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Summary

All is connected in the world. Our daily life is such a mechanism full of
connections. For this reason, if we want to develop models that mimic the
real procedures, we shall include these connections in our models. Speci�-
cally, the results will be more realistic in a joint analysis of di�erent variables
than in several individual analyses. This idea is the baseline of multivariate
analysis which is a wide research area with relevant results. In particular,
although there is some literature of multivariate spatial statistics, there are
several interesting topic that are not faced yet. Furthermore, the technology
advances and the big amount of data make us to explore new ideas.

Monte Carlo Makov Chain (Gilks et al., 1996, MCMC) methods have
been the main option to analyse Bayesian multivariate spatial models for the
last decades. However, these methods are very computationally demanding
in a spatial framework, so some researchers have developed other alternatives.
For instance, INLA (Rue et al., 2009) is able to �t any model which can be
expressed as a latent Gaussian model, which are many of the most used
models in practice, in an easy and friendly framework.

The main objective of this work is to increase the number of multivariate
spatial models that INLA can �t. This idea will enable the users to �t
multivariate spatial models bene�ting from the advantages that INLA o�ers.

First of all, a multivariate model for lattice data with shared and speci�c
spatial e�ects is proposed. This model is able to detect similar spatial or
temporal patterns of di�erent variables apart from estimating the spatial and
temporal pattern of each variable. This methodology has been applied to a
dataset of three di�erent diseases and it has been computed using MCMC
and INLA obtaining similar results with both techniques.

Generalizing the model above, we have proposed another way of increas-
ing the number of multivariate spatial models which can be �tted with INLA.
There are models that can not be �tted with INLA, but after �xing some pa-
rameters the restultant model can be �tted with INLA. Therefore, focusing
on spatial models, we have discussed several ways of �xing this parameters,
for example, combining Metropolis-Hastings algorithm with INLA, that is,

xiii
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INLA within MCMC. Furthermore, an extensive description of how to per-
form multivariate inference has been done remarking that this methodology
can not only extend the models that INLA can �t, but also is useful to make
multivariate inferences on some of the model parameters.

Trying to increase the number of INLA-�ttable models, we have devel-
oped an R package called INLAMSM which uses INLA to �t some traditional
multivariate spatial models for lattice data. INLAMSM is on CRAN which is
the public repository of R packages. INLAMSM allows the user to include in
its model a multivarite spatial e�ect to account for the multivariate spatial
variability in a simple and straightforward way. The implemented models of
INLAMSM have been built through the rgeneric latent e�ect of INLA.

Following the same idea, we have proposed a novel methodology with
shared and speci�c terms that is able to �t multivariate point processes.
These spatial e�ects are considered as a latent Gaussian �eld and are es-
timated using the SPDE approximation (Lindgren et al., 2011). Therefore,
this methodology allows the user to estimate the intensity of every point pat-
tern apart from identifying what point patterns have similar spatial trends.
Hotspots are also detected by this methodology and three di�erent ways of
estimating the e�ect of exposure to risk factors have been considered.

A mortality atlas have been developed by applying the developed method-
ologies for lattice data. This atlas considers di�erent diseases in the Castilla-
La Mancha (Spain) region at municipality level. We have used the classical
model exposed in Besag et al. (1991)to �t the spatial models and the results
are shown and discussed for each disease. Therefore, an interesting and rele-
vant application of the developed methodologies has been shown supporting
the relevancy of the developed methodologies.

Finally, we can state that INLA o�ers an straightforward framework to
�t mutlivariate spatial models. Although there are a good amount of models
that INLA can not �t, we have shown that there are di�erent techniques to
extend this list, so multivariate spatial models can be tackled with INLA.
We have also shown that the developed methods are able to �t multivariate
spatial models and also detecting common spatial patters between variables
which is a convenient feature, for example, in the analysis of several diseases
in an epidemiological context.



Resumen

Nada se encuentra aislado en este mundo, todo está conectado en la vida
real. Por lo tanto, una mejor forma de entender el mundo y sus mecanis-
mos es incluir estas interacciones y tratar de estimarlas. Introducir dichas
interacciones en estadística pasa por modelizar un conjunto de variables en
vez de una variable solo, es decir, plantear un modelo multivariante. En el
caso de la estadística espacial, aunque sen han desarrollado ciertos modelos
multivariantes espaciales, siguen habiendo ideas interesantes que no se han
estudiado, así como, el gran avanze de la tecnología y de la era de los datos
nos incita a cambiar la forma de ver los modelos multivariantes.

Desde hace unos años el ajuste de los modelos Bayesianos multivariantes
espaciales se ha venido relizando con métodos Makov Chain Monte Carlo
(Gilks et al., 1996, MCMC) los cuales suelen necesitar un tiempo de com-
putación bastante elevado. Esta ha sido la razón que algunos autores han
diseñado otros métodos distintos como, por ejemplo, the integrated nested
Laplace approximation (Rue et al., 2009, INLA) eñ cual es capaz de ajustar,
de forma mucho más rápida y sencilla, cualquier modelo multivariante que
pueda ser expresado como un campo aleatorio Gaussiano latente. Aunque
la lista de modelos que INLA puede ajustar es bastante extensa, muchos
modelos espaciales multivariantes no se pueden ajustar directamente.

El objetivo principal de esta tesis doctoral ha sido aumentar el número
de modelos que INLA puede ajustar en el contexto multivariante, ofreciendo
así la posibilidad de que los modelos Bayesianos multivariantes espaciales
también puedan disfrutar de las ventajas de INLA.

En primer lugar, en esta tesis hemos propuesto un modelo multivariante
para datos en areas con efectos compartidos y efectos especí�cos qué per-
mite detectar que variables siguen un patrón espacial o temporal similar,
además de estimar el patron espacial y temporal de cada variable. Datos
de tres enfermedades distintas se han analizado utilizando esta metodología
con MCMC e INLA obteniendo resultados muy similares entre ambos.

Generalizando el ejemplo anterior, hemos propuesto otra forma de am-
pliar el número de modelos multivariantes espaciales que INLA puede ajus-
tar. Hay algunos modelos que INLA no puede ajustar, pero si �jamos algunos
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parametros el modelo restante si se puede ajustar con INLA. Por lo tanto,
centrándonos en los modelos espaciales, hemos detallado distintas formas
de �jar un conjunto de parámetros como por ejemplo combinando el algo-
ritmo Metropolis-Hastings e INLA, es decir, técnicas MCMC combinadas
con INLA. Pero sobretodo, se ha descrito como llevar a cabo la inferencia
multivariante de un subconjunto de parámetros los parametros. Además, la
inferencia multivariante que ofrece esta metodología está enfocada a partir
de las distributciones a posteriori conjuntas, cosa que no se puede obtener
con INLA.

Siguiendo la misma línea de aumentar el número de modelos que INLA
puede ajustar, hemos desarrollado un paquete de R llamado INLAMSM que
utiliza INLA para ajustar algunos modelos multivariantes clásicos utiliza-
dos para analizar datos en areas. INLAMSM está disponible en el repositorio
público (CRAN) del propio software R. Este paquete permite al usuario
introducir en su modelo un efecto multivariante que tenga en cuenta la vari-
abilidad espacial de una forma simple y sencilla. Los modelos multivariantes
para datos en áreas que se han implementado en dicho paquete se han con-
struido mcon el efecto rgneric de INLA.

Sin cambiar el objetivo hemos propuesto una nueva manera de modelizar
patrones puntuales multivariantes utilizando efectos compartidos y efectos
especí�cos que son estimados utilizando la aproximación SPDE a procesos
Gaussianos. Esta metodología nos permite estimar la intensidad de los dis-
tintos procesos además de detectar qué patrones puntuales tienen una ten-
dencia espacial similar. Dicha metodología también nos permite descubrir
las áreas o zonas que tengan un comportamiento especí�co distinto. Tam-
bién hemos considerado la introducción de covariables que dependen de la
distancia de tres formas distintas con el objetivo de incorporar el posible
efecto de exposición de factores externos.

Uno de nuestros objetivos es aplicar los modelos espaciales a contextos
prácticos para ayudar a resolver problemas reales, como por ejemplo, a la
cartografía de enfermedades y la epidemiología. Siguiendo esta idea, hemos
dessarrolado un atlas de mortalidad para la región de Castilla-La Mancha
(España). Dicho atlas cubre la necesidad de mostrar la distribución espacial
del riesgo relativo de las distintas enfermedades a nivel municipal. Para
ajustar los modelos espaciales hemos utilizado la aproximación propuesta en
Besag et al. (1991).

Finalmente, podemos concluir que INLA ofrece un entorno sencillo y
favorable para el análisis de modelos Bayesianos multivariantes espaciales
y aunque la lista de modelos que se pueden ajustar con INLA no cubra
todos los models, existen diferentes técnicas que permiten utilizar INLA y
por tanto sus ventajas. Los métodos desarrollados son capaces de ajustar
modelos multivariantes para datos en áreas y patrones puntuales utilizando
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INLA y son capaces de detectar variables con el mismo patrón espacial, cosa
que puede ser un aspecto muy relevante, por ejemplo, en la cartografía de
enfermedades.
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Chapter 1

Introduction

1.1 Spatial data

It is reasonable to think that closer observations in space tend to be more
similar that those that are further away. This idea is what Waldo Tobler
stated as the �rst law of geography. According to him, everything is related
to everything else, but closer things are more related than distant things.
This statement has been denoted as the basis of the spatial statistics and
the motivation of including georeferenced information in statistical models.

Modelling the spatial variability has been studied by di�erent authors
and several reviews and handbooks about how to model spatial data have
been published in the last few years (see, for example, Elliott et al. (2000)
or Gelfand et al. (2010)). Simple spatial models focus on quantifying the
spatial variability, but more complex ones include to model total variability.
Therefore, including a (commonly additive) term in the linear predictor of
a hierarchical Bayesian model is the most common situation to take into
account the spatial variability in a spatial model.

Spatial variability is usually studied depending on the type of the data
that is analysed. Following the distinction of Cressie (1992) and Banerjee
et al. (2014) spatial data can be classi�ed in three basic types:

� Lattice data, when the spatial study domain is divided in regular or
irregular areas with well-de�ned boundaries. In this case, the response
variable y(s) is a vector of aggregated random values (one for each area)
with the length equal to the number of areas in which the domain is
divided. In addition, other information may be available for the areas.

� Geostatistical data, when the response variable y(s) is a vector located
at point s that varies continuously over a �xed domain D.

� Point pattern, when y(s) is a set of locations of random events that have
emerged or have been observed in a region D. In addition, some extra
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Figure 1.1: An example for the three di�erent types of data, from left to right:
lattice data, geostatisitcal and point pattern data. The left plot shows an
estimation of the stomach cancer risk in Spain per provinces (Gómez-Rubio
et al., 2019). The middle plot contains an estimation of the concentration
of copper in the surroundings of the Meuse river (Netherlands). Finally, the
right plot shows the location of each control in a case-control study (Palmí-
Perales et al., 2019) in Alcalá de Henares (Madrid, Spain).

information can be provided about the characteristics of the events
leading to a marked point pattern.

1.1.1 Multivariate spatial data

Real life is a continuous �ux of interactions and dependencies. Spatial statis-
tics also consider the possibility of analysing di�erent variables jointly, so the
degree of dependence between them can be estimated. Multivariate spatial
models perform a joint analysis of several variables and, as the univariate
case, also can be classi�ed in three data types.

When the domain D is divided in n areas and for each one of these areas
measures or counts of several (P ) variables are available, the resulting data
are denoted as multivariate lattice data. When the P di�erent variables are
measured continuously over all the D region and n measurements are done at
the same (or di�erent) locations of the study region, the resulting dataset is
a multivariate geostatistical dataset. Finally, in the case that the dataset is
composed of the locations of several events who belong to P di�erent groups,
the dataset is denoted as a multivariate point pattern.
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1.2 Modelling spatial data

1.2.1 Lattice data

When the data are collected from n non-overlapping subdivisions of D, the
resulting spatial data are called lattice data. In this case, data y(s) take
a di�erent value in each of these subdivisions of D so they can be written
as a vector of length n. That is, yi, i = 1, . . . , n. Areas that share a
common border are considered neighbours, therefore, each area has a number
of neighbours ni (i = 1, . . . , n) that capture the real spatial structure of D.

Neighbourhood can be de�ned in several ways: considering areas with a
common border, taking the distance between the centroids of each area or a
number of nearest neighbours. The proximity, structure or adjacency matrix
W is used in order to re�ect this neighbourhood structure. W entries wij
connect i and j areas in some fashion. For instance, one of the most common
is the binary option where wij = 1 in the case that i and j are neighbours
and 0 otherwise.

Statistical modelling of a �nite collection of spatial random variables is
often done through a Markov random �eld (MRF) which can be speci�ed
through the set of conditional distributions of one component given all the
others. Therefore, under the local Markovian property the i-th entry of y is
independent of all the other areas, given the set of its neighbours ni, then

yi ⊥ y−i|yj ; ∀j i

where y−i refers to all the entries of y except i and its neighbours and i j
indicates that the areas i and j are neighbours of yi. This procedures lead
to an sparse Q precision matrix which reduce de computational costs of the
inference. Speci�cally, for any pair (i, j) of areas

yi ⊥ yj |y−ij ⇔ Qij = 0

where y−ij are the rest of the entries of y except for i-th and j-th entries and
their neighbours.

In the case that y is distributed following a Gaussian distribution, the
distribution π(y) is de�ned as

π(y) = (2π)−n/2|Q|1/2 exp(−1

2
(y − µ)TQ(y − µ))

where µ is the mean of the proces and Q is symmetric and positive de�nite
precision matrix. Then y is de�ned as a Gaussian Markov Random Field
(GMRF, Rue and Held (2005)) in which the precision matrix can be speci�ed
as a function of the adjacency matrix, W mentioned above.
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Therefore, several options can be considered in order to model spatial
data with a neighbourhood structure. Here, we will focus on the conditional
autoregressive speci�cation (CAR, Besag (1974)). So, as before, let us con-
sider a vector y of n components in which each yi has ni neighbours. Then,
the conditional distribution of yi, is expressed as:

yi|y−i ∼ Normal(µi + Σj 6=ibijyj , τi); i = 1, . . . , n

where µi and τi are the mean and the precision for the area i, y−i are all
the entries of y except of i and bij are the entries of B matrix which can be
understood as the weights that measure the contribution of the other areas
to the i-th area. Without loss of generality we can assume that µi = 0; ∀i =
1, . . . , n. Using Brook's Lemma, the above conditional distribution leads to
a joint distribution which can be speci�ed as:

p(y1, . . . , yn) ∼MVNormal(0,Σy = (I −B)−1D)

where D is a diagonal matrix with τ2
i entries in the diagonal.

The neighbourhood structure is introduced in matrix B which is a func-
tion of the adjacency matrix W . Speci�cally, we take bij = wij/wi+ and
τ2
i = τ2/wi+ where wij are the entries of the proximity matrix W and wi+
is the sum of the i-th row. Therefore, with this de�nition of bij , the expres-
sion

bij
τ2
i

=
bji
τ2
j

is satis�ed for all i, j. Therefore, the precision matrix Σ−1
y = D−1(I −B) is

symmetric and the conditional distributions take the form:

yi|y−i ∼ Normal(Σj 6=i
wijyj
wi+

,
τ2

wi+
); i = 1, . . . , n

and the joint distribution becomes a multivariate normal

p(y1, . . . , yn) ∼MVNormal(0, τ2 · (Dw −W )−1)

where Dw is diagonal with (Dw)ii = wi+.

Note that, the precision matrix Σ−1
y = (Dw −W ) is singular, so Σy does

not exist. Thus, a constraint such as ΣiYi = 0 would provide the needed
centering. This model called the intrinsic CAR (ICAR) model.

The way of avoiding this impropriety is by de�ning the precision matrix
as Σ−1

y = (Dw − ρW ) where ρ is chosen to make Σ−1
y non singular. In

particular, when 1/λ(1) < ρ < 1/λ(n) where λ1 < λ(2) < . . . < λ(n) are
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the ordered eigenvalues of D−1/2
w WD

−1/2
w , this non-singularity is guaranteed

(Banerjee et al., 2014). Now the conditional distributions are expressed as:

yi|y−i ∼ Normal(ρΣj 6=i
wijyj
wi+

,
τ2

wi+
); i = 1, . . . , n

and the joint distribution becomes

p(y1, . . . , yn) ∼MVNormal(0, τ2 · (Dw − ρW )−1).

In this case, this distribution is known as the proper CAR (PCAR) dis-
tribution.

Disease mapping

Areal data models have been used in di�erent contexts and have been ap-
plied in di�erent areas, such as econometrics or image restoration. Methods
developed in this work have been applied in a disease mapping context, but
all the methods developed can be used to analyse any type of multivari-
ate spatial data. The main reason has been that spatial epidemiology is an
important research area and we have had the opportunity of working with
di�erent real datasets.

Methods for the analysis of lattice data are widely used in disease map-
ping with the objective of estimating the spatial pattern of the risk of a
particular disease across areas (usually administrative regions). Speci�cally,
the relative risk of a speci�c disease is the ratio of the probability of an out-
come in a group exposed to a risk factor divided by the same probability but
in a group that is not exposed to this risk factor.

Here, datasets record counts of deaths or cases of a particular disease and
estimating its relative risk is the object of interest. A common and simple
approach is to consider the standard mortality or morbidity ratio (SMR)
which is the ratio of the observed cases Oi and the number of expected
cases Ei for each area i (i = 1, . . . , n) taking into account commonly age
and gender reference rates rj (j = 1, . . . , J gender and age groups) and the
census population counts Pij . While Oi are values collected (data), Ei are
regarded as �xed values depending on the population values Pij :

Ei =

J∑
j=1

Pijrj

where the rates rj are �xed using Oi observed data as follows

rj =

∑n
i=1Oi∑n
i=1 Pij
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This process is called internal standardization since it is based only on the
data from the study region. Also, the expected cases can be interpreted as
the number of cases assuming no spatial relevant di�erences of the relative
risk across areas.

Throughout this work, we assume that the expected counts are already
available and calculated using internal standardization. However, other al-
ternatives of computing Ei are summarized in Elliott et al. (2000). The
usual approach is to model the number of cases using a Poisson distribution
as follows:

Oi ∼ Po(Ei ·RRi); log(RRi) = ηi; i = 1, . . . , n

where RRi and ηi are the relative risk and the linear predictor, respectively.
Thus, a relative risk of 1 means that the risk is as the average in the reference
region and it will be of interest to locate regions where the relative risk is
signi�cantly higher than 1. The way ηi is de�ned determines the model
that is going to be used. For example, if the relative risk is thought to be
dependent of area-level covariates it can be modelled as:

log(RRi) = ηi = α+ βXi; i = 1, . . . , n

with α an intercept and β a vector of coe�cients of covariates Xi. This
expression is able to account for other �xed and random e�ects or smooth
terms which can be included additively using, for example, the proper or
improper version of the CAR speci�cations.

1.2.2 Geostatistical data

Geostatistical data are formed by a group of observations of a continuous
variable over the study region D. Speci�cally, y(s) is a continuous stochastic
process with s ∈ D which is usually assumed to follow a Gaussian distribu-
tion. So {y(s) : s ∈ D} is called a Gaussian Process and the geostatistical
data are the realizations of this spatial process.

In particular, {y(s) : s ∈ D} is called a Gaussian �eld (GF) when, for any
n and for each vector of locations (s1, . . . , sn), the vector (y(s1), . . . , y(sn))
can be expressed as:

y = (y(s1), . . . , y(sn)) ∼MVNormal(µ,Σ)

where µ = (µ(s1), . . . , µ(sn)) is the mean of the Gaussian distribution and Σ
is a spatially structured covariance matrix. The entries of Σ, Σij are usually
expressed as Cov(y(si), y(sj)) = C(y(si), y(sj)).

GFs are usually assumed to be stationary and isotropic. The �rst prop-
erty is accomplished when the mean function is constant in space, µ(si) =
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µ ∀si ∈ D and the spatial covariance depends only on the distance between
two observations, that is,

Cov(y(si), y(sj)) = C(si − sj)∀si, sj ∈ D

The isotropy property is guaranteed when the covariance function does not
depend on the direction, in other words, the covariance function just depend
on the Euclidean distance

Cov(y(si), y(sj)) = ||si − sj ||; ∀si, sj ∈ D

When modelling a GF S(x) with their covariance matrix Σ, some care
has to be taken in order to avoid big computational costs due to the structure
of this covariance matrix. Dense covariance matrices produce high computa-
tional costs, while sparse matrices reduce substantially this computing time.

Kriging (Matheron, 1963) has been a classical approach to model a con-
tinuous spatial process over a region D. In this work, within a Bayesian
framework, other alternatives are considered. However, for a detailed de-
scription, chapters 2 and 3 of Banerjee et al. (2014) and chapter 3 of Gelfand
et al. (2010) are recommended.

A computationally e�cient option to deal with the modelization of con-
tinuous Gaussian �elds are the Stochastic Partial di�erential approximation
(Lindgren et al., 2011, SPDE). The authors found an explicit link between
Gaussian �elds with Matérn covariance function and Gaussian Markov ran-
dom �elds through a stochastic partial di�erential equation (SPDE). The
SPDE approach consists in representing a continuous spatial process (such
as GF) using a discretely indexed spatial random process (such as GMRF).

