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José Antonio Torroja Cabanillas

Secretario

Giulio Ventura

Vocales

Carmen Andrade Perdrix

Jaime Planas Rosselló
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de este tiempo, aśı como la pormenorizada atención con la que ha dirigido el
desarrollo del trabajo.
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Prefacio

La presente tesis doctoral muestra una amplia investigación sobre los procesos
de generación y propagación de las fisuras en elementos de hormigón armado,
y como estos procesos están asociados con el fallo del elemento. El problema
se analiza en todo caso dentro del marco proporcionado por teoŕıas basadas
en la Mecánica de la Fractura. Con esta investigación pretendemos ayudar a
comprender mejor los mecanismos de iniciación y progreso de las fisuras en
elementos de hormigón armado.

El documento se encuentra estructurado en 5 caṕıtulos. El primero con-
siste en una breve descripción de la motivación y objeto del estudio y de
un resumen del contenido del resto de los caṕıtulos. En cada uno de los
siguientes caṕıtulos se exponen detalladamente las campañas experimentales
realizadas y los modelos anaĺıticos y numéricos propuestos. Cada caṕıtulo
puede considerarse como un trabajo independiente aunque el objeto de la
investigación sirve de nexo de unión entre ellos.

El caṕıtulo 2 presenta los resultados de una campaña experimental con el
objeto de estudiar algunos aspectos avanzados en la propagación de fisuras en
modo I (fisuras de flexión) en vigas débilmente armadas, es decir con cuant́ıas
próximas a la mı́nima. Los resultados experimentales han sido publicados en
las referencias [27] y [123].

La propagación de fisuras en modo mixto (fisuras diagonales o de cor-
tante) es analizada mediante un programa experimental que se detalla en
el caṕıtulo 3. Algunos de los resultados más importantes obtenidos de los
citados ensatos han sido publicados en las referencias [28] y [29]. Un art́ıculo
donde se describe detalladamente todo el programa experimental ha sido
recientemente aceptado para su publicación [30].

En el caṕıtulo 4 se presenta un modelo que permite la propagación de
fisuras a traves de capas de armado, además de reproducir el deterioro de
la intercara hormigón-acero. Este modelo es utilizado para el estudio de
elementos débilemte armados. El comportamiento en fractura del hormigón
es representado a través de un modelo cohesivo. El modelo está publicado
en la referencia [124].
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Finalmente en el caṕıtulo 5 abordamos el estudio de la propagación de
fisuras en modo mixto mediante un modelo anaĺıtico basado en la teoŕıa de
la Mecánica de la Fractura Elástica Lineal. El modelo estudia la propagación
de una única fisura y los procesos de estabilidad e inestabilidad que se dan
durante su progreso. A través del estudio de diferentes fisuras dentro de un
elemento se logran explicar las tendencias experimentales observadas en la
propagación de fisuras en modo mixto [34,35].



Preface

This thesis presents an extensive research about different crack processes in
reinforced concrete elements. The problem is analyzed within a Fracture
Mechanics frame. This research may help to understand the mechanisms of
crack initiation and propagation through reinforcing bars.

The first chapter consists of a brief introduction to the motivation and
object of this doctoral dissertation and of a summary of the whole work.
In the following chapters all the details of the experiments and the models
proposed to simulate the tests are minutely explained. Each chapter can
be considered as an independent work although a common vision permeates
them.

Chapter 2 presents the results of an experimental programme aimed at
studying advanced aspects of mode I fracture of reinforced beams. This
experimental work is already published in [27] and [123].

Mixed-mode fracture in reinforced concrete elements is analyzed by an
experimental programme in Chapter 3. Selected results of it are published
in [28] and [29]. A paper describing in detail these mixed-mode tests has
been already submitted for publication [30].

A model that enables propagation of the crack through the reinforcement
as well as steel-concrete interface deterioration is presented in Chapter 4.
Fracture propagation is modelled by a cohesive crack. The model is explained
in [124].

Finally, Chapter 5 presents a simple model based on linear elastic frac-
ture mechanics to study mixed-mode crack propagation of a single crack.
It captures the most relevant aspects and trends of the mechanical behav-
ior and failure under mixed-mode conditions of longitudinally reinforced
beams [34,35].
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Chapter 1

Development of fracture
processes in reinforced
concrete: An overview

1.1 Motivation to study fracture of reinforced

concrete

The application of Fracture Mechanics to Reinforced Concrete (RC) struc-
tures has been an intense subject of research in recent years. The main reason
to understand this boom is that some of the problems concerning reinforced
concrete structures, like size effect, or problems associated with brittle fail-
ures, e.g evaluation of minimum reinforcement or diagonal tension shear, are
suitable to be analyzed from the point of view of Fracture Mechanics. A large
number of publications have been done and still numerous investigations on
the topic remain open at this moment, although the repercussion of these
studies has neither reached RC Standards nor construction codes yet.

Fracture phenomenology is manifested mainly in reinforced concrete struc-
tures through size effect. Size effect on the structural strength is understood
as the effect of the characteristic structure size (dimension), D, on the nom-
inal strength of the structure, σN , when geometrically similar structures are
compared [13]. For quasibrittle materials as concrete, the presence of a
certain non-negligible characteristic length of the material causes a stress-
redistribution during cracking processes which provokes a deterministic size
effect. This characteristic length keeps a proportion with the typical size of
the material inhomogeneities and with the fracture processes zone (FPZ), see
Fig. 1.1.

Size effect is not predicted by Strength of Materials theories. According to
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2 Chapter 1. Development of fracture processes in reinforced concrete

True crack FPZ Intact material

σ

ft

Figure 1.1: Fracture process zone

the classical allowable stress design, the nominal strength σN is independent
of the structure size. Experience confirms that reinforced concrete elements,
depending on its material properties and failure mode, resist less —in terms
of stress— when size is increased. But its loading capacity gets reduced
when size is increased. In other cases building code provisions are based on
empirical formulations which have been obtained from laboratory tests which
can not cover all the practical range for structures. This means that code
provisions may be conservative for big elements and unsafe for small ones.

In this doctoral thesis we will study experimentally and theoretically dif-
ferent cracking processes in RC structures and its consequences. The prob-
lem we will analyze consists of finding how and why cracks processes initiate
and propagate in concrete, through reinforcement layers and why is it that
they provoke the collapse of the structural element. The connection between
crack propagation and element collapse is precisely what makes difficult the
problem and, at the same time, interesting because only by using fracture
mechanics theories a rational way to explain brittle failures and size effect in
RC beams may be found.

In this thesis two experimental researches and two theoretical models are
presented. These experiments and models may help to understand the me-
chanics of crack initiation and propagation through reinforcing bars. Once
we have a clear scheme of the role of different parameters on crack propaga-
tion, code provisions and Standards may be revised to reach a more efficient
reinforcement concrete design.
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Figure 1.2: Failures in RC beams: (a) flexural brittle failure, underreinforced
beams; (b) diagonal tension failure; (c) crushing failure, excessive stress in
the concrete ligament.

1.1.1 Description of some relevant failure modes in RC

Concrete is a porous material containing aggregates, hardened cement paste
and water. Its internal structure is entirely different from that of other
engineering materials. Particulary, the maximum size of the aggregate can
fall between 10 to 25 mm for structural applications and thus the dimensions
of the areas where fracture processes nucleate and develop are comparable
with the size of normal structures [13]. Indeed, concrete is usually described
as a quasi-brittle material, which means that fracture processes in it form in
a fashion that does not fit within classical theories. That is why fracture of
concrete attracts the interest of many researchers, as the long list of books
and papers on the topic published recently may corroborate this fact (for
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instance, see [13, 82,87,117,132]).
For most of the structural engineering applications concrete needs to be

reinforced because its tensile strength is only around one tenth of its com-
pressive strength [132]. The presence of conventional reinforcement makes
it difficult for cracks to initiate and propagate. Once they go across rein-
forcement layers, the rebars provide considerable resistance to the opening
of the crack [121]. As a result, the failure mode and the loading capacity
of a particular reinforced concrete structure depend strongly on the amount,
location and orientation of the reinforcement bars [106].

In a reinforced concrete beam several kind of cracks may be formed before
beam collapse. For example in a three-point bending, Fig. 1.2a, the first
crack would form in the region of maximum bending moment, where the
principal tension exceeds the material tensile strength. For low reinforcement
ratios the propagation of the crack leads to a maximum in the load stood by
the the beam followed by a sudden drop in the carrying capacity (as sketched
in the load-displacement curve in Fig. 1.2a). The tension that was resisted
by the concrete is transferred to the reinforcement and so the beam recovers
its strength. Eventually the beam fails when the bars yield and break. This
kind of flexural cracks has been widely analyzed recently [33].

As the amount of reinforcement increases several cracks are formed around
midspan, as it is shown in Fig. 1.2b. These cracks also start as bending
cracks, i.e. at the beginning they are approximately normal to the axis of
the beam. As these cracks are formed in regions where the shear forces are
no longer small, they grow in mixed-mode conditions, that is in presence
of combined tension and shear stresses. Nevertheless, the cracks propagate
perpendicularly to the principal tensile stresses, which produces crack pat-
terns like the one sketched in Fig. 1.2b. These cracks are called mixed-mode
(shear) cracks. The term mixed-mode implies the presence of in-plane, nor-
mal and shearing tractions in the fracture processes zone. Thus the crack
and its front are subjected to both I and II openings modes, see Fig. 1.3.
The formation of each new crack provokes a relative maximum in the P-δ
curve, approximately as sketched in Fig. 1.2b. As the external load increases
it usually happens that one of the mixed-mode cracks propagates unstably
leading to the failure of the beam. This kind of collapse is described in short
as diagonal tension failure [55, 73]. Nevertheless, depending on geometrical
characteristics and material properties, failure due to excessive stress at the
compression ligament, Fig. 1.2c, can occur before diagonal tension failure.

The problem of diagonal tension failure, Fig. 1.2b, as a consequence of
mixed-mode crack propagation, despite numerous extensive studies over the
last 50 years, still remains unsolved in a completely satisfying fashion, and so
of great interest, as it is demonstrated by the great number of recent studies
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Tensile cracks Shear cracks

Mode I (opening) Mode II (shearing) Mode III (tearing)
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Figure 1.3: Crack modes (a) mode I or opening mode, (b) mode II or shearing
mode, (c) mode III or tearing mode.

in this field [14,15,76,77,80,107].

1.1.2 Fracture of RC elements. Previous experimental
results

Fracture of plain concrete specimens has been widely studied experimentally.
Much attention has been focussed on obtaining a better understanding of
mode I fracture of concrete and to obtain fracture properties. The results
have driven to a standardization of methods to evaluate concrete fracture
properties in mode I [115, 116]. Among the available experimental methods
for measuring the fracture properties three classes may be distingued, peak-
load methods [16,17,53,116], peak-region methods [63,116] and complete curve
methods [45, 52, 59, 110, 115]. On the contrary the studies on mixed-mode
fracture of concrete are scant. The development of proper ways to evaluate
fracture properties of concrete in mode II and mixed-mode is hampered by
the inherent difficulties in performing realistic mixed-mode experiments [4,6,
12, 20, 21, 38, 61, 95, 114, 130, 132, 135]. Results obtained for these tests don’t
allow to obtain a standard method to measure fracture properties in mode
II and mixed-mode. Besides some researchers think that crack propagation
can be modelled using only mode I fracture parameters [13,40,132].

As we said before, for most of the civil engineering applications, concrete
needs a reinforcement, usually made of steel bars. This reinforcement changes
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the mechanical behavior of the concrete element. Many tests have been
carried out on reinforced concrete elements mainly to grasp experimental
evidence of size effect on failures due to macrocrack initiation or after a long
crack progress. The results of these tests can be regarded as an additional
verification of the applicability of Fracture Mechanics to study brittle failure
of concrete structures.

Various series of experiments on lightly reinforced beams [7, 24, 25, 27,
33, 123, 125, 137], were based on the idea that minimally reinforced beams
are brittle structures susceptible to theoretical analysis by fracture mechan-
ics. These experimental programs showed that collapse of lightly reinforced
beams is size dependent, suggesting that the failure is due to fracture pro-
cesses in concrete. Specifically Hededal and Kroon [57] considered bond-slip
properties of the reinforcement and found that they substantially influence
the response of the beam. Ruiz et al [125] made a series of tests that disclosed
the influence of several parameters —size, steel ratio, steel yield strength and
bond-slip properties— on the fracture behavior. The main characteristic of
this kind of elements is that failure is provoked by only one macrocrack lo-
cated at the area of maximum moment [119], as it is shown in Fig. 1.3a.

Mixed-mode fracture in reinforced concrete is mainly addressed from a
technological standpoint with a view to evaluate diagonal tension failure
strength. Since Kani [71] showed that the shear strength of a beam decreases
as size increases, some theories have been developed to explain this effect,
see Fig. 1.4. Among others, for Collins and Kutchma the size effect is
due to aggregate interlock and crack spacing [42]. For fracture theories size
effect is a consequence of the proportionality between the extension of the
fracture process and the characteristic length (or the internal structure of
the material) when such length is non-negligible.

An intense experimental research in recent years has intended to evalu-
ate the shear strength capacity of concrete beams without stirrups, as an
example [2, 19, 41, 46, 62, 75, 91]. In all these programs several parameters as
slenderness, compressive strength of concrete, reinforcement ratio, etc, are
varied to find a relations between them and the shear strength capacity of
RC elements. But in most of the cases the necessity of a sound theoretical
support to analyze test results is felt.

Some experimental works based on fracture mechanics, are especially re-
markable. Bažant and Kazemi [9] planned an experimental program aimed
at analysing size effect on diagonal tension failure with a broad size range.
Also notable is the work by Kim and White [76, 77], on the generation of
shear-damage in reinforced concrete. Finally Kulkarni and Shah [79] studied
the behavior of RC beams under different strain ratios showing changes in
the failure mode and the crack pattern.
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Figure 1.4: Kani’s test on size effect in shear (adopted from reference [71])

1.1.3 Fracture of RC elements. Previous analytical
and numerical results

Many models to reproduce cracking fracture processes in RC elements can
be found in the literature. In the field of finite elements, modelation of
RC elements is substantially joined to the development of crack models for
quasibrittle materials. These models can be classified into three groups con-
tinuum, discrete and mixed models. For continuum models, (Fig. 1.5a) the
basic building block is an infinitesimal volume, and the material behavior is
described by a stress-strain relation. For discrete models (Fig. 1.5b) deal
with finite entities, they establish a relation between internal forces acting
at the end sections and relative displacements and/or rotations of these sec-
tions. In addition to pure continuum and discrete models, we may also list
mixed models (Fig. 1.5c), which combine continuous and discontinuous cat-
egories [67].

In the early approaches, the crack is modelled inside the continuum by a
strain softening in the stress strain curve. The simplest example of a stress-
strain law is the Hooke’s law of isotropic linear elasticity dealing with only
two materials parameters. Such continuum models are mesh dependent since
a finer discretization leads to changes in the fracture energy release. Other
example of a continuum theory is the plasticity theory, which is most widely
used in the form of the flow theory of plasticity formulated in the stress
space [68]. Its principal ingredients are the yield condition, the flow rule and
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(c)

(b)

(a)

Figure 1.5: Basic types of models to represent quasibrittle materials: (a)
continuum models, (b) discrete models, (c) mixed models (adopted from
reference [67]).

the hardening law. Examples of yield condition for concrete are the ones
proposed by Ottosen, [101], by Willam and Warnke [139] and by Menétrey
and Willam [86]. In these models it is difficult to describe the behavior under
an arbitrary loading with a single yield surface. The mechanisms of failure
under tension and under compression are quite different, and it is convenient
to model them separately, taking account their possible interaction though.
Despite their apparent complexity, models with multiple yield surfaces have
been successfully used in many practical applications. As an example, let us
recall the composite plasticity model for concrete proposed by Feenstra and
de Borst [49]. Its simplified version was enriched by interaction with steel
reinforcement and applied in simulations of reinforced concrete structures
[48].

Discrete crack models appear as an alternative to continuum models. This
crack approach was initiated by Ngo and Scordelis [92] and further developed
in [59, 60, 129, 138]. Cracks are modelled as discontinuities between finite
elements into which the structure is discretized. Unless the crack trajectory is
known in advance, such an approach requires frequent remeshing. Pioneered
for concrete by Hillerborg and co-workers [59,108] and included in this kind
of models we can bring up the cohesive (or fictitious) crack model, which is
regarded by many as the best model for concrete fracture.

To determine the crack path in advance, in recent years some theories
which include displacement discontinuities into the interior of finite elements
have been developed. This idea is exploited by the recently emerged embedded
crack approach [44, 66, 69, 70, 78, 98, 100] and by the so called extended finite
elements [43, 88,89,134] among others.
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For reinforced concrete structures not only does cracking of concrete play
a significant role, but also the interaction between concrete and the rein-
forcement. The first computational strategy adopted to study reinforced
concrete elements consists of overlapping both materials in the same spa-
tial position [92,131]. Concrete is modelled as a continuum, whereas steel is
overlapped and connected by interface elements to nodes occupying the same
initial position [81, 124]. Composite action is enforced through compatibil-
ity at the nodes. A bond-linkage element can be used to simulate bond-slip
behavior. Concrete continuity allows crack propagation through the rein-
forcement and interface elements transmit shear stresses depending on the
relative displacement between the two materials. In another way, reinforced
concrete can be considered as a composite material and its numerical sim-
ulation can be made through its constitutive equations and bond relations
using displacement discontinuities placed inside the FE [99].

Specifically, in the field of fracture mechanics some models have been
developed to study the bending failure of RC elements [7,22,23,26,47,51,56,
57, 84, 102, 121, 126, 137], focused on the example of a crack that propagates
through a reinforcement layer and that, at opening, causes the steel bars to
be pulled-out. The main difficulty arises in modelling the propagation of the
crack through the reinforcement layer, since such a layer —in 2D models—
constitutes a discontinuity that stops the crack advance. Modelling the steel-
concrete interaction is not simple either, since the pull-out process produces
damage at the interface and it may also generate secondary fracture processes
within the concrete bulk [40]. Some of the aforementioned models solve both
problems by substituting the rebars for closing forces applied at the crack
lips whose intensity relates to the strength of the reinforcement and of the
interface [26,57]. Some authors model the steel bars explicitly, however they
only account for the extreme cases of perfect or null adherence [56].

There are also models to simulate mixed-mode crack propagation. Most
of them oriented to analyze diagonal tension failure. A systematic analysis
of the crack propagation in mixed-mode and of the diagonal tension failure
mode was performed by Gustafsson [55] and Gustafsson and Hillerborg [54]
using a computational scheme based on the fictitious crack model. Jenq and
Shah [65] extended their two parameter model to describe crack growth in
mixed-mode and applied it to determine failure load for diagonal tension.
Other models have also been used to analyze the diagonal shear of beams,
e.g. Bažant and Kim [10] have combined the existing code formulas for di-
agonal failure of longitudinally reinforced concrete beams with the size effect
model [8], and established several required empirical constants statistically
so as to achieve the best fit with large body of available test data. The in-
fluence of the steel ratio and the shear span was considered together with
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size effect. Finally, a nonlocal microplane model has also been successfully
used to analyze the size effect and crack propagation in diagonal shear of
beams [11,103–105].

1.2 Scope of this doctoral thesis

1.2.1 Introduction

At this point, we can define specifically the problem we would like to address,
which is the study of some advanced aspects of cracking processes on rein-
forced concrete elements by means of fracture mechanics theories. The first
part of the dissertation, chapters 2 and 3, presents two series of experiments
aimed at investigating advanced aspects of crack initiation and progress of
cracks in RC elements. The second part, chapters 4 and 5, presents two
models to study fracture of reinforced concrete. We note that failure due to
crushing of concrete ligament, Fig. 1.2c is beyond the scope of this thesis.

In chapter 2 we focus on advanced aspects of flexural fracture of lightly
reinforced beams. Although these elements have been extensively studied,
there were still some points left. For instance all the works approaching the
collapse of brittle beams by fracture mechanics have been done on rectangular
beams but the influence of the beam shape has not been studied yet. On the
other hand, Ruiz et al. [120] and Ruiz [121] showed theoretically that other
parameters that have influence on the problem are the concrete cover and the
type of arrangement of the bars around the steel centroid. Thus a need was
felt for an experimental program covering such topics. A brief description
of this research is offered to the reader following this introduction (Section
1.2.2).

An experimental program planned to investigate mixed-mode fracture in
reinforced concrete elements is reported in chapter 3. The tests were designed
so that only one single mixed-mode crack generates and propagates through
the specimen, as opposed to the dense crack pattern that results from the
usual reinforcement detailing and element geometry found in most of the test
in scientific literature. Size effect, the influence of reinforcement ratio and
location are extensively studied in relation to the load capacity, the failure
mode of the RC element and the crack patterns obtained. Section 1.2.3 gives
a short account of the main features of this experimental program.

A model that enables propagation of the crack through the reinforcement
as well as interface deterioration is presented in chapter 4. We have adopted
a computational strategy that consists of overlapping both materials in the
same spatial position [92]. Concrete is modelled as a continuum, whereas
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steel is overlapped and connected by non-linear spring elements to nodes
occupying the same initial position [124]. Concrete continuity allows crack
propagation through the reinforcement and interface elements, transmitting
shear stresses depending on the relative displacement between the two ma-
terials. An abstract of this numerical research can be found in section 1.2.4.

Finally in chapter 5 a simple model based on LEFM is proposed to study
mixed-mode crack propagation of a single crack through reinforced concrete.
The behavior of reinforced concrete beams without stirrups is analyzed us-
ing the philosophy of the Bridged Crack Model. This model was originally
proposed by Carpinteri and co-workers [23, 32, 37] for the study of flexural
behavior of under-reinforced concrete beams by Fracture Mechanics. To ex-
tend the model to account for the mixed-mode propagation and diagonal
tension failure, some new hypotheses are introduced. The model is analyzed
showing the influence of the variation of several nondimensional parameters
on the mechanical response of the reinforced concrete element. Section 1.2.5
abstracts chapter 5 for the readers convenience.

1.2.2 Advanced aspects of the propagation of mode I
cracks in reinforced concrete

The experimental program reported in chapter 2 was planned to investigate
the sensitivity of lightly reinforced concrete beams to the shape of the cross-
section and to the rebar arrangement. Forty micro-concrete reinforced beams
were tested; these were rectangular and T-beams reinforced with one, two
or three rebars aligned horizontally or vertically. The concrete mechanical
properties were all obtained from independent tests. Likewise, experimen-
tal errors due to material heterogeneity or incorrect set-up of the tests were
minimized to ensure a high level of control during the execution of the pro-
gram. The experimental results exhibit maximum load shape effect, i.e. the
maximum load does not vary as no-tension hypothesis indicates. Beams in
which rebars are aligned horizontally show a secondary load peak after cover
cracking, while a vertical arrangement of the rebars provokes more energy
dissipation and ductility in the post-peak response.

Overview

Figure 1.6a sketches the dimensions of the rectangular and T-beams chosen
for this experimental program. We used two different kind of beams to show
the influence of the shape of the cross-section on the fracture process and
two different rebar distributions around the steel centroid, which was kept
in the same relative position for all the beams. Figure 1.6b depicts the five
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kinds of arrangement of the reinforcement bars around the steel centroid. We
use 1, 2 or 3 rebars aligned horizontally or vertically. Figure 1.6c names the
resulting combinations for future reference. For instance, a T2V beam is a
T-beam reinforced by means of 2 bars aligned vertically.

