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ABSTRACT
In the article ‘How long is my toilet roll-a simple exercise in mathe-
maticalmodelling’ severalmodels of increasing complexity are intro-
duced and solved to calculate indirectly the length of paper on a
toilet-roll. All these results are presented without errors. The authors
of this comment believe the error analysis of measurements made in
a laboratory is an important part of the experiment. The calculationof
the absolute errors in indirect measurements provides us with infor-
mation about the confidence that wemust have in our experimental
results. For that reason, the error calculation for all approximations
has been made.
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1. Introduction

The error analysis of measurements made in a laboratory is an important part of the exper-
iment. No measurement is free of error, even if all necessary precautions are taken into
consideration (Taylor, 1996). Accidental errors are due to statistical fluctuations and alert
us to the fact that every measurement must have its absolute error. It is a myth that some-
thing can be counted,measured, orweighedwithoutmaking an error, repeating the process
several times, as it is done by counting the ballots deposited in a ballot box. However, the
best estimate of a scientific value obtained by measuring should always have an associ-
ated absolute error (Bevington & Robinson, 2003; Drogs, 2007). This is an axiom from
Physics Labs that we always use in our experiments. In these two articles (Arribas et al.,
2015; Arribas et al., 2020) the exponent of the distance in a magnetic field of a dipole and
a quadrupole is calculated in the laboratory and, in both cases, the exponents appear with
their corresponding absolute errors. This is the purpose of this commentary.

In this article, Johnston (Johnston, 2013) calculates the length of paper on a toilet-roll
in four ways using increasingly complex models. The toilet-roll has an internal radius R
and an external radius R0, where h is the width of a layer of paper. In this way, the number
of turns the roll has is

n = R0 − R
h

(1)
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The numerical example studied in said work has the following values:

R0 = 55 mm (2)

R = 20 mm (3)

h = 0.36 mm (4)

The lengths obtained using the different four models are:
(1) Assuming that the roll consists of concentric annuli, each layer increasing in radius

by h

L1 = 2πRn + πn(n − 1)h = 22797 mm (5)

(2) Considering that the winding paper around a central spool is better approximated
by a spiral

L2 = 2πRn + πn2h = 22907 mm (6)

(3) Assuming that the paper is in a continuous sheet whereby it forms a spiral.
Interestingly, the expression obtained here is the same as that obtained in the previous
approximation

L3 = 2πRn + πn2h = L2 (7)

Equation (7) can be written as (Thatcher, 1990)

L3 = π

h
(R20 − R2) (8)

(4) The exact solution using the expression for arc length in polar coordinates (Zwill-
inger, 2003)

L4 = 2πRn + πn2h + h
4π

ln
(
1 + nh

R

)
= 22907 mm (9)

considering the approximation h/2π � R. Observe that it is just the same numerical
solution as in the previous approximation.

Finally, unrolling the toilet paper the length measured is

Lunrolling = 23200 mm (10)

All these results are presented without errors. But we believe no measure is free of
error, even if all necessary precautions are taken into consideration. For that reason, we
focused our work on the error calculation for the lengths obtained with the different
approximations.

2. Using error calculation

Our comment is motivated by the necessity to consider absolute errors when experimental
measurements are carried out.

In Equations (2) and (3) we suppose that the absolute error is given by ‘1’ in the last
significant figure. Thus,

R0 = 55 ± 1 mm (11)
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R = 20 ± 1 mm (12)

Johnston (Johnston, 2013) comments that the thickness h of the paper was obtained
by using a Vernier calliper and measuring the thickness of ten sheets of paper and then
averaging. Thus, this magnitude with its error is given by

h = 0.360 ± 0.002 mm (13)

assuming a Vernier calliper of sensitivity 0.02mm.
Firstly, we calculate the number of turns of paper from Equation (1) with its absolute

error RMS (Berendsen, 2011), assuming that the correlation between the variables is null:

εa(n) =
√(

∂n
∂R0

εa(R0)
)2

+
(

∂n
∂R

εa(R)

)2
+

(
∂n
∂h

εa(h)
)2

=
√(

1
h
εa(R0)

)2
+

(−1
h

εa(R)

)2
+

(−n
h

εa(h)
)2

= 4 (14)

Thus,

n = 97 ± 4 (15)

Then, we will calculate the absolute error and relative error related to the paper lengths
determined with the different approximations.