An stationary GF z(s) with Matérn covariance function can be expressed
as:

Cov(z(si), z(sj)) = Cov(d) = σ2 21−ν

Γ(ν)
(κd)νKν(κd)

where d = ||si− sj || represents the euclidean distance between two locations
si and sj , σ is the marginal variance, κ > 0 is a scaling parameter related
with the e�ective range r usually stated as r =

√
8ν/κ and Kν denotes the

modi�ed Bessel function of the second kind and order ν > 0 which measure
the degree of smoothness of the process. Lindgren et al. (2011) state that
this GF is the exact and stationary solution (but a weak solution in an
stochastically sense) to the linear fractional SPDE:

(κ2 −∆)α/2τz(s) =W(s)

where s ∈ Rd, ∆ is the Laplacian, α = ν+d/2 is the smoothness parameter,
κ is the scale parameter and τ controls the variance. W(s) is a Gaussian
spatial white noise process.
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The link between the above SPDE and the parameters of the Matérn
parameters is given by the relationship involving parameters ν and σ and is
shown in these equations (which can be generalized for a �nite number of
dimension, here, just 2 dimensions are considered):{

ν = α− 1

σ2 = Γ(ν)
Γ(α)(4π)κ2ντ2

In R-INLA, α = 2 as a default value, equivalently ν = 1, but 0 ≤ α < 2
are also available, although not fully tested (Lindgren et al., 2011)). In the
case that α = 2, the value for the e�ective range r (the e�ective range is
de�ned as the distance between the event and the point where the correlation
begins to be negligible) and the marginal variance of the �eld σ are given
by:

r =
√

8/κ

σ2 = 1/(4πκ2τ2)

The stationary and isotropic Matérn Gaussian �eld is approximated using
the �nite element method through a basis function representation de�ned
on a triangulation (a set of nonintersecting triangles where any two triangles
meet in at most a common edge or corner) of the domain D, which is usually
called mesh and is built following Delaunay triangulations. This triangula-
tion is able to adapt di�erent elements of the real region through a �exible
partition into triangles using several features such as the maximum edge or
the minimum angle of each triangle.

The basis functions are chosen to have a local support and to be piecewise
linear in each triangle. Further details can be founded in Krainski et al.
(2019). It is worth mentioning that R-INLA has an internal representation
in which the SPDE parameters are considered in the log-scale in order to
allow a more stable optimization process, so the parameter who controls the
range is θ1 = log(τ) and the parameter which controls the marginal variance
is θ2 = log(κ).

The stationary assumption may not be appropriate in some cases. For
example, when analysing real data over a really heterogeneous region. In this
case, the SPDE approach can be generalized to the non-stationary version
(Lindgren et al., 2011; Steinsland et al., 2013) by considering an spatially
varying version of the parameters of the SPDE: κ(s) and τ(s). In this case,
the SPDE equation is rewritten as

(κ(s)2 −∆)α/2τ(s)z(s) =W(s)
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with s ∈ R2. In addition, the above link between the SPDE and Matérn
parameters is not valid. However, nominal approximations to the variance
and to the range can be obtained if the spatial correlation interaction between
the non-stationary parameter �elds is disregarded. The approximations take
the following shape for the case implemented in R-INLA (α = 2):

σ2(s) ≈ 1

4πκ(s)2τ(s)2

r ≈
√

8

κ(s)

It is worth mentioning that these approximations are valid when the pa-
rameters κ and τ vary slowly with s. More advanced features and other
interesting topics of spatial modelling with INLA using the SPDE approxi-
mation can be found in Krainski et al. (2019).

1.2.3 Point patterns data

Point pattern data can be de�ned as a �nite set of points in the plane which
can be interpreted as a realization of a stochastic process which is called a
point process. A point process is a mathematical abstract concept used to
represent a random mechanism whose outcome is the appearance of di�erent
events (points). The aim of point process analysis is to explain the spatial
distribution of the random events.

Considering a bounded and connected region D of the plane (D ⊂ R2),
yi (i = 1, . . . , N) is a random realization of the point process Y which is
determined by a number of random points N . N is also used to denote a
count function, that is, for each B ⊂ D, N(B) counts the number of points of
B. Assuming that B is bounded, the expectation of N(B) can be computed
as the mean number of points per area unit of the point process Y in B.
This concept is known as the intensity λ of the point process .

Formally, a probabilistic model for Y could be speci�ed placing a distri-
bution over all posible realizations in D. However, in practice, specifying a
distribution is challenging in the sense that this distribution must be over
a countable set (for more details see for example Banerjee et al. (2014)).
Therefore, we will begin with the Poisson point process in order to under-
stand better more complex models. Furthermore, the Poisson process plays
a relevant role in the interpretation of point processes as a reference or null
model, leading to automatic statistical applications (Diggle, 2003).

A Poisson process over a bounded set D driven by the intensity function
λ(x) is determined by two features: the distribution of counts is a Poisson
distribution, that is, ∀B ⊂ D, N(B) ∼ Po(λ(B)) where λ(B) =

∫
B λ(x)dx
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and for any pair of disjoint subsets A,B ⊂ D, the random variables N(A)
and N(B) are independent. Speci�cally if the intensity is uniform (homo-
geneous over the region), that is, λ(x) = λ, ∀x ∈ B, the process is called
homogeneous point process .

The assumption of an uniform intensity does not re�ect real situations in
which the intensity of a point pattern usually varies over the region. This pro-
cess is called non-homogeneous (or inhomogeneous) Poisson process (Diggle,
2003) where the intensity is function of the spatial location: λ(x) ∀x ∈ B.
Inhomogeneous Point process can be used to model continuous processes by
modelling the spatial-varying intensity as:

λ(x) = λ0 exp(βx)

where a vector of covariates x modulates the underlying spatial distribution
λ0.

Furthermore, if the intensity function λ(x) is random, the process is
called a Cox process which has to be thought as a double-random process in
which the intensity function (known as driving intensity) is estimated �rst
and then, knowing λ(x) estimating the realization of the point process Y .

A Cox process is an understandable concept considering a Bayesian hi-
erarchical modelling framework in which the �rst level models the counting
measure N(B) over B of the point process Y meanwhile the intensity of the
point process is modelled in the second level of the hierarchical structure.
A more formal way to de�ne a Cox process is to consider a stationary non-
negative valued random �eld Λ(x), then, a realization of this random �eld
λ(x) is taken for all x values in the domain. Therefore, given this realiza-
tion, the points of the corresponding realisation of the Cox process follow an
inhomogeneous Poisson whose intensity is the proper λ(x).

Log-Gaussian Cox processes (Møller et al., 1998) are a particular case
of Cox processes where the logarithm of the intensity can be expressed as a
Gaussian latent �eld, that is,

log(λ(x)) = S(x)

where S(x) follows a Gaussian distribution.

Case-control studies

It is worth remarking that in some speci�c situations the intensity depends
on another spatial process. One example is spatial epidemiology studies, in
which the cases of a disease have to be expressed according to the population
at risk. Thus, a ratio between the number of cases and the population at risk
is usually reported which is equivalent to the fact that the spatial varying
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intensity of disease cases is proportional to the spatially varying population
density.

One example of these epidemiological studies is case-control studies.
These studies compare two groups of individuals: those with the disease
or condition under study (cases) and a another group that do not su�er
from the disease or condition (controls). Point patterns techniques are often
applied to case-control studies in order to account for the spatial pattern of
the disease which can be in�uenced by the exposure to pollution sources or
other external factors

In particular, case-control studies are usually considered in an spatial
context in order to assess whether the spatial distribution of the cases follows
that of the controls or departures from this one appear in some areas due
to any external factor. The use of a set of controls in the analysis of the
locations of cases of a disease is important for two reasons. First of all, it
allows for adjusting for the spatial distribution of the population at risk.
Secondly, by comparing the cases and the controls it is possible to identify
risk factors associated to the disease.

1.3 Modelling multivariate spatial data

Collecting data and analysing it is a common procedure in many di�erent
disciplines. These real datasets are built of di�erent variables which belong
to the same real scenario, so they may be connected in some way. For ex-
ample, di�erent species of the same family or di�erent diseases with similar
ethologies (Martinez-Beneito and Botella-Rocamora, 2019). Moreover, this
group of variables may show similar patterns which can be important to anal-
yse. Therefore a multivariate modelling of the di�erent variables is always
worth considering in order to obtain better estimates of the shared e�ects.
At the same time, the methodology shall allow for speci�c departures from
any shared pattern.

1.3.1 Multivariate areal data

There are di�erent options to model multivariate areal data, the multivariate
generalization of the CAR models (MCAR) are a common one. Let us con-
sider a matrix φT = (φ1, φ2, . . . , φn) where each φi = (φi1, φi2, . . . , φp1)T is
p×1. The joint distribution is derived form the full conditional distributions
which, under the Markov random �elds assumption, can be speci�ed as:

p(φi|φi 6=j ,Γi) = N(
∑
i∼j

Bijφj ,Γi), i, j = 1, . . . , n
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where Γi and Bij are p × p matrices. The joint distribution is yield by
the full conditional distributions following a generalization of the Brook's
Lemma and takes the form:

p(φ|{Γi}) ∝ exp{−
1

2
φTΓ−1(I − B̃)φ}

where Γ is block-diagonal with blocks Γi and B̃ is np×np with (i, j)-th block
Bij and symmetry of Γ−1(I − B̃) is required.

Setting Bij = bijIp×p which yields the symmetry condition bijΓj = bjiΓi
an special convenient cases arise. Moreover, taking bij = wij/wi+ and Σi =
w−1
i+ Σ where wij are the entries of the adjacency matrix W and wi+ is

the sum of the ith row. Furthermore, using Kronecker products enables
simplifying the notation setting B̃ = B ⊗ I with B = bij and Γ = D−1 ⊗ Σ
where D is a diagonal matrix with the entries wii. Therefore

Γ−1(I − B̃) = (D ⊗ Σ−1)(I −B ⊗ I) = (D −W )⊗ Σ−1

where it is worth mentioning that (D −W ) is singular. This distribution is
denoted MCAR(1,Σ) and is often called the improper MCAR distribu-

tion.

In order to consider the proper version, the conditional distributions are
rewritten as:

p(φi|φi 6=j ,Γi) = N(Ri
∑
i∼j

Bijφj ,Γi), i, j = 1, . . . , n

where Ri is p×p and, now, Γ−1(I−B̃R) where B̃R has (i, j)th block equal to
RiBij . In addition, if Γ−1(I − B̃R) is positive de�nite, then the conditional
distributions uniquely determine the joint distribution

φ ∼ N(0, [Γ(I − B̃R)]−1)

where the symmetry condition still satis�ed. In addition, for any arbitrary
positive de�nite Λ (Γi = w−1

i+ Λ) and without loss of generality:

Σ−1 = Γ−1(I − B̃R) = (D − ρW )⊗ Λ−1

where Σ is the np×np variance-covariance matrix of Σ which has a separable
structure and is nonsingular leading in a joint distribution:

φ ∼ N(0, [(D − ρW )⊗ Λ]−1)

which model, following notation of Gelfand and Vounatsou (2003) and Carlin
et al. (2003), is denoted byMCAR(ρ,Σ) also known as the proper MCAR

distribution.
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In this previous distribution, ρ has a common value for all the variables,
but an extension can be considered assuming di�erent values of ρ. Thus,
instead of considering Ri = ρIp×p, i = 1, . . . , n di�erent parameters can be
considered. Let us continue with p = 2 in order to simplify the notation
(these results can be extended to any number of variables). In this case, the
variance-covariance matrix is determined as

Σ =

(
(D − ρ1W )Λ11 (D − ρ3W )Λ21

(D − ρ3W )Λ12 (D − ρ2W )Λ22

)−1

where Λij are the entries of the Λ matrix. Note that three di�erent spatial
autocorrelation ρi parameters are needed . Speci�cally, ρ1 and ρ2 are the
ones for each inidividual (in the case of disease mapping for each diseases)
and ρ3 is the parameter that links both individuals (link or relationship
between diseases). Is not easy to check for the positive de�niteness of this
general covariance matrix as they depend upon the Λ matrix (Banerjee et al.,
2014).

Another generalization of the MCAR separable model was developed by
Carlin et al. (2003) and Gelfand and Vounatsou (2003). Both approaches
wrote the precision matrix Σ−1 as

(
UT1 U1Λ11 UT1 U2Λ21

UT2 U1Λ12 UT2 U2Λ22

)
=

(
UT1 0
0 UT2

)
(Λ⊗ In×n)

(
U1 0
0 U2

)
where UTk Uk = D − ρkW , k = 1, 2. However, the �rst ones applied the
Cholesky decomposition ofD−ρkW and the second approach used a spectral
decomposition. Besides they used di�erent decompositions. Both approaches
allow considering di�erent spatial autocorrelation parameters ρk for each k
meanwhile Λ controls the non-spatial correlation among di�erent variables
(diseases) at any given locations. Bearing in mind that both decompositions
lead to a de�nite positive covariance matrix, the joint posterior for p diseases
is written as:

φ ∼ Nnp(0, [Diag(UT1 , . . . , U
T
p )(Λ⊗ In×n)Diag(U1, . . . , Up)]

−1)

This distribution is denoted as MCAR(ρ1, . . . , ρp,Λ).

It is remarkable the fact that often the spatial analysis of several diseases
relies on multivariate models with shared spatial e�ects to capture similar
patterns. For example, Knorr-Held and Best (2001) use this approach to
model two diseases by considering a shared spatial term in the model with a
di�erent weight for each disease. Downing et al. (2008) propose a model with
several spatial e�ects to model six cancers jointly. Botella-Rocamora et al.
(2015) and Martinez-Beneito et al. (2016) propose a general approach for
multivariate disease mapping that can help to identify diseases with similar
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spatial distributions. Marí-Dell'Olmo et al. (2014) use a smoothed analysis
of the variance for the analysis of several diseases in ecological models.

For instance, a simple example of a multivariate model with shared spa-
tial e�ects can be detailed with two diseases j = 1, 2 in a region divided into
n areas (i = 1, . . . , n). Let us consider Oij the observed cases of the disease
j at the area level i which is modelled using a Poisson as:

Oij ∼ Po(Eij ·RRij)

where Eij are the expected cases of the j disease at the i area and RRij is
the relative risk of the disease j at the area i, which is de�ned separately in
a second level as:

log(RRi1) = α1 + φi + ψi1

log(RRi2) = α2 + φi + ψi2

where αj is the intercept of the j disease, φi is a shared spatial e�ect between
the two diseases and ψij is the spatial speci�c e�ect of the disease j. Here,
a shared spatial term and speci�c spatial terms are considered so in the case
that the two diseases have similar spatial pattern this will be accounted by
φi and the speci�c spatial terms will only pick up the areas which re�ect a
high di�erence between the spatial behaviour of the diseases.

1.3.2 Multivariate geostatistical data

When several variables (or features) y = (y1, y2, . . . , yp)
T are measured in

every point of a set s = (s1, . . . , sn) ∈ D multivariate spatial processes have
to be used to analyse these data. The objective of multivariate geostatistical
methods is to capture the association both within every yj(s) and between
the di�erent yj(s).

Speci�cally, yj(s); ∀s ∈ D) represents a spatial continuous process in D
for j = 1, . . . , p. Therefore, a multivariate normal distribution with a Matérn
covariance function can be assigned for each variable yj(s) assuming that
each of these variables'distribution is a Gaussian Field. Each of these GFs
can be approximated as a GMRF using the SPDE approximation (Lindgren
et al., 2011).

Other multivariate geostatistical methods can be considered. For in-
stance, kriging has been extended to the multivariate context in several ways
such as the co-kriging technique (Wackernagel, 2013) or the kriging with a
drift (Royle and Berliner, 1999). However, as the univariate case, these tech-
niques are not going to be the focus of this work. For detailed explanations
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of these techniques see chapter 28 of Gelfand et al. (2010) and chapter 9 of
Banerjee et al. (2014).

There are di�erent ways of capturing the possible similarities in the spa-
tial patterns of the di�erent continuous processes of y. One alternative is
to consider shared terms between variables giving the possibility of captur-
ing common spatial patterns of the di�erent e�ects and so discovering what
variables have a similar one. For instance, let us analyse a bivariate (p = 2)
simple example.Assiming that we have two e�ects y(s) = (y1(s), y2(s)) both
evaluated at n di�erent points s = (s1, . . . , sn). Therefore, we can consider
that the data are distributed as Normal distributions with their own means
and precisions as follows:

yj(s) ∼ Normal(µj(s), τj); s ∈ D; j = 1, 2.

where τj is the precision of the j variable and µj(s) is the mean of the
measure that varies over D and can be modelled in a second level as:

µ1(s) = α1 + u0(s) + . . .

µ2(s) = α2 + u0(s) + u1(s) + . . .

where αj is the intercept of the j variable and u0(s) and u1(s) other latent
e�ects. Here, αj estimate the average of the spatial process, so then the
spatial e�ects are centred on 0. u0(s) is a common spatial e�ect that cap-
tures the shared spatial pattern of the two variables and S1(s) is the speci�c
spatial patterns of the second variable that account for the areas that show
departures of the shared e�ect, that is, the di�erences between the spatial
patterns of the two variables.

In the case that the two variables share a similar pattern, the shared e�ect
will account for all the spatial variability and the speci�c e�ect of the second
variable can be negligible. However, in the case that the two variables have
di�erent spatial trends, the shared e�ect will capture the spatial pattern
of the �rst variable and the speci�c spatial e�ect will capture the spatial
pattern of the second variable.

1.3.3 Multivariate point pattern data

A marked point pattern is a point pattern in which each additional informa-
tion (called �marks�) is attached to every point. Therefore, a multivariate
(or multitype) point pattern is a marked point pattern where the mark is
a categorical variable. All known processes such as homogeneous and inho-
mogeneous Poison processes can be generalized. For further details see, for
example, Baddeley et al. (2015a) and Illian et al. (2008).
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Speci�cally, a multivariate Cox process withM marks (M di�erent point
patterns) is equivalent to M Cox processes in R2 with random intensity
functions λ1(s), . . . , λM (s). In addition, a multivariate Cox process has in-
dependent components if and only if the random intensities are independent.

A particular case of the multivariate Cox processes are the log-Gaussian
Cox processes (LGCP) where the logarithm of the intensity functions
log(Λ1(s)), . . . , log(ΛM (s)) are distributed as Gaussian random �elds, in
other words, for each location s, the log-intensities have an M -dimensional
Gaussian joint distribution. This model framework of the log-Gaussian Cox
process have been widely used in geostatistics and point process analyses.
For instance, Diggle et al. (2013) showed the usefulness of these approach
through 4 di�erent applications. One of these applications is based on build-
ing maps of disease risk, which is an important part of Public Health research
and is often analysed using case control studies. Furthermore, modelling the
intensity of the cases and controls can be approached by means of a log-
Gaussian Cox process accounting for the covariates e�ect, in the case that
this covariate information were available.

Point processes can be used to study the spatial risk variation taking the
ratio of the intensities of cases and controls. This model is also useful in the
detection of local hotspots or areas with a larger number of cases even after
considering the spatial distribution of the population. Cases and controls
often came with associated covariates which enables the assessment of possi-
ble risk factors. These covariates are commonly socio-economic variables but
it is also possible to consider covariates that measure exposure to putative
pollution sources. Distance to these pollution sources is easy to compute
(knowing the location of the pollution sources) in the case of point patterns
and is the common way to consider the exposure to the possible pollution
sources.

Speci�cally, in a case-control analysis, a semi-parametric modelization
of the cases' intensity can be considered as a modulation of the intensity
of the controls produced by the covariates. In case of having several types
of points, an extension of these methods can be reached by estimating the
intensity of each point type and the distribution of the probability of being a
point of each type can be computed (Diggle et al., 2005; Diggle, 2003). Monte
Carlo methods have been used to study the spatial risk variation with the
disadvantage of the large computational times needed to asses whether risk
is constant over the domain.

1.4 Bayesian inference

Some developments in spatial statistics in recent years have been developed
within the Bayesian framework. Bayesian statistics arise from the Bayes
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theorem:

P (A|B) =
P (B|A)P (A)

P (B)

where A and B are random variables. Furthermore, considering a modelling
framework the Bayes theorem can be interpreted as a way of updating the
information about the quantity of interest θ (parameters, latent e�ects and
others) through the collected data y:

P (θ|y) =
P (y|θ)P (θ)

P (y)

where P (y|θ) is the likelihood distribution, P (θ|y) is the posterior distribu-
tion of the quantity of interest (updated with the information of the data)
and P (θ) is the distribution (information that we know) of the quantity of
interest before collecting the data. Finally, P (y) is the marginal likelihood of
the data which does not depend on θ and it is considered as a normalization
constant.

1.4.1 Conjugated distributions

In Bayesian statistics, there are special cases where the prior and the pos-
terior distribution belong to the same family of distributions. When this
happens, we say that the prior distribution and the likelihood are cojugated
distributions. Conjugacy is a convenient property that allows the user to
know the posterior distribution of the model parameters in a closed form.

There are several conjugate distributions. For instance, let y be the
number of successes in n tests with probability of success π. In this case,
the data follow a binomial distribution which can be speci�ed as:

y ∼ Binomial(π, n)

whose probability function can be expressed as:

p(y|π) =

(
n

y

)
πy(1− π)n−y ∝ πy(1− π)n−y

Here, the quantity of interest is π, so in order to de�ne a Bayesian model a
prior distribution has to be chosen for π. This prior has to be able to take
values between 0 and 1 because π is a probability. An appropriate option is
the Beta distribution which is a continuous distribution de�ned in [0,1] and
can be speci�ed as

π ∼ Beta(a, b)

where a and b are the two positive parameters that de�ne the distribution.
The density distribution of the Beta distribution can be expressed as

p(π) =
Γ(a+ b)

Γ(a)Γ(b)
πa−1(1− π)b−1
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were Γ(·) is the Gamma function.

Bayes' theorem can be used to compute the posterior distribution for π:

p(π|y) ∝ p(y|π)× p(π) ∝ πy(1− π)n−y × πa−1(1− π)b−1

∝ πy+a−1(1− π)n−y+b−1

which can be expressed as a Beta distribution:

π|y ∼ Beta(y + a, n− y + b)

Another example of conjugate distributions for discrete data is the Poisson-
Gamma model. In this case, the data y are a (non-negative) number of cases
of any event (for example, the number of cases of an speci�c disease) which
can be modelled using a Poisson distribution:

y ∼ Po(λ)

where λ is the parameter of the Poisson distribution. The probability func-
tion of the Poisson can be expressed as:

p(y|λ) =
λy · exp(−λ)

y!