In addition, the program had to provide an exhaustive material charac-
terization to allow a complete interpretation of the test results. Standard
characterization and control tests were performed to determine the compres-
sive strength, tensile strength, elastic modulus and fracture energy of the
concrete. Also, the mechanical parameters of the rebars were determined in
our Laboratory.

Regarding the scale of the specimens, Hillerborg’s brittleness number βH

was used as the comparison parameter. As a first approximation, two geomet-
rically similar structures display a similar fracture behavior if their brittleness
numbers are equal [5, 108]. βH is defined as:

βH =
D

`ch

, where `ch =
EcGF

f 2
t

, (1.1)

D is the depth of the beam and `ch is Hillerborg’s characteristic length; Ec

is the elastic modulus, GF the fracture energy and ft the tensile strength.
According to this, a relatively brittle micro-concrete was selected with a
characteristic size of approximately `ch = 90 mm (the details of the micro-
concrete are given in the next section). Since the characteristic length of
ordinary concrete is 300 mm on average, laboratory beams of 150 mm depth
are expected to simulate the behavior of ordinary concrete beams 500 mm
in depth, which is considered a reasonable size for the study.

Materials and experimental procedures

A single micro-concrete mix was used throughout the experimentation, made
with normal Portland cement (ASTM type I) and a lime stone aggregate of a
5 mm maximum size. All the cement used was taken from the same cement
container and dry-stored until use. The mix proportions by weight were
3.2 : 0.5 : 1 (aggregate : water : cement).

For the beam dimensions selected, and the desired steel ratios, the di-
ameter of the steel bars had to be smaller than that of standard rebars, so
commercial smooth and ribbed wires with a nominal diameter of 2.5 mm were
used to achieve the desired reinforced configuration for different specimens.

Tables 1.1 and 1.2 show the characteristic mechanical parameters of the
micro-concrete and the steel determined in the various characterization and
control tests.
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Figure 1.6: (a) Rectangular and T cross-section dimensions; (b) Rebar ar-
rangements; (c) Specimen nomenclature.

The reinforced beams were tested in three-point bending. During the
tests the beams rested on two rigid-steel semi-cylinders laid on two supports
permitting rotation out of the plane of the beam and rolling along the beam’s
longitudinal axis with negligible friction. These supports roll on the upper
face of a very stiff steel beam fastened to the machine actuator. Nevertheless,
the first set of experiments showed that the beams were not stable after the
peak load. Thus, in order to control the fracture process, we added a resistive
extensometer centered on the tensioned face of the beam with a gauge length
of 100 mm. This device measured a combination between the elongation of
the concrete in the lower surface of the beam and the crack mouth opening
displacement (CMOD). This kind of test control leads to stable tests in which
the entire post-peak behavior is recorded.

Selected results and discussion

A typical P-δ curve starts with a linear ramp-up, Fig. 1.7. There is a loss
of linearity before reaching the load peak, which indicates the initiation of
the fracture process. Right after the peak the displacement snaps back while
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fc
(a) fts

(b) Ec GF `ch

MPa MPa GPa N/m mm
B. with smooth bars mean 48.7 4.8 25.9 74.9 93.7

std. dev 1.4 0.5 5.4 10.5 -
B. with ribbed bars mean 40.4 4.3 26.3 66.5 95.4

std. dev 1.6 0.5 5.3 9.6 -

(a) Cylindrical specimens, compression.
(b) Cylinder splitting (Brazilian).

Table 1.1: Concrete mechanical properties.

Es σu σ0.2 εr

GPa MPa MPa %
Smooth bars 212 810 870 6
Ribbed bars 194 730 765 2

Table 1.2: Mechanical characteristics of the reinforcement bars.

the beam loses resistance. The load transfer between the concrete and the
reinforcement, enables the beam to recover and generates a U-shaped stretch
in the P-δ curve. A sudden drop in the load signals the slipping of the
reinforcing wires, for the interface was not strong enough to cause the yielding
of the steel, in the case of smooth bars. Ribbed bars develop shear stresses
in the interface that cause the yielding of the steel.

Figure 1.7 compares P-δ curves corresponding to R and T beams rein-
forced with 3 horizontal wires (R3H versus T3H) in the case of smooth bars,
Fig. 1.7a shows R and T beams reinforced with 2 vertical wires in the case
of ribbed bars, Fig. 1.7b. It may seem trivial to point out that, theoretically,
T-beams are stiffer and stand more load than their R counterparts. Nev-
ertheless, the extent of increase in the peak load is only 2.5% in the case
of smooth bars and 7.5% in the case of ribbed bars, —as an average on all
the tests—, while Strength of Materials together with the usual hypothesis,
assuming that concrete is not able to resist tension, would foretell an 8.3%
increase instead, i.e. the load peak increases less than expected.

A reasonable explanation for such behavior can be drawn from Fig. 1.8. It
depicts how the profile of stresses at the load peak in the central cross-section
of a plain 150 mm-deep beam changes as the width of the head increases.
The stresses are obtained by modelling the propagation of a cohesive crack
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Figure 1.7: P − δ curves corresponding to rectangular and T beams: (a)
reinforced with smooth bars; (b) reinforced with ribbed bars.

through the central cross-section of the beams, the model is widely explained
in chapter 4. The crack opens when the stress reaches the tensile strength;
from then on the tension diminishes linearly with the crack opening until the
energy per unit area consumed by the fracture process equals the fracture
energy, GF (or, equivalently, when the crack opening is 2GF

ft
). Figure 1.8

shows, on the one hand, that the neutral axis of the beam, i.e. the axis at
which there is a change from tension to compression, goes up as the head of
the beam is thickened. On the other hand, the length of the cohesive crack
at the peak remains unaltered, being approximately 25 mm for all the cases
represented in Fig. 1.8. So, T-beams shift upwards the compressive resultant
and thus make the variation of the tension in the lower part of the beam
similar to what we would get for bigger rectangular beams. Thus, we can
speak of a kind of shape effect that has the same cause as the size effect: The
development of the fracture process does not depend on the size or the shape
of the structural element as much as it does on material properties [13].

The effect of the shape of the cross-section is clear and very similar to
what we obtain when it is the size that increases: the ratio Pmax/Pnt (Pnt is
the theoretical cracking load obtained by no tension hypothesis) diminishes
as the head thickens and tends to be 1 in the limit case of a T-beam whose
head width is infinite.

Figure 1.9 compares P-δ curves for beams which are identical except for
the reinforcement alignment around the steel centroid. The uppermost row
contains the results of the beams reinforced with smooth bars, while the
lowermost row depicts the curves for ribbed bars. The H-beams, i.e. beams
that have the wires aligned horizontally, have just one single layer of wires
that produces a secondary peak when the crack zone crosses it. Besides,
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Figure 1.8: Variation of the stress profile in the central cross-section at maxi-
mum load as the head of the beam thickens (the series of values for the width
of the head are 50 R-beam, 100, 150 and 200 mm).

the behavior of H-beams is quite fragile, for the stresses at the steel-to-
concrete interface only develop after a certain crack opening is achieved.
In contrast, V-beams are more ductile in the post peak response. The crack
zone does not develop that easily because it finds several reinforcement layers
in its way. The secondary peaks that would correspond to each layer are
smeared. In addition, the vertical arrangement of the wires produces a more
continuous stress transfer that eventually leads to more energy consumption
at the beginning of the fracture.

A complete description of the mode I test results can be found in chap-
ter 2, as well as in Refs. [27, 123]. These experimental results can be used
profitably for modelling the behavior of lightly reinforced concrete beams.
In chapter 4, we use the experimental results shown to contrast the model
exposed, in order to verify the shape effect in the fracture of lightly rein-
forced beams. Finally, following a similar methodology that in the research
showed, an experimental program to study mixed-mode crack propagation is
described in the next section.

1.2.3 Propagation of mixed-mode cracks in reinforced
concrete

A summary of the results of a very recent experimental research program
aimed at investigating mixed-mode fracture of reinforced concrete is pre-
sented in this section. The tests were designed so that only one single mixed
mode crack generates and propagates through the specimen, as opposed to
the usual dense crack pattern found in most of the tests in scientific literature.
The specimens were three-point-bend beams of three different sizes. They
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Figure 1.9: P − δ curves corresponding to beams with bars aligned hori-
zontally and vertically: (a) , (b) reinforced with no adherent bars; (c), (d)
reinforced with adherent bars.

were notched asymmetrically and reinforced with various ratios of longitudi-
nal and of inclined reinforcement. These experiments may help to understand
the mechanisms of crack initiation and propagation through reinforcing bars
under mixed-load conditions. A minute description of all the mixed-mode
tests presented in this section can be found in chapter 3.

Overview

The program was designed to study the propagation of mixed-mode cracks
through reinforced concrete. Specifically, we wanted to disclose the influence
of the location and the amount of reinforcement on the crack propagation.
We also intended to analyze the variations in the crack pattern and in the
mechanical behavior due to the size of the specimens.

With these intentions in mind we chose the beam sketched in Fig. 1.10
as a convenient specimen for this research. Our choice revisits the geom-
etry tested by Jenq and Shah to study mixed-mode crack propagation in
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Figure 1.10: Beam Geometry.

plain concrete [64]. It is a notched beam that exhibits a single mixed-mode
crack when subjected to bending at three points. We reinforce the beams
with several ratios of longitudinal and of inclined bars (shear reinforcement).
The presence of a notch avoids a dense crack pattern that would blur our
perception of the changes.

Regarding the size of the beams, we wanted even the largest beams to
be reasonably easy to handle and test. At the same time, the behavior of
the laboratory beams should be representative of the behavior of beams of a
normal size made of ordinary concrete. In order to fulfill both requirements,
Hillerborg’s brittleness number βH [13] was used as the comparison param-
eter. βH is the ratio between the size of the beams —represented by their
depth D— and the characteristic length of the concrete, `ch [108].

The dimensions in Fig. 1.10 were scaled to the beam depth D. We made
small (S, D = 75 mm), medium (M, 150 mm) and large (L, 300 mm) spec-
imens reinforced with several ratios of either kind of reinforcement. Each
specimen was named by a letter indicating the size (S, M or L) and two
figures indicating the number of bars used for the longitudinal reinforcement
(first figure) and the number of 45o-inclined bars (second figure). For exam-
ple, L21 names a large beam with two longitudinal bars and one 45o-inclined
bar.
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fc
(a) fts

(b) Ec GF `ch

MPa MPa GPa N/m mm
media 36.3 3.8 28.3 43.4 86.8

desv. std. 1.9 0.3 2.7 5.8 -

(a) Cylinder specimen, compression tests.
(b) Cylinder specimen, splitting tests.

Table 1.3: Micro-concrete characteristic.

Es fy,0.2 fu εu

GPa MPa MPa %
174 563 632 4.6

Table 1.4: Steel characteristic.

Materials and experimental procedures

A single micro-concrete mix was used throughout the experimentation, made
with a lime aggregate of 5 mm maximum size and ASTM type II/A cement.
The mix proportions by weight were 3.2 : 0.45 : 1 (aggregate : water : cement).
Standard characterization and control tests were performed to determine the
compressive strength, tensile strength, elastic modulus and fracture energy
of the concrete. The mechanical parameters of the rebars and of the steel to
concrete interface were also measured in our laboratory.

For the beam dimensions selected, and the desired steel ratios, the diame-
ter of the steel bars had to be smaller than that of standard reinforcing bars,
so commercial ribbed wires with a nominal diameter of 2.5 mm were used to
achieve the desired reinforced configuration for different specimens. In order
to measure the strength of the interface, pull-out specimens were taken from
the same batches from which the beams were made. Table 1.4 shows the
mechanical properties of the steel bars. The bond strength obtained from
the pull-out tests ranges from 5 to 8 MPa.

The specimens for the mixed-mode tests were notched beams reinforced
with longitudinal and/or 45o-inclined bars. Beams were tested in the three-
point bending. All tests were performed under position control. The beams
were supported on the anti-torsion devices described above. The load, P ,
and the displacement under the load point, δ, were continually monitored.
We also added a resistive extensometer centered on the tensioned face of
the beam at the notch position to measure the crack opening displacement,
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Figure 1.11: Experimental results given by beams with various ratios of 45o-
inclined bars and no longitudinal bars: (a) P -δ curves of the small beams;
(b) P -δ curves of the medium beams; (c) size effect on the maximum load;
and (d) crack pattern observed in the case of medium beams.

CMOD, in all the tests. Crack pattern, corresponds to each one of the selected
cases, is also sketched, to complete the test information.

Selected results and discussion

Effect of inclined reinforcement

Figure 1.11 shows experimental results given by beams that are reinforced
only with inclined bars. Plain beams are also included as a limit case of null
reinforcement. Figs. 1.11a and b depict P -δ curves for small and medium
beams respectively. They show that the inclined bars provide stability to
the crack propagation. Indeed, the plain beams break in an unstable way
which is characteristic of tests performed under position control. As the
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amount of inclined bars increases, the behavior after the peak load turns
to be more stable and stronger. Nevertheless, it is surprising that the peak
load diminishes as the amount of inclined reinforcement increases. In fact,
the maximum load withstood by the plain beams is higher than the beams
with one bar and, again, the beams with two bars resist even less maximum
load. Such trend can be clearly observed in Fig. 1.11c, which represents the
maximum loads of this kind of beams (large beams also included) versus the
size of the specimen in a nondimensional way. Such apparently abnormal
behavior may be explained by the changes in the crack trajectory induced
by the reinforcement, which are shown clearly in Fig. 1.11d. The presence
of inclined bars modifies the almost straight trajectory of the crack in plain
concrete beams. The crack is more vertical and even shows a turning point,
and changes its direction of growth as the reinforcement ratio increases.

Regarding the scale effect, plain beams follow the universal law proposed
by Bažant ( [8]; please, see the solid curve and the formula inserted in
Fig. 1.11c). Reinforced beams follow a similar trend, i.e. larger beams resist
less in terms of stress than smaller ones.

Effect of longitudinal reinforcement

Figure 1.12 shows experimental results given by beams reinforced solely with
longitudinal bars. Plain beams are, again, a limit case of this category of
beams and, consequently, they are also considered in the figure. In this kind
of beams, the reinforcing bars are far from the tip of the notch. The crack
starting from the notch should behave like a crack that has already crossed
the flexural reinforcement layer and goes on progressing under mixed-mode
conditions. Figures 1.12a and b show that the cracking load is very much
influenced by the reinforcement ratio for both small and medium beams. The
geometry and reinforcement arrangement in these beams facilitate that the
bars work as soon as the beam starts to be loaded, which provokes the hyper-
strength associated to the reinforcement ratio. The behavior of the beams
with higher ratios of reinforcement as the crack propagates is specially no-
ticeable. In the beams with the higher ratios tested M20, M40, L40 and L80
after a stable propagation from the notch, the type of propagation changes,
the crack length increase in a way no associated to any δ and neither CMOD

increase. The change in the nature of the propagation can also be notice by
a deviation in the crack trajectory, Fig. 1.12c. In reinforced concrete tech-
nology the behavior just described is referred to as failure due to diagonal
tension shear. It implies a redistribution of the way of resisting shear within
the beam. Part of the load carried by the concrete ligament is transferred
to the steel bars. From them on the crack goes on propagating slowly to-
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wards the loading point. Most of the shear is stood by the bars that sew
the crack. Depending on the ratio and cover of longitudinal reinforcement
and on the geometry of the beam, the concrete around the bars may not be
strong enough to resist the shear transferred by the reinforcement. In such
cases the bars provoke the generation of a longitudinal crack at the level of
the reinforcement, which implies a sudden drop in the load capacity.

The trajectory of the crack is sensitive to the presence and amount of
flexural reinforcement, as Fig. 1.12c clearly shows. The angle at which the
crack starts propagating is almost independent from the number of bars, but
as the reinforcement ratio increases, the crack gets inclined so as to reach
the loading point. In this case, crack trajectories for different beam sizes are
alike. All beams of this type broke due to the propagation of the mixed-mode
crack.

Combined effect of longitudinal and inclined reinforcement

Figure 1.13 shows the mechanical behavior and the crack pattern of beams
reinforced with both longitudinal and inclined bars. Specifically, Figs. 1.13a
and b show the results given by large beams reinforced with just one 45o-
inclined bar and with zero, one or two longitudinal bars. The comparison
between the results given by L01 and L11 beams indicate that small ratios
of longitudinal reinforcement modify the crack trajectory ostensibly while
the associated hyper-strength is almost negligible. The post-peak behavior
is sensitive to the longitudinal reinforcement. The more longitudinal rein-
forcement, the more maximum load the beam withstands, as can be induced
by comparing the L11 and L21 curves. With only two longitudinal bars, L21
beams even harden after the cracking load and reach to another maximum.
From then on the beams soften mildly.

Figures 1.13c and d show results given by small beams, in which the lon-
gitudinal reinforcement is kept constant while it is the inclined reinforcement
that changes. The sketches of the crack trajectories prove that shear rein-
forcement produces a change in the collapse mechanism of the beam. The
presence of inclined bars produces a big increase in the beam carrying capac-
ity because they are located in the area where the crack nucleates. Indeed,
in the two examples shown in the figures, S11 and S12 beams, the inclined
reinforcement arrests the propagation of the crack that starts from the notch
and provokes the formation of a flexural (mode I) crack in the middle of the
beam. The flexural crack grows unstably and subsequently the load capacity
of the beam is reduced. Fig. 1.13d shows that the unloading of the beam
causes the closing of the mixed-mode crack. It is interesting to notice that
the mechanical behavior of S11 and S12 beams is almost identical in spite
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Figure 1.12: Experimental results given by beams with various ratios of
longitudinal bars and no inclined bars: (a) P -δ curves of the small beams;
(b) P -δ curves of the medium beams; (c) crack pattern observed for this kind
of beams (please, notice that the sketches do not keep the proportionality
between the actual beams).
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Figure 1.13: Effect of the amount of reinforcement: (a) P -δ and P -CMOD

curves and crack pattern of large beams with a fixed ratio of longitudinal
reinforcement but increasing number of inclined bars; (b) P -δ curves of the
medium beams; (c) crack pattern observed for this kind of beams (please,
notice that the sketches do not keep the proportionality between the actual
beams).
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of the fact that the latter has twice as many inclined bars as the former.
A slightly wider opening of the S11 beam (clearly noticeable in Fig. 1.13d)
shows that the inclined reinforcement is weaker.

Please remember that a minute description of all the mixed-mode tests
can be found in chapter 3. In chapter 5, the experimental results are used
to contrast the trends an tendencies that reproduces the model presented in
that chapter. The experimental results could be used profitably for modelling
the behavior of mixed-mode cracks in reinforced beams.

In the next sections two models that could be use profitably to study crack
propagation are presented. These models are based on Fracture Mechanics
theories and may help to analyze test results showed in Sections 1.2.2 and
1.2.3.

1.2.4 Numerical model to study mode I crack propa-
gation in reinforced concrete

We analyze the propagation of a cohesive crack crossing one or several rein-
forcement layers by a simple model valid for any specimen or loading condi-
tion. In this instance the case of reinforced concrete beams loaded at three
points is considered. In this approach steel bars do not constitute a physical
barrier to the propagation of the crack, as concrete continuity is preserved
by a computational strategy consisting of overlapping both materials in the
same spatial position [92]. The model uses cohesive elements to represent
the crack and interface elements and to simulate the decohesion and shear
generated in the steel-concrete debonding process. The results given by this
model are compared to experimental results on rectangular and T-shaped
beams reinforced by bars arranged in one or several layers [123, 125]. The
model closely follows the experimental trends when changing the parameters
that control the type of fracture; such as the steel ratio, the bond strength,
the position and arrangement of the bars, the size of the specimen and the
shape of the beam cross-section. In spite of its simplicity, this model can
be useful when studying local fracture and decohesion phenomena wherever
they may take place within a reinforced or prestressed concrete structure.

Layout of the problem. Mechanical model

We want to model the collapse of a lightly reinforced concrete beam when it
is subjected to three point bending and only one crack at midspan progresses,
(Fig. 1.14a). The model should account for the fracture properties of concrete
as well as the ongoing deterioration of the interface between the concrete and
the steel.
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Figure 1.14: (a) Reinforced beam subjected to three point bending; (b) co-
hesive crack; (c) softening function.

Fracture of concrete is represented by means of a cohesive model. A cohe-
sive crack starts when and where the maximum principal stress reaches the
tensile strength of the material, ft (Fig, 1.14b). The crack is perpendicular
to the direction of the major principal stress and opens while transferring
stress from one face to the other. For monotonic mode I opening, the stress
transferred is perpendicular to the crack faces and is a single function of the
crack opening:

σ = f(w), and

{
f(0) = ft,
f(w) ≥ 0.

(1.2)

The function f(w) (sketched in Fig. 1.14c) is known as softening function
or cohesive law. It completely characterizes the mechanical behavior of the
crack. The values of f(w) become zero when the crack opening exceeds a
critical value wc. The area under the softening curve is the work needed to
separate the two faces of a unit crack surface, i.e., the specific fracture energy
GF .

In this work we assume that the reinforcement ratio is low. Under these
conditions the fracture process starts by developing microcracks in the ten-
sioned fibre near the central cross section, but very soon a single crack nucle-
ates from this microcracked zone [125]. Therefore, we reach the hypothesis
that a single cohesive crack in the central cross section represents the fracture
behavior of concrete adequately. The behavior of concrete outside the frac-
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Figure 1.15: Mechanical model.

ture zone is taken as linear elastic, since second order effects due to material
non-linearity are small when the reinforcement ratio is not too high.

The mechanics of the steel-concrete interface are embedded in a law re-
lating to the shear stresses that are transmitted between reinforcement and
concrete, τ , to the relative slip, s, between both materials.

Figure 1.15 sketches the mechanical model that we use to study this
problem. Specifically it depicts the case of a T-beam reinforced by two
layers of bars. The problem is three dimensional, mainly because of the flow
of stresses around the connections with the reinforcement layers and between
the body and the head of the beam. We choose a 2D modelization in plane
stress though. As Fig. 1.15 suggests, we take advantage of the symmetry of
the beam and of the loading conditions

This way of modeling preserves concrete continuity and, therefore, per-
mits the crack propagation through the reinforcement layers. In addition, it
would be of use for some other reinforcement arrangements, e.g., layers of re-
inforcement that are not parallel to each other, prestressed reinforcement etc.
It is also compatible with a more refined modelization of the cohesive ma-
trix, for instance one accounting for microcracking [3], [127], [128]. Likewise,
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Figure 1.16: Results corresponding to series 1 [125]: P -δ curves (load-
displacement under the load point) given by the model compared with the
curves obtained in the tests (series 1).

the model would work perfectly using 3D elements to model the concrete
bulk. For instance, Lettow et al. have recently used a similar approach in
3D to study the debonding process between steel and concrete [81]. Con-
cerning the numerical implementation, we use ABAQUS and ANSYS (which
are commercial FEM programs).

Selected simulation results and discussion

The model reproduces the experimental size, and shape effect of these struc-
tural elements, since the maximum load withstood by the beams increases
at a slower rate than the beam dimensions.

