (160×80×80 mm3 and 320×160×160 mm3, respec-
tively). The rest of the parameters are kept the same, including the finite-element size of
5× 5× 5 mm3, so as to analyse the same material under the same calculation conditions,
only changing the dimensions.

Fig. 5.6 shows for each mortar the P–δ curves of the three specimen sizes. As expected,
bigger specimens have a higher maximum load. However, translating these results into
stress–strain curves (Fig. 5.7), it is observed that the specimen with the smallest size
resists more in relative terms than the biggest ones. The crack patterns are also obtained,
presented in Fig. 5.8. The simulations of the specimen sizes of 80 and 160 mm show the
same main cracks that in the original size but, while in the smallest size the main tension
cracks follow a convex trajectory, in the bigger sizes those cracks tend to a vertical line.

With the obtained results of peak loads, the size effect is defined by following the
procedure by Del Viso et al. [48]. Initially, the nominal strength (σN ), i. e. the maximum
load divided by the loading surface (Fig. 5.7), is plotted elevated to the second power
against the inverse of the Hillerborg’s brittleness number (1/βH or `ch/D). As shown in
Fig. 5.9, these points define a straight line, modelled by Eq. 5.2. The intersection of this
line with the ordinate axis corresponds to the square of the material strength of a specimen
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Figure 5.8: Comparison of crack patterns between the three sizes.

Table 5.2: Strength values and fitted parameters.

NHL08 NHL11

Prismatic strength fc1 (MPa) D = 40 mm 4.2 1.7

Cylindrical strength fc2 (MPa) D = 150 mm 2.7 1.4

Intrinsic strength σ∞ (MPa) D =∞ 2.8 1.4

Parameter B 0.131 0.127

of infinite size (for which 1/βH = 0), which is the intrinsic material strength.

σ2
N = σ2

∞ + σ2
∞B

1

βH
(5.2)

The fitted parameters are shown in Table 5.2, together with fc1 and fc2 for comparison.
Rearranging Eq. 5.2, the expression of the size effect of these lime mortars is obtained,

in non-dimensional units:

σN
σ∞

=

√
1 +

B

βH
(5.3)

This size-effect law is represented in Fig. 5.10 for each mortar, with the x-axis in
logarithmic scale. It provides the increment of strength associated with a determined
specimen size, especially relevant for values under `ch. As it can be observed, the curve
tends to a horizontal asymptote when the size tends to infinity. In other words, the
influence of size disappears for large depths. The compressive strength converges in both
cases to the value used in the models for fc. Therefore, the cylindrical strength fc2 can
be approximately considered as the real lime mortar strength.
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Figure 5.10: Size-effect laws of both mortars.
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Moreover, the size-effect curves of both mortars follow approximately the same trajec-
tory in non-dimensional units, although in terms of strength one is more than the double
that the other. This is probably due to the similarity of the `ch value of both mortars.
This means that for similar cases, regardless of the nominal strength of the mortar, the
result with a standard specimen depth of 40 mm is expected to be a 50–60% higher than
the real strength.

5.5. Conclusions

The size effect on the compressive strength of prisms was studied for two different
natural hydraulic lime mortars. A full experimental characterisation had been previously
carried out, including ft, E, GF and two different measurements of fc: fc1 for prisms and
fc2 for cylinders. The difference between these two strengths has been numerically analysed
as a size effect. The compressive test with prismatic specimens has been reproduced by a
finite-element model. The lime mortar was defined as a cohesive material with a softening
law.

By introducing in the model the cylindrical strength (or a near value) as the real
mortar strength, the P–δ curves and the crack patterns provided by the model fitted very
well the experimental results. This indicated that fc2 is close to the real intrinsic lime
mortar strength. Furthermore, the size-effect law was obtained for each mortar with two
additional models that represented the same testing configuration but with double and
quadruple sizes, respectively. In this manner, the curve of the size effect could be fitted
and the value of the non-size-affected strength could be inferred, which confirmed the
conclusion found in the previous step, i. e. the cylindrical strength can be regarded as the
intrinsic strength. These size-effect laws show for both mortars that the strength obtained
with prisms of size 40 mm is about a 50–60% higher than the real strength.
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Chapter 6

Contributions and future work

This thesis has presented a panoramic view over diverse aspects of damage in concrete
and other cohesive materials, including fatigue and different fracture mechanisms. A vari-
ety of methods has been applied to their study, with examples of experimental, statistical,
analytical and numerical methods. This has been the general classification adopted to
group the studied cases, where the different analyses build on experimental results.