Now the quantity of interest is λ, so a prior has to be chosen for it. The
Gamma distribution is a distribution that takes values between 0 and +∞,
so it is a valid alternative and it is de�ned as:

λ ∼ Gamma(a, b)

where a and b are the shape and the scale parameters that characterize the
Gamma distribution. The density function of the distribution is speci�ed as:

p(λ) =
ba

Γ(a)
· λa−1 · exp(−bλ)

where, as before, Γ(·) is the Gamma function.

Using Bayes' theorem, the posterior distribution of λ can be obtained:

p(λ|y) ∝ λy · exp(−λ)× λa−1 · exp(−bλ) = λa+y−1 exp((−b+ 1)λ)

Note that, this posterior distribution can be expressed as:

p(λ|y) ∼ Gamma(a+ y, b+ 1)

The Beta-Binomial and the Poisson-Gamma cases are examples of conju-
gate distributions for a discrete data. When the data are continuous, other
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conjugated distributions can be found such as the Normal-Normal. Specif-
ically, let us consider y now as a continuous variable (such the measured
temperature in an speci�c place). A Normal distribution can be considered:

y ∼ Normal(µ, σ2)

where µ and σ are the mean and the standard deviation of the Normal
distribution. We are going to consider σ to be known in order to describe
a simple example. Bayesian inference is going to be performed on µ which
is a parameter that takes values between −∞ and +∞. Then, a Normal
distribution with their corresponding mean µ0 and standard deviation σ0

can be chosen as a prior for µ:

π(µ) ∼ Normal(µ0, σ
2
0)

.
Combining the likelihood and the prior distribution through Bayes theo-

rem, the posterior distribution can be obtained. This posterior is a Normal
distribution which can be speci�ed as follows:

p(µ|y) ∼ Normal(nσ
2
0 ȳ + σ2µ0

nσ2
0 + σ2

,
σ2 · σ2

0

nσ2
0 + σ2

)

where n is the length of the data and ȳ is the average of the data (ȳ =
Σn
i=1yi/n).

Although conjugacy is an easy way for Bayesian inference, it is rarely
used in practice due to their low �exibility. Furthermore, the conjugacy can
not be accomplished in generalized linear regression models with multilevel
structures which are the models that are used in practice.

This generalized linear regression models are usually structured in hier-
archical models. The structure of these models is de�ned in di�erent levels
(or hierarchies) in which several parameters are modelled and each level is
embedded in the next one. For instance, the model detailed in the last part
of Section 1.2.1 is a Bayesian hierarchical model with at least two levels. A
log-Gaussian Cox process is another example where the �rst level models the
counting process (a Poisson process), in a second level the logarithm of the
intensity of this process is modelled as a sum of di�erent terms and the last
level corresponds to the prior distribution speci�cations for the hyperparam-
eters.

A common issue with Bayesian hierarchical spatial models is that there
is often no closed expressions for the posterior marginal distributions of the
parameters, so numerical methods are needed.
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1.4.2 Markov Chain Monte Carlo methods

The computational advances at the end of the nineteenth century were the
main cause of the development of new (some of them were already known)
and powerful algorithms. Numerical methods arise leading in the develop-
ment of a solution for approximating the posterior marginal distributions.
These approaches are known as Markov chain Monte Carlo (MCMC) meth-
ods (Gilks et al., 1996). The use of these methods quickly grew and become
the most widely methods used in Bayesian inference.

Roughly talking, MCMC methods are capable of drawing samples from
any target distribution without the need of knowing the density distribution.
In particular, what MCMC methods do not need is the normalizing constant
which makes the posterior distribution integrate up to one. Therefore, �rst
of all, MCMC methods draw samples of any parameter known as chains.
Then these chains can be used to evaluate an integral over that variable,
so the solution of these enormous integrals that appear in the hierarchical
Bayesian models can be approximated.

Thus, using MCMC methods we will not be able to know the posterior
distribution in a closed form, but to draw samples from it which enables us
to make inference about dthe model parameters. Di�erent sampling algo-
rithms can be chosen to apply a MCMC method but there are two which are
widely used: Gibbs sampler and Metropolis-Hastings algorithm. For further
information about other sampling algorithms the reader is referred to Brooks
et al. (2011).

Metropolis-Hastings (Chib and Greenberg, 1995) is an algorithm that
simulates a value from a proposal density function and after computing an
acceptance probability, this value is chosen with this probability. Other-
wise the new value of the chain is equal to the previous one. Speci�cally,
Metropolis algorithm is based on these steps:

� Knowing θ(i) (i-th simulated value for θ), a proposal value θr is gen-
erated from the distribution q(θr|θ = θ(i)) where q(·|·) is the proposal
distribution.

� Given θr and θ(i), the acceptance probability is calculated:

α = min{1, P (θ = y|X)q(θ(i)|θ = θr)

P (θ = θ(i)|X)q(θr|θ = θ(i))
}

� Finally, after taking α, θ(i+1) = θr with probability α otherwise θ(i+1) =
θ(i).

A particular case of the Metropolis-Hastings algorithm and another widely
popular MCMC algorithm is the Gibbs sampler (Gelfand, 2000). Let us say
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that θ is the vector of n parameters of our model and θi|θ−i,y is the posterior
distribution of θi given the rest of the components θ−i and the data y. What
the Gibbs sampler does is simulating from every conditional distribution in
an iterative way, that is, �rst simulate a value for θ1, once simulated this
value gets updated to simulate a value for θ2 until arriving to the last element
of θ. This process is repeated a number of times and in the long run to ob-
tain a posterior sample of the distribution of θ. This is a Metropolis-Hastings
with the acceptance probability always equal to 1.

MCMC methods may be a high computational cost that can be a really
a limiting factor. An alternative to MCMC is the integrated nested Laplace
approximation (INLA) which will be detailed brie�y in the next section.

1.4.3 Integrated Nested Laplace approximation

High dimensional posterior distributions are usually di�cult to deal with. In
order to avoid these computations, Rue et al. (2009) focused on marginal in-
ference and they developed a method to approximate the posterior marginal
of the model parameters by using the Laplace approximation and numerical
integration. This new method has been termed Integrated Nested Laplace
approximation (INLA) and an implementation is available in the R-INLA
package, that can cope with a large family of models.

Di�erently from MCMC (which are simulation based algorithms), INLA
is a deterministic algorithm which enables the posterior distribution to be
accurately approximated through Laplace approximations, even for highly
parametrized models, with a remarkable computing time avoiding completely
the long computing times of the MCMC methods. In particular, this approx-
imation has been developed for latent Gaussian models (Rue and Held, 2005)
which can be understood as Bayesian hierarchical models with an additive
linear predictor whose latent e�ects follow a Gaussian distribution. Although
INLA does not cover all Bayesian hierarchical models, latent Gaussian mod-
els include a large group of statistical models such as many spatial and
spatio-temporal models.

Gaussian latent �elds present conditional independence properties. Thus
these latent �elds can be approximated by Gaussian Markov Random Fields
with sparse precisions matrices allowing computationally e�cient methods
(Rue and Held, 2005). This is the main reason of the low computational
costs of INLA which is one of its big advantages.

In order to describe brie�y the INLA algorithm (for more details, see
Rue et al. (2009); Blangiardo and Cameletti (2015) or more recently Bakka
et al. (2018); Gómez-Rubio (2020)), let us assume that we have n observed
variables yi, i = 1, . . . , n with a distribution which has mean µi related with a
linear predictor ηi through a convenient function. Di�erent additive elements
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are used to model ηi such as non-linear functions, covariates or unstructured
e�ects which parameters (together with the linear predictors) form the latent
e�ects X = ({ηi}, α, {βi}, . . .) where α represents the intercept of the model
and {βi} the di�erent e�ects of linear covariate e�ects. This latent e�ects are
assumed to be Gaussian with zero mean and precision matrix Q(θ1), where
θ2 is a vector of hyperparameters belonging to the likelihood. Hence, the
observations will have a likelihood which will depend on the latent e�ects
X and a set of hyperparameters θ1. The vector of the hyperparamenters is
denoted as θ = (θ1, θ2). Furthermore, the observations yi are supposed to
be independent given X and θ2. The latent is supposed to have conditional
independence properties, so that X becomes a GMRF.

INLA focuses on obtaining an approximation to the posterior marginal
distributions π(Xl|y) and π(θp|y) which can be written as:

π(Xl|y) =

∫
π(Xl|θ, y)π(θ|y)dθ; l = 1, . . . , L

π(θp|y) =

∫
π(θ|y)dθ−p; p = 1, . . . , P

where θ−p denotes all the components of θ except for p component, L is the
total number of latent e�ects and P is the total number of hyperparameters.
First of all, INLA approximates π(θ|y) using Gaussian distributions through
the Laplace approximation:

π̃(θ|y) ∝ π(X , θ, y)

πG(X|θ, y)

∣∣∣∣
X=X ∗(θ)

where πG(X|θ, y) is the Gaussian approximation to the full conditional of X
and X ∗(θ) is the mode of the full conditional for a given value of θ. Therefore,
the marginals can be computed via numerical integration.

The next step that INLA takes is to approximate the distribution π(Xl|θ, y).
Rue and Martino (2007) and Rue et al. (2009) remark the importance of
obtaining a good approximation π̃(xl|θ, y) to π(Xl|θ, y). A pure Gaussian
approximation π̃G(Xl|θ, y) with mean µl(θ) and variance σl(θ) is exact for
Gaussian data, so it is a good �rst approximation. However, this approxi-
mation may not su�ce because of possible inaccuracy if it is not centred at
the correct point and because its lack of skewness. Consequently, a Laplace
approximation was proposed:

π̃LA(Xl|θ, y) ∝ π(X , θ, y)

π̃GG(X−l|Xl, θ, y)

∣∣∣∣
X−l=X ∗

−l(Xl,θ)

where π̃GG(X−l|Xl, θ, y) is a Gaussian approximation to X−l|Xl, θ, y which is
centred around the mode X ∗−l(Xl, θ). This approximation has to be computed
for every Xl which leads in a slightly dense computation strategy.
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As a consequence, in order to speed up computation of the last approach,
Rue et al. (2009) derived a simpli�ed Laplace approximation considering
means of a series expansion of the Laplace approximation arround Xl = µl(θ)
which corrects for location and skewness obtaining a better approximation.

The marginal posterior distributions of the parameters π(θp|y) and the
posterior distribution of the latent e�ects π(Xl|y) are approximated by com-
puting π̃(Xl|y) and π̃(θp|y) which are obtained by solving the above integrals
through a �nite weighted sum applied in certain integration points and then
interpolating in between.

1.5 Bayesian inference for spatial models

In Section 1.2 and Section 1.3 di�erent univariate and multivariate spatial
models have been detailed and in Section 1.4 di�erent ways of performing
Bayesian inference have been described. Therefore, it is logic to join both in
order to perform Bayesian inference for spatial models. In order to perform
Bayesian statistics, prior speci�cations have to been stated.

Choosing the prior distribution is not trivial and it stills, nowadays, as
an important research �eld (Gelman et al., 2013; Gelman, 2006). However,
some tips can be followed in order to choose appropriate prior distributions.
First of all, the prior distribution has to be de�ned in the exact parameters
domain. When no prior information is available, the priors should be as less
informative as possible (at least vague priors have to been considered). For
instance, �at priors are a common option. Finally, the e�ect of the prior
distribution can be analysed through a sensitivity analysis which is really
recommendable when the prior choice it is not clear.

1.5.1 Univariate Bayesian inference for spatial models

In the case of univariate lattice data, models that estimate the spatial e�ects
using intrinsic and proper versions of the CAR distributions require the
following prior speci�cations:

� Precision parameters: Several options can be considered for the
scale parameters. For example, inverted gammas can be set to the
precision parameters or uniform distributions can be considered for
the standard deviations. In (Gelman, 2006), the author recommends
to set Half-Cauchy distributions for the standard deviations instead
of considering the Inverse Gammas on the precisions in the Bayesian
hierarchical models.

� In the case of the proper version of the CAR distributions, a prior has
to be assigned to the spatial autocorrelation parameter ρ. This
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parameter has to be bounded in an speci�c interval (see Section 1.2.1),
so a uniform prior can be an appropriate vague prior. Nevertheless,
Banerjee et al. (2014) discuss that priors that seek a relevant amount
of spatial association would place most of its mass near 1.

In the case of point patterns and geostatistical models the spatial vari-
ability is modelled as a Gaussian latent �eld and it is estimated using SPDE
approach that require a prior distribution for its two hyperparameters: the
nominal range and the nominal variance. Although several options can
be considered for these positive parameters, a recent type of priors have been
developed and widely used in the estimates of spatial continuous processes:
PC-priors (Simpson et al., 2017).

These priors are designed to penalise departures for the baseline model
following Occam's razor principle. In the de�nition of PC-priors, the user
should consider the dimensions of the parameter or a property that remark
any feature of this parameter. A PC-prior for the nominal range of the
SPDE approximation could be P (range < R) = 0.95 which speci�es that the
prior probability of the range being larger than a �xed value R is negligible.
In the case of the standard deviations of the SPDE, a PC-prior could be
P (σ > S) = 0.01 which denote that the prior probability of the standard
deviation been greater than a �xed value S is minimal.

1.5.2 Multivariate Bayesian inference for spatial models

In the multivariate case it is common to assign prior for each speci�c param-
eter. Therefore, no such di�erence from the univariate case can be found on
the prior speci�cations. However, it is worth mentioning that in the mod-
elization of multivariate lattice data, joint prior distributions have been set to
the covariance matrices. A common choice the inverse-Wishart prior on the
precision matrix (Gelman et al., 2013) which is a multivariate generalization
of the inverse Gamma distribution. However other interesting alternatives
have been developed as the LKJ correlation (Lewandowski et al., 2009) which
is described in Gelman et al. (2013).

1.6 Multivariate Bayesian spatial analysis with R-
INLA

Nowadays, one of the most important limitations of multivariate spatial
analysis is the high computational cost of dealing with high dimensional
datasets. Inference about these multivariate spatial models has been tackled
using MCMC which is often di�cult because of the computational costs of
its inference. In this context, there is a lack of multivariate Bayesian spatial
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methodologies applied within the INLA framework. This has been the main
motivation for this work where several studies have been carried seeking to
increase the models for the multivariate Bayesian spatial analysis using faster
methods than MCMC.

This introductory chapter has intended to provide the reader a summa-
ryof the background needed for this work. Chapter 2 provides a detailed
explanation of a multivariate Bayesian analysis of areal data using MCMC
and R-INLA. Chapter 3 generalizes zº methodology combining R-INLA and
MCMC in order to optimize the computational costs. An R package which
enables the user to apply di�erent multivariate Bayesian areal MCAR models
to a dataset is detailed in Chapter 4. Chapter 5 describes a new methodology
to analyse multivarite point patterns using log-Gaussian Cox processes in a
case-control study. Then, in Chapter 6 a summary of the Atlas of mortality
in Castilla-La Mancha (Spain) is outlined. Finally, Chapter 7 contains the
conclusions and a brief discussion.





Chapter 2

Bayesian Spatio-temporal
analysis of several diseases

Public Health datasets that include information aggregated by geographical
and temporal units are usually analysed using Bayesian hierarchical mod-
els. These datasets usually include counts of cases of diseases at di�erent
administrative levels and time periods. Thus, Poisson regression models in-
cluding spatial, temporal and spatio-temporal e�ects in the linear predictor
are commonly chosen to analyse these data (for a review see Lawson, 2013)

In these cases, conditionally autoregressive (CAR) distributions are usu-
ally employed to model the spatial e�ects as described in Besag et al. (1991).
In this work, area level covariates, spatially correlated random e�ects vi and
independent random e�ects ui are used to model additively the relative risk
of the disease θi at area i. An extension to the spatio-temporal case for area
i and time t is:

log(θi,t) = α+ βXi,t + vi + ui + wt

where α is the intercept, β the coe�cients of the covariatesXi,t, vi is a spatial
random e�ect, ui is an independent random e�ect and wt is the temporal
e�ect. In this extension, a Gaussian prior with zero mean precision τu is
assigned to the independent random e�ects. An intrinsic CAR with precision
τv is assigned to the spatially correlated e�ects denoted as v ∼ CAR(W, τv).

In the case of the temporal component, splines (smooth terms) are com-
mon alternatives (see, for example, Banerjee et al., 2014). Alternatively, wt
can be modelled as a random walk with precision τw or a CAR prior in one
dimension with a temporal adjacency matrix so that consecutive time peri-
ods are neighbours. Di�erent options to estimate interactions between space
and time can be considered as well (Knorr-Held, 2000).

A great number of contributions to the study of spatio-temporal trends
in disease mapping has been done in order to detect speci�c patterns in par-

27
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ticular areas. For instance, a joint model for two diseases with speci�c space
and temporal terms for the second disease was proposed in Richardson et al.
(2006) which enables the identi�cation of disease-speci�c patterns. Abellan
et al. (2008) describe a spatio-temporal model with a spatio-temporal term
which is a mixture of two components. In this model, each component is
assigned a Normal distribution with zero mean but one has smaller variance
than the other. This allows the model to classify areas according to small
or large variation, that is, areas with large variance show a strong departure
form the common separable spatio-temporal pattern.

Following a similar idea, Guangquan et al. (2012) model the log-relative
risk using a mixture of two linear predictors with di�erent e�ects using a
Bayesian hierarchical spatio-temporal approach. The �rst linear predictor
contains an intercept, a spatial e�ect and a temporal e�ect while the second
is an area-speci�c intercept and a space-time non-separable random e�ect.
Both approaches focus on highlighting areas with patterns that di�er from
the common spatio-temporal by using mixtures.

Regarding the joint analysis of di�erent diseases, their relative risks can
be in�uenced by common causes, so sharing terms in the estimation of the
di�erent relative risks is a better approximation to real situations than �tting
a separate model for each disease. In this context, the shared e�ects may
be weighted in order to measure the dependence of the distribution of the
disease on the shared pattern. For example, in Knorr-Held and Best (2001)
a joint model for two diseases is showed in which the shared spatial e�ect of
one disease is weighted with δ and the spatial e�ect of the other disease is
weighted with 1/δ, where δ > 0 measures the dependence of each disease on
the shared pattern. This model can be extended to consider more than two
diseases. For instance, Downing et al. (2008) propose a joint model for six
cancers that account for smoking habits in the Yorkshire region of England.

Several authors tackled the problem of analysing multivariate disease
mapping with several components in the linear predictor. A multivariate
model in which an indicator variable is placed for every spatial shared e�ect
in order to �nd the best component is developed in Corberán-Vallet (2012)
with the objective of detecting disease outbreaks. Carroll et al. (2016) shows
a space-time mixture model including a pure spatial term, a spatio-temporal
term or a mixture of these two.

In the next section, a joint spatio-temporal model for multiple diseases is
introduced. This model presents a simpler and modular speci�cation of the
di�erent spatial and temporal e�ects in the model than the ones discussed
above and it is still able to �nd diseases with similar spatial and temporal
patterns which is our main objective.

This is a new model that di�ers from previous ones in several things. The
main di�erence is the goal of the model, which is to detect similar spatial or
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temporal trends of di�erent diseases in a simple way. Moreover, the structure
is not based in mixture models but on spatial and temporal shared e�ects. In
addition, the application is also di�erent because the aim of the model is not
to highlight areas with di�erent patterns but to detect shared and speci�c
spatial and temporal patterns which indicate similarities in the aetiology of
some diseases.1

2.1 Spatio-temporal joint modelling of multiple dis-
eases

As we have stated previously, identifying shared and speci�c patterns of
disease in space and time is the main aim of the methodology that is going
to be detailed in this section. Lets assume that we have T time units,
D diseases and the study region is divided in n non-overlapping areas In
particular, the spatio-temporal model is as follows:

O
(d)
i,t |E

(d)
i,t , θ

(d)
i,t ∼ Po(E

(d)
i,t θ

(d)
i,t );

log(θ
(d)
i,t ) = α(d) + Φ

(d)
i + Ψ

(d)
t ;

(2.1)

where O(d)
i,t , E

(d)
i,t and θ

(d)
i,t are the observed, expected and the relative risk

of the disease d, at the area i and the t period of time, respectively. α(d)

are disease-speci�c intercepts, and Φ
(d)
i and Ψ

(d)
t are spatial and temporal

e�ects for disease d in area i and time period t, respectively. These e�ects
are de�ned by including disease-speci�c and shared patterns as follows:

Φ
(d)
i = u

(d)
i + δSdUi

Ψ
(d)
t = v

(d)
t + δTd Vt

(2.2)

In theses equations shared e�ects (Ui and Vt) and disease speci�c e�ects (u(d)
i

and v(d)
t ) are included. Weights δSd are used to modulate the shared spatial

e�ect Ui on the relative risk. Similarly, δTd modulate the e�ect of the shared
temporal pattern Vt. The next level of the hierarchical model de�nes the
disease-speci�c and shared e�ects using an intrinsic CAR speci�cation:

1Tables and �gures in this chapter have been adapted from the ones in Gómez-Rubio
et al. (2019), which has been released under a CC BY-NC-ND 3.0 ES license.
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Figure 2.1: Graphical representation of the joint spatio-temporal model.
This graphic has been adapted from the one published in Gómez-Rubio et al.
(2019)

u(d) ∼ CAR(W, τSd ); U ∼ CAR(W, τS0 )

v(d) ∼ CAR(Q, τTd ); V ∼ CAR(Q, τT0 )

(2.3)

whereW is the spatial adjacency matrix and Q de�nes a temporal adjacency
structure. Finally, the precisions of the di�erent e�ects are denoted as τSd ,
τTd , τ

S
0 and τT0 .