We use two series of tests. The first one, series 1, was performed by Ruiz,
Elices and Planas [125] and was meant to study the sensitivity of the response
of lightly reinforced beams to size, steel ratio and steel to concrete adherence.
The second one, series 2, completed the former study by investigating the
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Figure 1.17: Results corresponding to series 2 [27, 123]: P -δ curves (load-
displacement under the load point) given by the model compared with the
curves obtained in the tests. The dashed-grey curve in the top-left graphic
(marked as MC) corresponds to using the bond-slip law in the Model Code
[39].

influence of the shape of the beam cross-section and of the rebar arrangement
on lightly reinforced beams [27,123].

The accuracy in the prediction of the peak load, see Fig. 1.16, is specially
noteworthy, when having in mind the very simple assumptions we made
regarding crack formation and the fact that we use linear softening. In general
the absolute value of the initial slope for concrete and mortar is about twice as
much as the initial slope of the linear softening with identical fracture energy.
This implies that the predicted peak, when linear softening is used, is larger
than the peak load obtained with initially steeper laws. Nevertheless, if we
had used a law of this kind the model could have understimated the peak.
This can be explained keeping in mind that that experimental determination
of cohesive laws require that the damaged zone before crack formation is as
small as possible [115], but such condition is not met in unnotched specimens.
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In addition, the presence of reinforcing bars may contribute to spreading
the damage and, as a consequence, to increasing the consumption of energy
before a main crack nucleates.

Figure 1.17 shows that the model accurately reflects the response of the
real beams when the shape of the cross-section changes. T-beams have a
more rigid initial ramp-up and the maximum load is slightly higher than it
is for the rectangular beams as it is shown in Fig 1.18d. Nevertheless, we
found that the increase does not follow the predictions made using simple
linear theories. This observation can be simply explained: the presence of
the head makes the neutral axis go up and then the crack zone develops as
if the T-beam were a larger rectangular beam. Therefore, there is a kind of
shape effect that is properly reproduced by this model and that resembles
the well-known size effect. Additionally, the Ts show a protuberance at the
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bottom of the U-shaped stretch of their P -δ curves that corresponds to the
moment where the crack reaches the head of the T-beam. At the moment
of this second peak the reinforcement is already far away from the crack tip
and so the peak is highly influenced by the reinforcement ratio as Fig 1.18e
shows.

1.2.5 Analytical model to study mixed-mode crack prop-
agation in reinforced concrete

Carpinteri [32] and later Carpinteri and Bosco [23] proposed an approxi-
mated analytical approach to predict the flexural behavior of reinforced con-
crete beams and related size effects by explaining brittle-ductile-brittle failure
mode transitions. In the present work the model is extended to reproduce
mixed-mode and shear failure modelling, introducing a given shape for the
hypothetical crack path and determining the initial crack position and the
load-crack depth curve and for three or four point bending problems. The
proposed formulation reproduces the pure mode I flexural behavior as a par-
ticular case, so that the flexural and shear failure modes can be immediately
compared to detect which one dominates and determine the relevant failure
load.

Modelling of flexural and shear cracks

The bridged crack model can be applied for evaluating the monotonic load
propagation of a cracked reinforced concrete beam assuming as control pa-
rameter the crack depth at a fixed cross section. Linear Elastic Fracture
Mechanics is assumed for the concrete with a crack propagation condition
ruled by the comparison of the stress intensity factors KI to the concrete
toughness KIC .

The adopted model scheme is reported in Fig. 1.19 along with the used
symbols: the section width b, and the height D, the crack depth a the posi-
tions of the steel bars c, the crack tip horizontal position x, the crack mouth
horizontal position x0 and the shear span l. The geometric dimensions are
converted into a nondimensional quantities, after dividing by the height D
in the case of vertical distances and by the shear span l in the case of the
horizontal distances. Thus the following nondimensional parameters are de-
fined: α is the nondimensional horizontal distance from the support to the
crack tip (α = x

l
), ξ is the crack depth (ξ = a

D
), α0 is the initial crack mouth

position (α0 = x0

l
) and ζ is the reinforcement cover (ζ = c

D
). All these nondi-

mensional parameters range from 0 to 1. Additionally λl is defined as the
shear span slenderness ratio (λl = l

D
).
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The crack trajectory Γ is considered formed by two parts. A first segment
Γ1 is vertical and extends from the bottom to the reinforcement layer. The
second part Γ2 is assumed being a power law with some given exponent, ex-
tending from the end of the first part to the load point. The crack trajectory
in a nondimensional way Γ=Γ1 ∪ Γ2 is defined analytically by the function:

α(ζ, ξ) =





α0 ζ ≥ ξ

α0 +

(
ξ − ζ

1− ζ

)µ

(1− α0) ζ ≤ ξ ≤ 1
(1.3)

The constitutive relation for the reinforcement bars is assumed as rigid-
plastic with no upper limit to the maximum deformation. The maximum for
the bridging reinforcement reaction are defined by PP = Asσy being As the
bars area and σy the minimum between the yielding and sliding stress for the
bars.

With reference to Fig. 1.19, let KI be the stress intensity factor at the
crack tip. By the superposition principle, it is given by the sum of the stress
intensity factor KIV due to the bending moment associated to the shear force
and KIP , due to the closing force at the reinforcement position:

KIC = KIV −KIPγ (1.4)

The value of KIC in Eq. 1.4 may be determined by the RILEM recom-
mendations [115,116], or derived by the procedures suggested in [1, 74].

Neither closed form solution nor nonlinear regressions of numerical data
are available till now for the evaluation of the stress-intensity factors in the
present case, i.e. for the geometry given in Fig. 1.19, some assumptions
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has been made to approximate these for the geometry of the problem. To
evaluate the stress intensity factor due to the external load KIV , Jenq and
Shah [65] assumed that it can be approximated by the stress-intensity factor
of a bent beam with a symmetric edge notch of depth a subjected to the
bending moment corresponding to the cross section at the mouth of the
crack. Here a similar approach is followed, but the variation of the bending
moment at each section due to the crack path will be accounted for. The
stress-intensity factor produced at the crack tip by an applied shear load V ,
is given by:

KIV =
V lα(ζ, ξ)

D
3
2 b

YM(ξ) =
V

D
1
2 b

YV (ζ, ξ)λl (1.5)

The stress-intensity factor produced at the crack tip by the applied forces
P acting at the level of reinforcement, at a distance c from the lower edge of
the beam is obtained from the case of vertical crack, KIP . Several numerical
analyses by boundary elements [112] have been made to get an approximation
to the stress-intensity factor for different positions of the crack tip. It is
observed that the stress intensity factor is a function of the angle γ, Fig.
1.19. Consequently, a function β(γ) to approximate the variation YP with γ
has been defined. Finally the stress intensity factor due to the reinforcement
reaction P is given by

KIPγ =
P

D
1
2 b

YP (ζ, ξ)β(γ) =
P

D
1
2 b

Y γ
P (ζ, ξ) (1.6)

where,

β(γ) =
( γ

90

)0.2

(1.7)

The angle γ is expressed in degrees.
The functions YM(ξ) and YP (ζ, ξ) are reported in stress intensity factors

handbooks [97,136].
Let ρ be the bar reinforcement percentage defined as ρ = As

bD
and w the

crack opening at reinforcement level. The following nondimensional param-
eters can be defined

NP =
σyD

1
2

KIC

ρ; w̃ =
wE

KICD
1
2

, (1.8)

where NP is defined as a brittleness number for flexural failure in re-
inforced concrete elements and E is the young’s modulus of the material
(the Poisson ratio is negligible). w̃ is the nondimensional crack opening at
reinforcement level.
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Substituting Eqs. 1.5 and 1.6 in Eq. 1.4, the shear propagation force is
obtained as a function of the bars traction, σs. This traction depend on the
crack opening at reinforcement level by means of the constitutive equations.

The crack opening at the nondimensional abscissa ζ can be determined
by summing the two contributions of the shear V and bars reaction P . The
nondimensional opening evaluated at the crack propagation shear V =VF , has
the following expression:

w̃ = w̃V − w̃Pγ (1.9)

If the relative displacement in the cracked cross-section at the level of
reinforcement is assumed to be zero, up to the moment of yielding or slip-
page of the reinforcement (w̃=0), we obtain the displacement congruence
condition that allows us to obtain the unknown force P as a function of the
applied shear V . Also considering a rigid-perfectly plastic behavior of the
reinforcement, the shear of plastic flow or slippage is obtained from 1.9 for
PP =σyAs which indicates the yielding (or pulling-out) force is achieved when
σs = σy (yielding stress of reinforcement).

ṼP =
VP

bD
1
2 KIC

=
NP

λl

∫ ξ

ζ
Y 2

Pγ
(ζ, z)g(ζ, z) dz

∫ ξ

ζ
YV (z)YPγ (ζ, z)g(ζ, z) dz

=
NP

λl

r′′(ζ, ξ) (1.10)

If the force transmitted by the reinforcement is equal to PP =σyAs, in
other words, if the reinforcement traction limit has been reached (ṼF > ṼP ),
it is

ṼF =
VF

bD
1
2 KIC

=
1

λlYV (ξ)

[
1 + NP YP (ζ, ξ)

]
(1.11)

In the case of ṼF ≤ ṼP the reinforcement is in the elastic range, and the
following relation holds

ṼF =
VF

bD
1
2 KIC

=
1

λl

[
YV (ξ)− YPγ (ζ, ξ)

r′′(ζ, ξ)

] (1.12)

Model response

To show the model response an example has been performed. The material
properties and beam geometry of the beam that is modelled are shown in
Fig. 1.20a.
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The following nondimensional parameters characterize the simulation case:
λl=2.5, ζ=0.1, NP =1.41. Moreover, it is assumed a constant reinforcement
along the span and a 4th order crack trajectory curve (µ=4). Figures 1.20b-d
show the nondimensional shear force vs. crack depth curves for the initial
crack position α0 in the interval [0.3, 1.0]. Also attached to each graphic
ṼF -ξ a sketch with the crack trajectory considered is drawn.

It is well-known that the crack growth may present stable or unstable
behavior. When the crack growth is stable, an increase in the crack depth
requires a load increase to fulfil the model equations. On the contrary, unsta-
ble crack growth requires a load decrease. Both kind of behaviors can occur
at different load levels during crack propagation, see Figs. 1.20b and d.

When the initial crack position is at the midspan (α0=1.0), Fig. 1.20b, the
model converges to the original bridged crack for beams in flexure (no shear).
Immediately after the crack crosses the reinforcement, an unstable branch
begins. This turns stable for a crack depth ξ '0.3. Then the nondimensional
shear force grows until the yielding of steel takes place (ξ '0.7). Physically
the reinforcement reaction stabilizes the initial unstable crack propagation
and allows finally the steel yielding.

The second plot, Fig. 1.20c, computed for an initial crack position
α0=0.70, shows the same characteristic behaviour for low values of the crack
depth, an unstable branch follows to a stable branch. Nevertheless in this
case, for a certain crack depth ξ the type of propagation changes and a new
unstable branch crack begins for a crack depth value of 0.65. From this mo-
ment the crack grows in a unstable manner bridging the beam to failure. In
this case, as for the flexural crack α0=1.00, the reinforcement reaction stabi-
lizes the crack propagation for low cracks depth but there is a point where the
crack changes the type of propagation and the reinforcement can’t stabilize
this propagation. The change in the nature of the propagation provokes the
relative maximum that is observed in Fig. 1.20c. This change in the nature of
crack propagation for shear crack in reinforced concrete beams without stir-
rups has been reported experimentally in the experimental results showed in
chapter 3.

For initial crack positions close to the support, Fig. 1.20d (α0=0.3), the
maximum separating stable and unstable stages of the cracking process dis-
appears and a completely unstable behavior is observed. In this case the
reinforcement reaction can’t stabilize the crack propagation during all the
process and the beam fails directly from crack initiation. In this sense, we
may affirm that a crack presents a more unstable behavior when its initial
point is near to the support. The opposite case is represented by a crack
with initial point its at the midspan (flexural crack), where, provided the
reinforcement percentage is not too low, it is impossible to develop an un-
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stable process growth once the reinforcement reactions stabilize the initial
instability.

The obtained qualitative behavior of shear cracks propagation is similar
to most of the descriptions of diagonal tension failure found in the literature.
We note that crack near the support have a more instable tendency but this
kind of crack needs a bigger nondimensional shear than beams at the middle
of shear span to develop its potential unstable behavior. Depending on the
crack initiation position, the critical load varies, but there exists a position
for which it is minimum. This criterion is therefore assumed for computing
the critical initial crack position and the collapse load when the beam doesn’t
fail by flexure. Thus the proposed model covers steel yielding (flexural) and
diagonal tension (shear) failures.

Figure 1.21 shows the ṼF -ξ curves results given by four different model
results obtained for beams where the brittleness number, NP , is increased
from 0.2 to 1 keeping constat the rest of parameters. The following nondi-
mensional parameters characterize the simulation cases: λl=2.5, ζ=0.1. It
is assumed a constant reinforcement along the span and a 6th order crack
trajectory curve (µ=6). A sketch corresponding to the crack trajectories at
failure moment is attached to each beam model result. In order to get a easy
understanding of the model response we only draw some of the cracks that
progress in the reinforced concrete element.

Figure 1.21a shows the model response for a brittleness number equal
to 0.2. When the nondimensional shear force reaches a value of 0.14 the
flexural crack, α0 = 1.00, begins its stable crack growth. An increase in the
load provokes that these cracks progress and new cracks begin to grow in a
stable way. The thick lines represent the cracks growth. After a stable crack
propagation is reached a nondimensional shear force equal to 0.18, at this
moment, the steel yields for the flexural crack. We assume that this value of
the nondimensional shear force represents the flexural failure load. Thus the
beam modelled in Fig. 1.21a shows a flexural failure due to the yielding of
the steel at the midspan crack. In Fig. 1.21b for a brittleness number of 0.3,
the beam element fails in the same way as in the previous case, by a flexural
failure at the midspan crack, but an increment in nondimensional shear force
from 0.18 to 0.25 is observed. Comparing the crack pattern sketches we
observe that the increment in the nondimensional shear also allows that new
cracks progress through the reinforced concrete element.

If the brittleness number is increased to a value of 0.4, see Fig. 1.21c the
crack initiates and progress in a similar manner as for the previous cases.
Nevertheless during this loading process, when nondimensional shear force
reaches a value of 0.33 flexural and diagonal tension failure occurs at the
same time. For higher values of the brittleness number flexural failure needs
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a higher nondimensional shear than diagonal tension failure. In Fig. 1.21d
the brittleness number is fixed to a value of 1.0. The load necessary to
provoke flexural collapse for the crack situated at mid span is 0.8 and the
load to provoke diagonal tension failure is 0.33 for the crack where α0=0.6.
Logically at monotonic loading of the reinforced concrete element diagonal
tension (shear) failure is developed previously to flexural collapse.

Therefore, for low values of NP cracks at midspan location (flexural
cracks) needs lower nondimensional shear force to provoke flexural failure
than shear cracks situated at the middle part of the shear span to develop
diagonal shear failure. If NP is increased, the opposite case appears: cracks
along the shear span need lower nondimensional shear force to provoke beam
collapse than those for the crack at the midspan. Thus there is a point where
the transition between these type of failures take place.

1.3 Main contributions of this thesis. Future

work

In this doctoral thesis we analyzed some advanced aspects of cracking pro-
cesses in reinforced concrete elements. Mode I (flexure) and mixed-mode
(shear-flexure) crack propagation were analyzed by extensive experimental
programs. Also two models were developed and contrasted with test results.
All of our results may help to understand brittle failures in reinforced con-
crete beams better.

The main contributions of this doctoral thesis are:

1. Lightly reinforced beams show a shape effect in the maximum load;
this effect is comparable to the size effect, i.e. the maximum load
does not actually vary as a no-tension hypothesis indicates. We proved
it experimentally and numerically. It was also observed that when
the reinforcement is distributed in several layers the fracture process
induces a ductile post peak behavior accompanied by a large amount
of energy dissipation.

2. The cracking load and the crack pattern of asymmetrically-notched
reinforced beams are very sensitive to the amount of the reinforcement
ratio and to its location within the beam. In the case of beams without
inclined reinforcement, the geometry and reinforcement arrangement
provokes a hyper-strength associated to the ratio of reinforcement. A
change in the nature of the crack propagation was reported after a
large crack growth. This behavior was identified with the failure due
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to diagonal tension. Finally we observed that the size effect of this kind
of beams cannot be compared to that of plain beams.

3. The propagation of a cohesive crack through one or several adherent
reinforcement layers in a reinforced concrete beam was analyzed by
a cohesive model. For the fracture of concrete, we used a discrete
crack model that follows a cohesive law. The reinforcement layers were
modelled as being overlapped to the concrete bulk and connected to
the matrix by interface elements that simulate the deterioration due to
the decohesion process. The model was validated against three point
bending tests on lightly reinforced beams. The numerical results closely
predict experimental data. A secondary peak in P -δ curves provoked
when the crack reaches the head of a T-beams was reported.

4. Mixed-mode crack propagation was analyzed by a simple model which
allows to evaluate the failure load and the failure mode from LEFM
analysis. The model captures the most relevant aspects and trends
of mixed-mode crack propagation and it may be used to explain the
transitions between flexural failure and diagonal tension failure. Is
remarkable how the model shows that diagonal tension cracking is an
unstable process at monotonic loading and produces the collapse of the
element.

Future research following the wake of this work:

• Designing and performing an experimental program to evaluate shape
effect for different concrete elements and geometries. This program
may provide insights about crack propagation and on the influence of
reinforcement during the process, specially when the crack reaches the
head of the beam.

• Developing code provisions to evaluate minimum mechanical reinforce-
ment accounting for the shape effect of reinforced concrete sections.
Most of current code provisions do not take account for shape effects
and might be improved in order to optimize reinforced concrete design.

• Designing and performing an experimental program to evaluate the
influence of bond strength between steel and concrete in the mixed-
mode crack propagation in RC elements.

• Elaborating code provisions to evaluate the load that produces the di-
agonal tension failure and to calculate minimum shear reinforcement
based on experimental results but inside a sound theoretical and con-
sistent frame.
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• Extending the models showed in this thesis to the study of crack prop-
agation of reinforced concrete beams with stirrups and the interaction
between this reinforcement and the fracture processes. The models
could also be applied to study the transition between different types of
failures and the influence of geometrical and mechanical parameters on
such transitional failures.
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Chapter 2

Advanced aspects of the
propagation of mode I cracks in
reinforced concrete

2.1 Introduction

This chapter presents results of an experimental program aimed at disclos-
ing advanced aspects of the fracture behavior of lightly reinforced concrete
beams. In particular, the program was designed to investigate the depen-
dence of these beams on (1) the arrangement of the reinforcing bars around
the steel centroid; and (2) the shape of the cross-section. All the beams were
made out of the same materials —micro-concrete and steel bars— whose
properties remain constant throughout the program. Nevertheless, the beams
are reinforced differently by changing the number of bars, the spacing be-
tween them and the arrangement of bars around the steel centroid.

The chapter is structured as follows: a brief overview of the experimental
program is given in Section 2.2. The materials and specimens are described
in Section 2.3. Section 2.4 summarizes the experimental procedures. The
experimental results are presented and discussed in Section 2.5. Finally, in
Section 2.6 some conclusions are extracted. We can anticipate here that the
tests are sensitive to both the shape of the cross-section and the arrange-
ment of the rebars around the centroid. Specifically, when bars are aligned
vertically the beam behavior is more ductile than with a single layer of rein-
forcement.

43
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Figure 2.1: (a) Rectangular and T cross-section dimensions; (b) Rebar ar-
rangements; (c) Specimen nomenclature.

2.2 Overview of the experimental program

The experimental program was intended to study whether the fracture of
lightly reinforced concrete beams depends on the rebar arrangement and on
the shape of the cross-section.

We used two different rebar distributions around the steel centroid, which
was kept in the same relative position for all the beams. To show the in-
fluence of the shape of the cross-section on the fracture process we selected
rectangular and T beams. In addition, the program had to provide an ex-
haustive material characterization to allow a complete interpretation of the
test results that could be useful for future investigations. Finally, the be-
havior of the laboratory beams should be representative of the behavior of
beams of ordinary size made of ordinary concrete.

Regarding the scale of the specimens, Hillerborg’s brittleness number βH

was used as the comparison parameter. As a first approximation, two geo-
metrically similar structures will display a similar fracture behavior if their
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brittleness numbers are equal [108], [5]. βH is defined as:

βH =
D

`ch

, where `ch =
EcGF

f 2
t

. (2.1)

D is the depth of the beam and `ch is Hillerborg’s characteristic length; Ec

is the elastic modulus, GF the fracture energy and ft the tensile strength.
According to this, a relatively brittle micro-concrete was selected with a
characteristic size of approximately `ch = 90 mm (the details of the micro-
concrete are given in the next section). Since the characteristic length of
ordinary concrete is 300 mm on average, laboratory beams of 150 mm depth
are expected to simulate the behavior of ordinary concrete beams 500 mm
in depth, which is considered a reasonable size for the study.

Figure 2.1a sketches the dimensions of the rectangular and T beams cho-
sen for this experimental program. Note that the T beam is built by thick-
ening the head of the rectangular beam by 50%. Figure 2.1b depicts the five
kinds of arrangement of the reinforcement bars around the steel centroid. We
use 1, 2 or 3 rebars aligned horizontally or vertically. Figure 2.1c names the
resulting combinations for future reference. For instance, a T2V beam is a
T beam reinforced by means of 2 bars aligned vertically.

Standard characterization and control tests were performed to determine
the compressive strength, tensile strength, elastic modulus and fracture en-
ergy of the concrete. Likewise the mechanical parameters of the rebars were
determined in our Laboratory. The properties of the steel-to-concrete inter-
face were not measured directly. Nevertheless, we estimated their value using
the Model Code [39] (see next section for details).

2.3 Materials and specimens

2.3.1 Micro-concrete

A single micro-concrete mix was used throughout the experimentation, made
with a lime stone aggregate of 5 mm maximum size that follows the corre-
sponding Fuller curve, and normal Portland cement (ASTM type I). All the
cement used was taken from the same cement container and dry-stored until
use. The mix proportions by weight were 3.2 : 0.5 : 1 (aggregate : water : ce-
ment).

All the specimens were made from 10 batches of 35 litres. Batch 1 was
devoted to tuning the experimental set-up and thus the specimens made out
of it are not considered for getting material properties or conclusions. There
was a strict control of the specimen-making process, to minimize scatter
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fc
(a) fts

(b) Ec GF `ch

MPa MPa GPa N/m mm
B. with smooth bars mean 48.7 4.8 25.9 74.9 93.7

std. dev 1.4 0.5 5.4 10.5 -

B. with ribbed bars mean 40.4 4.3 26.3 66.5 95.4
std. dev 1.6 0.5 5.3 9.6 -

(a) Cylindrical specimens, compression.
(b) Cylinder splitting (Brazilian).

Table 2.1: Concrete mechanical properties.
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Figure 2.2: (a) Stress-strain curve of the reinforcing bars; (b) load-
displacement curves corresponding to the plain notched beams made from
batch 4.

in test results. We made characterization specimens of all batches. The
Abrams cone slump was measured immediately before casting, the average
value being 12 mm. All the specimens were cast in steel molds, vibrated by
a vibrating table, wrap-cured for 24 hours, demolded, and stored for 4 weeks
—until they were tested— in a moist chamber at 20 oCC and 98% relative
humidity. Table 2.1 shows the characteristic mechanical parameters of the
micro-concrete determined in the various characterization and control tests.