Each chapter deals with a problem related to damage or failure of concrete or quasi-
brittle materials. In several cases, the application of the usual procedure for that particular
problem or other available methods is analysed to determine if their scope covers relevant
aspects that cannot be disregarded. This review leads to some proposals for a different
approach to the problem, improvements or recommendations. In other cases, present
effects or characteristics that are not usually considered are studied.

Focusing on the different topics treated in the thesis, the contributions in each field are
highlighted here together with proposals of future work to complete or extend the research
lines followed within each subject.

Error in the fatigue characterisation

The first topic of the thesis corresponds to the error made in the estimation of the
probability distribution of concrete fatigue owing to the number of performed tests. The
heterogeneity of concrete is the cause of the wide scatter of resisted load cycles N by
specimens of the same material and geometry under the same loading conditions. Results
of N can be described by a probability distribution. The problem is to determine how
many tests are necessary to obtain a correct estimation of that function. Due to the large
scatter in N , the use of few specimens can be associated to a large error.

This problem has been studied starting from an experimental set of 105 fatigue tests
carried out in the same conditions. A statistical method has been developed for estimating
the expected maximum error for a given safety level and concrete failure probability,
depending on the number of tests. This method consists, basically, in generating multiple
random samples in order to determine the distribution followed by the error made by the
samples in comparison with the distribution of the complete population of values. The
safety level is defined as the percentage of occasions that the error will not be higher
than a determined value. For a given safety level, the error varies for different failure
probabilities.

The method can be easily used for different cases, as it is also proposed how to apply it
to fatigue distributions with theoretical parameters. As an example, the results obtained
for the analysed experimental case show that the maximum error for a common safety
level of 95% is at least 10% of logN for a number of tests up to 11 and increases until
30–40% for lower failure probabilities, which are more restrictive. This result highlights

133



134 Chapter 6. Contributions and future work

the necessity of performing more tests than the usual in fatigue characterisation. An
additional contribution is the proposal of a design fatigue distribution based on the error
that needs to be subtracted from the experimental distribution depending on the number
of tests.

As future work on this topic, a method can be develop, in relation to the possibilities
that the parameter D2 offers, that optimises the number of fatigue tests depending on the
fitting improvement after each new test, as D2 indicates the quality of the distribution
parameters.

Double-K method

The second subject of the thesis is the study of the double-K method, which applies
an elastic equivalence to concrete. The method provides two values of fracture toughness.
Kini
Ic establishes the crack initiation and Kun

Ic corresponds to the maximum load and the
unstable crack propagation. The original method states that these parameters are concrete
properties, thereby invariable. In this thesis it has been checked that both values vary
with the specimen size, they present size effect.

Furthermore, the way in which Kini
Ic is analytically obtained presents some inaccu-

racies derived from the assumptions on the cohesive behaviour in the developing crack.
These have been analysed and different recommendations have been put forward like a
simplification of the analytical determination of Kini

Ic with its application limit or its direct
measurement from the data of the load–crack mouth opening curve.

Finally, the effect of the loading rate on the double-K parameters has also been studied,
resulting in an increment of their value and amplifying the size effect. By a viscous factor
applied to the cohesive law, this phenomenon has been satisfactory introduced in the
double-K method for beam sizes up to 550 mm.

As the next step of this research, the results of the loading rate effect on Kun
Ic and Kini

Ic

must be contrasted by experimental tests, including also different specimen sizes.

Metal anchors in precast concrete

The third topic is the analysis of a type of non-certified metal anchors which are
primarily used for precast concrete panels. Four different anchorage configurations were
studied by experimental tests in a previous research phase. In this thesis, finite element
models have been created to reproduce their failure behaviour, validated by the experi-
mental data. Numerical results are compared with the output of the analytical method
proposed by the standard ETAG 001, which covers similar anchor types. The approxima-
tion of the analytical results to the experimental ones is worse than that of the numerical
analyses. For the case of shear loads, the analytical method is very conservative whereas
for tension loads it overestimates the anchor capacity. On the contrary, the numerical
results are quite similar to the experimental values.

Therefore, these models constitute a useful tool to analyse elements like these an-
chorages that are not contemplated by standards, with an appropriate level of accuracy.
Moreover, these models allow testing new loading configurations without the necessity of
carrying out more laboratory tests, which would improve the knowledge about their per-
formance for a wider range of cases while saving costs. Furthermore, parametric analyses
were performed in order to study the effect of different variables on the capacity of the
anchors. The main factor is the concrete confinement for shear loads directed to an edge of
the concrete element. A higher concrete strength also improves the anchor capacity when
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the confinement is appropriate. Regarding the concrete reinforcement, it contributes to
maintain a higher load for larger displacements.

As pending work in this subject, an analytical method adapted to this type of anchors
should be developed due to its interest and applicability in current construction systems,
which would be a faster tool for the design of these connections.