It is important to notice that space-time interactions have not been in-
cluded in the above model. This could be added but additional constraints
would be needed, increasing the complexity of the model (Knorr-Held, 2000;
Goicoa et al., 2018). However, this model allows for departures from any
shared spatial and temporal trend because of the inclusion of disease-speci�c
spatial and temporal e�ects. In other words, the diseases under study may
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have di�erent spatial and temporal behaviour. In addition, the model does
not contain uncorrelated random errors for the same reason and also possi-
ble identi�ability problems could appear between the spatial e�ects and the
uncorrelated random e�ects in the sense that both try to account for the
same variability.

Regarding the priors for the rest of the parameters and hyperparameters,
di�erent alternatives can be chosen:

� Disease speci�c intercepts α(d) are assigned improper �at priors.

� Following Downing et al. (2008), log-Normal priors with zero mean
and precision 1/(5.9) have been considered for the spatial and tempo-
ral weights. This assumption states that the weights are positive with
prior median close to 1, but also imply a large variation in the val-
ues. Negligible contributions of the shared e�ects to some diseases will
be accounted for the model by showing small values on the weights.
Therefore, a pre-selection of possible correlated diseases is not needed
because the model can capture these departures through small values
on the corresponding weights. An interesting feature is that the fact
of constraining the weights to be positive also means that high values
of the shared e�ects will indicate a similar higher mortality pattern for
all the diseases with non-negligible weights which is easier to interpret.

� Scale parameters of the random e�ects are the perfect choice to conduct
a sensitivity analysis in order to investigate how di�erent priors impact
on the estimates of the relative risks and other parameters. Three al-
ternatives can be proposed considering the same prior for all the scale
parameters of the model. The �rst option is a uniform distribution
between 0 and 10 on the standard deviations which, following the in-
dications of Gelman (2006), seems to be less informative than inverted
Gammas on the precisions. A half-Cauchy (with scale parameter equal
to 25) could also be used as a prior for all standard deviations in the
model (Gelman, 2006). Finally, we will consider a third model with all
precisions having inverted Gammas with parameters 0.01 and 0.01 as
prior distributions.

Regarding possible problems of identi�ability, the fact that Ui and Vi are
multiplied by disease speci�c weights can cause an identi�ability problem
between weights δSd and δTd and the scale of the e�ects (precisions τS0 and
τT0 ). For this reason, improper priors may be problematic (but our sensitiv-
ity analysis did not detect any problem). Moreover, a possible solution to
this problem is setting to 1 the precisions τS0 and τT0 so weights δSd and δTd
capture the scale of the spatial and temporal shared e�ects too. It is worth
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mentioning that non identi�ability problems have been observed between
e�ects Φ

(d)
i and Ψ

(d)
t in the models �tted in Section 2.2.

The presence of correlation between spatial (or temporal) weights {δSd }Dd=1

({δTd }Dd=1) can be an indicator of spatial (or temporal) dependence between
two or more diseases. One way of checking for this correlation is produc-
ing plots of the bivariate posterior distribution of (δSk , δ

S
l )k 6=l for the spatial

dependence and (δTk , δ
T
l )k 6=l for the temporal dependence. Furthermore, by

considering correlations in the joint posterior distribution of the spatial and
temporal weights of the same disease (δSd , δ

T
d ), the relevance of the spatio-

temporal interactions can be checked.

2.2 Example: Cancer in Spain

This model will be used now for the analysis of several diseases to test its
potential for this type of joint analysis. Therefore, an analysis of three causes
of death in Spain using the methodology developed in the last section is going
to be detailed.

Oral cavity (which includes lip, bucal cavity and pharynx), esophagus and
stomach cancer, which International Classi�cation of Diseases (ICD-10)codes
are C00-C14, C15 and C16 respectively, are considered for this example. All
these cancers belong to the upper part of the gastrointestinal tract and are
relatively frequent. In addition, in 2008, gastric cancers were estimated to be
the fourth most common cancer worldwide and the second leading cause of
death in both genders (Ferlay et al., 2012). Moreover, oesophageal cancer is
the sixth cancer with the highest number of deaths and the ninth in terms of
cases worldwide. Also, oral cavity and pharyngeal ranked eighth in number
of new cancer cases and deaths worldwide.

In Spain, evidence of similarities among the spatial and temporal trends
of these cancers has been provided by López-Abente et al. (2007, 2014) and
Aragonés et al. (2007). Particularly, the hypothesis of shared risk factors
(which could be preventable factors) between oral cavity, pharynx and esoph-
agus has been reinforced in these studies.

Population containing records by age group and gender from 1996 to 2014
have been obtained from the Spanish O�ce for National Statistics (Instituto
Nacional de Estadística, INE). Mortality data, which have been obtained
from the same source, comprises all deaths in Spain from 1996 to 2014,
for which cause of death, age, gender and other relevant information are
available.

Focusing on the analysis, the mortality data have been aggregated by the
number of deaths per province in peninsular Spain in the period from 1996
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to 2014. Population from years 1996 to 2014 and the age-speci�c mortality
rates have been used to calculate the expected number of cases per province
and gender as explained in Section 1.2.1 through internal standardization.
The analysis has been performed for both genders together at the province
level following the recommendations of López-Abente et al. (2014), who also
discuss the importance of the criteria for computing the expected number of
cases in a spatio-temporal analysis.

Figure 2.2 shows the standardized mortality ratios for the three causes
of death. Oral cavity and esophagus cancers seem to have a similar spatio-
temporal pattern, while stomach cancer shows a di�erent pattern. However,
the three causes seem to have a region of high risk in the north of the country.
Aragonés et al. (2009), López-Abente et al. (2014) and López-Abente et al.
(2014) have already found these same spatial patterns for stomach cancer
and Aragonés et al. (2007) for esophageal cancer for slightly di�erent time
periods to the one considered now. Moreover, a decrease in the temporal
pattern of the risk of stomach and esophageal cancers is also reported in
López-Abente et al. (2014); Seoane-Mato et al. (2014). Although the time
periods and the spatial scale are not identical, similarities can be found
between this example and the one performed in López-Abente et al. (2007).
This reinforces our belief that the model is able to capture appropriately the
spatial and temporal behaviour of the diseases

The results that are shown in the next sections correspond to the appli-
cation of the methodology described in Section 2.2.3 to this dataset using
the uniform priors on the standard deviations of the spatial and temporal
random e�ects. The same model with half-Cauchy priors on the standard
deviations and inverted Gamma priors on the precision parameters have also
been �tted and a summary of the sensitivity analysis is provided in Section
2.2.4.

Regarding the computing details of model �tting, models have been �tted
using the WinBUGS software (Lunn et al., 2000) through the R2WinBUGS
package (Sturtz et al., 2005) for the R software (R Core Team, 2016). Four
di�erent chains with 200000 simulations have been used saving one simula-
tion every 200 to reduce autocorrelation and discarding the �rst 10% of the
simulations. In addition, INLA (Rue et al., 2009) has also been used to esti-
mate the posterior marginals of the parameters of the models presented above
taking a �at improper prior instead a uniform between 0 and 10. The com-
putational details and the R code to �t the models using MCMC and INLA
are available from https://github.com/FranciscoPalmiPerales/joint_

st_disease_mapping_INLA.

https://github.com/FranciscoPalmiPerales/joint_st_disease_mapping_INLA
https://github.com/FranciscoPalmiPerales/joint_st_disease_mapping_INLA
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Figure 2.2: Standardized mortality ratios O(d)
i,t /E

(d)
i,t .
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2.2.1 Spatial analysis

The analysis of the di�erent spatial e�ects in the model is going to be sum-
marized now. In Figure 2.3 the posterior means of the total spatial e�ect
Φ

(d)
i (shared plus speci�c e�ects) can be observed. It is remarkable that

MCMC and INLA provide very close estimates of the posterior means. Oral
cavity and esophagus cancer show very similar spatial patterns, with areas
of high risk in the north-west and southwest. A high degree of similarity
can be seen between this pattern and the spatial distribution of esophageal
cancer between 1989 and 1998 described in Aragonés et al. (2007). In the
case of stomach cancer, some high risk areas in the north make the pat-
tern di�erent from the other ones. These �ndings are similar to the spatial
patterns described by Aragonés et al. (2009) in the period 1994-2003, and
by López-Abente et al. (2014) and López-Abente et al. (2014) in the period
1989-2008.

Figure 2.4 shows the posterior means of the shared and disease speci�c
spatial e�ects while summaries of the posterior distribution of the weights δSd
of the shared spatial e�ect for each disease are shown in Table 2.1. MCMC
and INLA estimates of the di�erent spatial e�ects are very similar except for
the shared spatial term, which seems to show a very similar pattern but at dif-
ferent scales. This is probably due to a mild identi�ability problem between
the spatial weights and the precision of the shared spatial term. However,
as stated above, total spatial e�ects are very similar between MCMC and
INLA.

Some high risk areas can be found in the north part of the country as a
common feature over all the maps of Figure 2.4. Additionally, the speci�c
spatial patterns for oral cavity and esophagus cancer seem to be milder than
for stomach cancerj. This may be due to the higher dependence of the oral
cavity and esophagus cancer on the shared spatial pattern which makes the
speci�c pattern of the stomach cancer to account for most of its spatial
pattern.

MCMC and INLA estimates of the weights are not close at all as it can
be seen in Table 2.1. This is probably produced because INLA is not able
to identify well the weights and the precision of the e�ects. However, Figure
2.3 and Figure 2.4 show that the estimates of the spatial e�ects are very
close in all the cases except for the shared spatial e�ect in which a slightly
di�erent pattern and a completely di�erent scale can be seen. As stated
earlier, a possible simple way to obtain a better identi�cation of the weights
is by �xing the precisions of the shared e�ects to 1. In addition, a stronger
dependence on the spatial shared term for oral cavity an esophagus cancers
and a similar dependence on the temporal shared term for all three cancers
is obtained based on the results provided by INLA.



36 Chapter 2. Bayesian Spatio-temporal analysis of several diseases

Oral Cavity Cancer 

−0.4

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

0.5

Oral Cavity Cancer

−0.4

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

0.5

Esophagus Cancer 

−0.4

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

0.5

Esophagus Cancer

−0.4

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

0.5

Stomach Cancer 

−0.4

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

0.5

Stomach Cancer

−0.4

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

0.5

Figure 2.3: Posterior means of the spatial e�ect Φ
(d)
i = u

(d)
i +δSdUi for MCMC

(left) and INLA (right).
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i for MCMC (left) and INLA (right).
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Table 2.1: Summary statistics of the weights for shared spatial and temporal
e�ects for MCMC (left) and INLA (right).

MCMC INLA
Param. Mean Median 2.5% q. 97.5% q. Mean Median 2.5% q. 97.5% q.

δS1 1.455 1.425 0.854 2.263 0.716 0.371 0.022 3.501
δS2 1.555 1.538 0.864 2.469 0.766 0.399 0.024 3.735
δS3 0.551 0.546 0.332 0.914 0.062 0.031 0.001 0.297

δT1 0.867 0.807 0.434 1.484 0.204 0.088 0.006 1.122
δT2 0.943 0.892 0.515 1.483 0.270 0.109 0.007 1.530
δT3 1.279 1.220 0.659 2.148 0.395 0.164 0.120 2.210

Higher dependence of the shared spatial e�ect of the oral cavity and
esophagus cancer can be observed because of the values of the weights.
Speci�cally, these two cancers have a very similar weight which is higher
than one whereas stomach cancer has a lower weight and its probability of
been smaller than one is really high.

It is worth mentioning that in Section 2.2.3 the dependence between oral
cavity and esophagus cancers is detailed using a joint analysis of weights δSd
of the shared spatial component of the MCMC output for oral cavity and
esophagus cancer. The bivariate distribution (middle row of Figure 2.8) of
these weights shows a strong correlation which does not appear in the plots
of each one of these causes against stomach cancer.

2.2.2 Temporal analysis

Similarly to the spatial case, Figure 2.5 shows the posterior means of the
shared and speci�c temporal e�ects. Similar estimates but on di�erent scales
are produced by MCMC and INLA, but both show a decreasing trend of the
risk over time. Now, all three cancers show a really similar temporal pattern
and the disease-speci�c and total temporal trends estimated by MCMC and
INLA are very close.

An e�ect very close to zero for all years is observed for the speci�c tem-
poral patterns of the three cancers, meaning that the overall temporal pat-
tern is quite close to the shared temporal pattern. In other words, the
shared temporal e�ect captures the overall decreasing trend in time while
the disease-speci�c e�ects are negligible, with estimates very close to zero
for all years. Seoane-Mato et al. (2014) describe temporal trends for di�erent
types of tumours in the period 1952-2006. For all the causes analysed, they
report a decreasing trend in the period 1996-2006, which is consistent with
our �ndings.

Besides, the estimates of the total temporal trends are similar between
MCMC and INLA. The estimates of the temporal weights δTd seem to be
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Figure 2.5: Posterior means of shared temporal e�ect Vt (top), speci�c tem-

poral e�ect v(d)
t (middle) and total temporal e�ect Ψ

(d)
t = v

(d)
t + δTj Vt (bot-

tom) for MCMC (left) and INLA (right).

in di�erent scales due to the di�erent identi�ability between the temporal
weights and the precision of the shared temporal term (see Table2.1).

As in the spatial case, a joint analysis of the temporal weights could
be done using the MCMC output to check for the temporal dependence
between diseases. In this case, oral cavity and esophagus cancer show corre-
lation. Now, stomach cancer also shows positive correlation with the other
two diseases which can be checked on the top row of the Figure 2.8. This is
probably because the 3 diseases show a similar temporal trend.
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2.2.3 Spatio-temporal analysis

The smoothed spatio-temporal relative risks provided by the methodology
developed in this work can be seen in Figure 2.6. Despite the three types of
cancers share a similar temporal pattern, the spatio-temporal trends are not
similar for the three diseases because the evolution of the spatial stomach
cancer over time is di�erent from those of the other two diseases.

The probability of having a relative risk higher than one is displayed in
Figure 2.7 where di�erent areas of increased risk appear. Again, oral cavity
and esophagus cancers show a very similar spatio-temporal pattern, which
also seems to be persistent over time. Furthermore, many of these high risk
areas are also reported by Aragonés et al. (2007) in the 1989-1998 period for
esophageal cancer, where regions of high risk were found in the northwest
and southwest of Spain.

As it can be seen in Figure 2.7, stomach cancer has a persistent spatial
pattern at the beginning of the study period that changes at the end. As
before, the high risk areas are similar to those highlighted in Aragonés et al.
(2009) and López-Abente et al. (2014).

Assesing the dependence between the di�erent causes of death can be
done by analysing the posterior bivariate distribution of weights of the spatial
and temporal e�ects. This posterior bivariate distribution of each pair of
weights δTd (top row) and δSd (middle row) can be checked in Figure 2.8 where
a mostly plausible independence between spatial and temporal weights due
to the absence of any sign of correlation in the plots is shown (bottom row).

Figure 2.6 and Figure 2.7 display results from the MCMC output, but
INLA produces similar estimates. MCMC output has also been used to
create Figure 2.8 which requires the bivariate joint posterior distributions
of each pair of weights. Although it is not exposed here, INLA can also
approximate these joint distributions by sampling from an approximation to
the joint posterior (Gómez-Rubio, 2020).

2.2.4 Sensitivity analysis

The use of the inverted Gamma as a prior for the precisions in the model
has been questioned by several authors (see, for example, Gelman, 2006).
Therefore the results that have been shown have been obtained using uni-
form priors on the standard deviations of the random e�ects. A sensitivity
analysis has also been conducted by considering di�erent priors for the scale
parameters of the random e�ects in the model. Speci�cally, three versions
of the joint spatio-temporal models have been �tted where each of three op-
tions for the priors of the variances are used, as explained in the last part of
Section 2.1.
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Figure 2.6: Posterior means of spatio-temporal relative risks θ(d)
i,t .
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Figure 2.7: Probabilities of having a relative risk θ
(d)
i,t greater than 1 to

identify areas of high risk.



2.2. Example: Cancer in Spain 43

Temporal weights

Bucal cavity

E
so

ph
ag

us

 0
.2

 

 0.6 
 0.8 

0.0 0.5 1.0 1.5 2.0 2.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Temporal weights

Bucal cavity

S
to

m
ac

h

 0.1  0
.1

 
 0.2 

 0.7 

 1.2 

0.0 0.5 1.0 1.5 2.0 2.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Temporal weights

Esophagus

S
to

m
ac

h  0
.2

 

 0.4 

 1.2 

0.0 0.5 1.0 1.5 2.0 2.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Spatial weights

Bucal cavity

E
so

ph
ag

us

 0.1  0.2  0.4 

 0.7 

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

Spatial weights

Bucal cavity

S
to

m
ac

h

 0.2  0.8 

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

Spatial weights

Esophagus

S
to

m
ac

h

 0.2  0.8 

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

Bucal Cavity

Spatial weight

Te
m

po
ra

l W
ei

gh
t

 0.1 
 0.2 

 0.4 

 0.9 

0.0 0.5 1.0 1.5 2.0 2.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Esophagus

Spatial weight

Te
m

po
ra

l W
ei

gh
t

 0.1  0.3  0.3 
 0.7 

 1 

0.0 0.5 1.0 1.5 2.0 2.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Stomach

Spatial weight

Te
m

po
ra

l W
ei

gh
t

 0.2 

 0.8 

0.0 0.5 1.0 1.5 2.0 2.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Figure 2.8: Bivariate posterior distributions of weights δTd (top row) and δSd
(middle row), and bivariate posterior distribution of the spatial and temporal
weights for a given type of cancer (bottom row).
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Our results show that the estimates of the relative risks do not di�er
when the prior for the variances of the random e�ects change. Furthermore,
spatial and temporal e�ects are very similar as well as the estimates of the
spatial and temporal weights.

2.3 Discussion

A Bayesian hierarchical model for the joint analysis of spatio-temporal Pub-
lic Health data have been presented combining di�erent ideas from other
models for spatio-temporal disease mapping (Richardson et al., 2006; Abel-
lan et al., 2008; Guangquan et al., 2012) and the joint analysis of several
diseases (Downing et al., 2008). This novel methodology enables us to de�ne
speci�c and shared spatial and temporal patterns which are able to detect
similarities and di�erences in the distribution of the relative risks associated
to each disease. Furthermore, disease-speci�c weights are able to control the
dependence on the common spatial and temporal patterns which can help to
identify diseases with shared spatial and temporal patterns. Both MCMC
and INLA have been used to �t the model and both methods provide similar
estimates of the main e�ects in the model.

For a given disease, this model can identify areas with di�erent spatial
patterns through the speci�c spatial e�ects. Similarly, it is possible to high-
light diseases with a di�erent temporal trend by inspecting disease-speci�c
temporal e�ects. In addition, by computing the posterior probabilities of the
relative risk this model allows to highlight areas of high risk. Furthermore,
these probabilities can also remark shared patterns of elevated risk among
several diseases.

In this work, the detailed methodology have been applied to three di�er-
ent types of cancer: oral cavity, esophagus and stomach in Spain from 1996
to 2014. The model has shown that it can distinguish between the common
spatial patterns of oral cavity and esophagus, and a di�erent spatial pattern
for stomach cancer. It is also capable of disentangling that the temporal
patterns of the three cancers are similar. These outcomes and conclusions
are consistent with other similar studies (Aragonés et al., 2007; Seoane-Mato
et al., 2014; López-Abente et al., 2014; Aragonés et al., 2009; López-Abente
et al., 2014) which support the hypothesis of a strong association between
the spatio-temporal distribution of oral cavity and esophagus cancers.

Finding diseases with similar spatial and temporal patterns is important
in public health because these patterns are often caused by similar risk fac-
tors. Hence, by identifying diseases with similar patterns it is also likely that
some shared risk factors will be discovered as well. A clear example can be
found in this work where oral cavity and esophagus cancers show strong si-
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milar patterns and incidence of these cancers depends of preventable factors
such as alcohol consumption and smoking (Seoane-Mato et al., 2014).

The methodology developed in this work performs a simple and modular
speci�cation of di�erent shared and speci�c patterns which can be explored
to highlight behaviours in the geographical and temporal distribution of
diseases compared to other developments for multivariate disease mapping
(see, for instance, Botella-Rocamora et al., 2015; Martinez-Beneito et al.,
2016). Furthermore, in the example presented in this work only three diseases
are analysed, but the model can be extended to a larger number of diseases
simply by including the corresponding spatial and temporal e�ects.

Future work will be based on extending the model in a number of ways.
A �rst alternative could be the implementation of an automatic procedure
to assess for the need of the di�erent disease-speci�c terms in the model. For
example, in our example the disease-speci�c temporal trends can probably
be removed given that all diseases have a very similar temporal variation.
For this reason, being able to �t the models with INLA quickly will allow
us to explore di�erent models faster. Moreover, model assessment criteria
implemented in INLA can play an important role on selecting the best model
for the data.

Another way of extending the model is by considering grouping the dis-
eases into clusters so that only diseases within the same group share spatial
and temporal terms. In this case, a new indicator parameter should be cre-
ated for each disease to identify to which group belong. Therefore, assessing
what diseases have a shared spatial and temporal variation will be possible
by inspecting the posterior probabilities of these indicator variables. Given
that this will require exploring a large number of models, INLA will be an
important asset in the implementation of this method.





Chapter 3

Multivariate posterior inference
for spatial models using INLA

Markov chain Monte Carlo methods (see, for example, Brooks et al., 2011)
have been the most common approach for Bayesian inference for many years.
However, �tting Bayesian hierarchical models with large datasets or complex
structure (such as many spatial and spatio-temporal models) with MCMC
methods can be very computationally demanding.

As it is mentioned in Section 1.4.3, Rue et al. (2009) developed a method-
ology to approximate the posterior marginals of the model parameters com-
bining the Laplace approximation and numerical integration to avoid dealing
with high dimensional posterior distributions. This methodology was devel-
oped to infer on models whose latent e�ects are GMRF whose sparse pro-
perties lead to a computational e�ciency when �tting Bayesian hierarchical
models.