Steel

For the beam dimensions selected, and the desired steel ratios, the diameter
of the steel bars had to be smaller than that of standard rebars, so commercial
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Es σu σ0.2 εr

GPa MPa MPa %
Smooth bars 212 810 870 6
Ribbed bars 194 730 765 2

Table 2.2: Mechanical characteristics of the reinforcement bars.

smooth and ribbed wires with a nominal diameter of 2.5 mm were used to
achieve the desired reinforced configuration for different specimens.

Figure 2.2a shows the σ-ε curve corresponding to the smooth wires used
to reinforce the beams. Table 2.2 shows the characteristic mechanical pa-
rameters of the micro-concrete determined in the various characterization
and control tests. The properties of the steel-to-concrete interface were not
measured directly. The Model Code [39] suggests that in our conditions the
maximum tangent stress in the interface can be 1 MPa for the smooth bars
and 12 MPa for the ribbed bars.

2.3.2 Characterization and control specimens

Cylindrical specimens whose dimensions were 150 mm in length and 75 mm
in diameter were cast to determine standard mechanical properties. We made
5 specimens from each batch, 3 for compression tests and 2 for splitting tests.

Notched plain concrete beams were used to characterize concrete fracture
properties. All the beams were 50 mm thick, 75 mm deep and 337.5 mm
long. Out of each batch we made 4 specimens. The notch was sawn at the
central cross-section to a depth of half the total beam depth.

2.3.3 Reinforced micro-concrete beams

Figure 2.1 and Table 2.1 summarize the geometrical characteristics of the
reinforced concrete beams. Table 2.3 also indicates which batch each beam
was made out of. The specimens were cast in metallic molds, with the re-
inforcing wires protruding at the ends through holes in the mold walls. The
micro-concrete was compacted on a vibrating table. During casting and vi-
bration the wires were tensioned by nuts to hold them tight and in place.
The tension of the wires was released right before demolding. The wires were
left protruding from the end of the beam. No hooks or anchors were used.
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Specimen denomination
R1 T1 R2H R2V T2H T2V R3H R3V T3H T3V

No. of wires 1 1 2 2 2 2 3 3 3 3
shape R T R R T T R R T T

wire alignment — — H V H V H V H V
steel ratio (×10−5) 65 55 138 138 112 112 196 196 165 165

No. of specimens 4 4 2 2 2 2 2 2 2 2
batch number 1 & 6 1 & 6 2 3 2 3 5 4 5 4

“R” for rectangular cross-section and “T” for beams with compression head.
“H” for bars aligned horizontally and “V” for bars aligned vertically.

Table 2.3: Specimen characteristics.

2.4 Experimental procedures

2.4.1 Characterization and control tests

Compression tests were carried out on 30 cylindrical specimens —three from
each batch— according to ASTM C-39 and C-469 except for a reduction
in size. The strain was measured over a 50 mm gage length by means of
two inductive extensometers placed symmetrically. The tests were run under
displacement control, at a rate of 0.3 mm/min.

Brazilian tests were also carried out on 20 cylindrical specimens —two
from each batch— following the procedures recommended by ASTM C496.
The specimen was loaded through plywood strips with a width of 1/8 of the
specimen diameter. The velocity of displacement of the machine actuator
was 0.3 mm/min.

Stable three-point bend tests on notched beams were carried out to obtain
the fracture properties of concrete following the procedures devised by Elices,
Guinea and Planas [45], [52], [110]. The span was 340 mm. During the
tests the beams rested on two rigid-steel semi-cylinders laid on two supports
permitting rotation out of the plane of the beam and rolling along the beam’s
longitudinal axis with negligible friction. These supports roll on the upper
face of a very stiff steel beam fastened to the machine actuator.

The tests were performed in position control. We used three linear
ramps at different displacement rates: 10 µm/min during the first 15 min,
50 µm/min during the following 15 min and 250 µm/min until the end of
the test. Fig. 2.2b shows some typical load-displacement curves.
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2.4.2 Reinforced beam tests

The reinforced beams were tested in three-point bending. In principle the ex-
perimental set-up was similar to that described for the plain notched beams.
Nevertheless, the first set of experiments showed that the beams were not
stable after the peak load. Thus, in order to control the fracture process, we
added a resistive extensometer centered on the tensioned face of the beam
with a gage length of 100 mm. This device measured a combination between
the elongation of the concrete in the lower surface of the beam and the crack
mouth opening displacement (CMOD). This kind of test control leads to stable
tests in which the entire post-peak behavior is recorded.

The tests started in load control until reaching 5 kN, which was done in
5 min. This loading ramp was fully within the linear response of the beams
and provoked the opening of the aforementioned extensometer at an average
rate of 2 µm/min. Then we passed the control of the test to CMOD and kept
the opening rate constant during the following 30 min. This ramp allowed
the post peak behavior of the beams to be obtained. Finally, we changed to
displacement control at a rate of 0.2 mm/min until the end of the test.

2.5 Results and discussion

2.5.1 Characterization tests

The main results of the characterization tests are given in Table 1. Standard
deviation between specimens made from different batches was of the same
order as between specimens from the same batch, which shows that the
process of making the specimens was properly standardized. We also reach
the same conclusion if we notice the low values of the standard deviation of
the compressive and tensile strengths. In contrast, the elastic modulus and
the fracture energy have deviations of 20 and 15% of their respective mean
values. In the case of Ec there may be some spurious scatter attributable to a
deficient resolution of the LVDTs used to measure the strain (only 4×10−4).
However, the deviation in the fracture energy can be considered as normal if
we take into account that the procedures to obtain GF also include analytical
data manipulation when getting the not-measured energy [120]. In fact,
Figure 2.2b shows that the P-δ curves for plain notched beams are very
similar to each other, which demonstrates the high level of control achieved
during the tests.
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Figure 2.3: Load-displacement curves for beams reinforced with smooth bars.
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Figure 2.4: Load-displacement curves for beams reinforced with ribbed bars.

2.5.2 Reinforced beam tests

All the experimental load-displacement (P-δ) curves for the reinforced beams
with smooth bars are shown in Fig. 2.3. While (P-δ) curves for the reinforced
beams with ribbed bars are shown in Fig. 2.4. In the first case, Fig. 2.3, the
plots are arranged so that the amount of reinforcement is kept constant for
vertical columns and the type of alignment for horizontal rows. The two
uppermost rows contain the results of the beams with rectangular cross-
section, while the two lowermost rows depict the curves for the T-beams.
In the second case, Fig. 2.4, the plots are arranged so that the amount of
reinforcement is kept constant for horizontal rows and the type of alignment
for vertical columns. Each single plot depicts the curves for two identical
specimens. As is well known, the boundary conditions at the point where
the actuator applies the load may generate small variations in the global
flexibility of the beam. Consequently, in order to facilitate the comparison
between similar beams, the initial slope of the curves is corrected to the
theoretical value stemming from strength of materials.

Regrettably, a few tests were not stable due to the extreme sensitivity of
the machine to the parameters defining the control loop. In particular the
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Figure 2.5: P − δ curves corresponding to rectangular and T beams: (a)
reinforced with smooth bars; (b) reinforced with ribbed bars.

two R2H and one of the T2H for smooth bars, Fig. 2.3 were unstable and
the snap-back stretch of the P-δ curve was not caught. Nevertheless they
are drawn in Figs. 2.3 and 2.4 to keep the symmetry of the experimental
program.

A typical P-δ curve (for instance, any of the R3H) starts with a linear
ramp-up. There is a loss of linearity before reaching the load peak, which
indicates the initiation of the fracture process. Right after the peak the
displacement snaps back while the beam loses resistance. The load transfer
between the concrete and the reinforcement enables the beam to recover and
generates a U-shaped stretch in the P-δ curve. A sudden drop in the load
signals the slipping of the reinforcing wires, for the interface was not strong
enough to cause the yielding of the steel, in the case of smooth bars. Ribbed
bars developed shear stresses in the interface up to cause the yielding of the
steel.

Next we discuss the results focusing on their sensitivity to the shape of
the cross-section and to the number and alignment of wires.

Shape of the cross-section

Figure 2.5 compares P-δ curves corresponding to R and T beams reinforced
with 3 horizontal wires (R3H versus T3H)in the case of smooth bars, Fig. 2.5a
and R and T beams reinforced with 2 vertical wires in the case of ribbed
bars, Fig. 2.5b. It may seem trivial to point out that theoretically T-beams
are stiffer and stand more load than their R counterparts. Nevertheless
the extent of increase in the peak load is only 2.5% in the case of smooth
bars and 7.5% in the case of ribbed bars, —as an average of all the tests—,
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Figure 2.6: Variation of the stress profile in the central cross-section at maxi-
mum load as the head of the beam thickens (the series of values for the width
of the head are 50 R-beam, 100, 150 and 200 mm).

while Strength of Materials together with the usual hypothesis assuming that
concrete is not able to resist tension would foretell an 8.3% increase instead,
i.e. the load peak increases less than expected.

A reasonable explanation for such behavior can be drawn from Fig. 2.6. It
depicts how the profile of stresses at the load peak in the central cross-section
of a plain 150 mm-deep beam changes as the width of the head increases.
The stresses are obtained by modeling the propagation of a cohesive crack
through the central cross-section of the beams as done in [124], this model is
widely explained in chapter 4. The fact that the crack is “cohesive” means
that it can transmit stresses between its lips following a certain function
of the crack opening, which in this particular case is taken as linear. The
crack opens when the stress reaches the tensile strength; from then on the
tension diminishes linearly with the crack opening until the energy per unit
area consumed by the fracture process equals the fracture energy, GF (or,
equivalently, when the crack opening is 2GF

ft
); subsequent opening of the crack

does not produce any mechanical effect. Fig. 2.6 shows, on the one hand,
that the neutral axis of the beam, i.e. the axis at which there is a change from
tension to compression, goes up as the head of the beam is thickened. On the
other hand, the length of the cohesive crack at the peak remains unaltered,
being approximately 25 mm for all the cases represented in Fig. 2.6. So, T-
beams shift upwards the compressive resultant and thus make the variation
of the tension in the lower part of the beam be similar to what we would get
for bigger rectangular beams. Thus, we can speak of a kind of shape effect
that has the same cause as the size effect: The developement of the fracture
process does not depend on the size or the shape of the structural element
as much as it does on material properties [13].

Some additional insights on the role of the shape of the section on the
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Figure 2.7: Shape effect of the T-beams.

strength of the beam can be inferred from Fig. 2.7. The x-axis correspond to
the ratio Deq/`ch, where Deq is the equivalent depth of a T-section, which we
define as the depth of the rectangular beam that would withstand the same
maximum load according to Strength of Materials and making the hypothesis
that concrete does not resist tension; `ch is the characteristic length defined
in Eq. (2.1). The y-axis correspond to the ratio Pmax/Pnt, where Pmax is
the maximum load withstood by a T-beam and is obtained with the model
based on cohesive theories of fracture described above; Pnt is the maximum
load for the same T-beam obtained according to Strength of Materials plus
the no-tension hypothesis. The curve in Fig. 2.7 reflects the variation of the
maximum load (expressed by the non-dimensional ratio Pmax/Pnt) withstood
by a T-beam like the ones described in Section 2.3 as the width of the head
increases (the thickening of the head is represented by the non-dimensional
equivalent depth Deq/`ch). The dashed part of the curve corresponds to the
fictitious ordinates that we get by contracting the head of the beam.

The effect of the shape of the cross-section is clear and very similar to what
we obtain when it is the size that increases: the ratio Pmax/Pnt diminishes
as the head thickens and tends to be 1 in the limit case of a T-beam whose
head width is infinite. Figure 2.7 zooms-in the stretch of the curve that
corresponds to the values of the beams in our experimental program, for
which Deq/`ch varies from 1.60 to 1.67. Between the two values there is a
slight decrease in the non-dimensional load which foretells the experimental
observation pointed out above and somehow validates the existence of the
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Figure 2.8: P − δ curves corresponding to beams reinforced with 2 and 3
bars: (a) reinforced with smooth bars; (b) reinforced with ribbed bars.

shape effect, i.e. the load peak between the Rs and the Ts increases less than
expected according to traditional mechanics.

Amount of reinforcement

The effect of steel ratio and more generally of the strength of the reinforce-
ment on the fracture process is well known (e.g. see [33]). Particularly, Ruiz
et al. [122] observed that the amount of reinforcement does not influence
the value of the peak load when the concrete cover is thicker than a certain
critical cover thickness, cc. Such critical cover thickness depends on the size
of the beam and on the parameters that characterize the first stages of the
fracture process. According to [122], it can be calculated as:

cc = 0.15 4

√
D ` 3

ch , (2.2)

where D is the beam depth and `ch is the characteristic length defined in
Eq. (2.1). For the beams in this program the critical cover is ≈ 15.8 mm
in thickness, while the minimum cover thickness is 22.5 mm for the R1, T1
and H-beams and 13.75 mm for the V-beams (Fig. 2.1). This means that,
in the case of the R1s, T1s and Hs, the load peak should not be affected by
the amount of reinforcement whereas, in the case of the Vs, we could expect
some slight additional strength at the peak due to the fact that the cover
of the lowermost bar is slightly thinner than the critical one. Figures. 2.3
and 2.4 confirms that the beams whose cover thickness is 22.5 mm behave
as expected, i.e. the amount of reinforcement does not influence the peak
load. Nonetheless, the peaks of the Vs are of the same order as their Hs
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Figure 2.9: P − δ curves corresponding to beams with bars aligned hori-
zontally and vertically: (a) , (b) reinforced with no adherent bars; (c), (d)
reinforced with adherent bars.

counterparts. Likewise, there are no significant differences between 2Vs and
3Vs. Figure 2.8 corroborates this observation by plotting the P-δ curves for
R2V and R3V beams together in the case of smooth bars and curves for R2H
and R3H beams in the case of ribbed bars : both of them reach approximately
the same peak load. In any case, experimental scatter may be blurring the
noticeability of any hyper-strength due to the reinforcement. Contrariwise,
the post peak behavior is quite different for beams reinforced differently: the
more reinforcement the beam has the higher values the U-shaped portion
reaches.

Alignment of the wires

Figure 2.9 compares P-δ curves for beams which are identical except for
the reinforcement alignment around the steel centroid. The uppermost row
contain the results of the beams reinforced with smooth bars, while the low-
ermost row depict the curves for ribbed bars. The H beams, i.e. beams that
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have the wires aligned horizontally, have just one single layer of wires that
produces a secondary peak when the crack zone crosses it. Besides, the be-
havior of H beams is quite fragile, for the stresses at the steel-to-concrete
interface only develop after a certain crack opening is achieved. In contrast,
V beams are more ductile in the post peak response. The crack zone does
not develop that easily because it finds several reinforcement layers in its
way. The secondary peaks that would correspond to each layer are smeared.
In addition, the vertical arrangement of the wires produces a more continu-
ous stress transfer that eventually leads to more energy consumption at the
beginning of the fracture.

2.6 Conclusions

This chapter presents experimental results on lightly reinforced concrete
beams. A single micro-concrete was used to make all the experiments. We
wanted to study the influence of the shape of the cross-section and of the
arrangement of the rebars around the steel centroid on the fracture of the
beams. Particularly, we made rectangular and T beams with the same depth
and the same shape in the lower part of the beam. The beams were rein-
forced with 1, 2 or 3 rebars which were aligned horizontally or vertically while
keeping the relative position of the centroid in all the specimens constant.
Concrete-making and testing procedures were closely controlled to ensure
the same material characteristics and to reduce experimental scatter. The
following conclusions can be drawn from the study:

• Lightly reinforced beams show a shape effect in the maximum load; this
effect is comparable to the size effect, i.e. the maximum load does not
actually vary as a no-tension hypothesis indicates.

• In our beams the thickness of the concrete cover is on the verge of a
certain critical cover thickness; thus the maximum load is not influenced
by the reinforcement.

• Distributing the reinforcement in several layers induces a ductile post
peak behavior accompanied by a large amount of energy dissipation.
However, a single layer provokes a small secondary peak within the
snap back zone of the P-δ curve.

• These experimental results can be used profitably for modeling the
behavior of lightly reinforced concrete beams.
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Chapter 3

Propagation of mixed-mode
cracks in reinforced concrete

3.1 Introduction

Concrete is a porous material containing aggregates, hardened cement paste
and water. Its internal structure is entirely different from that of other
engineering materials. Particulary, the maximum size of the aggregate can
fall between 10 to 25 mm for structural applications and thus the dimensions
of the areas where fracture processes nucleate and develop are comparable
with the size of normal structures [13]. Indeed, concrete is usually described
as a quasi-brittle material, which means that fracture processes in it form in
a fashion that does not fit within classical theories. That is why fracture of
concrete attracts the interest of many researchers, as the long list of books
and papers on the topic published recently may corroborate (for instance,
see [13,82,87,117,132]).

For most of the structural engineering applications concrete needs to be
reinforced because its tensile strength is only around one tenth of its com-
pressive strength [132]. The presence of conventional reinforcement makes
it difficult for cracks to initiate and propagate. Once they go across rein-
forcement layers, the rebars provide considerable resistance to the opening
of the crack [121]. As a result, the failure mode and the loading capacity
of a particular reinforced concrete structure depend strongly on the amount,
location and orientation of the reinforcement bars [106].

In a reinforced concrete beam several kind of cracks may be formed before
beam collapse. For example in a three-point bending, Fig. 3.1a, the first
crack would form in the region of maximum bending moment, where the
principal tension exceeds the material tensile strength. For low reinforcement
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Figure 3.1: Failures in RC beams: (a) flexural brittle failure, underreinforced
beams; (b) diagonal tension failure.

ratios the propagation of the crack leads to a maximum in the load stood by
the the beam followed by a sudden drop in the carrying capacity (as sketched
in the load-displacement curve in Fig. 3.1a). The tension that was resisted
by the concrete is transferred to the reinforcement and so the beam recovers
its strength. Eventually the beams fails when the bars yield and break. This
kind of flexural cracks has been widely analyzed recently. Various series of
experiments have been done, mainly on lightly reinforced beams, to provoke
that only one flexural crack crosses the reinforcing layers and based on the
idea that minimally reinforced beams are brittle structures susceptible to
theoretical analysis by fracture mechanics [7, 24, 25,33,57,123,125,137].

As the amount of reinforcement increases several cracks are formed around
midspan, as it is shown in Fig. 3.1b. These cracks also start as bending
cracks, i.e. at the beginning they are approximately normal to the axis of
the beam. As these cracks are formed in regions where the shear forces are
no longer small, they grow in mixed-mode conditions that is in presence of
combined tension and shear stresses. Nevertheless, the crack propagates per-
pendicularly to the principal tensions, which produces crack patterns like
the one sketches in Fig. 3.1b. These cracks are called mixed-mode (shear)
cracks. The formation of each new crack provokes a relative maximum in
the P-δ curve, approximately as sketched in Fig. 3.1b. As the external load
increases it usually happens that one of the mixed-mode cracks propagates



Overview of the experimental program 61

unstably leading to the failure of the beam. This kind of collapse is described
in short as diagonal tension failure [55,73].

In reinforced concrete, mixed-mode crack propagation is mainly addressed
from a technological standpoint. The dense crack pattern that results from
the usual reinforcement detailing and element geometry may somehow make
it difficult to induce direct relations between causes and effects. That is why
we focus on the propagation of one single mixed-mode crack. Of course,
there are some other excellent studies with common points with our method-
ology. They addressed problems related to the shear resistance of reinforced
elements, like the study on failure by diagonal tension performed by Bažant
and Kazemi [9], or the work by Kim and White [76,77] on the generation of
shear-damaged in reinforced concrete.

This chapter presents some very recent results of an experimental program
aimed at disclosing some aspects of the propagation of mixed-mode cracks
through reinforced concrete and its consequences. Specifically, the program
was designed to investigate the influence of the size of the specimen and of
reinforcement detailing on mixed-mode crack propagation. This research is
an extension of previous works on the nucleation and propagation of mode I
cracks in reinforced concrete [123, 125]. By focusing on mixed-mode cracks
we aim at completing the study of the generation and development of the
different types of cracks that may appear in reinforced concrete.

The chapter is organized as follows. An outline of the experimental pro-
gram is given in Section 3.2. In Section 3.3 we describe the characterization
and control tests performed on the materials used to make the reinforced
beams, and list the mechanical properties obtained from them. Section 3.4
deals with the experimental set-up for the mixed-mode tests. The experi-
mental results are presented and discussed in Section 3.5. Section 3.6 include
a simple analysis of size effect in reinforced notched concrete beams. Finally,
in Section 3.7 some conclusions are extracted.

3.2 Overview of the experimental program

The program was designed to study the propagation of mixed-mode cracks
through reinforced concrete. Specifically, we wanted to disclose the influence
of the location and the amount of reinforcement on the crack propagation.
We also intended to analyze the variations in the crack pattern and in the me-
chanical behavior due to the size of the specimens. In addition, the program
had to provide an exhaustive material characterization to allow a complete
interpretation of the test results.

With these intentions in mind, we chose the beam sketched in Fig. 3.2 as a
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Figure 3.2: Beam Geometry.

convenient specimen for this research. Our choice revisits the geometry tested
by Jenq and Shah to study mixed-mode crack propagation in plain concrete
[64]. It is a notched beam that exhibits a single mixed-mode crack when
subjected to bending at three points. In their work, Jenq and Shah provide
plenty of insights on the generation and propagation of the crack which are
of use here. We reinforce the beams with several ratios of longitudinal (ρl =
Al

bD
, Al being the area of the cross section of the longitudinal reinforcing

bars, B the beams width and D the beams depth) and of inclined bars,
(ρl = Ai

bD
, where i stands for inclined). The reinforcement provokes changes

in the orientation of the main crack and in the global mechanical response,
but the presence of a notch avoids a dense crack pattern that would blur
our perception of such changes. At most, some reinforcement configurations
generate a secondary flexural crack at midspan that competes with the one
that starts from the notch tip.

Regarding the size of the beams, we wanted even the largest beams to
be reasonably easy to handle and test. At the same time, the behavior of
the laboratory beams should be representative of the behavior of beams of a
normal size made of ordinary concrete. In order to fulfill both requirements,
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Hillerborg’s brittleness number βH [13] was used as the comparison parame-
ter. It is defined as the ratio between the size of the beams —represented by
their depth D— and the characteristic length of the concrete, `ch [108], i.e.:

βH =
D

`ch

, where `ch =
EcGF

f 2
t

, (3.1)

Ec is the elastic modulus, GF the fracture energy and ft the tensile
strength. As a first approximation, two geometrically similar structures
display a similar fracture behavior if their brittleness numbers are equal.
According to this, a relatively brittle micro-concrete was selected with a
characteristic length of approximately `ch = 90 mm (the details of the micro-
concrete are given in the next section), while the beams were made to be
75, 150 and 300 mm in depth. Since `ch of ordinary concrete is 300 mm on
average, our 150 mm depth laboratory beams are expected to simulate the
behavior of ordinary concrete beams 500 mm in depth, which is considered
as a reasonable size for the study.

The dimensions were scaled to the beam depth D, please see Fig. 3.2. We
made small (S, D = 75 mm), medium (M, 150 mm) and large (L, 300 mm)
specimens reinforced with several ratios of either type of reinforcement. Each
specimen was named by a letter indicating the size (S, M or L) and two figures
indicating the number of bars used for the longitudinal reinforcement (first
figure) and the number of 45o-inclined bars (second figure). For example,
L21 names a large beam with two longitudinal bars and one 45o-inclined bar.
Figure 3.3 sketches the central cross section of all beams and arrays them
according to their size and ratio of longitudinal reinforcement. The names
at each position of the array correspond to the differently inclined-reinforced
beams that are of the same size and have the same number of longitudinal
bars. We performed at least two tests for each type of beam.