Natural hydraulic lime mortars

Finally, the study of natural hydraulic lime mortars has shown that the compressive
strength measured by the standard procedure with prisms of 80 × 40 × 40 mm3 presents
size effect. A numerical model was prepared to reproduce this type of test and, once
validated with experimental results, additional simulations with larger specimen sizes were
performed. By the procedure to define the size effect law applied to the results of the
models, the real or intrinsic strength of the material was obtained. The result for two
mortars with different content of water and, thereby, different strength, was that both
measured strengths were around a 50 or 60% higher than the corresponding real strength.
Another conclusion is that the compressive strength obtained with cylinders of 75 mm in
diameter and 150 mm in height approximately corresponds to that value.

Future research must demonstrate these conclusions by experimental tests with speci-
mens of different sizes but proportional geometry and check if issues related to a different
hardening process affect the result, as this is not contemplated by the models. Finally,
another study can focus on the effect of the specimen shape.

Appendix 6.A Published work and other merits

The work developed in the present thesis has given rise to different publications, which
are listed as follows. Additionally, the prize obtained in a competition for estimating the
failure of a concrete slab is included.

Journals

E. Poveda, J. J. Ortega, G. Ruiz, R. Porras, and J. R. Carmona. Normal and
tangential extraction of embedded anchor plates from precast façade concrete panels.
Engineering Structures, 110:21–35, 2016.
DOI: 10.1016/j.engstruct.2015.11.045.

G. Ruiz, J. J. Ortega, R. C. Yu, S. L. Xu, and Y. Wu. Effect of size and cohesive
assumptions on the double-K fracture parameters of concrete. Engineering Fracture
Mechanics, 166:198–217, 2016.
DOI: 10.1016/j.engfracmech.2016.09.001.

L. Garijo, X. X. Zhang, G. Ruiz, J. J. Ortega, and R. C. Yu. Advanced mechanical
characterization of NHL mortars and cohesive simulation of their failure behavior.
Construction and Building Materials, 153:569–577, 2017.
DOI: 10.1016/j.conbuildmat.2017.07.127.

L. Garijo, X. X. Zhang, G. Ruiz, J. J. Ortega, and Z. M. Wu. The effects of
dosage and production process on the mechanical and physical properties of natural
hydraulic lime mortars. Construction and Building Materials, 169:325–334, 2018.
DOI: 10.1016/j.conbuildmat.2018.03.016.
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J. J. Ortega, G. Ruiz, R. C. Yu, N. Afanador-Garćıa, M. Tarifa, E. Poveda, X. X.
Zhang, and F. Evangelista Jr. Number of tests and corresponding error in concrete
fatigue. International Journal of Fatigue, 116:210–219, 2018.
DOI: 10.1016/j.ijfatigue.2018.06.022.

Conferences

E. Poveda, J. J. Ortega, G. Ruiz, R. Porras, and J. R. Carmona. Numerical study
of normal and tangential pull-out processes of anchor plates for precast concrete
panels. Anales de Mecánica de la Fractura, 31:39–44, 2014.

G. Ruiz, J. J. Ortega-Parreño, and R. C. Yu. Size effect on Double-K fracture
parameters in concrete. Anales de Mecánica de la Fractura, 32:184–189, 2015.

G. Ruiz, J. J. Ortega, R. C. Yu, S. L. Xu, and Y. Wu. Loading rate effect on the
double-K fracture parameters of concrete. Anales de Mecánica de la Fractura, 33:
207–212, 2016.

G. Ruiz, J. J. Ortega, R. C. Yu, S. L. Xu, and Y. Wu. Loading rate effect on the
double-K fracture parameters of concrete. FraMCoS-9, 2016.
DOI 10.21012/FC9.038.

J. J. Ortega, G. Ruiz, L. Garijo, X. X. Zhang, and R. C. Yu. Size effect on the
compressive strength of natural hydraulic lime mortars. Anales de Mecánica de la
Fractura, 34:279–285, 2017.

J. J. Ortega, G. Ruiz, R. C. Yu, N. Afanador-Garćıa, M. Tarifa, E. Poveda, and
X. X. Zhang. Tamaño de muestra y error en fatiga de hormigón. Anales de Mecánica
de la Fractura, 35:640–644, 2018.

Other merits

Prize ‘Cátedra ECSA. Cátedra de Construcción Sostenible y Avanzada’, 2018, com-
petition organised by the Polytechnic University of Valencia and directed to students
of technical schools of Spanish universities and to national and international profes-
sional teams. The objective was to analyse the mechanical behaviour of a concrete
slab and to predict its failure load. The proposed solution was based on the tech-
niques of Fracture Mechanics applied in the thesis.
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