Despite the large class of models that can be written as a latent Gaussian
�eld, not all can be �tted using the R-INLA software. Therefore, several au-
thors have tried to develop some solutions in order to use INLA to �t other
types of models, so these can also bene�t from the advantages of INLA. For
instance, Bivand et al. (2014) stated that there are models that can be �tted
after �xing some parameter or hyperparameter such as the spatial econo-
metrics models (LeSage and Pace, 2009). These can be �tted with INLA by
�xing the spatial autocorrelation parameter. Then, the posterior marginal
of the spatial autocorrelation parameter can be obtained by combining the
marginal likelihoods of the �tted models and the prior distribution using
the Bayes rule. Also, the posterior marginals for the other parameters in
the model can be computed by averaging over all the conditional posterior
marginals using weights proportional to the corresponding marginal likeli-
hoods.

Models which need to �x more than one parameter can be �tted using

47
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INLA extending the above idea, but bearing in mind that the number of
models to �t increase exponentially as the number of parameters increase.
Moreover, more care has to be taken when the parameter which is going to
be �xed is not in a bounded interval. Hence, in these cases a new approach
is required. Therefore, in order to face this problem, Metropolis-Hastings to-
gether with the INLA was proposed in Gómez-Rubio and Rue (2018) when
the models to �t need to be conditioned on several parameters. Speci�-
cally, the posterior marginals of all the no-�xed parameters are computed
by averaging over all conditional marginal distributions (as it is described
in Bivand et al., 2014) meanwhile the joint posterior distribution of all the
�xed parameters can be obtained from the MCMC samples.

This work is motivated by two points. First, the need to �t complex
spatial econometrics models and models for disease mapping with a weighted
sum of several spatial e�ects. Also, performing multivariate inference of
a small ensemble of parameters of the spatial models. This multivariate
inference rely on the output that is produced by the INLA within MCMC
algorithm (Gómez-Rubio and Rue, 2018).1

3.1 INLA within MCMC algorithm

As described in Section 1.4.3, R-INLA is able to �t a large number of spatial
models. However, this list is far from exhaustive. Besides it is not easy
to implement new models in R-INLA. The rgeneric latent e�ect enables the
user to de�ne a latent model in R but this require the user to specify the full
structure of the latent e�ect as a GMRF. Then, this generic approach will
be able to estimate the posterior marginals of the parameters in the latent
e�ect. Another way to increase the models that are �tted is following the
approach developed by Gómez-Rubio and Rue (2018) which is going to be
brie�y detailed here.

Let θ be the ensemble of parameters and hyperparameters to be estimated
in a Bayesian hierarchical model. Bivand et al. (2014) and Gómez-Rubio
and Rue (2018) discuss the possibility of �tting complex spatial models with
R-INLA after �xing some parameters θc, so that θ = (θc, θ−c). Therefore,
INLA can be used to compute the posterior marginals of all the parameters
in θ−c, π(θ−c,j |y, θc), and the conditional marginal likelihood, π(y|θc), after
conditioning on θc.

Some ways have been used to deal with the parameters in θc. For in-
stance, Li et al. (2012) handle spatiotemporal models by conditioning on
some of the parameters at their maximum likelihood (ML) estimates. In the

1The tables and �gures of this chapter have been adapted from the ones in Gómez-
Rubio and Palmí-Perales (2019).
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case of Bivand et al. (2014), the di�erent values of the parameters which
have to be �xed were in a regular grid. Finally, in Gómez-Rubio and Rue
(2018) the Metropolis-Hastings algorithm is used to draw values for θc so its
joint posterior distribution can be computed. Speci�cally, at step i + 1 of
the Metropolis-Hastings algorithm, proposal values θ(i+1)

c are obtained for
θc from a proposal distribution q(·|θ(i)

c ) and are accepted with probability:

α = min{1, π(y|θ(i+1)
c )π(θ

(i+1)
c )q(θ

(i)
c |θ(i+1)

c )

π(y|θ(i)
c )π(θ

(i)
c )q(θ

(i+1)
c |θ(i)

c )
} (3.1)

If the proposed value is not accepted, then θ(i+1)
c is set to θ(i)

c as the Metropolis-
Hastings algorithm states.

The marginal likelihood of the model conditioning on θ(i)
c , π(y|θ(i)

c ), can

be computed by �tting the model by considering the values θ(i)
c for θc. Also,

conditional posterior marginals π(θ−c,j |y, θ(i)
c ) for all the parameters in θ−c

can be provided.

Discarding some initial iterations, the Metropolis-Hastings algorithm will
produce samples from π(θc|y). The posterior marginals of the parameters in
θc and the family of conditional marginal distribution for the parameters in
θ−c can be obtained from these samples. Finally, the posterior marginals of
the parameters in θ−c can be obtained by combining all these marginals as
follows:

π(θ−c,j |y) =

∫
π(θ−c,j |y, θc)π(θc|y)dθc '

1

N

N∑
i=1

π(θ−c,j |y, θ(i)
c ) (3.2)

where {θ(j)
c }Nj1 corresponds to N samples from π(θc|y) obtained with the

Metropolis-Hastings algorithm.

It is interesting to notice that the marginal likelihood that is used in
equation (3.1) is an approximation, but Gómez-Rubio and Rue (2018) ar-
gued that the approximation error is negligible because is a really accurate
approximation (Hubin and Storvik, 2016) and they also provided numeri-
cal evidence in a simulation study that supports this a�rmation. Further-
more, Gómez-Rubio and Rue (2018) apply the algorithm of INLA within
Metropolis-Hastings to three di�erent examples including a spatial econo-
metrics model.

In addition, this approach can be useful in the cases in which the priors
of parameters θc are not implemented in R-INLA or in the cases where there
are missing values in the covariates of the models which have to be �tted.

It is worth mentioning that giving a rule for the choice of the set of pa-
rameters that are going to be �xed (θc) in highly parametrized models is not



50 Chapter 3. Mult. post. inference for spatial model with INLA

easy. However, as a guide rule, θc can be taken as the parameters that once
they are �xed, the rest of the model can be expressed as a latent Gaussian
model, so can be �tted with R-INLA. In a similar way θc can be chosen so
that, when �xed, the resulting model is a generalized linear mixed model, so
the design matrix on the covariates will not depend on any other hyperpa-
rameters and the variance matrix of the random e�ects can be expressed as
a precision parameter times a matrix with known structure (that does not
depend on any other hyperparameters).

In Section 3.2 some spatial models are going to be tackled and some hints
of how to chose θc will be given. Moreover, the importance of using the INLA
within MCMC approach for multivariate inference on any number of model
parameters is highlighted, which is a point that is not su�ciently discussed
in Gómez-Rubio and Rue (2018).

3.1.1 Alternatives to the INLA within MCMC algorithm

The algorithm INLA within MCMC uses MCMC sampling to compute the
posterior distribution of θc, while the marginal distributions of the remainder
of the parameters in the model are obtained by Bayesian model averaging
(Hoeting et al., 1999; Gómez-Rubio et al., 2019). Thus, this algorithm can be
understood as a way of using INLA to integrate out most of the parameters
in the model and using MCMC on θc. For this reason, INLA is regarded as
a dimension reducer in order to focus on a small subset of parameters.

Besides, the INLA within MCMC approach is able to �t any model that
can be regarded as a conditional latent GMRF model. However, it is still
a sequential algorithm that needs time (maybe a long time) to converge.
Therefore, in practice, other options to estimate the posterior distribution
of θc shall be considered.

An option that simpli�es inference on θc is basically to �x these param-
eters to their maximum likelihood estimates or posterior modes (if known)
θmc . This will ignore the uncertainty about these parameters, but the estima-
tion of π(θc|y) may produce good approximations to the posterior marginals
of the other parameters of the model in a simple way. Similar approaches
have been employed before, for instance, the value of sp,e parameters in the
model were �xed in order to �t spatio-temporal models for disease mapping
(Li et al., 2012).

Alternatively, a central composite design, CCD (Box and Draper, 2007),
or similar techniques with the goal of estimating the posterior distribution
of θc at a set of points close to the posterior mode can be considered too.
Speci�cally, the posterior density of a given point θ∗c in the CCD is propor-
tional to π̃(y|θ∗c )π(θ∗c ). So, these values can be rescaled to approximate the
posterior density of θ∗c and to obtain the weights used in Bayesian model
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averaging when computing the posterior marginals for all the other param-
eters in the model. In a similar way, INLA within MCMC follows the same
procedure evaluating the conditional models at a fewer number of points.

The R-INLA package already implements CCD, which is used to estimate
the posterior distribution of the hyperparameters (Rue et al., 2017). In
our examples the models referred are not implemented in INLA or they
are not latent GMRF (but conditional latent GMRF). However, the use of
CCD is similar as in R-INLA in order to choose the points in the parametric
space of θc where the conditional model is evaluated. It should be noted
that the conditional models can be computed in a parallel way which saves
computing time. The package rsm (Lenth, 2009) will be used in order to
obtain the points in the CCD design. Vanhatalo et al. (2013) is an example
of other studies that include CCD designs to integrate some of the model
hyperparameters out.

3.2 Examples

Here two complex spatial models which can not be �tted with R-INLA are
going to be �tted using the INLA within MCMC algorithm. Furthermore,
how to estimate the joint posterior distribution of a reduced ensemble of
parameters to make multivariate inference is detailed and discussed here.
Results will be compared with those provided by �xing θc at some appro-
priate values using maximum likelihood estimates and CCD as discussed in
Section 3.1.1.

As it is discussed in Section 3.1, R-INLA could implement these models
through the rgeneric latent e�ect by using the R language. However, the mul-
tivariate posterior distributions of ensembles of the model parameters (which
is also the aim of these examples) will not be provided if the model is �t with
R-INLA. The code to run the examples presented below is available at https:
//github.com/FranciscoPalmiPerales/INLAMCMC_spatial_examples.

3.2.1 Spatial econometrics

A well known example of spatial econometrics model is the one proposed by
Manski (1993) that identi�es di�erent levels of spatial dependence and can
be written as follows:

y = ρWy +Xβ +WXγ + u; u = λWu+ e (3.3)

where y is the response variable made of observations in n areas, W an adja-
cency matrix, X a matrix of p covariates, WX a matrix of lagged covariates,
β and γ are associated coe�cients, and ρ and λ are spatial autocorrelation
parameters. e is a multivariate Gaussian error term with zero mean and

https://github.com/FranciscoPalmiPerales/INLAMCMC_spatial_examples
https://github.com/FranciscoPalmiPerales/INLAMCMC_spatial_examples
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diagonal variance-covariance matrix equal to σ2I, where I is the identity
matrix of appropriate dimension.

Two autocorrelation parameters appear in this model: ρ controls the
autocorrelation of the response variable y and λ controls the autocorrelation
of the error term. Regarding the spatial structure, W is often assumed to be
a binary matrix, so the entry at row i and column j will be 1 if areas i and j
are neighbours and 0 otherwise. However, a row standardized matrix W has
to be taken which will bring more interesting properties to the spatial auto-
correlation parameters. Particularly, they will be bounded in the interval
(1/λmin, 1), where λmin is the minimum eigenvalue of W (Haining, 2003).

LeSage and Pace (2009) assigned priors to all model parameters to �t
this model using Bayesian inference. In particular, precisions were assigned
inverse Gamma priors, then vague independent Normal distributions where
chosen for β and γ and, �nally, they selected uniform prior distribution for
ρ and λ in the interval (1/λmin, 1).

The model can be written as:

y = (I − ρW )−1(Xβ +WXγ) + u;u ∼MVN(0,Σ) (3.4)

This form enables us to assess whether it is possible to �t it using standard
linear regression software. Here, the error term has a multivariate normal
distribution with zero mean and variance-covariance matrix

Σ = σ2[(I − ρW ′)(I − λW ′)(I − λW )(I − ρW )]−1

Hence, unless ρ and λ get �xed this model can not be �tted with R-INLA due
to the non-linear term on ρ, (I−ρW )−1, that multiplies the linear predictor
on the covariates and lagged covariates, and also due to the complex structure
of the error.

Thus, θc has been set to θc = (ρ, λ) in order to use the INLA within
MCMC approach which at each step will provide a conditional posterior
marginal for the reminder parameters in θ−c. Then, these conditional marginals
will be computed together to calculate the posterior marginals of the model
parameters θ−c.

Regarding the Metropolis-Hastings algorithm, the product of two normal
distributions centred at the current value of the θc and standard deviation
0.25 (this value has been set after some checks) has been chosen for θc. θc =
(0, 0) is the starting point, 500 iterations are used as burn-in and one every
5 of the 5000 samples drawn have been kept to reduce the autocorrelation
of the chains. Note that the conditional distributions have to be computed
at each step of the Metropolis-Hastings algorithm. Thus, �nal samples are
formed by 1000 values of θc which are used to estimate the joint posterior
distribution of this vector of hyperparmeters.
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Figure 3.1: Estimates of the spatial autocorrelation parameters of the Manski
model using INLA within MCMC, INLA with CCD, MCMC and maximum
likelihood. Vertical lines represent values obtained with maximum likelihood
estimation.

This model have been �tted using the Colombus dataset (Anselin, 1988),
available in the R package spdep (Bivand et al., 2015), about 49 neighbour-
hoods in Columbus (Ohio) in 1980. An analysis trying to explain crime rate
on housing value (HOVAL variable) and household income (INC variable)
is performed without considering lagged covariates, i.e., γ = 0. In addition,
this model have been �tted using Gibbs sampling through rjags package
(Plummer, 2016) and also using ML through the function sacsarlm() from
the spdep package.

Here, as described in Section 3.1.1, a CCD centred at the ML estimates
and inscribed in the box de�ned by taking±0.75 standard errors form the ML
estimates is going to be used. Note that INLA within MCMC averages over
1000 posterior marginals while INLA with CCD will only use 10 posterior
marginals. Also, with a CCD design matrices (I − λW ) and (I − ρW ) and
their determinants only need to be computed at a handful of points, which
will reduce the computational burden. A well-known and challenging topic
in econometrics is how to deal with the matrices (I − λW ) and (I − ρW )
and their determinants. Several authors have tackled this problem (see, for
instance, LeSage and Pace, 2009; Bivand et al., 2014, and the reference
therein).

Additionally, the approximation based on �xing the values of ρ and λ
at their ML estimates (INLA-at-ML onwards) has been also computed in
this example. Then, conditioning on these values, INLA is able to obtain
marginals for all the other parameters in the model. Note that this approx-
imation does not take into account the uncertainty about ρ and λ, but they
can be understood as approximations to their respective posterior marginals.

Good agreement between the various estimates of the posterior marginal
distributions of the autocorrelation parameters (using INLA within MCMC,
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Figure 3.2: Estimates of the intercept, covariate coe�cients and variance
using INLA within MCMC, INLA with CCD, MCMC and INLA with ρ
and λ �xed at their maximum likelihood estimates (INLA at ML). Covari-
ates are housing value (HOVAL) and household income (INC). Vertical lines
represent values obtained with maximum likelihood estimation.

INLA with CCD, MCMC and ML methods) is shown in Figure 3.1. A
similar estimation of the posterior marginal distributions of the remainder
of the parameters, which have been calculated in di�erent ways, can be seen
in Figure 3.2. For INLA within MCMC, the procedure is based on averaging
the conditional marginals obtained at each step of the Metropolis-Hastings
algorithm. In the case of INLA with CCD, the marginals have been obtained
by averaging over the conditional marginals obtained from the models �tted
at the 10 CCD points. Finally, for INLA at ML, the marginals are those
obtained for the output produced by INLA after �xing ρ and λ at their
maximum likelihood estimates.

It is interesting to remark the fact that non-MCMC methods seem to
produce narrower posterior marginals for the intercept and variance, prob-
ably because they do not account for all the variability associated to the
spatial autocorrelation parameters. However, reasonable approximations to
the posterior marginals of these parameters can be obtained faster than using
MCMC and INLA within MCMC methods.
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Figure 3.3: Joint posterior distribution of (ρ, λ). The solid dot represents
the maximum likelihood estimate.

Bivariate joint posterior distributions are obtained with the INLA within
MCMC and MCMC algorithms, which can be seen in Figure 3.3. Further-
more, a black dot corresponding to the ML estimate can be seen quite close
to the mode of the joint posterior distributions. In the case of the INLA with
CCD algorithm, no joint posterior distribution has been provided, but it can
be computed from the posterior summary statistics and plugging them into
a bivariate Gaussian distribution in order to approximate π(ρ, λ|y).

Computation of the impacts

How the change in the covariates in one area a�ects to the response vari-
able of its neighbours is a relevant feature that is highly analysed in spatial
econometrics. These e�ects are called impacts and are de�ned using partial
derivatives as:

∂yi
∂xjr

i, j = 1 . . . , n; r = 1, . . . , p (3.5)

Considering the Manski model, the matrix of impacts associated to each
covariate is speci�ed as:

Sr(W ) = [I − ρW ]−1(βr +Wγr), r = 1, . . . , p (3.6)

where each element measures how a change in covariate r in area j will
impact on the response in area i. Impacts are often classi�ed by the average
direct, indirect and total impacts.

Changes in the response in the same area where the change occurs are
measured by the direct impacts, meanwhile changes in adjacent areas are
measured by indirect impacts. Total impacts are the sum of indirect and
direct impacts. Therefore, the average total impact is the sum of all the
elements in the impacts matrix divided by n, the average direct impact is
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de�ned as the mean of the trace of the impacts matrix and the average
indirect impact is the sum of all the o�-diagonal impacts again divided by
n.

As presented in LeSage and Pace (2009) and Gómez-Rubio et al. (2017),
the average total impact for the Manski model for a covariate r is

1

1− ρ
βr, (3.7)

and the average direct impact is

n−1tr((I − ρW )−1)βr + n−1tr((I − ρW )−1W )γr. (3.8)

where tr(·) denotes the trace of a matrix. The di�erence between total and
direct impacts can be used to calculate the average indirect impacts.

Multivariate inference is needed in the computation of the impacts (Gómez-
Rubio et al., 2017) due to dependence of the distribution on the joint pos-
terior distribution of ρ, βr and γr. Hence, computing the impacts using the
posterior marginal of these parameters does not provide accurate enough es-
timates. Note that in this example, the computation of the impacts is easier
because lagged covariates are not considered (i.e., γr = 0).

Having several models conditioned on ρ values enables us to compute the
marginal distribution of the impacts for each value ρ provided by Metropolis-
Hastings and the conditional marginal π(βr|y, ρ). Then, the posterior dis-
tribution of the impacts (which can be used to compute summary statistics)
can be computed by averaging over all conditional marginal distributions of
the impacts given ρ.

Point estimates and standard deviations of the di�erent average impacts
are shown in Table 3.1. MCMC, INLA within MCMC, INLA with CCD,
INLA at ML and ML are the di�erent methods used to estimate these values.
In general, all Bayesian methods provide very similar results, with INLA-
based approaches reporting slightly smaller standard deviations than the
MCMC approach.

3.2.2 Spatial joint modelling of three diseases

As discussed in Chapter 2, di�erent authors have tackled the problem of
�tting a multivariate spatio-temporal model in disease mapping which is
not trivial. This example is based on �tting a multivariate model for three
diseases with weighted shared spatial e�ects plus speci�c spatial terms for
each disease.

In particular, the study region is divided in n di�erent areas and for
each area information about D diseases is available (for example, count of
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Table 3.1: Mean and standard deviation (in parenthesis) of the impacts for
the Manski model without lagged covariates �tted to the Columbus dataset.
Covariates are housing value (HOVAL) and household income (INC).

INC

Method Direct Indirect Total
MCMC -0.96 (0.37) -0.46 (0.42) -1.42 (0.66)
INLA w/ MCMC -0.97 (0.33) -0.44 (0.35) -1.40 (0.48)
INLA w/ CCD -1.06 (0.40) -0.54 (0.29) -1.60 (0.49)
INLA at ML -1.06 (0.32) -0.53 (0.36) -1.59 (0.48)
Max. lik. -1.10 (�) -0.55 (�) -1.65 (�)

HOVAL

Method Direct Indirect Total
MCMC -0.30 (0.10) -0.14 (0.14) -0.44 (0.20)
INLA w/ MCMC -0.30 (0.10) -0.13 (0.10) -0.43 (0.14)
INLA w/ CCD -0.29 (0.12) -0.15 (0.09) -0.44 (0.15)
INLA at ML -0.29 (0.10) -0.14 (0.11) -0.43 (0.14)
Max. lik. -0.29 (�) -0.15 (�) -0.44 (�)

deaths caused by each disease). Following the notation in Chapter 2, O(d)
i

will denote the observed counts of disease d in area i and E(d)
i will represent

the expected cases of disease d in area i. Thus, a spatial version of the model
presented in Chapter 2, which is going to be �tted in this example, can be
speci�ed as

O
(d)
i ∼ Po(E

(d)
i θ

(d)
i ); i = 1, . . . , n; d = 1, . . . , D (3.9)

where θ(d)
i is the relative risk for disease d in area i. Then, this relative risk

is modeled in a second level as

log(θ
(d)
i ) = α(d) + vi · δ(d) + s

(d)
i ; i = 1, . . . , n; d = 1, . . . , D (3.10)

Here, α(d) represents a disease-speci�c intercept and it sets the baseline of the
log-relative risks for disease d, vi shall be understood as a shared component
for all diseases, δ(d) controls how the shared component a�ects disease d and
s

(d)
i should be seen as the speci�c components to each disease.

After �xing δ(d), the resulting model looks like a standard log-linear
model and could be �tted for any standard software packages including
R-INLA. Therefore, we apply the methodology developed by setting θc =
δ = (δ(1), . . . , δ(D)). R-INLA allows these values to be included as weights of
the latent e�ects in the linear predictor.