An important feature of our experimental program —unlike most of the
tests available in the scientific literature— consists of providing complete
material characterization obtained by independent tests, in many cases per-
formed according to Standard recommendations. These tests were also used
to control that the same concrete and steel-concrete interface properties were
obtained regardless the batch the specimen was made of. Specifically, we
measured the compressive strength, the tensile strength, the elastic modulus
and the fracture energy of the concrete. Steel properties and steel-concrete
bond characteristics were also determined. The yield strength and elastic
modulus of the steel used to reinforce the beams were obtained from tensile
tests. Bond strength in the steel-concrete interface was determined from pull-
out tests in which both the pulling force and the steel slip were measured.
The details of the characterization program are presented in the following
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fc
(a) fts

(b) Ec GF `ch

MPa MPa GPa N/m mm
media 36.3 3.8 28.3 43.4 86.8

desv. std. 1.9 0.3 2.7 5.8 -

(a) Cylinder compression tests.
(b) Cylinder splitting tests.

Table 3.1: Micro-concrete mechanical properties.

section.

3.3 Materials Characterization

3.3.1 Micro-concrete

A single micro-concrete mix was used throughout the experimental program,
made with a limestone aggregate of 5 mm maximum size and Pozzolanic
Portland cement (ASTM type II/A). All the cement used was taken from
the same cement container and dry-stored until use. The mix proportions by
weight were 3.2 : 0.45 : 1 (aggregate : water : cement).

All the specimens were made from 10 batches of 80 litres. There was
a strict control of the specimen-making process, to minimize scatter in test
results. The Abrams cone slump was measured immediately before casting,
being the average value 20 mm. We made characterization specimens out
of all batches. All the specimens were cast in steel molds, vibrated during
15 seconds fastened to a vibrating table, wrap-cured for 24 hours, demolded,
and stored for 4 weeks —until they were tested— in a moist chamber at 20
oC and 98% relative humidity.

Compression tests were carried out according to ASTM C 39 and C 469
on 75 × 150 mm cylinders (diameter × height). Brazilian tests were also
carried out on these kind of cylinders following the procedures recommended
by ASTM C 496. Stable three-point bend tests on 75 × 50 × 337.5 mm
notched beams were carried out to obtain the fracture properties of concrete.
We followed to get GF the procedures devised by Elices, Guinea and Planas
(that are minutely explained in [13]). Particularly, during the tests the beams
rested on anti-torsion devices. They consist of two rigid-steel cylinders laid
on two supports permitting rotation out of the plane of the beam and rolling
along the longitudinal axis of the beam with negligible friction.
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Es fy,0.2 fu εu

GPa MPa MPa %
174 563 632 4.6

Table 3.2: Steel mechanical properties.

Table 3.1 shows the characteristic mechanical parameters of the micro-
concrete determined in the various characterization and control tests.

3.3.2 Steel

For the beam dimensions selected and the desired steel ratios, the diameter of
the steel bars had to be smaller than that of standard rebars, so commercial
ribbed wires with a nominal diameter of 2.5 mm were used as reinforcing
bars. Table 3.2 shows the mechanical properties of the ribbed wires. The
elastic modulus Es, the ultimate strength fu, the 0.2% offset yield strength
fy,0.2, and the ultimate strain εu. The nominal value of the diameter was
used to calculate the stress-related parameters in Table 3.2.

The ultimate strain in ribbed bars is considerably lower than in mild steel
bars, due to the defects in the material resulting form the ribbing process.

3.3.3 Steel-concrete interface

Pullout tests were carried out by pulling the wire at a constant displacement
rate while keeping the concrete surface compressed against a steel plate.
Figure 3.4a sketches the pull out specimen, a prism of 50 × 50 × 75 mm
with a wire embedded along its longitudinal axis. The bonded length was
25mm (=10 × nominal diameter of the bars) to allow a constant shear stress
at the interface of the reinforcement wires [83, 118]. A stiff frame hitched to
the machine actuator holds the concrete specimen while the wire protrudes
through a hole across the upper steel plate and is clamped to the load cell.
The relative slip between the wire and the concrete surfaces is measured at
the bottom end to avoid steel elastic strain. The tests were carried out at a
constant displacement rate of 2µm/s.

Figure 3.4b, shows the upper and lower limit of the bond-slip curves. The
bond strength τc deduced from these tests was 6.4 ± 1.8 MPa. The scatter
is over 30%, typical for this kind of test.
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3.4 Mixed-mode tests

As we already described in Section 3.2, the specimens for the mixed-mode
tests were notched beams reinforced with longitudinal and/or 45o-inclined
bars. Figure 3.2 sketches the geometry and reinforcement detailing of the
beams; Fig. 3.3 names the several types of beam and and groups them ac-
cording to their size and amount of reinforcement.

All beams were supported and tested in three-point bending tests, as
illustrated in Fig. 3.2. During the tests the beams rested on anti-torsion
supports like the ones used to measure GF (see 3.3.1). For loading, a hy-
draulic servo-controlled test system was employed. The test were performed
in position-control. We ensured that the cracking process was very slow.
The maximum load was achieved for each size within about 60-80-min. Each
complete test had a duration of 120-140 min.

The load, P , and the displacement under the load point, δ, were continu-
ally monitored and recorded. We also used a resistive extensometer centered
on the tensioned face of the beam at the mouth of the notch to measure the
crack opening displacement, CMOD, in all the tests. In order to complete the
experimental information, we also drew the crack pattern resulting from each
test copying it directly from both sides of beam. Figures 3.5-3.19 display the
results obtained in the mixed-mode tests.
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Figure 3.4: (a) Pull-out specimen to obtain steel-concrete interface proper-
ties; (b) upper and lower limit of the τ − s curves.
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3.5 Discussion

The discussion of the results is organized as follows. First we analyze the
effect on the mechanical behavior and on the crack pattern of the presence
of inclined bars (shear reinforcement) when there are no longitudinal bars
(flexural reinforcement). Then we proceed to discuss the complementary
case, i.e. the effect of the presence of longitudinal bars in beams without
inclined bars. Finally the combined influence of both types of reinforcement
is disclosed. The effect of the size on the experimental results permeates the
discussion of all the aforementioned categories.

To facilitate the comparison between P -δ curves corresponding to the
same kind of beams, the initial slope of the curves is corrected to the theo-
retical value obtained from finite element calculations. Different experimental
initial slopes in a P -δ curve are usual even for the same kind of beams and
the same set-up. This is due to the sensitivity of the elastic flexibility of
the beam to the boundary conditions in the application of a concentrated
load [111].

The sketches to represent the crack pattern of the beams of different
size do not keep the proportionality between the actual beams 1 : 2 : 4.
To facilitate the comparison we represent the sketches scaled 1 : 1.5 : 2.
Although two tests have been done per each beam type, we have selected
only one of the resulting patterns to represent the beam type, since crack
patterns for the same beam type are quite similar in all cases.

3.5.1 Effect of inclined reinforcement

Figure 3.5 shows the results given by beams that are reinforced only with
inclined bars. Plain beams are also included as a limit case of null reinforce-
ment. Figs. 3.5a, b and c depict P -δ curves for small, medium and large
beams respectively. They show that the inclined bars provide stability to the
crack propagation. Indeed, the plain beams break in an unstable way which
is characteristic of tests performed under position-control. As the amount
of inclined bars increases, the behavior after the peak load turns to be more
stable and stronger.

Nevertheless, it is surprising that the peak load (or cracking load), Pc,
diminishes as the amount of inclined reinforcement increases. In fact, the
maximum load withstood by the plain beams is higher than the beams with
one bar and, again, the beams with two bars resist even less maximum load.
Such trend can be clearly observed in Fig. 3.5d. In this figure, we represent
the cracking load for each test versus their corresponding beam depth; both
are expressed in dimensionless form: The load level by means of the cracking
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Figure 3.5: Experimental results given by beams with various ratios of 45o-
inclined bars and no longitudinal bars: (a) P -δ curves of the small beams;
(b) P -δ curves of the medium beams; (c) P -δ curves of the large beams; and
(d) size effect on the maximum load.

strength divided by the concrete tensile strength (σc

ft
= Pc

bDft
) and the size by

the Hillerborg’s brittleness number, Eq. 3.1. Each point in Fig. 3.5d. is the
value of one test. Such apparently abnormal behavior may be explained by
the changes in the crack trajectory induced by the reinforcement, which are
shown clearly in Fig. 3.6. The presence of inclined bars modifies the almost
straight trajectory of the crack in plain concrete beams. The crack initiation
is more vertical and even shows a turning point and changes its direction of
growth as the reinforcement ratio increases.

For propagating failures in which the fracture process is not concentrated
at a point, but have a finite length ahead of the fracture front, the size effect
may be simply described by the law proposed by Bažant [8]:
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Figure 3.6: Crack pattern observed for beams without longitudinal reinforce-
ment.

Pc

BDft

=
σc

ft

=
B0√

1 + βH

β0

,

(
B0 = 0.19

β0 = 1.45

)
(3.2)

in which B0 and β0 are empirical non-dimensional constants. These con-
stants can be determined by linear regression. We have determined the con-
stants for beams without any reinforcement, see the solid curve and the
formula inserted in Fig. 3.5d. Reinforced beams follow a similar trend to
that of beams without reinforcement, i.e. larger beams resist less in terms of
stress than smaller ones.

3.5.2 Effect of longitudinal reinforcement

Figure 3.7 shows experimental P -δ and P -CMOD results given by beams re-
inforced solely with longitudinal bars. Plain beams are, again, a limit case
of this category of beams and, consequently, they are also considered in the
figures. In this kind of beams, the reinforcing bars are far from the tip of
the notch. The crack starting from the notch should behave like a crack that
has already crossed the flexural reinforcement layer and goes on progressing
under mixed-mode conditions.

The crack propagation process can be understood with the help of Figs.
3.8 and 3.9. They show the evolution of the crack related to the P -δ and
the P -CMOD curves for a L40 specimen (Fig. 3.8) and L80 beam (Fig. 3.9).
Please remember that L40 is a large beam —D=300mm— reinforced with 4
longitudinal ribbed bars−the reinforcement ratio is 0.13%−; The last 0 in the
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Figure 3.7: Experimental results given by beams with various ratios of lon-
gitudinal bars and no inclined bars: (a) P -δ curves of the small beams;
(b) P -CMOD curves of the small beams; (c) P -δ curves of the medium beams;
(d) P -CMOD curves of the medium beams; (e) P -δ curves of the large beams;
(f) P -CMOD curves of the large beams.
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in kN); (c) P -δ curve; (d) P -CMOD curve.
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specimen name indicates that there is no inclined reinforcement. Figure 3.8a
shows a picture of the specimen after being tested. The crack trajectory was
digitalized and sketched in Fig. 3.8b. The marks and figures on the sketch
refer to the corresponding points in the P -δ and P -CMOD curves (Figs. 3.8c
and d respectively) and to the load in kN that the beam was standing when
the crack tip reached that position. Thus, Fig. 3.8 contains all experimental
information recorded during the test of beam L40-7-2 (the last two numbers
indicate that the beam was the second of its kind taken from batch number
7).

The behavior of the beam is almost linear up to the cracking load, Pc,
which is assigned the label A in Figs. 3.8b-d. From then on the crack
propagates in a slow and stable manner until its tip reaches the point labelled
as C. Please note that the propagation between A and C implies almost no
increase in the external load. The displacement δ in C is twice the elastic δ
that corresponds to A, whereas the crack opening in C is four times longer
that the one in A. From C the crack goes on propagating stably towards
D, but the curves show that the type of propagation has changed. Indeed,
the crack length between C and D equals the growth between A and C but
the loads drop from 9.8 to 8.1 kN and, strikingly, the crack growth is not
associated to any δ neither CMOD increase. The change in the nature of
the propagation can also be noticed by a deviation in the crack trajectory
(Fig. 3.8b). In reinforced concrete technology the behavior just described is
referred to as failure due to diagonal tension. It implies a redistribution of
the way of resisting shear within the beam. Part of the load carried by the
concrete ligament is transferred to the steel bars and that is why the beam
recovers some strength at D. From them on the crack goes on propagating
slowly towards the loading point. Most of the shear is stood by the bars that
sew the crack. Depending on the ratio and cover of longitudinal reinforcement
and on the geometry of the beam, the concrete around the bars may not be
strong enough to resist the shear transferred by the reinforcement. In such
cases the bars provoke the generation of a longitudinal crack at the level of
the reinforcement, which implies a sudden drop in the load capacity.

Figure 3.9 provides additional insights on the propagation process, since a
L80 beam is reinforced with 8 longitudinal bars, thus doubling the reinforce-
ment ratio. Interestingly, the increase in the reinforcement ratio provokes the
generation of flexural cracks that initially grow faster that the mixed-mode
crack, as the stretch AB in Fig. 3.9b shows. From B to D flexural cracks
compete with the mixed-mode crack generated at the notch tip, the prop-
agation being slow and stable. At this point, like in the previous case, the
nature of the propagation changes. Fig. 3.9b-d show that the mixed-mode
crack grows rapidly in a stable way (stretch DE) whereas the flexural cracks
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Figure 3.10: Crack pattern observed in beams with various ratios of longitu-
dinal bars and no inclined bars.

arrest; likewise, points D and E are very close both in the P -δ and P -CMOD

curves. There has been a redistribution of the shear carrying capacity from
the concrete ligament to the steel bars. The concrete that surrounds the
reinforcement is not able to stand the load transmitted by the bars and then
there starts a longitudinal crack at the reinforcement level. The big jump
between E and F in the CMOD indicates the opening of this new crack.

The trajectory of the crack is sensitive to the presence and amount of
flexural reinforcement, as Fig. 3.10 clearly shows. The angle at which the
crack starts propagating is almost independent from the number of bars, but
as the reinforcement ratio increases, the crack gets inclined so as to reach
the loading point. In this case, crack trajectories for different beam sizes are
alike. All beams of this type broke due to the propagation of the mixed-mode
crack.

The influence of the reinforcement ratio in the cracking load is analyzed in
Figs. 3.11a and b. They represent the cracking load in the same way that in
Fig. 3.5d, versus the reinforcement ratio. The geometry and reinforcement
arrangement in these beams facilitate that the bars work as soon as the
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Figure 3.11: (a) Cracking strength versus reinforcement ratio for the medium
beams; (b) cracking strength versus reinforcement ratio for the large beams;
(c) cracking strength versus size; (d) maximum strength versus size.

beam starts to be loaded, which provokes a hyper-strength associated to the
ratio of reinforcement. For the ratios considered, a linear relation between
reinforcement ratio and cracking load fits very well the test results (please,
note that the Pearson’s correlation coefficient, R in Figs. 3.11a and b is very
close to 1).

Fig. 3.11c shows the cracking load for the specimens without inclined
reinforcement against the size of the beam in a non-dimensional form. Plain
beams and Bažant’s law are also plotted to facilitate the comparison. As re-
inforcement ratio increases, size effect is less noticeable. For beams without
any inclined reinforcement size effect is stronger than for beams with rein-
forcement, although the cracking strength is bigger as reinforcement ratio
increases. Fig. 3.11d plots the maximum load (at diagonal tension failure),
Pmax, for the specimens without inclined reinforcement versus size in a nondi-
mensional form. The strength decreases with size in a smoother way than
for Bažant’s law, that is, than for plain beams.
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Figure 3.12: Experimental results given by combination of various ra-
tios of inclined bars keeping the longitudinal reinforcement ratio for small
beams:(a) P -δ curves of beams reinforced with one longitudinal bar; (b) P -
CMOD curves of beams reinforced with one longitudinal bar; (c) P -δ curves
of beams reinforced with two longitudinal bars; (d) P -CMOD curves of beams
reinforced with two longitudinal bars.
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Figure 3.13: Crack pattern observed in small beams combining various ratios
of inclined bars while keeping the longitudinal reinforcement ratio constant.
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Figure 3.14: Experimental results given by a combination of various ratios of
inclined bars keeping the longitudinal reinforcement ratio for medium beams:
(a) P -δ curves of beams reinforced with one longitudinal bar; (b) P -CMOD

curves of beams reinforced with one longitudinal bar; (c) P -δ curves of beams
reinforced with two longitudinal bars; (d) P -CMOD curves of beams reinforced
with two longitudinal bars; (e) P -δ curves of beams reinforced with four lon-
gitudinal bars; (f) P -CMOD curves of beams reinforced with four longitudinal
bars.
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Figure 3.15: Crack pattern observed in medium beams combining various
ratios of inclined bars while keeping the longitudinal reinforcement ratio con-
stant.

3.5.3 Combined effect of longitudinal and inclined reinforcement

Effect of inclined reinforcement

Figures 3.12 and 3.14 show results given by small and medium beams in
which the longitudinal reinforcement is kept constant while the inclined re-
inforcement changes. The sketches corresponding to the crack trajectories,
Figs. 3.13 and 3.15, prove that shear reinforcement produces a change in the
collapse mechanism of the beam. The presence of inclined bars produces a
big increase in the beam carrying capacity because they are located in the
area where the crack nucleates. Indeed, in all examples shown, the inclined
reinforcement arrests the propagation of the crack that starts from the notch
and provokes the formation of a flexural (mode I) crack in the middle of the
beam. The flexural crack grows unstably, and subsequently, the load capac-
ity of the beam is reduced and it is mainly dependent on steel properties.
P -CMOD curves in Figs. 3.12 and 3.14 show that the unloading of the beam
causes the closing of the mixed-mode crack. It is interesting to notice that
the mechanical behavior of S11 and S12 beams (please see Figs. 3.12a and
b), or M21 and M22 (Figs. 3.14c and d), is almost identical in spite that
the latter has twice as many inclined bars than the former. A slight wider
opening of the S11 beam (clearly noticeable in Fig. 3.14d) shows that the
inclined reinforcement is weaker.
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Figure 3.16: Experimental results given by a combination of various longitu-
dinal reinforcement keeping the ratio of inclined bars: (a) P -δ curves of small
beams reinforced with one inclined bar; (b) P -CMOD curves of small beams
reinforced with one inclined bar; (c) P -δ curves of medium beams reinforced
with one inclined bar; (d) P -CMOD curves of medium beams reinforced with
one inclined bar; (e) P -δ curves of large beams reinforced with one inclined
bar; (f) P -CMOD curves of beams reinforced one inclined bar.
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Figure 3.17: Crack pattern observed in beams with a combination of vari-
ous longitudinal reinforcement ratios while the inclined reinforcement is only
formed by one bar.

Effect of longitudinal reinforcement

Figure 3.16 shows P -δ and P -CMOD curves and Fig. 3.17 the crack pattern
of beams reinforced with both longitudinal and inclined bars. Specifically,
Figs. 3.16a, c and e show P -δ curves obtained for small, medium and large
beams reinforced with just one 45o-inclined bar and with zero, one or two lon-
gitudinal bars. Figs. 3.16b, d and f show the corresponding P -CMOD curves.
The comparison between the results as we increase the longitudinal ratio in-
dicates that even small ratios of longitudinal reinforcement modify the crack
trajectory ostensibly. The generation of the mixed-mode crack may be ar-
rested by the presence of longitudinal bars, then moving to the formation
of one or several flexural cracks. The post-peak behavior is sensitive to the
longitudinal reinforcement ratio. The more longitudinal reinforcement, the
more maximum load the beam withstands, as can be observed by comparing
the L11 and L21 curves. With only two longitudinal bars, L21 beams even
harden after the cracking load and get to another maximum. From then on
the beams soften mildly.

Size effect

Figure 3.18 shows P -δ and P -CMOD curves of scaled beams with longitudinal
and inclined bars. Reinforcement ratios are also scaled. Figure 3.19 sketches
their crack patterns. All the beams broke due to one or several flexural cracks
that eventually led to the yielding of the reinforcement. Nevertheless, the
extent of the opening evidences that a crack began at the notch but stopped
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Figure 3.18: Experimental results given by a combination of various lon-
gitudinal reinforcement and ratio of inclined bars keeping proportionality
between sizes: (a) P -δ curves of S11, M22 and L44 beams; (b) P -CMOD

curves of S11, M22 and L44 beams; (c) P -δ curves of S21, M42 and L84
beams; (d) P -CMOD curves of S21, M42 and L84 beams.

due to the reinforcement action. It is also noticeable that as size increase
the relation between cracking load and the ultimate load is bigger, see Fig.
3.18b. Likewise, it is striking to realize that, apparently, the cracking load is
not as influenced by size as in precedent cases.

3.6 Simple model to explain size effect and

hyper-strength in asymmetrically notched

RC elements

We observe in Figs. 3.7 and 3.11 a hyper-strength effect in cracking and max-
imum load due to the reinforcement action. According to [121] the cracking
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Figure 3.19: Crack pattern observed in scaled elements.

load, Pc, is a function, apart from beam geometry and boundary conditions,
of concrete properties, element size and steel location and properties, includ-
ing the bond-slip behavior of the steel-concrete interface. If reinforcement
has reached its yield strength fy, we can write:

Pc = f
( D

lch
,

c

lch
, ρ, η,

fy

ft

)
(3.3)

Where D is the depth of the beam, c is the length of the concrete cover
and η is a nondimensional parameter that represents the strength of the
interface [121]. In this investigation only the reinforcement ratio and the size
of the element are varied. So, we are going to consider as constants the rest
of the parameters and thus Eq. 3.3 can be rewritten as:

Pc = f
( D

lch
, ρ,

fy

ft

)
(3.4)

To determine a simple expression for Pc, we can decompose the load
capacity of the beam in two terms. The first one represents the load stood by
the plain concrete. The second one includes the hyper-strength attributable
to the presence of longitudinal reinforcement. Thus we can write:

Pc = P0 + ∆P (3.5)

where Pc is the part on the load due to plain concrete and ∆P is the
hyper-strength.

For the sake of simplicity, concrete capacity is represented according to
linear elastic fracture mechanics, the simplest fracture hypothesis. We can
write:
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σ0 =
P0

bD
= K0β

− 1
2

H ft (3.6)

Where K0 is a dimensionless constant for scaled plain beams, and βH is
the Hillerborg’s brittleness number as defined in Eq. 3.1. The exponent −1

2

represents the strongest possible size effect. Applicability of such size effect
to shear fracture was first analyzed in a pioneering study by Reinhardt [113].
It must be emphasized that Eq. 3.6 only wants to catch a trend of the actual
behavior. Concrete response could be modelled with other expressions like
Bažant’s law [8] or using another exponent like −1

4
[58].

∆P in Eq. 3.5 can be considered as a function of the beam geometry,
the position and mechanical properties of the steel rebars and of the bond-
slip behavior of the steel-concrete interface. In our experimental program we
have used a very low reinforcement ratio and the steel was most of the times
yielded at the cracking load. For this reason we represent ∆P as in Figs.
3.11a and b. We derived a linear relation between the hyper-strength and
the longitudinal reinforcement ratio.