2.1. The error related to the length L1

From Equation (5), we observe that themagnitude L1 depends on three variables, R, n, and
h so we need three partial derivatives in order to calculate its absolute error

∂L1
∂R

= 2πn (16)

∂L1
∂n

= 2πR + πh(2n − 1) (17)

∂L1
∂h

= πn(n − 1) (18)

εa(L1) =
√(

∂L1
∂R

εa(R)

)2
+

(
∂L1
∂n

εa(n)
)2

+
(

∂L1
∂h

εa(h)
)2

= 1500 mm (19)

Therefore, the length L1 correctly expressed with its error is

L1 = 22800 ± 1500 mm = 22.8 ± 1.5 m (20)

And the relative error of this measurement is

εr(L1) = 1.5
22.8

= 0.07 = 7 % (21)

Equation (20) indicates that the interval of allowed values for the length L1 is

L1 ∈ [21.3, 24.3] m (22)
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2.2. The error related to the lengths L2 and L3

Under two different approximations, the same expression was obtained for lengths L2
and L3 (see Equation (7). From Equation (8), we observe that these lengths depend on
three variables, R0, R, and h so we need three partial derivatives in order to calculate their
absolute errors:

∂L3
∂R0

= 2πR0
h

(23)

∂L3
∂R

= −2πR
h

(24)

∂L3
∂h

= −L3
h

(25)

εa(L3) =
√(

∂L3
∂R0

εa(R0)
)2

+
(

∂L3
∂R

εa(R)

)2
+

(
∂L3
∂h

εa(h)
)2

= 1000 mm (26)

Therefore, the lengths L2 and L3correctly expressed with their error are

L2 = L3 = 22900 ± 1000 mm = 22.9 ± 1.0 m (27)

being their relative errors significantly less than the previous one

εr(L2) = εr(L3) = 1.0
22.9

= 0.04 = 4 % (28)

Equation (27) indicates that the interval of allowed values for the lengths L2and L3is

L2 = L3 ∈ [21.9, 23.9] m (29)

which is within the range of values for L1, see Equation (22).

2.3. The error related to the length L4

From Equation (9), we observe that themagnitude L4 depends on three variables, R, n, and
h so we need three partial derivatives in order to calculate its absolute error:

∂L4
∂R

= 2πn − nh2

4πR2
(
1 + nh

R

) (30)

∂L4
∂n

= 2π(R + nh) + h2

4πR
(
1 + nh

R

) (31)

∂L4
∂h

= πn2 +
ln

(
1 + nh

R

)
4π

+ hn

4πR
(
1 + nh

R

) (32)

εa(L4) =
√(

∂L4
∂R

εa(R)

)2
+

(
∂L4
∂n

εa(n)
)2

+
(

∂L4
∂h

εa(h)
)2

= 1500 mm (33)
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Therefore, the length L4 correctly expressed with its error is

L4 = 22900 ± 1500 mm = 22.9 ± 1.5 m (34)

being its relative error

εr(L4) = 1.5
22.9

= 0.07 = 7 % (35)

The interval of allowed values for the length L4is

L4 ∈ [21.4, 24.4] m (36)

3. Conclusions

On the one hand, from Equations (22), (29), and (36) it is trivial to see that the four lengths
calculated through four different models or approximations are compatible, within their
respective error intervals, there is a common area to all of them.

On the other hand, we don’t know how the length of the paper roll, Lunrolling , has been
measured directly to obtain the value shown in Equation (10). Nevertheless, the value of
this magnitude, Lunrolling = 23.2 m, is within the interval of allowed values for the lengths
L1, L2, L3, and L4 calculated through four different approximations (see Equations (22),
(29), and (36)). This means that all calculations and measurements are compatible.

Finally, if we focus on the results obtained for the varius lengths obtained with their
respective approximations, Equations (20), (27), and (34), we observe that all of them have
three significant figures. This is because themeasurements made, Equations (11), (12), and
(13), have two or three significant figures.

The calculation of the absolute errors in indirect measurements provides us with
information about the confidence that we must have in our experimental results. No
measurement is free of error, even if all necessary precautions are considered. By that, the
error calculation for all approximations has been made.
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