Regarding the details of the model, a log-normal distribution with mean
0 and precision equal to 0.1 will be set for δ(d) and vi is assigned an intrinsic
CAR spatial e�ect with shared precision τv. Also intrinsic CAR spatial
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Figure 3.4: Standardized Mortality Ratios of lip, oral cavity and pharynx
cancers, esophagus cancer and stomach cancer in Spain in the period 1996-
2014.

e�ects with precision τs will be assigned to speci�c components which will
be modelled using the replicate e�ect in R-INLA.

In this example, the methodology is going to be applied to a dataset with
cases of lip, oral cavity and pharynx tumors (ICD-10 C00-C14), esophagus
tumor (ICD-10 C15) and stomach tumor (ICD-10 C16) from 1996 to 2014 at
the province level in mainland Spain. Expected cases were computed using
age-gender standardized rates from period 1996-2014 in the same way it is
described in Chapter 2 without any temporal strati�cation.

Figure 3.4 shows the standardized mortality ratios (i.e., O(d)
i /E

(d)
i ) for

each disease. Similar patterns can be seen between oral cavity and esophagus,
meanwhile stomach cancer seems to have a di�erent spatial behaviour. It is
expected that the model should be able to capture this joint spatial pattern
and account for the di�erent overall rates by means of the disease-speci�c
intercepts that are included in the speci�c components.

In this example, is not easy to provide ML estimates of δ so the simpler
option is to rely on the posterior means and standard deviations to create
the CCD which will be considered in the log-scale due to the positiveness of
the hyperparmeters. CCD will be centered at the log-posterior modes that
are reported by the MCMC algorithm and within 0.75 times the posterior
standard deviations in the log-scale. This will allow us to compare our new
approach to other methods but requires approximating the posterior modes
beforehand.

Then, there are two di�erent options for obtaining the standard devi-
ations of log(δ) (given that the parameters are positive we will consider
log-scale): from the MCMC output or approximating them by using the
delta method (Hosmer et al., 2008, see the appendix 1 of) from the posterior
means and variances of δ. In this case, they will be (σ(d)/µ(d))2, where µ(d)

is the posterior mean and σ(d) the posterior standard deviation of δ(d).
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Di�erently from the other example, here is not easy to set values to build
the CCD scheme. However, 16 di�erent values which are centred about
the posterior modes are produced now. Furthermore, focusing on the idea
of comparing this approximation to other faster ones, an alternative which
is based on �tting the model at the posterior mode of δ (INLA-at-mode
onwards) can be computed.

As in the other example, estimates obtained with the MCMC (Gibbs
sampling with WinBUGS), INLA within MCMC, INLA with CCD and INLA
at mode methods are shown in Figure 3.5. The �rst row of this �gure shows
similar estimates of the posterior distributions of the weights for the three
diseases obtained with the di�erent estimation methods. The INLA-with-
CCD approach performs reasonably well considering that it is based on 16
models and the CCD design seems to be too concentrated about the posterior
modes. A vertical line corresponding to the posterior mode of δ(d) estimated
with the INLA at mode method can be seen too.

Figure 3.5 also shows the bivariate posterior distribution of each pair of
spatial weights which re�ects the strong correlation between the weights that
are associated with oral cavity and oesophagus cancers, and how the stomach
cancer weight seems to be independent from the other two. Therefore, these
results support that stomach cancer has a di�erent spatial pattern from oral
cavity and esophagus cancers which spatial patterns follow the same pattern.
In addition, the estimates that were obtained with the INLA-within-MCMC
and MCMC approaches show a good agreement.

The posterior correlation between the spatial weights can be approxi-
mated with INLA with CCD approach by taking the quotient between the
posterior estimate of the covariance and the posterior estimates of the stan-
dard deviations. In this example, for δ(1) and δ(2) the value obtained is 0.41,
while for δ(3) and any of the other two weights it is 0.12. Higher values are
obtained by calculating this correlation with the MCMC output, due pos-
sibly to the fact that CCD design moves around the posterior mode of δ.
Therefore, INLA-with-CCD can capture this positive dependence between
the oral cavity and esophagus disease, while this is completely impossible for
the INLA at mode method.

The posterior marginal distributions for the rest of the parameters can be
seen in Figure 3.6 which shows a good agreement in general between MCMC
sampling and INLA within MCMC estimates of these distributions. In the
case of this last method, as in the other example, these marginals have been
computed by averaging all the conditional marginals obtained at each step
of the Metropolis-Hastings algorithm. Despite INLA with CCD and INLA
at mode provide good estimates of the diseases-speci�c intercepts and the
precisions, they do not seem to pick all the variability in the estimation of
the precision of the shared spatial random e�ect.
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Figure 3.5: Summary of the posterior marginals of δ(d) (top line) and sum-
mary of bivariate posterior distributions of (δ(i), δ(j)), i 6= j, obtained with
INLA within MCMC (middle line) and MCMC (bottom line).
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Figure 3.6: Marginal distributions of the parameters in the model.

Although it is not shown here, a positive strong correlation between δ(1)

and δ(2) have been observed, which is possible due to the similar spatial
pattern of both diseases. δ(3) shows less correlation with the other two
weights. It is important to remark that this kind of multivariate inference
has been possible because the developed methodology is able to estimate the
joint posterior distribution of (δ(1), δ(2), δ(3)) by �tting the model with INLA
within MCMC.

3.3 Discussion

In this work, the novel methodology developed by Gómez-Rubio and Rue
(2018) has been exploited with the goal of showing how to �t complex spatial
models with di�erent spatial components so that multivariate inference on
a small ensemble of important parameters is feasible as their joint posterior
distribution is obtained. Moreover, the posterior distribution of any function
of this ensemble of parameters can be computed by using the joint posterior
distribution of this ensemble.

In addition, simpler approaches based on using CCD designs to estimate
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the posterior distribution of the hyperparmeteres or simply �xing their values
at the ML estimates or posterior modes are compared with the INLA within
MCMC and MCMC. Also how these simpler approximations work when
�tting complex spatial models has been shown, revealing that these simpler
ones obtain good approximations to most of the posterior marginals of the
parameters at a reduced computational cost.

The examples detailed in this work support the idea that the INLA within
MCMC approach is able to �t complex spatial models with a simple imple-
mentation of the Metropolis-Hastings algorithm which is simpler than a full
implementation of the MCMC methods. Moreover, convergence is achieved
faster due to the smaller number of parameters that need to be estimated.
Additionally, INLA is able to �t conditional models faster than MCMC sam-
pling, so INLA-within-MCMC should be an interesting alternative for large
data sets.

Regarding the choice of the set of hyperparameters θc, in general, any
choice which makes the conditional model an INLA-�ttable latent GMRF
model will work. In many cases it will be enough to choose θc so that the
conditional model is a generalized linear mixed model which can be �tted
with INLA. This rule have been followed in the examples developed in this
work. It is worth noting that although the dimension of θc is frequently small,
the INLA within MCMC algorithm can be applied to sets of hyperparameters
of any dimension.

Finally, an interesting fact is that this approach is also appealing for
models that can be �tted completely with INLA, because this methodology
o�ers the possibility of performing multivariate inference based on the joint
posterior. Furthermore, although this study has focused on spatial models,
this methodology can be easily applied to any other model which could be
expressed as a conditional latent GMRF, so that conditioning on a small
ensemble of parameters can be �tted with R-INLA.

Future work will be based on examining possible alternatives to Metropolis-
Hastings algorithm which allow parallel computation of the required condi-
tional models. Particularly, an interesting option can be importance sam-
pling methods which will allow for drawing values of θc in parallel. Addi-
tionally, the INLA-within-MCMC approach can be extended using reversible
jump MCMC algorithms to be able to handle the problem of model �tting
and the problem of model selection at the same time which seems to be re-
ally useful, for instance, to perform variable selection in complex spatial or
spatio-temporal models.



Chapter 4

Bayesian analysing of
multivariate lattice data with
INLA

In previous chapters it has been stated that INLA (Rue et al., 2009) is
able to �t spatial models through its implementation in the R programming
language R-INLA (see, for example, Bakka et al., 2018; Gómez-Rubio, 2020).
Furthermore, R-INLA is able to �t models with several likelihoods which is a
way of �tting multivariate models. However, multivariate spatial models can
not bene�t from low computing time and other INLA advantages because
these models are currently not implemented in R-INLA.

Package INLAMSM (Palmí-Perales et al., 2019) o�ers the possibility of �t-
ting some multivariate latent e�ects corresponding to well-known multivari-
ate areal spatial models which will be detailed in Section 4.2. Before that,
available R packages for �tting multivariate spatial models will be reviewed
in Section 4.1. In Section 4.3, we show how to analyse multivariate lattice
data using INLAMSM through two examples. Finally, the conclusions of this
work are discussed in Section 4.4.

4.1 R packages for multivariate spatial analysis

In Section 1.4.3 a brief introduction to multivariate spatial analysis has been
given. Several software packages can be used to perform these analyses.
For instance, the R programming language provides di�erent independent
packages to perform multivariate spatial analysis.

In particular, for the case of point-referenced data, kriging (see, for ex-
ample, Stein, 2012) can be applied to �t univariate and multivariate geo-
statistical models with the gstat package (Pebesma, 2004). Additionally,

63
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spBayes (Finley et al., 2007) o�ers to the user the possibility of �tting a
wide variety of Gaussian spatial models (both univariate and multivariate)
using MCMC methods.

Multivariate analysis of point patterns can be performed using some
packages of R such as spatstat (Baddeley et al., 2005), which is able to
handle the analysis of multitype point patterns and was developed spe-
cially to tackle the analysis of realistic datasets including inhomogeneous
point patterns with, for example, the space-time inhomogeneous K-function
(Ripley, 1976). Another option for point pattern analysis with R is the
spatialkernel (Zheng et al., 2013) package which considers the multivari-
ate analysis of point patterns computing edge-corrected kernel density esti-
mation and binary kernel regression estimation.

Finally, regarding lattice data, R package CARBayes(Lee, 2013) has to
be highlighted because, using MCMC methods, enables the user to �t some
of the CAR family models. Moreover, the last version of this package (Lee,
2017) introduces some multivariate generalizations of these traditional meth-
ods such as the multivariate CAR model with an inverse-Wishart joint prior
or the spatial model proposed by Leroux et al. (2000).

CARBayes is not the only R package that uses MCMC algorithms to �t
univariate and multivariate areal models. Package R2WinBUGS (Sturtz et al.,
2005) connects the R interface with the WinBUGS (Lunn et al., 2000) soft-
ware, which is one of the implementations of the BUGS language (Spiegel-
halter et al., 1996). This is a �exible language that o�ers the possibility
of �tting multivariate spatial models. Other alternatives similar to WinBUGS

exists, such as JAGS (Depaoli et al., 2016) and OpenBUGS (Spiegelhalter et al.,
2007) which have their own R packages. A more recent language to perform
Bayesian inference is Stan (Carpenter et al., 2017) which can also handle
multivariate spatial models, through MCMC algorithms using its own mod-
elling language.

INLA (Rue et al., 2009) is a real alternative to MCMC algorithms in order
to �t Bayesian hierarchical models. INLA is implemented in the R package
R-INLA and, as it has been said, is able to �t several Bayesian spatial models
(Bakka et al., 2018) easily and with a short computing time. Furthermore,
several e�ects are implemented to handle lattice data such as the one pro-
posed in Besag et al. (1991). Point reference data are tackled by means of
an approximation to continuous spatial processes based on stochastic partial
di�erential equations (SPDE, Lindgren et al., 2011). This approach enables
the user to �t geostatistical and point processes models (Simpson et al.,
2016). Finally, multivariate models can be tackled by considering di�erent
likelihoods through shared terms. Further details can be seen in Krainski
et al. (2019) and Gómez-Rubio (2020).

It is worth mentioning that recently, several packages that rely on R-INLA
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have appeared in order to extend the models that it can handle. One example
is the R package inlabru (Bachl et al., 2019) which uses INLA to increase
the point process models that INLA can �t by estimating the spatial density
surfaces and the abundance of a point pattern or a thinned point pattern.

There are some works that have tackled the problem of performing mul-
tivariate spatial inference in a Bayesian context (see, for a recent review,
Martinez-Beneito and Botella-Rocamora, 2019). Furthermore, in the case of
lattice data, existing literature that describes Bayesian multivariate spatial
models is based on MCMC methods which usually need long computation
times in this context. Therefore, bearing in mind that a set of functions
or e�ects to �t multivariate spatial models using INLA (which o�ers better
computing times) are not available, the main objective of this work is to
provide them to �t multivariate spatial models faster.

4.2 INLAMSM models

The latent e�ects that are implemented in the INLAMSM package di�er in
structure or number of hyperparameters, but all of them are de�ned in a
common context based on a multivariate areal data analysis. In this con-
text, spatial random e�ects will be represented by matrix Θ with entries θik
corresponding to value of the the k-th variable (k = 1, . . . ,K) in the i-th
area (i = 1, . . . , I). Thus, the k column can be understood as the spatial
e�ect of the k variable.

The models implemented in INLAMSM can be used in any kind of multi-
variate scenario with lattice or areal data. However, it is worth mentioning
one of the most interesting scenarios: multivariate disease mapping. Two
examples of these applications can be seen in Section 4.3 where a Poisson
distribution is used to model the observed cases of the k disease in the i area
as follows:

Yik ∼ Po(Eik ·Rik); i = 1, . . . , I; k = 1, . . . ,K

where Eik is the expected cases and Rik is the relative risk both for the k
disease in area i. Then, this relative risk is modelled in a second level as a
sum of di�erent terms:

log(Rik) = αk + θik + . . .

where αk represents the disease-speci�c intercept and θik represents the mul-
tivariate spatial random e�ect mentioned above.

The way of modelling θik can be quite challenging. First, Martinez-
Beneito (2013) have developed a framework that was posteriorly extended
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by Botella-Rocamora et al. (2015) and Martinez-Beneito et al. (2016) in
which this multivariate spatial latent e�ect can be seen as the combination
of the variability between diseases and the variability within each disease
(that is, the spatial variability between each area for a speci�c disease).
Both are modelled with their respective variance matrices with their own
hyperparameters.

In the following speci�cations, θi· (i = 1, ..., I) is considered as the i-th
row of the matrix Θ and Θ·k (k = 1, ...,K) denote the kth column of the
matrix Θ. In addition, on a matrix A = [A·1 : · · · : A·K ], the operator vec(·)
is de�ned by

vec(A) = (A>·1, ..., A
>
·K)>

It is worth remarking, that all the latent e�ects are built using the
rgeneric framework and detailed information can be found in the INLA docu-
mentation by typing inla.doc(�rgeneric�) in R. Particularly, the rgeneric
latent e�ect is based on representing the latent e�ect as a multivariate Gaus-
sian distribution with a spare precision matrix. More details can be founded
in Chapter 11 of Gómez-Rubio (2020). Therefore following rgeneric notation,
the de�nition of vec(Θ) is modelled as:

vec(Θ) ∼ N(0,Σ)

where Σ is the covariance matrix which will be not the focus of INLA, but the
precision matrix Σ−1 will be required because INLA internal implementation
works with precisions instead of variances or standard deviations.

4.2.1 Simple Improper MCAR

The intrinsic CAR model(Besag et al., 1991) is a simple spatial distribution
that can be chosen to model spatial variation. In addition, a diagonal matrix
of precisions can be set to model the variation between diseases as a �rst
approach (see below). In particular, Θ is speci�ed as:

vec(Θ) ∼ N{0,Λ−1 ⊗ (D −W )−1}

where D = diag(n1, ..., nI) is a diagonal matrix with the number of neigh-
bours of region i (ni) and W is the adjacency matrix with entries wij . As it
is detailed in Section 1.2.1 wij is equal to 1 if areas i and j are neighbours
and 0 otherwise.

In this �rst approach, independence of the di�erent variables can be
considered in order to be compared with more structured models. Therefore,
denoting by τk the marginal precision of the k-th variable, the between-
variables precision matrix Λ is a k × k diagonal matrix de�ned as
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Λ =



τ1 0 · · · · · · 0

0 τ2 0
...

... 0
. . . . . .

...
...

. . . . . . 0
0 · · · · · · 0 τK


Bearing that the number of hyperparmeters of this model is equal to the

number of variables, this model is considered (computationally) simple due
to the fact that is the model with the lowest number of hyperparameters
among the multivariate spatial models presented here, as it will be seen
below. However, the fact that this model is implemented in the INLAMSM

packages enables the user to compare the results of a naïve approach to the
results of more complex models.

Internally, hyperparmeters are considered in the log-scale in order to
maintain the standard of R-INLA, which works with unbounded hyperpa-
rameters. So the vector of hyperparameters becomes (log(τ1), . . . , log(τK)).

Each standard deviation has been assigned a uniform improper prior
between 0 and +∞ instead of considering priors on the precisions (Gelman,
2006). This is

σk =
1
√
τk
∼ Un(0,+∞); k = 1, . . . ,K

It is worth reminding that although INLA reports the results in the
internal scale, several functions have been included in the INLAMSM package
to obtain the posterior marginal of the precision or the variance. Details will
be given in Section 4.3.

4.2.2 Simple Proper MCAR

Assuming the same de�nition of matrices D and W , a proper CAR distri-
bution can be used instead of the improper version in order to account for
the within-disease variability. Therefore, Θ is now modelled as

vec(Θ) ∼ N{0,Λ−1 ⊗ (D − α ·W )−1}

where, now, α is the common spatial autocorrelation parameter for all the
diseases. In this case, Λ which controls the between-disease variability re-
mains with the same structure as before. That is, it remains as a diagonal
matrix with entries (τ1, . . . , τK).

Once again, the simple proper MCAR model can be considered as a
naïve implementation of independent spatial patterns as the simple improper
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MCAR. However, these models allow the user to state a baseline for com-
paring multivariate proper CAR models to other models that assume depen-
dence between variables.

The consideration of the proper version adds one hyperparameter to the
total number of hyperparameters. Therefore, this model has K + 1 hyper-
parameters which are the spatial autocorrelation parameter, α, and the K
precisions, {τk}Kk=1.

As before, INLA works with unbounded hyperparameters, so the internal
vector of hyperparamters is (α∗, log(τ1), . . . , log(τK)) where α∗ is de�ned as
follows:

α∗ = logit(
α− αmin

αmax − αmin
).

Here, αmin and αmax de�ne the bounds of the domain of α.

Regarding the prior distribution choices, uniform prior distributions are
set on the standard deviations as in the previous model and a uniform prior
on α is considered:

σk =
1
√
τk
∼ Un(0,+∞); k = 1, . . . ,K

α ∼ Un(αmin, αmax)

4.2.3 Improper MCAR

Setting to zero the o�-diagonal elements of Λ−1, which models the variability
between variables, allows us to �t the models computationally fast. Never-
theless, this is a naïve approach that assumes independence of the variables
and is not able to capture possible interactions between diseases. Therefore,
an approach that captures the interaction between variables shall consider a
di�erent matrix structure to the diagonal matrix by setting a parametriza-
tion for the o�-diagonal entries.

Then, a dense precision matrix is going to be used now to model the vari-
ability between-diseases. Jointly with this consideration, an intrinsic CAR
distribution is chosen to model the within-variable variability. So this ap-
proximation can be understood as a generalization of the univariate intrinsic
CAR model. Similarly to the simple IMCAR, Θ is modeled as :

vec(Θ) ∼ N{0,Λ−1 ⊗ (D −W )−1}

where Λ is now a dense symmetric matrix instead of a diagonal matrix. Fol-
lowing the parametrization of other latent e�ects implemented in the R-INLA
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package, instead of detailing the structure of Λ, Λ−1 have been parametrised
as:

Λ−1 =



1/τ1 ρ12/
√
τ1τ2 · · · · · · ρ1K/

√
τ1τK

ρ12/
√
τ1τ2 1/τ2 ρ23/

√
τ2τ3

.

.

.
.
.
. ρ23/

√
τ2τ3

. . .
. . .

.

.

.
.
.
.

. . .
. . . ρ(K−1)K/

√
τK−1τK

ρ1K/
√
τ1τK · · · · · · ρ(K−1)K/

√
τK−1τK 1/τK


where ρjk is the correlation coe�cient of diseases j and k and τk is the
marginal precision of the k disease.

In this approach, the set of hyperparameters is formed by K marginal
precisions and K ∗ (K− 1)/2 correlation parameters and instead of setting a
prior distribution of each hyperparameter, a joint prior for Λ−1 is assigned.
In particular, a Whishart distribution is chosen:

Λ−1 ∼WishartK(r,R−1)

Here, r is the number of degrees of freedom and R−1 is a �xed symmetric
positive de�nite matrix of size K × K. Concretely, in INLAMSM r has been
chosen as 2K + 1 and R is the K ×K identity matrix.

Regarding the internal scale of the hyperparameters in INLA, the vector
of hyperparameters contains the precisions plus the correlations in the lower
triangular matrix of Λ−1 (columnwise) but re-scaled. So, the hyperparame-
ters vector in the internal scale takes the form of

(log(τ1), . . . , log(τK), ρ∗21, ρ
∗
31, . . .)

where the correlation parameters are re-parametrised following

ρ∗ij = logit((ρij + 1)/2)

for any ρij .

4.2.4 Proper MCAR

Other alternatives can be taken to model the within-variable variability. For
example, proper CAR distributions can be chosen instead of intrinsic ones
as in the previous model. In this case, Λ is still considered as a dense matrix,
so Θ is modelled as

vec(Θ) ∼ N{0,Λ−1 ⊗ (D − α ·W )−1}
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where α is a common spatial autocorrelation parameter and Λ is a dense
symmetric matrix with Λ−1 de�ned as in the previous model (see Section
4.2.3).

Now, one hyperparameter more is added, so the set of hyperparameters
is composed by K marginal precisions ({τk}Kk=1), K ∗ (K − 1)/2 correlation
parameters ({ρjk}Kj,k=1) and one common spatial autocorrelation parameter.