σ∆ =
∆P

bD
= K∆ρfy (3.7)

where K∆ is another dimensionless constant provided the beams keep
the same proportions and reinforcement ratio. The cracking strength can be
rewritten as:

Pc

bD
= σc = σ0 + σ∆ = K0β

− 1
2

H ft + K∆ρfy, (3.8)

which can be expressed in a non-dimensional fashion as:

Pc

bDft

=
σc

ft

= K0β
− 1

2
H + K∆ρ

fy

ft

(3.9)

Applicability of Eqs. 3.8 and 3.9 requires not only that the beams are
scaled to each other, but also that the shape of the cracks be similar. In our
case the crack patterns are very similar for the cracking load, as we showed
in section 3.5.2.

Figures. 3.20a and c show the linear regression made with some of test
results to get the constants K0 and K∆. Figs. 3.20b and d show tests
results compared to the obtained size effect law. It may be pointed out that
in notched reinforced concrete beams size effect tends to disappear when
D → ∞. The nominal shear strength converges to a value different from
zero, which is a function on steel properties. Further analysis would be
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Figure 3.20: Size effect plots for cracking load: (a) results for the regression to
calibrate K0 and K∆ coefficients for ρ=0.13%; (b) size effect law for ρ=0.13%;
(c) results for the regression to calibrate K0 and K∆ coefficients for ρ =
0.26%; (d) size effect law for ρ=0.26%.

necessary to evaluate the influence of the mechanical behavior of the steel-
concrete interface and of the geometry of the beam.

In reinforced concrete elements, the large mayor crack at maximum load
has the same effect as the notches in fracture specimens. If we consider that
diagonal tension failure is caused by fracture propagation and maximum load
is attained only after a large fracture growth (and not at fracture initiation),
then Eq. 3.8 will be susceptible to represent the ultimate strength at fail-
ure by diagonal tension. Test results available in the literature show that
for diagonal tension failure, the LEFM asymptote of slope −1/2 fits results
better than a horizontal asymptote. This means that shear failure of beams
is predominantly brittle [14, 15] and so the hypothesis made in Eq. 3.6 can
be considered accurate enough for our proposal.

To apply Eq. 3.8 to analyze diagonal tension failure we have to make
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Figure 3.21: Size effect plots for maximum load: (a) results for the regression
to calibrate K0 and K∆ coefficients, ρ = 0.13% and ρ = 0.26%; (b) size effect
law for ρ = 0.13% and ρ = 0.26%; (c) results for the regression to calibrate
K0 and K∆ coefficients for Ožbolt and Eligehausen results [105]; (d) size
effect law for Ožbolt and Eligehausen results [105].

some additional hypothesis. The first one is that the main crack in similar
beams of various sizes has to be geometrically similar. This is a reasonable
assumption having in mind our results, as it is observed in Fig. 3.10 for
ρ=0.13% and ρ=0.26%. The second hypothesis is that steel stress in similar
structures of various sizes at failure have to be similar. In beams without any
notch diagonal tension failure occurs when the steel is still in the elastic range.
In Eq. 3.7 we consider that the steel yielded because this is what happens
in our tests due to the low reinforcement ratio. In un-notched beams fy has
to be changed by σs, steel tension at failure.

Figure 3.21a shows the linear regression made to get K0 and K∆ constants
for the beams that failed by diagonal tension. Fig. 3.21b shows the tests
results against the obtained law. We have followed the same procedure with
results obtained by Ožbolt and Eligehausen [103, 105] (Figs. 3.21c and d).
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We selected these results due to the wide size range that they cover (0.1-2.0
m) and the accuracy obtained from their model. The size effect model that
we propose fits their results quite well, which proves that the model catches
the trends of the response.

Summarizing, tests results indicate that the strength tends to converge
to a constant value different from zero. The model proposed follows this
tendency, based on experimental observations.

3.7 Conclusions

This chapter presents very recent experimental results on the propagation
of mixed-mode cracks through reinforced concrete. The tests were designed
so that only one single mixed mode crack generates and propagates through
the specimen, as opposed to the usual dense crack pattern found in most of
the tests in scientific literature. The specimens were three-point-bend beams
with an asymmetrical notch of three different sizes reinforced with various
ratios of longitudinal (flexural) and of inclined (shear) reinforcement.

Some beams had shear reinforcement only. In these tests the reinforce-
ment provoked changes in the trajectory of the crack so that the reinforced
beam ended up withstanding less load than a plain one. Complementarily, we
also tested beams reinforced solely with longitudinal bars. The cracking load
of such beams was very sensitive to the amount of reinforcement. The crack
propagated towards the point where the load was applied. The final stretch
of the propagation process induced a sudden drop in the carrying capacity of
the beam, similar to the so-called diagonal tension failure. Finally, we also
tested beams with both shear and flexural reinforcement. Small ratios of
inclined reinforcement provoked, in such cases, that the collapse mechanism
of the beam changed. The mixed-mode crack developing from the notch
was stopped, while a mode I crack in the middle of the span nucleated and
eventually progressed, leading to the failure of the beam.

The effect of the size of the beams is noticeable in our tests. On the one
hand, large beams resisted less load in terms of stress. On the other hand the
larger the beam, the more leaned towards the load point the crack trajectory
was. The size effect in both cracking and maximum load (at the failure by
diagonal tension) is accurately described by a simple model. It discloses the
influence of the ratio of longitudinal reinforcement on the hyper-strength.
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Chapter 4

Numerical model to study
mode I crack propagation in
reinforced concrete

4.1 Introduction

For most ordinary beam design, the bending failure of reinforced concrete
beams is ductile, but in practice it may be that beam dimensions are dictated
by criteria other than strictly mechanical ones and then beams may require
very little reinforcement for a strict application of ultimate strength design
(yield of steel and no tension for concrete). When the tensile strength of
concrete is taken into account, the cracking strength of the beam may be
greater than the ultimate strength, which can lead to brittle behavior, i.e.,
once the load reaches the cracking strength collapse is instantaneous because
this load is greater than the ultimate (plastic) strength. Indeed, the risk
of brittle behavior has fostered a detailed study on the processes of concrete
fracture and subsequent load transfer between the matrix and the reinforcing
steel bars (e.g. see [33]).

This chapter presents a model that enables propagation of the crack
through the reinforcement as well as interface deterioration. We adopt a
computational strategy that consists of overlapping both materials in the
same spatial position [92]. Concrete is modeled as a continuum, whereas
steel is overlapped and connected by interface elements to nodes occupying
the same initial position [81,124]. Concrete continuity allows crack propaga-
tion through the reinforcement and interface elements transmit shear stresses
depending on the relative displacement between the two materials. As a
first approach to the problem, we use a rigid-perfectly plastic adherence law,

89
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without accounting for more refined effects such as, for example; longitudinal
cracking along the rebar due to the dilation caused by the bar protrusion.
Nevertheless, the model can implement any adherence law. Indeed, we try
with the one given by the Model Code [39] so as to check how the adherence
law influences the global beam behavior.

The model is validated against fracture tests on reinforced beams in flex-
ure [123,125]. The numerical results closely mirror the experimental data on
rectangular and T-beams of several sizes, reinforced with ribbed or smooth
bars arranged in one or two layers. It is noteworthy that the numerical tests
reproduce the experimental size effect, which confirms the feasibility of cohe-
sive models to deal with concrete fracture. The strength of the reinforcement;
which combines the mechanical properties of the steel and of the interface,
and the number of layers, also influences the response of the model.

This paper is structured as follows. Section 4.2 outlines the problem and
explains the hypothesis relative to the materials behavior and to the me-
chanical model that we propose. Section 4.3 focuses on the details of the
numerical implementation and validates the numerical outcome with exper-
imental results from reinforced beam tests. Finally, section 4.4 summarizes
the work and gives some insights into the development of fracture processes
in structural concrete based on the model results.

4.2 Layout of the problem

We want to model the collapse of a lightly reinforced concrete beam when
subjected to three point bending (Fig. 4.1a) accounting for the fracture prop-
erties of concrete as well as the ongoing deterioration of the interface between
the concrete and the steel.

4.2.1 Hypothesis relative to the materials behavior

Fracture of concrete is represented by means of a cohesive model. A cohesive
crack initiates when and where the maximum principal stress reaches the
tensile strength of the material, ft (Fig, 4.1b). The crack is perpendicular
to the direction of the major principal stress and opens while transferring
stress from one face to another. For monotonic mode I opening, the stress
transferred is perpendicular to the crack faces and is a single function of the
crack opening:

σ = f(w), and

{
f(0) = ft,
f(w) ≥ 0.

(4.1)
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Figure 4.1: (a) Reinforced beam subjected to three point bending; (b) cohe-
sive crack; (c) softening function.

The function f(w) (sketched in Fig. 4.1c) is known as softening function
or cohesive law. It completely characterizes the mechanical behavior of the
crack. The values of f(w) become zero when the crack opening exceeds a
critical value wc. The area under the softening curve is the work needed to
separate the two faces of a unit crack surface, i.e., the specific fracture energy
GF . Another important parameter is the characteristic length, `ch, which is
used to define the intrinsic brittleness of the cohesive material

[59], and is defined as:

`ch =
EcGF

f 2
t

, (4.2)

where Ec is the elastic modulus of the cohesive material.
In this work we assume that the reinforcement ratio is low or, at most,

moderate. Under these conditions the fracture process starts by developing
microcracks in the tensioned fiber near the central cross section, but very
soon a single crack nucleates from this microcracked zone [125]. Therefore,
we reach the hypothesis that a single cohesive crack in the central cross
section represents the fracture behavior of concrete adequately. The behavior
of concrete outside the fracture zone is taken as linear elastic, since second
order effects due to material non-linearity are small when the reinforcement
ratio is not too high.
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Figure 4.2: Mechanics of the steel-concrete interface of each reinforcement
bar: (a) Load transfer through the bar interface; (b) shear force transmitted
per unit length.

The mechanics of the steel-concrete interface are embedded in a law re-
lating the shear stresses that are transmitted between reinforcement and
concrete, τ , to the relative slip, s, between both materials. The resultant
force per unit length along the reinforcement layer number i of the shear
stresses acting on the matrix is given by:

qi = pi τ(s), (4.3)

where pi is the perimeter of the cross section of all the bars in layer i
(Fig. 4.2a). We assume that all the bars are alike and thus the same τ(s)
applies to all of them. The action of reinforcement layer i on the concrete
matrix is determined by the distribution of qi along the layer (Fig. 4.2b).
In this work we let the reinforcement follow any stress-strain law, although
when it comes to disclosing the effect of the steel on s and therefore on qi it
is convenient to use a simple elastic-perfectly plastic law. Likewise, we admit
any interface law, but a very simple τ(s) will help us to understand the role
of adherence in the collapse process. For that purpose we use a bond-slip
law that is rigid up unto the attainment of a critical value of the shear stress
τc and which from then on gives a constant response.

The shear stresses acting along the contact with the reinforcement could
be replaced by their resultant force acting at a point inside the concrete,
namely the center of gravity of function qi in Equation (4.3). This is what
Ruiz [121] did to avoid the propagation of the cohesive crack being stopped
due to the presence of reinforcement. Here we solve this problem by modeling
concrete as a continuum, while the steel reinforcement layers are overlapped
and connected to it through interface elements.
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4.2.2 Mechanical model

Figure 4.3 sketches the mechanical model that we use to study this problem.
Specifically it depicts the case of a T-beam reinforced by two layers of bars.
The problem is three dimensional, mainly because of the flow of stresses
around the connections with the reinforcement layers and between the body
and the head of the beam. We choose a 2D modelization in plane stress
though, as the 3D effects are very localized under the hypothesis stated in
Subsection 4.2.1. As Fig. 4.3 suggests, we take advantage of the symmetry
of the beam and of the loading conditions to model only half of the beam.

The cohesive crack is modeled by 1D spring elements that follow the
softening function at opening. The forces they transmit also depend on the
crack surface assigned to each spring. For instance, the force transmitted by
a spring attached to a node in the head of a T-beam is computed as:

Fcoh = c bf σ, (4.4)

where c is the distance between nodes, bf is the width of the head of the
beam and σ is given by the cohesive law in (4.1) (c and bf are sketched in
Fig. 4.3). The number of elements has to be related to the characteristic
length to resolve the fracture process zone properly.
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The concrete bulk is divided into two subbodies —the body and the head
of the beam— and each of them are discretized using six-node triangular el-
ements; the width of the triangles is bw for the body and bf for the head. We
take the precaution of generating lines of nodes along the position of the re-
inforcement layers. The nodes along each layer are duplicated and connected
to the neighboring counterparts by truss elements modeling the steel rebars.
The first node is blocked to simulate the restriction of movement due to the
other half of the reinforcement which is not modeled. The duplicated nodes
representing the steel are connected to the original ones within the concrete
bulk by interface elements that transmit a force between them. These in-
terface elements are 1D springs provided with the bond-slip law at sliding.
As in the case of the cohesive springs, the modulus of the force transmitted
by the interface springs depends on the extent of interface assigned to them.
For the elements sketched in Fig. 4.3 it would be:

Fint = d pi τ(s), (4.5)

where d is the distance between adjacent nodes along the reinforcement layer,
pi is the perimeter of the rebars pertaining to the reinforcement layer being
studied —number i— and τ(s) is the bond-slip law. As in the case of the
concrete fracture process, it is also necessary that the zone of load transfer
between the steel rebar and the concrete bulk is resolved by a sufficient
number of nodes.

This way of modeling preserves concrete continuity and, therefore, per-
mits the crack propagation through the reinforcement layers. In addition, it
would be of use for some other reinforcement arrangements, e.g., layers of
reinforcement that are not parallel to each other, prestressed reinforcement
etc. It is also compatible with a more refined modelization of the cohesive
matrix, for instance one accounting for microcracking [3,127,128]. Likewise,
the model would work perfectly using 3D elements to model the concrete
bulk. For instance, Lettow et al. have recently used a similar approach in
3D to study the debonding process between steel and concrete [81].

The numerical implementation of this model has been carried out using
standard elements of commercial codes; specifically we have used ABAQUS
and ANSYS. An algorithm based on the modified arc length method searches
for the solution at each step, to obtain the softening after the peak load. We
also use the numerical stabilizer proposed by Cendón [40] when it comes to
beam sizes for which snap-back is expected. This simply consists of loading
the numerical specimen through a linear spring of negative stiffness. It is
adjusted to change the global behavior of the system from unstable to stable
crack propagation under displacement increments. Specific details of the
meshes used in this paper are presented as follows.
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fc
(a) fts

(b) Ec GF `ch

MPa MPa GPa N/m mm
Series 1 39.5 3.8 30.5 62.5 130
Series 2 40.4 4.3 26.3 66.5 95

(a) Cylindrical specimens, compression.
(b) Cylinder splitting (Brazilian).

Table 4.1: Concrete mechanical properties.

Es σu σ0.2 εr τc

GPa MPa MPa % MPa
Series 1–smooth 200 608 568 3.5 2.8
Series 1–ribbed 162 587 538 2.3 5.2
Series 2–ribbed 190 750 698 2.4 10.4(a)

(a) Estimated with the model.

Table 4.2: Mechanical characteristics of the reinforcement bars and of the
steel-concrete interface.

4.3 Validation of the model

4.3.1 Description of the tests

A complete mechanical characterization of concrete, steel and the interface
in between is necessary to validate our model against experimental results.
We use two series of tests. The first one was performed by Ruiz, Elices
and Planas [125] and was meant to study the sensitivity of the response of
lightly reinforced beams to size, steel ratio and steel to concrete adherence.
The second one completed the former study by investigating the influence
of the shape of the beam cross-section and of the rebar arrangement on
lightly reinforced beams [27, 123]. Unlike other experimental data available
in the Bibliography, these papers provide material properties obtained by
independent tests (see Tables 4.1 and 4.2).

The specimens in series 1 were beams of 75, 150 and 300 mm in depth;
the rest of the dimensions —with the exception of the width, which was 50
mm for all of the sizes— were proportional to the depth. The beam pro-
portions are sketched in Fig. 4.4a. They were made out of a micro-concrete
(`ch = 130 mm) whose microstructure scaled that of bigger size specimens
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Figure 4.4: Series 1: (a) Beam dimensions; (b) rebar distribution; and
(c) specimens with intermediate reinforcement (the ones modeled in this
work).

of conventional concrete (`ch = 200 to 300 mm). The reinforcement was also
made to scale out of steel wire of 2.5 mm in diameter. The beams were rein-
forced with three steel ratio levels, obtained by using 1, 2 or 4 wires, always
of the same diameter, to maintain a constant ratio of p

As
(perimeter/cross

section). Half of the beams were reinforced with smooth wires and the other
half with wires superficially treated to increase the strength at the interface.
In this study we only model the beams with medium reinforcement, i.e. 1
wire for the small beams, 2 wires for the medium beams and 4 wires for the
big beams (Fig. 4.4b); as there are three sizes and two levels of adherence,
we end up with six different cases (Fig. 4.4c).

The beams in series 2 were all of 150 mm in depth. Half of them had a
rectangular cross section, whereas the other half were T-beams obtained by
thickening by 50% the compressive head over the upper 2

3
of the depth. The

beams were reinforced as in series 1, other than for the arrangement of the
wires: for each type of reinforcement there were some specimens with the
wires aligned horizontally and some others with the wires aligned vertically,
the centroid being in the same position (22.5 mm to the bottom surface of the
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Figure 4.5: Series 2: (a) Rectangular and T-cross section dimensions; (b)
rebar arrangements; and (c) specimen nomenclature.

specimen). Again, beams were reinforced with smooth and ribbed wires, al-
though bond-slip properties were not directly measured. Figure 4.5 sketches
the specimens resulting from the variations and gives them a name for future
reference. In this study we only model the beams reinforced with two ad-
herent (ribbed) wires, which comprises four cases: rectangular and T-beams
with two adherent wires aligned horizontally or vertically, i.e. specimens
R2H, R2V, T2H and T2V according to Fig. 4.5c.

4.3.2 Numerical implementation

As concerns the numerical implementation, we use ABAQUS in the cases
pertaining to series 1. We discretize the crack into 40 cohesive elements. For
the sake of simplicity, a linear softening function is used (Fig. 4.7a). The
nominally infinite initial stiffness of the cohesive law is actually implemented
as a linear ramp-up whose slope is chosen to avoid blockage of the numerical
solver. In this case a stiffness of 198 MPa

µm
enables the solver to work correctly

while keeps the beam global flexibility almost unchanged. (Following the
procedures developed by Planas, Cendn and Sancho [109] we estimate that
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the 150 mm beams in series 1 deflect only 0.06 µm at maximum load due to
this fictitious initial stiffnes). The reinforcement is divided into 45 three-node
truss elements attached to the concrete bulk by 90 interface elements. The
truss elements implement the experimental stress-strain law of the reinforcing
wires, whereas the interface elements use a rigid-perfectly plastic law whose
plateau reaches the experimental bond strength (Fig. 4.7b and c). Again, the
infinite stiffness of the rigid initial behavior is substituted by a linear ramp-up
—with a stiffness of 115 MPa

µm
— for the sake of numerical stability. Concrete

bulk is represented by 1800 six-node triangular elements. As mentioned
above, linear elasticity with no yield limit or damage modelization whatsoever
is chosen for the bulk. Both fracture process and interface deterioration zones
are properly resolved by this discretization. For instance, in the case of the
150 mm deep beams there are 35 cohesive elements spanning a distance equal
to the characteristic length and thus the results are not mesh dependent.

The cases pertaining to series 2 are studied using ANSYS with the mesh
shown in Fig. 4.6. This mesh is valid for all the specimens in series 2, which
includes (a) rectangular and T-beams, and (b) reinforcement arranged in one
or two layers. The T-beams need a division in the concrete bulk that allows
asignation of a different value for thickness to the elements in the compres-
sion head. The discretization of both parts is done with six-node triangular
elements, 774 for the body —whose thickness is 50 mm— and 324 for the
head —50 mm thick for rectangular beams and 75 mm thick for T-beams—.
As in series 1, the crack is discretized into 40 cohesive elements provided
with a linear softening law, although now their mechanical properties are
adjusted to the new material and to the change in thickness between the two
parts of the T-beams (as explained in Subsection 4.2.2, Eq. 4.4; the linear
cohesive law is depicted in Fig. 4.7a; the rigid initial segment of the cohesive
law is substituted by a linear ramp-up whose slope is 42 MPa

µm
). Unlike in

series 1, specimens in series 2 have layers of reinforcement at three levels, as
indicated in Fig. 4.5. Our discretization defines three lines of 80 nodes along
the location of the layers; the nodes in each line are duplicated, united by
truss elements and attached to the bulk by interface elements as was carried
out for a single layer of reinforcement in series 1. The layers are activated or
not depending on the specimen that is being modeled: R2H and T2H have
only one layer of reinforcement and thus only the central layer is activated
for these cases, the springs being stronger as they represent the interface
of two bars (Subsection 4.2.2, Eq. 4.5); R2V and T2V have two layers of
reinforcement corresponding to the lowermost and uppermost layers in the
model and, consequently, these cases require that these two layers are ac-
tivated whereas the central one is not. In these latter cases the interface
springs are weaker because they are only modeling the interface of one single
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Figure 4.6: Mesh used for specimens of series 2.

bar. As concerns the constitutive laws, for the truss elements we adopt a
simple linear-perfectly plastic law (Fig. 4.7b). Finally, interface elements are
provided with two bond-slip laws. On the one hand, the same one used for
series 1 but for τc, which in this case was estimated so that the results of
the model best fit the experimental results; in the computations the theo-
retically infinite stiffness is actually changed to 660 MPa

mm
. On the other hand,

the bond-slip law recommended by the Model Code [39] (Fig. 4.7c).

4.3.3 Numerical results

The curves given by this model fit the experimental results well, as Figs. 4.8
and 4.11 show.

Size-effect

The model reproduces the experimental size effect of these structural el-
ements, since the maximum load withstood by the beams increases at a
slower rate than the beam dimensions. Please note that in Fig. 4.8 the axes
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Figure 4.7: Laws defining the behavior of materials in series 1 —upper row—
and series 2 —lower row—: (a) cohesive law for the concrete; (b) stress-strain
law for the steel; and (c) bond-slip law for the interface between steel and
concrete.

are scaled as are the specimens in order to allow a direct visualization of the
size effect. Numerical peak loads are slightly bigger than their experimental
counterparts in Fig. 4.8, particularly for the smaller beams, which could be
corrected by using a more complex cohesive law; to be specific, by a law hav-
ing a bigger absolute value of the initial slope and a bigger critical opening
wc [53]. Indeed, the numerical simulations of the series 1 beams performed by
Ruiz, Elices and Planas [126] using a quasi-exponential curve gave maximum
loads that were closer to the experimental ones. The numerical prediction
for the peak load in the simulations pertaining to series 2 is good too, other
than for the T2H beam, although in this case it is the real beam that resists
more than the average of its class.

The accuracy in the prediction of the peak load is specially noteworthy
when having in mind the very simple assumptions we made regarding crack
formation (Section 4.2.1) and the fact that we use linear softening. In general
the absolute value of the initial slope for concrete and mortar is about twice
as much as the initial slope of the linear softening with identical fracture
energy. This implies that the predicted peak, when linear softening is used,
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Figure 4.8: Results corresponding to series 1: P -δ curves (load-displacement
under the load point) given by the model compared with the curves obtained
in the tests (series 1).

is larger than the peak load obtained with initially steeper laws. Nevertheless,
if we had used a law of this kind the model could have understimated the
peak. This can be explained reminding that experimental determination
of cohesive laws require that the damaged zone before crack formation is as
small as possible [115], but such condition is not met in unnotched specimens.
In addition, the presence of reinforcing bars may contribute to spreading
the damage and, as a consequence, to increasing the consumption of energy
before a main crack nucleates.