In the implementation of this e�ect a prior is considered for α:

α ∼ Un(αmin, αmax)

where, as in the Section 4.2.2, αmin and αmax de�ne the bounds of the
domain of α. Regarding the priors for the other parameters, the alternative
of the previous models is chosen, so a Wishart distribution is considered as
a joint prior distribution for Λ−1 matrix.

As in the previous models, the internal scale of INLA forces us to trans-
form every hyperparameter in order to obtain an equivalent parameter with
no boundaries, that is, taking values in the (−∞,+∞) interval. Thus, the
vector of hyperparameters is (α∗, log(τ1), . . . , log(τK), ρ∗21, ρ

∗
31, . . .) where α

∗

and ρ∗ij are de�ned as in Section 4.2.2.

4.2.5 M-model

Fitting a multivariate model to a large number of variables (for instance, a
large number of diseases is a challenging problem. Botella-Rocamora et al.
(2015) developed a modelling framework for disease mapping that tries to
cover most of the multivariate models used in disease mapping. In this mod-
elling framework, linear combinations of proper CAR spatial e�ects are as-
signed to the spatial e�ects. Speci�cally, considering K proper CAR spatial
e�ects de�ned by

φk ∼ N(0, (D − αkW )−1), k = 1, . . . ,K

where φk is a vector of length I. Then, the value of the spatial random e�ect
θk = (θ1k, . . . , θIk) for variable k is computed through a linear combination
of the φk e�ects as:

θk = φ1m1k + . . . φKmKk

where the di�erent weights mij de�ne a matrix M which contains all the
weights of each disease for the di�erent CAR spatial e�ects. This approach
is called the M-model because of this M matrix. Thus, following Botella-
Rocamora et al. (2015) now Θ is modelled as follows:

vec(Θ) ∼ N(0, (M> ⊗ I)diag((Σw)1, . . . , (Σw)K)(M ⊗ I))
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Latent e�ect R function # hyperparameters
Simple IMCAR inla.rgeneric.simple.IMCAR.model K
Simple PMCAR inla.rgeneric.simple.MCAR.model K + 1

IMCAR inla.rgeneric.IMCAR.model K ∗ (K + 1)/2
PMCAR inla.rgeneric.MCARIW.model K ∗ (K + 1)/2 + 1
M-model inla.rgeneric.Mmodel.model K ∗K

Table 4.1: Summary of the latent e�ects implemented in the INLAMSM pack-
age, incuding the name of the function in which is implemented.

Note that matrices (Σw)j are the variance matrices of the K proper CAR
spatial e�ects which can be written as

(Σw)j = (D − αjI)−1, j = 1, . . . ,K

In Botella-Rocamora et al. (2015) it is proven that the between-diseases
variance matrix is M>M which is assigned a Wishart prior with parameters
K and τI as a prior distribution. τ is a �xed precision parameter set to
0.001, but it can also be considered as another parameter to be estimated in
the model (Corpas-Burgos et al., 2019).

Regarding the hyperparameters in the internal scale, their vector is formed
by the autocorrelation parameters (convenientely transformed as in Section
4.2.3) and by the columns of matrix M .

4.2.6 Summary of the models

In order to sum up the main features of the models which are implemented
in the INLAMSM package and to state the name of the functions of each one
a summary of this information and the number of hyperparameters can be
seen in Table 4.1. All the names of the functions are chosen consistently.
Additionally, the number of hyperparamters details the complexity of the
model and show their dependence on the number of diseases (K), so the
relation between the number of hyperparameters and the complexity of the
model can be studied.

4.3 Examples

With the main goal of showing how to use the INLAMSM package and the
functions implemented, the development of two examples with INLAMSM are
detailed in this section. A well-known dataset, North Carolina SIDS data
(Cressie and Read, 1985), which has been analysed using di�erent techniques
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has been chosen for the �rst example as a brief tutorial of how to �t the
di�erent models implemented in the INLAMSM package.

The second example focuses on the number of deaths caused by three
di�erent diseases in the 540 municipalities of the Valencian region (Spain).
In this example, the aim is on analysing this dataset and interpreting the
results of the analysis.

The code for analysing these examples is detailed and explained in Palmí-
Perales et al. (2019).

4.3.1 North Carolina SIDS data

The North Carolina SIDS dataset records counts for the 100 counties of North
Carolina of live births and number of sudden infant death cases for two time
periods from 1st July, 1974 to June 30th, 1978 and from 1st July, 1979 to
June 30th, 1984. The R package spData (Bivand et al., 2019) contains this
dataset available as a shape�le and the rgdal R package (Bivand et al., 2019)
can be used to load this dataset.

In this example, the number of SIDS cases in county i and period k, Oik,
are going to be modelled as

Oik ∼ Po(µik); log(µik) = log(Eik) + αk + θik, i = 1, . . . , I, k = 1, 2

where Eik is the expected counts for the region i and the period k and αk
is a period-speci�c intercept. The multivariate spatial e�ect, θik, is the one
which is going to be modelled using the models implemented in the INLAMSM
package. It is worth mentioning that other covariates and e�ects could be
included in the linear predictor in order to account for other speci�c e�ects.

As it is explained in Section 1.4.3, an internal standardization has been
carried to compute the expected cases Eik. In particular, the expected values
are computed as a product of the period-speci�c mortality rate rk and the
number of births Nik :

Eik = rkNik; rk =

∑100
i=1Oik∑100
i=1Nik

, i = 1, . . . , I, k = 1, 2

Once the expected values are computed the model can be �tted. In
order to do this, the functions of INLAMSM can be used to de�ne the spatial
latent e�ect through the inla.rgeneric.define() function of the R-INLA

package. Here, some arguments are required such as the adjacency matrix,
the number of time periods, etc. Then, the last step is to �t the model using
INLA specifying the spatial latent e�ect that have just been de�ned. For
instance, for the simple IMCAR detailed in Section 4.2.1, the code to de�ne
the latent e�ect and �t the model is
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Figure 4.1: Standadized mortality ratio and posterior means of the �tted
values with the SIMCAR model for both time periods for the North Carolina
SIDS data.

R> library("INLAMSM")

R> library("INLA")

R> # Number of variables (i.e., periods)

R> k <- 2

R> # Define bivariate latent effect

R> model <- inla.rgeneric.define(inla.rgeneric.simple.IMCAR.model,

+ k = k, W = W)

R> #Fit model

R> SIMCAR <- inla(OBS ~ -1 + PERIOD + f(idx, model = model),

+ data = d, E = EXP, family = "poisson",

+ control.predictor = list(compute = TRUE),

+ control.inla = list(h = 0.0000001))

In the case of the simple IMCAR model, the results obtained are equiv-
alent to �tting both periods separately using an intrinsic CAR latent e�ect
which can be done with the besag e�ect implemented in INLA. Figure 4.1
shows the comparison between the SMR (Oik/Eik) and the results of the
simple IMCAR for both periods. The estimates from the model show a
smoother pattern.

As the simple intrinsic model, the other models can also be �tted with
the proper speci�cations. In Figure 4.2 the estimated posterior mean of the
relative risk of the di�erent latent e�ects implemented in the INLAMSM pack-
age is shown for both periods. For each time period, we did not appreciate
relevant di�erence among the models �t.
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Figure 4.2: Posterior means of the di�erent multivariate spatial e�ects �t to
the North Carolina SIDS data.
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4.3.2 Mortality in Comunidad Valenciana (Spain)

Mortality by cirrhosis, lung and oral cancer in Comunidad Valenciana (Spain)
is going to be analysed in this example using simulated data which have been
obtained from Martinez-Beneito and Botella-Rocamora (2019). Con�den-
tiality constraints are established for real data, so these simulated data were
created in order to mimic the spatial pattern of the real data. Therefore
these data can be openly published and is available in http://github.com/

MigueBeneito/DisMapBook and in the INLAMSM package.

The observed data are available by municipalities and expected data have
been computed using internal standardization as in the previous example.
However, now the objective is quite di�erent. The aim here is to analyse the
similarities and dissimilarities among the di�erent diseases and to estimate
the spatial pattern of their relative risk .

The models that are going to be �tted now using the INLAMSM package
are very similar that the ones in the previous example. So the observed
number of cases of the disease k at the municipality i, Oik, is assumed to
follow a Poisson distribution with mean the product between the expected
number of cases of the disease k at the municipality i, Eik, and the relative
risk of the disease k at the municipality i, RRik, as follows:

Oik ∼ Po(Eik ·RRik); log(RRik) = αk + θik, i = 1, . . . , 540, k = 1, 2, 3

where αk is the intercept for the disease k and θik is the multivariate spa-
tial e�ect which, as before, is going to be modelled using the latent e�ects
implemented in the INLAMSM package. Also, the lines of the code where the
latent e�ects are de�ned and the models (IMCAR, PMCAR and M-model)
are �tted are shown.

R> # Define latent IMCAR model

R> model <- inla.rgeneric.define(inla.rgeneric.IMCAR.model,

+ k = k, W = W)

R> # FIT IMCAR model

R> IMCAR.cval <- inla(OBS ~ 1 + f(idx, model = model),

+ data = d, E = EXP, family = "poisson",

+ control.compute = list(config = TRUE),

+ control.predictor = list(compute = TRUE))

R> # Define latent PMCAR model

R> model <- inla.rgeneric.define(inla.rgeneric.MCAR.model,

+ k = k, W = W, alpha.min = alpha.min,

+ alpha.max = alpha.max)

R> # Fit PMCAR model

http://github.com/MigueBeneito/DisMapBook
http://github.com/MigueBeneito/DisMapBook
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Model
Example # Areas SIMCAR SPMCAR IMCAR PMCAR M-model

1 100 6.28 4.81 6.71 12.39 20.29
2 540 � � 101.45 51.91 484.57

Table 4.2: Computing times (in seconds) for the models �t to the two ex-
amples.

R> PMCAR.cval <- inla(OBS ~ 1 + f(idx, model = model),

+ data = d, E = EXP, family = "poisson",

+ control.compute = list(config = TRUE),

+ control.predictor = list(compute = TRUE))

R> # Define latent M-model

R> model <- inla.rgeneric.define(inla.rgeneric.Mmodel.model,

+ k = k, W = W, alpha.min = alpha.min,

+ alpha.max = alpha.max)

R> # Fit M-model

R> Mmodel.cval <- inla(OBS ~ 1 + f(idx, model = model),

+ data = d, E = EXP, family = "poisson",

+ control.compute = list(config = TRUE),

+ control.predictor = list(compute = TRUE)

+ )

All models have been computed using a Mac OS X computer with an
Intel Core i5 processor (2,7 GHz), 4 cores and 16BG of RAM. The posterior
means of the relative risks of the three causes of death are displayed in Figure
4.3. Computing times are displayed in Table 4.2. These times are higher for
this example due to the fact that 3 diseases and 540 municipalities (5 times
more areas approximately) are considered. Nevertheless, times of 16 minutes
approximately are described in Botella-Rocamora et al. (2015), so here the
fact that INLA can �t the same models faster than MCMC is supported.

As it is detailed in every model in Section 4.2, INLA considers a vector of
hyperparameters in an internal scale. Thus, in order to recover the variance
matrix for some of the models, multivariate inference has to be performed
to compute the o�-diagonal elements of the matrix.

In order to perform an appropriate multivariate inference, the marginals
obtained by INLA are not enough. However, INLA is able to draw sam-
ples from the approximate joint posterior of the hyperparameters, but this
is based on the internal representation of the model. Nevertheless, our ap-
proach has already used this internal representation to get the posterior
means of the variance matrices saving some computational time.

Di�erent ensembles of values of the hyperparameters ({γg}Gg=1) and as-
sociated values of the log-posterior density are stored in the internal repre-
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Figure 4.3: Posterior means of the relative risks of the three cancers in
Comunidad Valenciana (Spain).
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sentation. Instead of sampling from the joint posterior distribution of the
hypeparameters, the log-posterior densities are re-scaled to obtain weights
associated to these hyperparameters, so each value of γg is transformed ac-
cordingly. Furthermore, these weights are used to compute the posterior
mean of the transformed hyperparameters.

In the case of IMCAR the multivarite posterior estimate of Λ−1 is: 0.2687 0.0336 0.0545
0.0336 0.1091 0.0794
0.0545 0.0794 0.1942


For the PMCAR, these estimates take the values 0.2448 0.0992 0.149

0.0992 0.1314 0.144
0.1488 0.1436 0.206


In this case the posterior estimate of the spatial autocorrelation parameter
α is 0.991 with a 95 % credible interval of (0.9786, 0.998) which is very close
to 1.

Finally, for the M-model, as especi�ed in Section 4.2.5, the between dis-
eases variance is given by MTM , whose estimate is 0.343 0.102 0.171

0.102 0.130 0.145
0.171 0.145 0.217


Similarities can be observed between the posterior estimates of the PM-

CAR and the M-model. Furthermore, a higher correlation between lung
cancer and oral cancer (indexed as the second and third diseases respec-
tively) than cirrhosis (indexed as the �rst disease) with any of the other two
can be detected. Lung and oral cancer are known to be correlated (Botella-
Rocamora et al., 2015) which are the conclusions that these results point
to.

4.4 Discussion

In this chapter, the R package INLAMSM has been introduced. This package
implements a number of multivariate spatial latent e�ects which are �tted
with INLA. Furthermore, in order to �t lattice data, this package provides
an easy and simple way to de�ne the multivariate spatial latent e�ect and
including it in a Bayesian hierarchical model to be �t with INLA.
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INLA o�ers the possibility of de�ning new latent e�ects using the rgeneric
framework where the only requirement is to specify the latent e�ect as a
GMRF. In other words, the mean, the precision matrix and priors for the
hyperparameters are required. Therefore, the problem of �tting multivariate
models with INLA is reduced to de�ne a latent e�ect with the appropriate
function from the INLAMSM package because, once the latent spatial e�ect is
de�ned, it only has to be included in the model formula.

Regarding the examples, a well-known dataset has been analysed to per-
form a comparison of the di�erent models implemented. Furthermore, a
more complex example has been tackled dealing with a larger number of
areas in order to show that the INLAMSM package can perform multivariate
Bayesian inference with INLA. In addition, INLAMSM brings the advantages
of INLA to the context of multivariate analysis of lattice data, which can be
seen in the shorter computing times and in the few lines of code needed to
�t he models.

Although all the examples have been developed in the context of dis-
ease mapping, it is remarkable that the models implemented in the INLAMSM
package can be used in any multivariate spatial context to analyse lattice
data. In addition, although no comments have been given here, the models
implemented in the INLAMSM package can be used to build temporal and even
spatio-temporal models by considering a temporal adjacency matrix.

Future work will include increasing the number of multivariate spatial
models in this package. In order to do so, an interesting feature is that
the models that are already implemented can be used as a starting point to
implement more spatial models for lattice data.





Chapter 5

Multivariate analysis of point
patterns using log-Gaussian
Cox process

As it has been described in Section 1.3.3, the analysis of point patterns is
widely used in public health and epidemiology. Several types of studies are
usually carried out , for example, case control studies. The analysis of point
patterns trough case-control studies enables epidemiologists to estimate the
spatial distribution of cases adjusting for the spatial distribution of the con-
trols, to compare risk factors of the cases and controls in order to highlight
areas with higher risk and to assess the possible in�uence of other external
sources on the distribution of cases.

In a spatial case-control analysis, the intensity of both point processes can
be estimated using di�erent methods (Gelfand et al., 2010; Baddeley et al.,
2015b; Diggle, 2003). For instance, a kernel smoothing technique or similar
methods can be used to estimate the intensity of both processes considered
separately. If covariate information is available, it can be included by using
log-Gaussian Cox processes (Møller et al., 1998) to model the intensity of
the point patterns and the e�ect of the covariates.

Here a novel modelization is proposed in order to analyse di�erent dis-
eases with case-control data by �tting a multivariate point process. This
new approach is going to be �tted using INLA, which o�ers a simple de�ni-
tion of the model by determining di�erent types of �xed and random e�ects,
state-of-the-art spatial models and computational speed. The spatial e�ect
which will model the spatial variation of the intensity of every point pattern
is going to be a Gaussian process with Matérn covariance. This is going to be
approximated by the solution to a Stochastic Partial Di�erential Equiation
(SPDE, Lindgren et al., 2011).

81
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5.1 Cancer in Alcalá de Henares (Madrid, Spain)

The methodology explained in this work has been developed with the goal of
analysing data obtained from Prince of Asturias University Hospital (HUPA,
Alcalá de Henares, Madrid, Spain), and it can be used with other datasets
with the same or similar structure. HUPA's Minimum Basic Data Set
(MBDS, Fernández-Navarro et al. (2016, 2018)) provided the cases of the
three diseases which are going to be analysed in this chapter: lung (313
cases, ICD-10 C33-C34), stomach (136 cases, ICD-10 C16) and kidney (115
cases, ICD-10 C64-C66, C68) cancers whose mortality is relevant nationwide
(Fernández de Larrea-Baz et al., 2009). Locations are stored for all the cases
which are collected from January 2012 to June 2014 and all the individuals
are older than 39 years.

Regarding the controls, 3000 people from the continuous register of in-
habitants, also from January 2012 to June 2014, have been selected. A good
representation of the distribution of the population is provided with at least
9 controls per case for the diseases under study (Taylor, 1986; Fernández-
Navarro et al., 2018).

Also, the location of some polluting industries in the area of Alcalá de
Henares have been provided. Following the Spanish Ministry for the En-
vironment and Rural & Marine Habitats (Ministerio de Medio Ambiente y
Medio Rural y Marino, Spain), the data of the selected industries follow
the Integrated Pollution Prevention and Control (IPPC) criteria. Further-
more, data belonging to other industrial activities not subjected to the IPPC
Act 16/ 2002 but included in the European Pollutant Release and Transfer
Register (E-PRTR) is also considered.

Speci�cally, 13 air polluting industries located inside the area of study
were chosen and their coordinates extracted from the IPPC + E-PRTR
database were carefully validated (Fernández-Navarro et al., 2017). Two
of these industries are also considered as heavy metals industries. This in-
formation has been extracted from a record of all polluting industries located
in Spain which is provided by the Health Institute `Carlos III'. In addition,
Spanish O�ce for National Statistics (INE) provide other socio-economic
variables at census track level that are also included in the analysis.

Figure 5.1 displays the area of study, the location of the cases and the
controls and also the location of the 13 air-polluting industries which are
situated in the city or its surroundings.
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Figure 5.1: From top to bottom and left to right, locations of the controls
and cases of lung, stomach and kidney cancer, respectively. The red triangles
represent the locations of air polluting industries and green dots the locations
of the heavy metals industries. The boundary represents the study region.
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5.2 Multivariate point pattern analysis

5.2.1 Modelling framework

Here, every point pattern is going to be regarded as an inhomogeneous Pois-
son point process (see Section 1.2.3) whose intensity function at any location
x of the D domain is denoted by λ(x). In particular, the intensity of the
controls is represented as λ0(x) while intensities of the cases of lung, stomach
and kidney cancer are represented by λi(x), i = 1, 2, 3, respectively. Follow-
ing the same subscript numerations ni, i = 0, . . . , 3 denote the number of
controls and cases of each disease type.

In the case where no risk variation exists over space, the distribution
of cases will follow the population distribution. Thus, a simple procedure
to assess for di�erences on the spatial variation of cases and controls is to
compute ratios ρi(x) = λi(x)/λ0(x) (Kelsall and Diggle, 1995b) bearing
in mind that λi(x) = ni

n0
· λ0(x), i = 1, 2, 3 when the spatial distribution

of the cases is that of the controls. So, ρi(x) = ni/n0 when no spatial
risk variation comes out. This technique can be applied easily estimating
intensities λ̂i(x), i = 0, . . . , 3, for instance, using a widespread technique:
kernel smoothing (Diggle, 1985). However, it is worth mentioning that the
same bandwidth has to be used to estimate the di�erent intensities in order
to been able to compare them (Kelsall and Diggle, 1995a). In this case,
Figure 5.2 shows the estimates of the intensities for the three types of cancer
λ̂i(x), i = 0, . . . , 3 with a bandwidth of 300 meters and also the estimates of
the ratio of the intensities ρ̂i(x), i = 1, 2, 3 is also displayed.

In is worth mentioning that the plots in Figure 5.2 are only presented as
a summary of the spatial distribution of the point patterns, and the relative
risk of the di�erent types of cancer.

5.2.2 Methodology proposed

The methodology proposed consists of a group of models which account for
di�erent types of variability. First of all, a simple model (Model 0) is pro-
posed to estimate the di�erent intensities. Speci�cally, the model proposed
at a point x of the study domain D is

log(λ0(x)) = α0 + S0(x); x ∈ D

log(λi(x)) = αi + S0(x), i = 1, . . . ,K; x ∈ D

where αi represents the intercept of the diseases i (α0 in the case of the
controls intensity) and S0(x) is a spatial Gaussian process with a Matérn
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Figure 5.2: Estimated intensities of the controls λ̂0(x) and the cases λ̂i(x) =
1, 2, 3 (top row) and estimate of the ratio ρ̂i(x), i = 1, 2, 3 (bottom row).

covariance and K is the number of diseases in the study. Generally speaking,
αi accounts for the number of observed point and the spatial term S0(x)
captures the underlying spatial variability. It is important to mention that
S0(x) is estimated using both cases and controls.