Effect of the strength of the interface

The sensitivity of the model to the strength of the interface is also noteworthy.
Please observe that the upper row in Fig. 4.8 corresponds to beams reinforced
with ribbed wires, while the lower row depicts the results for the beams with
smooth wires (the steel ratio being 0.13% for all of them). In both cases
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the numerical results are good in the U-shaped portion of the P -δ curve,
which is the stretch that depends the most on the fracture and interface
properties. This part of the curve shows initially some softening until the
crack opens wide enough to allow load transfer to the reinforcement. Then
the beam recovers strength and the load withstood by the beam grows up
until the yielding of the steel (ribbed wires) or the complete slipping of the
bar (smooth wires).

Analysis of the decohesion process

In order to see graphically the interaction between steel and concrete, we
repeat the process for the 150 mm deep beam with ribbed wires of series 1,
but change the experimental stress-strain law of the steel for a simple bi-linear
law (the resulting P -δ curve is depicted using a thick dashed line in Fig. 4.8).
Figure 4.9 represents the tensile stresses in the rebars and the shear stresses
on the interface at four shots during the load process. The first shot is taken
while both materials are still in the elastic regime; the stresses along the rebar
and the interface are very weak and originated by the difference in stiffness
between the two materials. The second shot is taken at the load peak; the
crack has already propagated through the reinforcement and, therefore, the
load transfer process has already started; the interface has reached its critical
value around the crack, which causes an abrupt stress jump in the bar. As
the crack continues to open we see that both the interface and the steel
get loaded up to attain the yielding of the bars. In fact, note that, in the
last shot depicted in Fig. 4.9, the tension in the bar has reached the yield
stress. The shape of the shear stress profile along the interface is basically
due to the deterioration law we chose. Similarly it determines the shape of
the tension profile along the reinforcement. In this case the profile is of a
bi-linear type, which is in clear agreement with experimental observations in
pull-out tests [85, 90].

Some additional insights on the role played by the interface deterioration
law can be drawn from Fig. 4.11. The results given for beam R2H when using
the Model Code law fall under the curve obtained with the rigid-perfectly
plastic adherence law (thick dashed grey line labeled MC in Fig. 4.11). The
initial slope of the former is gentler than that of the latter and then a wider
crack opening is needed to get the same level of resistance along the interface.
In other words, the energy consumed along the interface during the initial
steps of the loading process is lower when using the Model Code law.
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Figure 4.9: Tensile stresses along the bars and shear stress on the interface
(150 mm deep beam reinforced with ribbed wires, series 1).
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Effect of the shape of the cross-section

Figure 4.10 shows that the model accurately reflects the response of the real
beams when the shape of the cross-section changes. T-beams have a more
rigid initial ramp-up and the maximum load is slightly higher than it is for the
rectangular beams, see Fig 4.10d. Nevertheless, we found that the increase
does not follow the predictions made using simple linear theories. Indeed,
the additional resistance provided by the compression head should be of the
order of 7% according to plain strength of materials, while the experiments
gave only a 3% increase in the maximum load and the percentage of increase
given by the calculations with the model falls in between these two figures.
This observation can be simply explained: the presence of the head makes
the neutral axis go up and then the crack zone develops as if the T-beam
were a larger rectangular beam. Therefore, there is a kind of shape effect
that is properly reproduced by this model and that resembles the well-known
size effect. Additionally, the Ts show a protuberance at the bottom of the U-
shaped stretch of their P -δ curves that corresponds to the moment where the
crack reaches the head of the T beam. At the moment of this second peak the
reinforced is situated far away of the crack tip, and for this reason the peak
is highly influence by the amount of reinforcement as is showed Fig 4.10e.
Figure 4.11 compares P -δ curves corresponding to beams of different shape
with model results. The numerical prediction in the simulations pertaining
to series 2 is very good.

Effect of the rebar arrangement

Figure 4.11 compares P -δ curves corresponding to beams that are identical
but for the arrangement of the steel bars around the centroid of the rein-
forcement. For beams R2H and T2H (first two curves in Fig. 4.11) the two
reinforcing bars are placed horizontally —thus in one single layer—, while
their counterparts R2V and T2V (second line of curves in Fig. 4.11) have the
two bars arranged vertically —forming two layers of reinforcement—. The
differences in the curves given by the two arrangements are noticeable in the
transition indicating the plastification of the reinforcement. The yielding of
the single layer of reinforcement in the Hs is more abrupt than in the Vs.
Indeed, the yielding in the results given by the model for the Hs takes place
at a specific point of the P -δ curve according to the bi-linear constitutive law
given to the steel. In the Vs the yielding of the two layers does not happen
at the same time and then a transition is generated between the U-shaped
stretch and the final plateau.

Ruiz and Carmona [27, 123] report another interesting and somewhat
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Figure 4.10: Laws defining the behavior of materials using in the model:
(a) cohesive law for the concrete; (b) stress-strain law for the steel; and (c)
bond-slip law for the interface between steel and concrete. (d) P -δ curves
(load-displacement under the load point) given by the model for T beams
with a different head width size; (e) P -δ curves given by the model for a T
beams reinforced with several ratios

subtle feature that differentiates the results obtained with both kinds of
reinforcement arrangement. It consists of the experimental evidence that the
Vs consume more energy right after the peak load than the Hs. Regrettably,
the numerical model is not able to reproduce such behavior, mainly because
of the very simple fracture process modelization that we adopt in this work.
Undoubtedly, our results would be even better if we modeled microcracking
and/or damage around the main crack [3, 18,127,128].

4.4 Conclusions

We have analyzed the propagation of a cohesive crack through one or several
adherent reinforcement layers in a reinforced concrete beam. To do so, we
account for the fracture of the concrete matrix as well as for the ongoing



106 Chapter 4. Numerical model to study mode I crack propagation in RC

R2H

0

2

4

6

8
tests
model

P
 (k

N
)

 δ (mm)

M C

T2H

0

2

4

6

8

P
 (k

N
)

R2V

0

2

4

6

8

P
 (k

N
)

 

T2V

0

2

4

6

8

P
 (k

N
)

 δ (mm) δ (mm)

 δ (mm)

0      0.1    0.2     0.3     0.4    0.5    0.6     0.7

0      0.1    0.2     0.3     0.4    0.5    0.6     0.70      0.1    0.2     0.3     0.4    0.5    0.6     0.7

0      0.1    0.2     0.3     0.4    0.5    0.6     0.7

Figure 4.11: Results corresponding to series 2: P -δ curves (load-displacement
under the load point) given by the model compared with the curves obtained
in the tests. The dashed-grey curve in the top-left graphic (marked as MC)
corresponds to using the bond-slip law in the Model Code.

deterioration on the interface between the steel and the concrete at each
layer.

In order to model the fracture of concrete, we have used a discrete crack
model that follows a cohesive law. The reinforcement layers have been mod-
eled as being overlapped to the concrete bulk and connected to the matrix by
interface elements that simulate the deterioration due to the decohesion pro-
cess. As the concrete matrix is modeled keeping its continuity, i.e., avoiding
the discontinuity that the presence of the reinforcement layers could mean in
a standard 2D modelization, the crack can propagate across the layers only
encountering opposition from the closing forces transmitted by the inter-
face elements. The implementation of the model has been carried out using
commercial finite element codes, which can be listed as one of the practical
advantages of the method.

The model has been validated against three point bending tests on lightly
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reinforced beams. The numerical results closely predict experimental data
from rectangular and T-beams of different sizes and with several reinforce-
ment layers formed by smooth and ribbed bars. The experimental size effect
has been numerically reproduced, which confirms the aptitude of cohesive
models to deal with concrete fracture. The strength of the reinforcement; in
which the properties of the bars and of the interface with concrete are com-
bined, also influences the results of the model. We have also obtained the
tensile stresses along the bars and the shear stresses at the interface during a
numerical test and they are in accordance with pull-out data available in the
Bibliography. Our modelization has allowed us to get the effect attributable
to the shape of the cross-section of the beam, a shape effect that has been
described in terms of an equivalent size effect. Finally, the model has shown
sensitivity to the distribution of the reinforcing bars in one or two layers.

Consideration of the above allows us to conclude that this model can
be of use to study other processes of local fracture through reinforcement
areas combined with steel decohesion phenomena within structural concrete
elements.
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Chapter 5

Analytical model to study
mixed-mode crack propagation
in reinforced concrete

5.1 Introduction

In reinforced concrete elements of ordinary dimensions without stirrups, with
a slenderness ratio up to 4÷5, subject to three point bending, the first cracks
usually form close to the region of maximum bending moment. As the load
increases, more cracks may be formed away from the region of maximum
moment. These cracks also start as bending cracks, approximatively normal
to the axis of the beam. Under a further increase in loading, cracks located
along the shear span grow oriented normally to the major tensile principal
stress. As these cracks are formed in regions where the shear forces are no
longer small, they grow in presence of combined tension and shear stresses.
These cracks are commonly called shear cracks. As the external load in-
creases it usually happens that one of the shear cracks propagates unstably
leading to the failure of the beam. This kind of collapse is described in short
as diagonal tension (shear) failure. Nevertheless, depending on geometrical
characteristics and material properties, failure due reinforcement yielding
(flexural failure) may occur before diagonal tension failure, if the element
doesn’t fail due to a crack initiation [121].

For a long time, the transitions between flexural and diagonal tension fail-
ures in reinforced concrete elements —inside a consistent theoretical framework—
have represented an unsolved problem. The main issue for the present analy-
sis is to get a consistent modelling of the shear cracks behavior and diagonal
tension failure. This problem, despite numerous extensive studies over the

109



110 Chapter 5. Analytical model to study mixed-mode crack propagation

past 50 years, still remains unsolved in a completely satisfying framework,
unified with the other failure modes, so that a direct relation between failure
modes should be drawn.

Shear cracks propagation and diagonal tension failure have been ad-
dressed in the literature by several authors with different approaches. In the
field of Fracture Mechanics and using a cohesive model to describe concrete
behaviour, some analyses have been performed by Gustaffson [55], Gustafson
and Hillerborg [54] and Niwa [93,94] among others. In the framework of Lin-
ear Elastic Fracture Mechanics and in order to avoid finite element compu-
tations, some models are particulary remarkable in the long list of references
to the present work, aimed at finding a rational interpretation of the diag-
onal tension failure mode. In particular, Jenq and Shah [65] analysed the
diagonal shear fracture superposing the contribution of concrete and steel
bars, with a technique that is somehow conceptually close to the bridged
crack model [32]. The reinforcement force is computed from classical no ten-
sion strength calculation and the element load capacity is evaluated from the
stress-intensity factor at crack tip. Some further developments of this work
with other original contributions were given by So and Karihaloo [72, 133].
More recently, the problem has been studied in the framework of Fracture
Mechanics, among others, by Gastebled and May [50], who assumed that the
failure is due to a rotation about the crack tip of the diagonal crack triggered
by concrete splitting at the steel bars.

The bridged crack model was originally proposed by Carpinteri [31,32] for
the study of reinforced concrete beams by Fracture Mechanics. The prob-
lem of the size effect and the brittle-ductile transition were analyzed with
reference to the problem of minimum reinforcement [23, 33]. Subsequently,
the action of cohesive stresses has been introduced in addition to that of the
reinforcing bars [36].

In the present work, the behaviour of reinforced concrete beams without
stirrups is analyzed, using the bridged crack model. To extend the model
and account for the shear cracks behavior and evaluate diagonal tension
failure load, some additional hypotheses are introduced. In particular, the
crack trajectory is given by an assumed analytical law based on experimen-
tal observations. Comparing the different load versus crack length curves for
each crack trajectory, a criterion to evaluate diagonal tension failure is ob-
tained. A second assumption concerns the evaluation of the stress-intensity
factors. It is assumed that the crack propagates only in Mode I, and an
approximate analytical expression for the stress-intensity factors is given.
This assumption has been validated by computing the stress-intensity fac-
tors numerically through the boundary element code developed by Portela
and Aliabadi [112]. When the starting point abscissa of the crack trajectory
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Figure 5.1: Diagonal tension failure by the formation of a dominant, unstable
shear crack.

is at the beam midspan, the model naturally coincides with the traditional
bridged crack model for the pure flexural problem. In this way, the differ-
ent collapse modes are joined together into a unified general model, so that
the simulation of the transitional phenomena is naturally accomplished. The
model is analysed considering the influence of the variation in the nondi-
mensional parameters on the mechanical response of the reinforced concrete
element and the related failure mode transitions. A rational explanation is
also given to the problem of diagonal tension failure.

5.2 Basic assumptions

Reinforced concrete elements have a complex crack pattern depending on
the geometry of the structural element, the reinforcement percentage, the
steel-concrete bond condition and the local defects of the concrete itself. As
mentioned in the Introduction, the diagonal tension failure usually develops
by forming a series of stable shear cracks originating along the shear span,
initially with vertical direction and then extending towards the point-load
zones. If diagonal tension failure is the dominant mechanism, an unstable
crack takes place, Fig. 5.1, unloading all the previously formed cracks and
bringing the beam to collapse. This crack will be called in the following
the critical crack. This critical crack is usually accompanied by a secondary
crack, horizontal and approximately at the reinforcement layer level. This
sequence suggests that it is not inappropriate considering the critical crack
as isolated, with no interaction with the previously formed stable cracks.
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+

Figure 5.2: Evaluation of the stress-intensity factors by linear superposition.

Attention will be therefore addressed in modelling a single, isolated crack,
by assuming the crack length as a monotonically increasing control param-
eter. It will be furthermore assumed that no stirrups are present. Dowel
action and aggregate interlock will be neglected and the steel reinforcing
bars will be considered as rigid-perfectly plastic. These assumptions imply
that the calculated shear strengths are conservative. Linear Elastic Fracture
Mechanics will be considered in the following, so that the stress-intensity
factor at the crack tip can be evaluated by linear superposition of the effects
of the external loading and of the reinforcement reaction, Fig. 5.2. All these
hypotheses are typical of the bridged crack model.

Then, two additional hypotheses are considered, namely the shape of the
crack trajectory and a simplified evaluation of the stress-intensity factors.
These will be detailed in the following sections.

5.2.1 Crack trajectory

In ordinary three point bending beams without shear reinforcement, cracks
present a typical shape. The first crack usually takes place by flexure, is
approximately at the midspan and is perpendicular to the lower edge of the
beam. As the load is increased, the crack grows toward the point-load and,
at the same time, other cracks usually develop along the beam span (unless
reinforcement percentage or shear bonding strength are very low). These
originate from points along the lower edge and then, as they propagate,
their trajectories curve toward the applied load. A typical crack path is
shown in Fig. 5.3 where some geometrical quantities used in the following
developments are defined.

The crack trajectory Γ is considered formed by two parts. A first segment
Γ1 is vertical and extends from the bottom to the reinforcement layer. The
second part Γ2 is assumed being a power law with some given exponent, ex-
tending from the end of the first part to the load point. The crack trajectory
Γ=Γ1 ∪ Γ2 is defined analytically by the function:
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Figure 5.3: Cracked beam element.

Γ(a) =





x0 c ≥ a

x0 +

(
a− c

D − c

)µ

(l − x0) c ≤ a ≤ D
(5.1)

where D is the beam depth, l is the shear span, a is the crack depth, c
is the reinforcement cover, x is the crack tip horizontal position, x0 is the
crack mouth horizontal position and µ is the exponent of the crack trajectory
function.

The crack trajectory, Eq. 5.1, can be conveniently cast in nondimensional
form:

α0 =
x0

l
; α =

x

l
; ξ =

a

D
; ζ =

c

D
; λl =

l

D
(5.2)

Introducing the ratios of Eq. 5.2 into Eq. 5.1:

α(ζ, ξ) =





α0 ζ ≥ ξ

α0 +

(
ξ − ζ

1− ζ

)µ

(1− α0) ζ ≤ ξ ≤ 1
(5.3)

where α is the nondimensional horizontal distance from the support of
the crack tip, ξ is the crack depth, α0 is the initial crack mouth position and
ζ is the reinforcement depth. All these nondimensional parameters range
from 0 to 1. Also in Eqs. 5.2 is defined the shear span slenderness ratio, λl,
as the ratio between the shear span and the beam depth.

Some cracks trajectories are drawn in Fig. 5.4 assuming different expo-
nents. In Fig. 5.4a the cracks trajectories are drawn for a slenderness ratio of
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Figure 5.4: Normalized crack trajectories, (a) λl=2.5; (b) λl=4

λl=2.5 while in Fig. 5.4b for a ratio of λl=4. Both diagrams are represented
in the nondimensional plane, although the axes have been scaled depending
on the ratio λl.

5.2.2 Stress intensity factors

Neither closed form solution nor nonlinear regressions of numerical data are
available till now for the evaluation of the stress-intensity factors in the
present case, i.e. for the geometry and the crack trajectory given in Fig.
5.3. In particular, according to the superposition principle recalled in Fig.
5.2, the stress-intensity factor evaluation is required in the two cases of (a)
external load and (b) reaction of the reinforcement.

To evaluate the stress-intensity factor due to the external load, Jenq and
Shah [65] assumed that it can be approximated by the stress-intensity factor
of a bent beam with a symmetric edge notch of depth a subjected to the
bending moment corresponding to the cross section at the mouth of the crack.
Here a similar approach is followed, but the variation of the bending moment
at each section due to the crack path will be accounted for. Karihaloo [133]
introduced this idea in the model of Jenq and Shah.

The stress-intensity factor produced at the crack tip by an applied bend-
ing moment, M , is given by [96,97]:

KIM =
M

D
3
2 b

YM(ξ) (5.4)
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where, with reference to Fig. 5.3, the bending moment at the crack tip is
given by:

M = V x = V lα(ζ, ξ) (5.5)

with α(ζ, ξ) given by Eq. 5.3.

Introducing Eq. 5.5 into Eq. 5.4 and rearranging, the stress-intensity
factor is given by the form:

KIV =
V lα(ζ, ξ)

D
3
2 b

YM(ξ) =
V λl

D
1
2 b

YV (ζ, ξ) (5.6)

where

YV (ζ, ξ) = α(ζ, ξ)YM(ξ) (5.7)

This hypothesis is confirmed by some numerical boundary elements cal-
culations [112] to get the stress-intensity factor for different geometries and
different positions of the crack tip. Figure 5.5 shows some results evidencing
that the approximation does not result in large errors, apart from very low
ratios λl, where the beam model is basically inappropriate.

The stress-intensity factor produced at the crack tip by the forces P ,
applied at the level of reinforcement at a distance c from the lower edge of
the beam, for a straight vertical crack is equal to:
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KIP =
P

D
1
2 b

YP (ζ, ξ) (5.8)

Function YP (ζ, ξ) is reported in the stress-intensity factors handbooks
[136]. It will be assumed here in that the crack shape does not have a large
influence on KIP , so that it is considered to be a function only of the crack
depth.

Several numerical analyses by boundary elements [112] have been made
to get an approximation to the stress-intensity factor for different positions
of the crack tip. It is observed that the stress-intensity factor is a function
of the angle γ, Fig. 5.3. Consequently, a function β(γ) to approximate the
variation of YP with γ has been defined as follows:

β(γ) = (
γ

90
)0.2 (5.9)

where the angle γ is expressed in degrees. The shape function can be
approximated as

Y γ
P (ζ, ξ) = YP (ζ, ξ)β(γ) (5.10)

Finally, the stress-intensity factor due to the reinforcement reactions P
is given by

KIP =
P

D
1
2 b

YP (ζ, ξ)β(γ) =
P

D
1
2 b

Y γ
P (ζ, ξ) (5.11)

5.3 Fracture mechanics modelling of a rein-

forced concrete beam with a diagonal crack

Let us consider the cracked beam element shown in Fig. 5.3, which undergoes
simultaneously the bending moment, function of the shear force V and of the
crack tip position abscissa x, and the reinforcement closing forces P applied
on the crack faces. The development of a single crack is considered, with
arbitrary location of the crack initiation point. This will allow to determine
the critical crack and the corresponding ultimate failure load.

The displacement ∆υ of the point of application of the external load F
and the relative displacement ∆ω of the points of application of the rein-
forcement reactions P can be expressed by linear superposition as the sum
of a part due to V and a part due to P :
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∆υ =∆υV V + ∆υV P = λV V V − λV P P (5.12)

∆ω =∆ωPV + ∆ωPP = λPV V − λPP P (5.13)

where λV V , λV P , λPV and λPP are the compliances of the member due
to the existence of the crack. The factors λ can be derived from energy
methods as follows. If G and E are, respectively, the strain energy release
rate and the Young’s modulus of the material (the Poisson ratio is considered
as negligible), it follows that the variation ∆W of the total potential energy
is given by:

∆W =
∫

Γ
Gb dΓ =

∫
Γ1
GV b dΓ1 +

∫
Γ2
G(V +P )b dΓ2

=
∫

Γ1

K2
IV

E
b dΓ1 +

∫

Γ2

(KIV + KIP )2

E
b dΓ2

=
∫

Γ1

K2
IV

E
b dΓ1 +

∫
Γ2

K2
IV

E
b dΓ2 +

∫

Γ2

K2
IP

E
b dΓ2 + 2

∫

Γ2

KIV KIP

E
b dΓ2

=
∫

Γ

K2
IV

E
b dΓ +

∫

Γ2

K2
IP

E
b dΓ2 + 2

∫

Γ2

KIV KIP

E
b dΓ2

(5.14)
where KIV and KIP are the stress-intensity factors due to shear force V

and to the reinforcement forces P , respectively. An application of Clapey-
ron’s Theorem provides:

∆W =
1

2
V ∆υV V +

1

2
P∆ωPP +

1

2
(P∆ωPV + V ∆υV P ) (5.15)

Recalling that according to Betti’s Theorem P∆ωPV =V ∆υV P , from Eqs.
5.12, 5.13, 5.14 and 5.15 and calling ds to the curvilinear increment along
the crack trajectory (Γ), it follows:

∆υV V = λV V V =
2

V

∫

Γ

K2
IV

E
b ds (5.16)

∆ωPP = λPP P =
2

P

∫

Γ2

K2
IP

E
b ds (5.17)

P∆ωPV = V ∆υV P = λV P P = λPV V = 2

∫

Γ2

KIP KIV

E
b ds (5.18)
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The stress-intensity factor produced at the crack tip by the shear V is
given by Eq. 5.6. Substituting Eq. 5.6 into Eq. 5.16, the compliance λV V

(displacement produced by V = 1), can be expressed as:

λV V =
2λ2

l

Eb

[∫ ζ

0

Y 2
V (z)g(ζ, z) dz +

∫ ξ

ζ

Y 2
V (z)g(ζ, z) dz

]
(5.19)

where g(ζ, ξ) is the Jacobian mapping for the curvilinear integral along
the crack trajectory onto the interval [0, ξ] that allows the change of integral
variable ds=g(ζ, ξ)dξ. For the given the crack trajectory, Eq. 5.3, g(ζ, ξ) is
equal to:

g(ζ, ξ) =





1 ξ < ζ√
µ2 (λl)

2

(
1

1− ζ

)2µ

(ξ − ζ)2(µ−1) (1− α0)2 + 1 ξ ≥ ζ

(5.20)
From Eqs. 5.11 and 5.17, the compliance λPP (crack opening displace-

ment produced by P = 1) is provided by:

λPP =
2

Eb

∫ ξ

ζ

(Y γ
P )2(ζ, z)g(ζ, z) dz (5.21)

Eventually, substituting Eqs. 5.6 and 5.11 into Eq. 5.18 and dividing by
the product V P , the mutual compliance λV P = λV P , can be expressed in the
form:

λPV = λV P =
2λl

Eb

∫ ξ

ζ

YV (z)Y γ
P (ζ, z)g(ζ, ξ) dz (5.22)

5.3.1 Evaluation of reinforcement traction

Let σs and As be the reinforcement stress and cross-sectional area, respec-
tively, related to the total reaction by P= σsAs.

The relative displacement in the cracked cross-section at the level of re-
inforcement is assumed to be zero up to the yielding or slippage of the rein-
forcement (rigid-plastic behaviour). The displacement compatibility condi-
tion ∆ω=0 allows to obtain the unknown force P as a function of the applied
shear V . In fact, from Eq. 5.13:

P

V
=

λPV

λPP

=
1

r′′(ζ, ξ)
(5.23)
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where,

r′′(ζ, ξ) =
λPP

λPV

=

∫ ξ

ζ
(Y γ

P )2(ζ, z)g(ζ, z) dz

λl

∫ ξ

ζ
YV (z)Y γ

P (ζ, z)g(ζ, z) dz
(5.24)

Considering a rigid-perfectly plastic behaviour of the reinforcement, the
shear force of plastic flow or slippage is obtained from Eq. 5.23

VP = PP
λPP

λPV

= PP r′′(ζ, ξ) (5.25)

Where PP =σyAs indicates the yielding (or pulling-out) force, achieved
when σs = σy (yield strength of reinforcement).

5.3.2 Shear at incipient crack propagation

With reference to Fig. 5.3, let KI be the stress-intensity factor at the crack
tip. By the superposition principle, it is given by the sum of the stress-
intensity factor KIV due to the bending moment associated to the shear
force and KIP , due to the closing forces at the reinforcement position:

KI = KIV −KIP (5.26)

The crack propagation condition is ruled by the comparison of the stress-
intensity factor KI , Eq. 5.26, to the concrete fracture toughness KIC :

KI = KIV −KIP = KIC (5.27)

The value of KIC in Eq. 5.27 may be determined by the RILEM recom-
mendations [115, 116], or derived by the procedures suggested in [1, 74] as
KIC =

√GF E.
Moreover, let V =VF the shear when KI=KIC . Introducing Eqs. 5.6 and

5.11 into Eq. 5.26:

KIC =
VF

D
1
2 b

YV (ξ)λl − P

D
1
2 b

Y γ
P (ζ, ξ) (5.28)

and, dividing both sides by KIC ,

VF

KICD
1
2 b

=
1

λlYV (ξ)

[
1 +

P

KICD
1
2 b

Y γ
P (ζ, ξ)

]
(5.29)

Let A = bD be the area of the cross section and ρ = As/A the reinforce-
ment percentage. We consider the following brittleness number [32]
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NP =
σyD

1
2

KIC

ρ (5.30)

If the force transmitted by the reinforcement is equal to PP =σyAs, in
other words, if the reinforcement traction limit has already been reached
(VF ≥ VP ), it is

VF

KICD
1
2 b

=
1

λlYV (ξ)

[
1 + NP Y γ

P (ζ, ξ)
]

(5.31)

In the case VF < VP , the reinforcement is in the elastic range, and the
following relation holds:

VF

KICD
1
2 b

=
1

λlYV (ξ)

[
1 + NP

σs

σy

Y γ
P (ζ, ξ)

]
(5.32)

or, equivalently:

VF

KICD
1
2 b

=
1

λl

[
YV (ξ)− Y γ

P (ζ, ξ)

r′′(ζ, ξ)

] (5.33)

where the left hand side represents the nondimensional shear force ṼF :

ṼF =
VF

KICD
1
2 b

(5.34)

Therefore, according to the model, when VF < VP , the shear force of crack
propagation VF depends only on the relative crack depth ξ, and is not affected
by the brittleness number NP , i.e. it does not depend on the reinforcement
percentage or beam depth but only on its relative crack depth ξ. For an easier
understanding of the model, we suppose in this paper that the exponent
µ which defines the crack trajectory is independent of the nondimensional
parameters NP and λl. This hypothesis does not impair the generality of the
approach. The possible dependence of the the exponent µ on the brittleness
number NP and on shear span slenderness ratio λl is being developed both
theoretically and by studying the results of experimental tests.
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5.4 Model response to the variation of the

nondimensional parameters

5.4.1 Influence of the initial crack position

In this Section it will be shown how the value of the initial crack posi-
tion α0 affects the mechanical response of the beam and implies the sta-
bility/instability of the cracking process.

For the sake of clarity, reference is made to a real example, based on
experimental results. The experimental test has been performed by Bosco
and Carpinteri [25], and it was identified by the label B100-06. The material
properties and beam geometry of this test are shown in Fig. 5.6a.

The following nondimensional parameters characterize the simulation case:
λl=2.5, ζ=0.1, NP =1.41. Moreover, it is assumed a constant reinforcement
along the span and a 4th order crack trajectory curve (µ=4). Figures 5.6b-d
show the nondimensional shear force vs. crack depth curves for the initial
crack position α0 in the interval [0.3, 1.0]. Also attached to each graphic
ṼF -ξ a sketch with the crack trajectory considered is drawn.

It is well-known that the crack growth may present stable or unstable
behaviour. When the crack growth is stable, an increase in the crack depth
requires a load increase to fulfil the model equations. On the contrary, unsta-
ble crack growth requires a load decrease. Both kind of behaviors can occur
at different load levels during crack propagation, see Figs. 5.6b, c and d.

When the initial crack position is at the midspan (α0=1.0), Fig. 5.6b, the
model converges to the original bridged crack for beams in flexure (no shear).
Immediately after the crack crosses the reinforcement, an unstable branch
begins. This turns stable for a crack depth ξ '0.3. Then the nondimensional
shear force grows until the yielding of steel takes place (ξ '0.7). Physically
the reinforcement reaction stabilizes the initial unstable crack propagation
and allows finally the steel yielding.

The second plot, Fig. 5.6c, computed for an initial crack position α0=0.70,
shows the same characteristic behaviour for low values of the crack depth,
an unstable branch follows to a stable branch. Nevertheless in this case, for
a certain crack depth ξ the type of propagation changes and a new unstable
branch crack begins for a crack depth value of 0.65. From this moment the
crack grows in an unstable manner bridging the beam to failure. In this
case, as for the flexural crack α0=1.00, the reinforcement reaction stabilizes
the crack propagation for low cracks depth but there is a point where the
crack changes the type of propagation and the reinforcement can’t stabilize
this propagation. The change in the nature of the propagation provokes the
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Figure 5.6: Nondimensional shear force vs. crack depth: (a) material prop-
erties and beam geometry; (b) initial crack position α0=1.0; (c) initial crack
position α0=0.70; (d) initial crack position α0=0.30.
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relative maximum that is observed in Fig. 5.6c. This change in the nature
of crack propagation for shear crack in reinforced concrete beams without
stirrups has been reported experimentally in Chapter 3. We note that in the
experimental results after the maximum load and during the unstable crack
growth there exists a redistribution of the shear carrying capacity from the
concrete ligament to the steel bars. The concrete that surrounds the rein-
forcement is not able to stand the load transmitted by the bars and then
there starts a longitudinal crack at the reinforcement level. This secondary
effect after the maximum load is outside of the aim of the model.

For initial crack positions close to the support, Fig. 5.6d (α0=0.3), the
maximum separating stable and unstable stages of the cracking process dis-
appears and a completely unstable behaviour is observed. In this case the
reinforcement reaction can’t stabilize the crack propagation during all the
process and the beam fails directly from crack initiation. In this sense, we
may affirm that a crack presents a more unstable behaviour when its initial
point is near to the support. The opposite case is represented by a crack with
initial point at the midspan (flexural crack), where, provided the reinforce-
ment percentage is not too low, it is impossible to develop an unstable process
growth once the reinforcement reactions stabilize the initial instability.

In order to understand the crack propagation process, in Fig. 5.7 are
drawn four graphics and their correspondence crack pattern sketch where
are represented four different stages during the crack propagation process.
We note that for an easier comprehension of the graphics and the sketches,
it is better model only some of the infinite possible cracks. A monotonically
increasing of the load is considered during all process. We model the behavior
of the beam referenced as B100-6. It is considered that the shear span is pre-
cracked in all its length and the crack begins to grow in a stable manner
when the nondimensional shear reach the minimum nondimensional shear,
that is, the point where the crack turn stable, approximately in our case, at
ξ ' 0.3. If we applied a monotonically increasing load, represented by an
increase in the nondimensional shear, the first crack that begins to grow in
the beam is coincident with the flexural crack (α0=1.0) for a nondimensional
shear (ṼF equal to 0.15, as it is shown in Fig. 5.7a. An increase in the load
allows that new cracks appear along the shear span while the older cracks
grow in a stable manner, see Figs. 5.7b and c. The crack growth for each
stage is represented by the thick lines in the ṼF -ξ curves. Figure. 5.7b shows
the crack progress for a nondimensional shear equal to 0.20 and Fig. 5.7c for
a nondimensional shear equal to 0.25. Also can be observed in Figs. 5.7b
and c is the variation in the crack pattern due to the increase of the load.

If during this stable crack process a failure by steel yielding doesn’t occur,
there is a moment when a crack reaches the maximum load for a stable prop-
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Figure 5.8: (a) Nondimensional shear force, ṼF vs. crack depth, ξ; (b) detail,
the thick line is the curve of the minimum critical shear load.

agation process and begins to grow in an unstable manner. In the example
shown in Fig. 5.7d the critical crack is obtained for an initial position equal
to 0.60 (α0=0.60) and a crack depth of 0.62 (ξ = 0.62). The nondimensional
shear force has a value of 0.29 (ṼF =0.29). Physically, this value represents
the minimum load for which an unstable process can develop bringing the
beam to failure. The obtained qualitative behavior of shear cracks propaga-
tion is similar to most of the descriptions of diagonal tension failure found
in the literature. We note that crack near the support have a more unstable
tendency, as has been explained at the first part of this section, but it is
observed in the explained example, Fig. 5.7, that this kind of crack needs
a bigger nondimensional shear than beams at the middle of shear span to
develop its potential unstable behavior.

Figure 5.8a shows a superposition of the plots for several initial crack
positions. Observe that, neglecting the singularity at the reinforcement po-
sition, each curve presents a relative maximum with the exception of cracks
near the support which are unstable during all the propagation process. The
thick line in Fig. 5.8b represents the crack having the property that its rela-
tive maximum is minimum among the maxima. The minimum in the shear
force when the crack initiation position is changed along the shear span has
been reported also by Niwa [93, 94] in a Finite Element numerical study,
using cohesive rod elements perpendicular to a predetermined crack surface.
Niwa fixed the shear span to depth ratio λl to 2.4 and assumed a linear crack
path from the initiation point to the load point. The position for the crack
initiation reported for the minimum shear resistance in his study was 0.62
and the nondimensional shear was 0.33. These results compare fairly well
with the results of the present model.
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Summarizing, in a reinforced concrete element without stirrups, an un-
stable cracking process can occur when a certain load level is reached after
a large crack growth. The beginning of this process may be due to a shear-
flexural crack that turns to be unstable, to a coalescence of microcracking
around steel bars (depending on bonding conditions), to small inclined cracks
appearing just above longitudinal reinforcement [77] or any other defect in
the concrete matrix. Depending on the crack initiation position, the critical
load varies, but there exists a position for which it is minimum. This crite-
rion is therefore assumed for computing the critical initial crack position and
the collapse load when the beam doesn’t fail by flexure.
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5.4.2 Influence of the slenderness and the crack tra-
jectory

The maximum nondimensional shear force during crack propagation is rep-
resented for elements where failure is due to shear crack propagation in Fig.
5.9 changing the location of crack initiation and the exponent of the assumed
crack path. We have chosen a variation in the exponent µ which defines the
crack trajectory from 2 to 8, because it fits the range of experimental results.
The variation in the shearing force that produces an unstable crack propa-
gation is shown in Fig. 5.9a for a ratio λl equal to 2.5, and in Fig. 5.9b for a
ratio λl equal to 5. It can be seen that, for each case, a minimum load exists
as we explained in the previous Section. Also remarkable is that for all the
curves obtained, the crack initiation interval where the minimum shear force
provokes diagonal tension (shear) failure is around 0.4 < α0 < 0.7. This
observation was made experimentally by Kim and White [76,77]. They show
that the diagonal tension failure is due to shear cracks which initiate near
the middle of the shear span.

As can be observed in Figs. 5.9a and b, when the ratio λl is increased
and µ remains constant, the nondimensional shear load that provokes beam
collapse decreases. Physically, it means that the load necessary to produce di-
agonal tension (shear) failure decreases when the beam slenderness increases.
This is shown clearly in Figs. 5.9c and d for the exponents 4 and 6: nondi-
mensional shear at failure by diagonal tension decreases as the slenderness
of the element increases.

5.5 Simulation of experimental tests

The model has been validated by comparing the predicted ultimate load and
failure mode to experimental results. To cover flexural and shear collapse
mechanisms, the experimental results of Bosco and Carpinteri [23] (failure
by steel yielding) and the tests by Cladera [41] (diagonal tension shear in
beams without stirrups) have been considered. In this last case, as concrete
fracture properties are not available, they have been evaluated according
Model Code [39].

Experimental and model results are summarized and compared in Table
5.1. In the columns we report the specimen designation, the slenderness
l/D, the crack curve exponent µ assumed, the brittleness numbers NP , the
nondimensional collapse shear for the two failure modes and finally the ex-
perimentally nondimensional collapse shear and the observed failure mode.
The failure mode predicted by the model can be deducted by looking for the
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Specimen l/D µ NP Vadim,diag Vadim,yield Vadim,test failure
B025-06 2.5 2 0.36 0.21 0.14 0.14 yielding
B025-06 2.5 6 0.36 0.46 0.14 0.14 yielding
B050-06 2.5 2 0.72 0.21 0.25 0.23 yielding
B050-06 2.5 6 0.72 0.46 0.25 0.23 yielding
B100-06 2.5 2 1.44 0.21 0.48 0.47 yielding
B100-06 2.5 6 1.44 0.46 0.48 0.47 yielding
B025-12 5.5 2 0.36 0.09 0.06 0.057 yielding
B025-12 5.5 6 0.36 0.21 0.06 0.057 yielding
B100-12 5.5 2 1.44 0.09 0.22 0.21 yielding
B100-12 5.5 6 1.44 0.21 0.22 0.21 yielding
Cl-H50-1 2.7 2 4.26 0.20 1.29 0.21 diagonal
Cl-H50-1 2.7 6 4.26 0.44 1.29 0.21 diagonal
Cl-H75-1 2.7 2 3.36 0.20 1.03 0.31 diagonal
Cl-H75-1 2.7 6 3.36 0.44 1.03 0.31 diagonal
Cl-H100-1 2.7 2 2.83 0.20 0.86 0.31 diagonal
Cl-H100-1 2.7 6 2.83 0.44 0.86 0.31 diagonal

Table 5.1: Results

smallest of the three nondimensional failure shears.

We can observe that the model predicts closely the nondimensional failure
shear in the case of yielding, but in the case of failure by diagonal tension
the nondimensional shear depends strongly on the crack path exponent. As
we have analyzed in sections before, to find accurate results, further research
about relation between, µ, NP , l/D and α0 to define the crack path would
be necessary.

Experimental results showed in the chapter 3 of L80-9-2 and L40-7-2
beams, Figs. 5.10a and 5.11a and their computed nondimensional load vs.
nondimensional depth are reported in Figs. 5.10c and 5.11c. The numerical
simulation has been carried out using a crack exponent to reproduce the
crack trajectory observed experimentally, Figs. 5.10b and 5.11b. The results
of the model reproduce the qualitative behavior of the structural member.
The differences in the crack depth for the point of maximum load are due to
the simplifications made with the model, neglecting interlock aggregate and
bridge effect of steel bars. Nevertheless the model is able to simulate the
unstable behavior after a large crack growth observed in test results.

Note, moreover, that the value of the collapse diagonal tension shear de-
pends not only on geometrical characteristics but it also depends on crack
path. For this reason in order to reproduce tests results would be neces-
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sary more studies where influence of geometrical characteristic and materials
properties on crack path will be analyzed.

5.6 Transition between failure modes

The proposed model covers steel yielding (flexural) and diagonal tension
(shear) failures. It is fundamental to investigate how the transition between
failure modes is ruled according to the variation the nondimensional param-
eter NP .
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Figure. 5.12 shows the ṼF -ξ curves results given by four different model
results obtained for beams where the brittleness number, NP , is increased
from 0.2 to 1 keeping constat the rest of parameters. The following nondi-
mensional parameters characterize the simulation cases: λl=2.5, ζ=0.1. A
constant reinforcement along the span and a 6th order crack trajectory curve
(µ=6) is assumed. A sketch corresponding to the crack trajectories at failure
moment is attached to each beam model result. In order to develop an easy
understanding of the model response, we draw only some of the cracks that
progress in the reinforced concrete element.

In Fig. 5.12a is shown the model response for a the brittleness number
equal to 0.2. When the nondimensional shear force reaches a value of 0.14
the flexural crack, α0 = 1.00 begins its stable crack growth. An increase in
the load provokes that these cracks progress and new cracks begin to grow
in a stable way. The thick lines represent the crack growth. After a stable
crack propagation is reached the nondimensional shear force is equal to 0.18
and at this moment, the steel yields for the flexural crack. We assume that
this value of the nondimensional shear force represent the flexural failure
load. Thus the beam modelled in Fig. 5.12a shows a flexural failure due to
the yielding of the steel at the midspan crack. In the model result is shown
in Fig. 5.12b for a brittleness number of 0.3 the beam element failure is
in the same way as in that the previous case, by a flexural failure at the
midspan crack, but an increment in nondimensional shear force from 0.18 to
0.25 is observed. Comparing the crack pattern sketches, we observe that the
increment in the nondimensional shear also allows that new cracks progress
through the reinforced concrete element.

If the brittleness number is increased to a value of 0.4, see Fig. 5.12c the
crack initiates and progresses in a similar manner as for the previous cases.
Nevertheless during this loading process, when nondimensional shear force
reaches a value of 0.33 flexural and diagonal tension failure occurs at the same
time. As we explain in Section 5.4.1 diagonal tension (shear) failure occurs
when a shear crack develops a instability process after a stable crack growth,
which is not controlled by the reinforcement reaction. For higher values of
the brittleness number, flexural failure needs a higher nondimensional shear
than diagonal tension failure. In Fig. 5.12d the brittleness number is fixed
to a value of 1.0. The load necessary to provoke flexural collapse for the
crack situated at mid span is 0.8 and the load to provoke diagonal tension
failure is 0.33 for the crack where α0=0.6. Logically at monotonic loading of
the reinforced concrete element diagonal tension (shear) failure is developed
previously to flexural collapse.

Therefore, for low values of NP cracks at midspan location (flexural
cracks) needs lower nondimensional shear force to provoke flexural failure
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Figure 5.13: Transitions between flexural and shear failures.

than shear cracks situated at the middle part of the shear span to develop
diagonal shear failure. If NP is increased, the opposite case appears: cracks
along the shear span need lower nondimensional shear force to provoke beam
collapse than those for the crack at the midspan. Thus there is a point where
the transition between these type of failures take place.

Fig. 5.13 shows a conceptual sketch of the failure mode transitions in re-
inforced concrete elements without stirrups predicted by the model by vary-
ing the nondimensional parameter NP . The middle horizontal direction,
(b) to (d), represents variations in reinforcement area whereas the diagonal
directions represent variations in the scale of the beam assuming constant
reinforcement percentage, (c) to (d), or constant reinforcement area, (a) to
(d).

As it has been discussed in the first part of this section the behaviour of
the RC element is controlled by the nondimensional parameters λl and NP .
In this case it is clear that if we have flexural failure (reinforcement yielding)
and NP is increased, there is a point where the failure mode changes to
diagonal shear failure. This is represented in Fig. 5.13 with the transition
from the first column, yielding failure, to the central sketch, shear failure. As
a matter of fact, according to the definition, an increase in NP can be read
as:

• Increase in the reinforcement area, transition from (b) to (d)
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Figure 5.14: Transition from flexural to diagonal tension failure in RC beams
as a function of governing nondimensional parameters NP and λl: (a) µ=4;
(b) µ=6.

• Decrease in the scale with a constant reinforcement area, transition
from (a) to (d)

• Increase in the scale with a constant reinforcement percentage, transi-
tion from (c) to (d)

Two transition curves from the flexural to the diagonal tension (shear)
failure are shown In Fig. 5.14. The curves are drawn for two different values
of the crack trajectory exponent: µ=4 and µ=6. The two parameters con-
trolling the model, the shear span slenderness λl and the brittleness number
NP , rule the transition between the two failure modes. The definition of
NP , Eq. 5.30, implies the size effect on the transition as well. The crack
trajectory dependence on the nondimensional parameters and on the crack
initiation position α0, through the crack exponent µ, opens a new perspective
and further theoretical and experimental research is necessary to formulate
more accurate expressions.

5.7 Conclusions

This chapter presents an extension of the bridged crack model to analyse
flexural-shear cracks and illustrates failure mode transitions by varying the
controlling nondimensional parameters: the brittleness number NP and the
slenderness λl. The following conclusions can be drawn from the study:

1. The model shows that diagonal tension failure is an unstable process
from shear cracks and provokes the collapse of the element. It has been
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analytically observed that shear cracks whose initiation point approxi-
mately near of the middle of the shear span need less load to develop
an unstable process than the cracks near the beam midspan (flexural
cracks) or the cracks near the support.

2. The model gives a rational explanation to the transitions between flexu-
ral and diagonal tension (shear) failures in RC beams without stirrups.
Size effect in failure transitions is analyzed by means of the brittleness
number [32].

3. The presented analytic approach to evaluate the diagonal tension fail-
ure does not use empirical parameters but rationally reproduces the
most important trends in the behaviour of shear cracks propagation
through RC elements.

Further investigations and studies are necessary to improve the stress-
intensity factors evaluation and to study the crack trajectory dependence on
the slenderness, reinforcement ratio and the other factors that may play a
role. Moreover, the model could be extended to the study of RC elements
with stirrups.
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Computational Modelling of Concrete Structures. Balkema, Proceed-
ings of EURO-C, 27-30, March, Mayrhofen, Tirol, Austria, 2006.



BIBLIOGRAPHY 145

[88] Moes, N., and Belytschko, T. Extended finite element method
for cohesive crack growth. Engineering Fracture Mechanics 69 (2002),
813–833.

[89] Moes, N., Dolbow, J., and Belytschko, T. A finite element
method for crack growth without remeshing. International Journal for
Numerical Methods in Engineering 46 (1999), 131–150.

[90] Morita, S., Fuji, S., and Kondo, G. Experimental study on
size effect in concrete structures. In Size Effect in Concrete Structures
(London, 1994), In H. Mihashi, H. Okamura, and Z.P. Bažant, Eds., E
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[104] Ožbolt, J., and Eligehausen, R. Size effect in concrete and rein-
forced concrete structures. In Fracture Mechanics of Concrete Struc-
tures (Freiburg, Germany, 1995), F.H. Wittmann, Ed., Aedificatio
Publishers, pp. 665–674.
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