Although this model can be considered as a joint model, departures be-
tween the spatial risk variation of each group of cases and the controls can
appear. Therefore, a second approach (Model 1) which tries to catch these
di�erences can be presented as:

log(λ0(x)) = α0 + S0(x); x ∈ D

log(λi(x)) = αi + S0(x) + Si(x), i = 1, . . . ,K; x ∈ D

where αi and S0(x) are de�ned as before and Si(x), i = 1, 2, 3 (also de�ned as
a Gaussian process with a Matérn covariance and also approximated using
the SPDE approximation de�ned in Lindgren et al., 2011) measures any
disease-speci�c residual spatial variation not accounted for by the distribu-
tion of the controls. In addition, the log-intensities of cases and controls
ful�ll

log(λi(x))− log(λ0(x)) = αi − α0 + Si(x), i = 1, 2, 3; x ∈ D (5.1)

Note that, the areas of high risk will be highlighted by Si(x) because this
term measures departures from the spatial distribution of the controls.
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In some cases, the spatial variation of the cases can be explained by ex-
posure to any of P risk factors and the spatial distribution of the population,
so Model 0 can be updated and expressed as (Model 2):

log(λ0(x)) = α0 + S0(x); x ∈ D

log(λi(x)) = αi + S0(x) + Fij(x), i = 1, . . . ,K; x ∈ D

where all the terms except for Fij(x), which represents the exposure to a
risk factor j (j = 1, . . . , P ) of a case of disease i, are de�ned as before. This
last term is going to be speci�ed through the distance to the pollution source
(dx) for the subject at location x ∈ D in the case of exposure to pollution
sources. However, without loss of generality this way of modelling exposure
can be used to represent other risk factors.

Di�erent alternatives can be chosen to de�ne Fij(x). For example, a
common approach is to contemplate a �x e�ect:

Fij(x) = βij · dx

where the exposure is understood as a linear term and each pollution source
j a�ects di�erently each disease i. βij values determine the e�ect of the risk
factor j to the disease i. Negative values of this parameter will indicate an
increase of the e�ect when the distance decreases

Other alternatives rely on smoother terms which are commonly used to
model risk factors (Wood, 2017). For example, a discrete random walk based
on r knots placed at distances k1, . . . , kr from the pollution source can be
considered. In particular, the random walk associated to pollution source j
for a given disease i is determined as follows:

u
(i)
lj − u

(i)
l−1j ∼ N(0, τj); l = 2, . . . , r

with τj being a precision parameter and de�ning the e�ect as

Fij(x) = u
(i)
l(x)j .

Note, that l(x) works as an index that indicates the nearest knot to the case
at location x which assigns the same e�ect to cases with similar distances to
the pollution source.

A Gaussian process with a Matérn covariance based on the distance to
the pollution source j is another alternative to model Fij(x) which follows
the same idea of how Si(x) is modelled but in one dimension. Particularly,
the e�ect is modelled as:

Fij(x) = vij(x)



5.3. Spatial variation of cancer in Alcalá de Henares (Madrid, Spain) 87

Model log(λ0(x)) log(λi(x))

0 α0 + S0(x) αi + S0(x)
1 α0 + S0(x) αi + S0(x) + Si(x)
2 α0 + S0(x) αi + S0(x) + Fij(x)
3 α0 + S0(x) αi + S0(x) + Fij(x) + Si(x)

Table 5.1: Summary of models for multivariate point patterns using case-
control data.

with vij(x) understood as a Gaussian process with zero mean and Matérn
covariance in one dimension and the observations are the distances from the
pollution source to each point location.

Finally, a possible natural extension (Model 3) is to account for both
spatial speci�c and shared e�ects and the e�ect of risk factors, leading to a
model that can be speci�ed as

log(λ0(x)) = α0 + S0(x);x ∈ D

log(λi(x)) = αi + S0(x) + Fij(x) + Si(x), i = 1, . . . ,K;x ∈ D

with all terms de�ned as above. Note that although this approach seems
theoretically reliable, results obtained by Model 3 have not been described
in this chapter mainly because it is not clear that all the di�erent e�ects
included here are identi�able. In Table 5.1 a summary of the di�erent models
proposed can be seen.

5.3 Spatial variation of cancer in Alcalá de Henares
(Madrid, Spain)

The methodology described in Section 5.2 has been used to analyse the
data described in Section 5.1. In this case, a Gaussian prior distribution
with zero mean and precision equal to 1000 has been set for the �xed ef-
fects. For the parameters of the SPDE-based spatial e�ects (Lindgren et al.,
2011), PC-priors (Simpson et al., 2017) have been chosen. In particular,
P (range < 5) = 0.95 has been set for the range and P (σ > 10) = 0.01 for
the standard deviation with the aim of setting vague priors regarding the
underlying spatial processes.
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5.3.1 Confounding factors

The fact of assessing the risk variation around pollution sources has to be
done carefully because other factors may be related to the spatial distribu-
tion of the disease. For instance, the variation of the spatial patterns of
some diseases can be in�uenced by socioeconomic indicators (e.g., income or
education) or life style (e.g., diet or smoking status). Speci�cally, Faggiano
et al. (1997) and Spitz et al. (2006) report a high correlation between lung
cancer and income and smoking.

For this reason, some �xed e�ects have been considered based on some
covariates taking into account that not all the �xed e�ects a�ect equally all
the cancer types. Therefore, di�erent coe�cients have been placed for each
�xed e�ect and disease.

It is worth mentioning that the models that are going to be �tted �rst
will not account for risk factors. However, after that, models that contain
confounding factors will be �tted checking for the relevance of the pollution
sources e�ect after taking into account these confounding factors. This pro-
cedure will enable us to detect the real factors that are related to the spatial
variation of the diseases.

Speci�cally, the confounding factors used in this study are provided by
the Spanish O�ce for National Statistics (INE) whose 2001 Spanish census
contains di�erent variables at census tract level. The assignment of the values
of the confounding factors to each point has been done considering the census
track to which a case or control belongs. In particular, the socioeconomic
factors that has been considered are:

� Unemployment rate in the range between 20 and 59 years (UNEMP2059).

� An average of the score for social class (AVGSOC).

� An average of the score for education level in the range between 30 and
39 years(AVGEDU).

� The percentage of children aged between 0 and 3 that are in the school
(PCTSCH).

5.3.2 Spatial risk variation

First of all, the spatial distribution of the cancers is analysed to assess
whether the spatial behaviour of the cases is similar to that of the con-
trols. Therefore Model 0 and Model 1 are �tted and some model selection
criteria have been computed in order to choose the best model. Model 2
depends on the pollution sources so its discussed later.
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The DIC criterion (Spiegelhalter et al., 2002) and the marginal likelihood
support Model 1 in both cases (with and without confounding factors) as it
can be seen in Table 5.2. In addition, this table also shows the e�ects of
covariates. Particularly, high unemployment and children in school are close
to have a signi�cant positive association with the three types of cancer while
education level and social level does not seem to have an e�ect.

It is worth mentioning that the confounding factors were chosen trying to
avoid the possible autocorrelation between them but it is possible that some
confounding is occurring when all four are in the model. This is possibly
the reason why zero belongs to all the credible intervals, so model selection
criteria do not point to models with these confounding factors. Nevertheless,
these four variables has been kept in the model in order to capture possible
socio-economic confounding e�ects.

Regarding models without confounding factors, Table 5.2 also show a
summary of the estimates of the parameters of the spatial e�ects Si(x), i =
0, 1, 2, 3. As it can be seen in this table, similar estimates of S0(x) are
obtained for both models without confounding factors. Focusing on Model
1, the highest nominal standard deviation and nominal range of the disease-
speci�c spatial e�ect belongs to stomach cancer and possibly suggest an
speci�c spatial variation, while kidney cancer e�ects display the smallest
nominal variance and range, which can be understood as a lack of di�erential
spatial distribution. In the case of lung cancer, the estimates of its spatial
e�ects re�ect a possible mild di�erential spatial variation.

In the case of the models that consider confounding factors, the spatial
term of Model 0, S0, is estimated similarly as in the model without con-
foundings. However, Model 1 shows smaller estimates of the range for the
disease-speci�c spatial e�ects. It is possible that the socio-economic con-
founding variables account for some of the spatial variation of the data.

It is worth mentioning that the fact of detecting departures from Model 0
is not easy due to the small sample size. Although there are some solutions
such as an extension of the period of time of the analysis, it is not easy
to increase the sample size. Similar situations are found in the analysis of
the exposure to pollution sources. For this reason, a simulation study will
be developed (see Section 5.4), in order to assess how the estimates of the
spatial e�ects change when the number of cases increases.

5.3.3 Detection of regions of high risk

Bearing in mind that S0(x) shows the spatial distribution of the controls,
any departure from this pattern should be detected in order to identify the
areas with higher risk and this is going to be done focusing on the posterior
estimates of Si(x). Credible intervals of these speci�c e�ects computed at a
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Figure 5.3: Summary of spatial e�ects Si(x) obtained with Model 1: map of
posterior means (left column), posterior standard deviations (middle column)
and 95% credible intervals (right column).

grid of points inside the study region are used to detect departures form the
null value that indicates higher or lower intensity.

The posterior means and standard deviations of the spatial e�ects Si(x)
obtained by �tting Model 1 considering confounding factors for the three
di�erent cancers are displayed in Figure 5.3. The right column of this �gure
also shows the point estimates and 95 % credible intervals of the posterior
means estimation of the spatial speci�c e�ects which have been sorted in
increasing order. If there is any credible interval which do not contain the
zero value this will indicate that there is an area where the behaviour of the
cases di�ers reasonably from the controls behaviour.

Model 1 without adjusting for confounding factors leads to similar es-
timates with wider credible intervals (not included here). Given the fact
that the sample size is small, the credible intervals are probably not narrow
enough to detect hotspots produced by the polluting industries or other fac-
tors. This fact is the main reason of not discarding the exposure to pollution
sources.
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No departures from the underlying spatial distribution of the controls can
be observed in the case of the kidney cases, while lung and stomach cancer
estimates of Si(x) are higher at some points. In addition they are close to
having smaller regions with high values of the disease-speci�c spatial term
which indicates that the spatial distribution of the controls does not account
for the spatial variation that appears mostly in the south part of the city.
Therefore, it is important to take into account the location of the industries
in Models 2 and 3.

5.3.4 Assessing exposure to pollution sources

The possible relationship between an increased intensity at some points and
the location of the industries is going to be analysed in this section. Due to
the large number of models that can be �tted, only the models that indicate
an increased risk around polluting industries are detailed. Therefore, not
only the models that DIC and WAIC criteria point to be the best models
are going to be analysed, but we will consider the models with estimates of
the e�ect Fij(x) that point to an increased risk around the pollution source.
Note that in some cases, the estimates of DIC and WAIC are not reliable so
they have been replaced by a dash in some tables.

DIC and WAIC estimates for di�erent models not considering confound-
ing variables but using a �xed e�ect, a random walk and or a SPDE e�ect can
be seen in Table 5.3 which also details the variation of the risk of each dis-
ease. Models that have been included here contain a negative upper limit of
the 95% credible interval of the coe�cient for the �xed e�ect or a decreasing
trend with distance when the e�ect is either a RW1 or SPDE smooth term
(even when the 0 is in the 95% credible interval). In Figure 5.4 an example
of a tumour included in the Table 5.3 on the two top plots. Although the
95% credible intervals for the e�ects with both the RW1 and SPDE contain
the zero value, the decreasing trend with distance is clear. This is possibly
explained by the di�erence of the amount of cases and controls of the dataset.

It is worth remarking that values of DIC and WAIC are smaller than the
ones obtained for Model 0 and 1, which can be interpreted as that the inclu-
sion of the covariate e�ects is relevant. Also, Figure 5.4 shows a decreasing
pattern around the pollution sources (Industry 1) of the RW1 and SPDE1
e�ects.

Similar estimates of the di�erent spatial e�ects have been obtained with
Model 2. Note that results point to a potential association between seven
industries and an increase of the intensity of di�erent types of cancer around
them. Particularly, this association is quite negligible for the kidney cancer
but it is clear for the lung and stomach cancer.

Bearing in mind that this increase may be related to the socio-economic



5.3. Spatial variation of cancer in Alcalá de Henares (Madrid, Spain) 93

Table 5.3: Summary of Models 2 and 3 (without confounding factors) to
assess exposure around polluting industries.

Without confounding factors

Model 2 Model 3

Source E�ect DIC WAIC Cancer DIC WAIC Cancer

Industry 1 Fixed -31576.57 -28523.96 L, S -31604.58 -28446.86 L, S
Industry 2 Fixed -31575.79 -28522.54 L, S -31605.73 -28444.19 L, S
Industry 5 Fixed -31576.32 -28525.60 L, S -31598.35 -28432.65 �
Industry 6 Fixed -31574.03 -28516.32 L, S, K -31603.99 -28440.13 L
Industry 7 Fixed -31561.54 -28501.01 � -31605.74 -28438.69 L
Industry 8 Fixed -31565.95 -28509.09 L, K -31599.19 -28435.79 �
Industry 9 Fixed -31566.34 -28509.38 L, K -31599.81 -28436.22 �

Industry 1 RW1 -31563.00 -28491.15 L -31604.58 -28446.86 L, S
Industry 2 RW1 -31621.04 -27630.06 L -31605.73 -28444.19 L, S
Industry 5 RW1 -31618.46 -28490.14 L, S -31598.35 -28432.65 L, S
Industry 6 RW1 -31557.60 -28497.06 L -31603.99 -28440.13 L, S
Industry 7 RW1 -31559.55 -28519.13 � -31605.74 -28438.69 �
Industry 8 RW1 -31559.63 -28515.80 � -31599.19 -28435.79 �
Industry 9 RW1 -31559.61 -28515.22 � -31599.81 -28436.22 �

Industry 1 SPDE1 -28613.62 � L, S � � L, S
Industry 2 SPDE1 -31573.44 -28447.03 L, S � � L, S
Industry 5 SPDE1 -31606.01 � L, S -31590.59 � L, S
Industry 6 SPDE1 -31590.62 -28438.07 L -31604.02 -28376.68 �
Industry 7 SPDE1 -31568.83 -28451.21 � -31600.12 -28398.24 �
Industry 8 SPDE1 -31567.08 -28448.97 � -31594.16 -28384.54 �
Industry 9 SPDE1 -31565.64 -28454.97 � -31593.62 -28294.52 �

With confounding factors

Model 2

Source E�ect DIC WAIC Cancer

Industry 1 Fixed -31624.75 -28461.34 L, S, K
Industry 2 Fixed -31623.27 -28461.01 L, S, K
Industry 5 Fixed -31598.99 -28449.47 L, S, K
Industry 6 Fixed -31609.41 -28451.30 L, S, K
Industry 7 Fixed -31585.11 -28429.39 K
Industry 8 Fixed -31600.10 -28445.24 L, K
Industry 9 Fixed -31601.54 -28445.97 L, K

Industry 1 RW1 -31645.50 � L, S
Industry 2 RW1 -31734.66 � L, K
Industry 5 RW1 -31657.11 -28415.90 L, S
Industry 6 RW1 -31773.61 � L, S
Industry 7 RW1 -31583.83 -28451.82 �
Industry 8 RW1 -31613.32 -28388.08 L
Industry 9 RW1 -31609.66 -28381.25 L

Industry 1 SPDE1 -31626.01 � L, S
Industry 2 SPDE1 -31632.65 � L, S
Industry 5 SPDE1 -31661.90 � L, S
Industry 6 SPDE1 -31682.90 -28289.75 �
Industry 7 SPDE1 -31619.81 -28375.44 �
Industry 8 SPDE1 -31622.06 -28370.71 �
Industry 9 SPDE1 -31619.74 -28353.05 �
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Figure 5.4: Estimated e�ects of Model 2 for industry 1 using RW1 (left) and
SPDE1 (right) smooth e�ects.
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factors, the same models have been �tted adding the four socio-economic
variables detailed in Section 5.3.1. Estimates of the coe�cients of these
socio-economic factors are similar to the ones obtained for Models 0 and
1. Additionally, values of DIC and WAIC for these models can be seen in
Table 5.3 together with the cancer tumours which have an increase in the
vicinities of the pollution sources. As mentioned earlier, Model 3 has not
been included here because of non-identi�ability of the di�erent e�ects.

It should be noted that values of the DIC are smaller when adjusting for
confounding factors while an increase can be seen on the WAIC. Following
these values, models with RW1 and SPDE1 latent e�ects obtain better values
than the ones with �xed e�ects. Generally speaking, negligible di�erences
have been found after accounting for the confounding factors which means
that there is still a possible association between an increase in the number
of cases and the distance to the polluting industries.

Only the relevant industries have been included in Table 5.3. Industries
1 and 2 are located in an industrial area really close to the city and the
increase of lung and stomach cancer cases could be explained by the presence
of asbestos in this area. Industry 5 is a land�ll full of waste where crematory
activities are performed which produces smoke that reaches the city a few
kilometres away. A deprived area is near the location of Industry 6 which
could be the origin of increase in the cases of cancer despite of the inclusion
of several socio-economic variables. No association has appeared between
the cancer types studied and the industries 7, 8 and 9.

Some care has to be taken when assuming that the increases of cases
of cancer around the aforementioned industries following just this study be-
cause of the low number of cases and the only four confounding factors
considered. However, it can be seen that the methodology developed here is
appropriate to reach the objectives stated in this study.

Given that the best model seems to be Model 2 with RW1 and SPDE1
e�ects, Figure 5.4 has been created with the estimates of the e�ects for In-
dustry 1 where an e�ect for lung and stomach cancer can be seen in both
models considering RW1 and SPDE1 e�ects. This fact is consistent consid-
ering that this Industry is close to the city. However, in the case of kidney
cancer, no relevant e�ect has been detected.

The number of cases and controls will a�ect the estimates of the e�ects
produced by the pollution sources and other risk factors. Epidemiological
studies usually can not increase the sample size of the cases, so an association
between the risk factors and the diseases may not be detected because of a
small sample size. For this reason, a simulation study, which is described in
Section 5.4, has been developed in order to investigate how the estimates of
the e�ects depend on the available number of cases.
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5.4 Simulation study

A simulation study has been carried out in order to investigate how the num-
ber of cases a�ects the detection of e�ects of a risk factor using the three
di�erent alternatives of Fij(x). Speci�cally, 3000 new controls have been
simulated from the estimated intensity of the actual controls. Then a set of
cases has been simulated using the estimated intensity of the simulated con-
trols including an e�ect that depends on the distance to a pollution source (in
this case, Industry 1 has been chosen) using a decaying exponential function.
Only cases from one disease have been considered here.

Therefore, the intensity of the simulated cases can be expressed as

λ̂0(x) · exp(−dx/φ)

where the estimated intensity of the controls is represented by λ̂0(x) and φ
is a scale parameters which measures the dependence between the distance
to the pollution source and the intensity of cases.

Regarding the details of the simulation, values of 1, 3 and 6 have been
chosen for φ and the number of cases considered are 50, 100, 300, 500,
1000 and 2000. The number of controls has been set to 3000 in all the
scenarios. Distances from the pollution source to the simulated points are
approximately in the interval (0.05, 5.3). Higher values of φ will produce
slower decreases in the e�ect of the pollution sources and very similar e�ects
of the source on the intensity of all the controls.

The values of DIC for Models 2 and 3 �tted with the simulated data using
RW1 and SPDE1 e�ects on the distance to the pollution source are shown
in Table 5.4 where Model 2 is preferred in the case of the RW1 even more for
large values of φ and large number of cases. In the case of the models with
SPDE1 e�ects, very similar values are displayed for both models, so Model
2 shall be selected because is the simplest. In the particular case of a very
week or an inexistent e�ect of the pollution source (that is φ = 6) similar
DIC values are obtained for both RW1 and SPDE1.

Estimates of the smooth terms using SPDE1 e�ects for di�erent number
of cases and assuming φ = 3 are plotted in Figure 5.5 (the estimates for the
RW1 are similar but not shown here). This �gure supports the idea that
detectability of the e�ects increases with the number of cases and narrower
credible intervals are obtained. In the case of φ = 1, stronger e�ects are
produced, so identifying a strong e�ect requires a smaller number of cases.

Model 3 is not able to detect exposure to the pollution source in any
scenario which is probably caused by the disease-speci�c terms accounts
for all the unexplained spatial variation. These points to an identi�ability



5.5. Discussion 97

Table 5.4: Values of the DIC for the models �t to the simulated data.

Settings RW1 SPDE1
# Cases ϕ Model 0 Model 1 Model 2 Model 3 Model 2 Model 3

50 1 -22812.90 -22831.77 -22838.29 -22831.98 -22839.07 -22839.12
50 3 -22796.62 -22796.39 -22796.93 -22796.62 -22800.88 -22800.81
50 6 -22796.41 -22796.12 -22796.74 -22796.15 -22796.29 -22795.99
100 1 -22934.97 -22965.97 -22967.99 -22965.95 -22976.62 -22976.27
100 3 -22911.74 -22913.33 -22912.16 -22912.62 -22921.13 -22920.72
100 6 -22908.13 -22907.91 -22908.53 -22908.13 -22911.90 -22911.18
300 1 -23880.00 -24028.13 -24035.86 -24028.87 -24049.91 -24049.47
300 3 -23797.38 -23815.83 -23819.03 -23819.15 -23825.43 -23824.90
300 6 -23774.33 -23777.53 -23781.62 -23777.52 -23782.49 -23782.12
500 1 -25126.22 -25388.90 -25400.31 -25421.05 -25420.41 -25420.22
500 3 -24946.51 -24970.60 -24978.07 -24975.04 -24981.11 -24980.70
500 6 -24920.53 -24925.79 -24936.79 -24934.07 -24936.19 -24934.67
1000 1 -28835.55 -29245.86 -29268.02 -29303.88 -29287.42 -29286.82
1000 3 -28459.73 -28503.98 -28516.88 -28512.76 -28519.96 -28519.22
1000 6 -28341.42 -28341.35 -28353.58 -28345.77 -28352.02 -28351.56
2000 1 -37725.47 -38356.53 -38367.91 -38443.95 -38415.57 -38415.05
2000 3 -36795.54 -36850.21 -36870.57 -36866.91 -36874.63 -36874.02
2000 6 -36604.24 -36604.09 -36617.14 -36613.30 -36617.83 -36617.49

problem based on the idea that Si(x) and Fij(x) terms try to explain the
same pattern. Anyway, as has been said in the previous sections, Model 2 is
usually preferred.

Hence, as it can be seen in Table 5.4 and Figure 5.5 the number of cases
in�uences the detectability of the e�ect produced by the pollution source, so
higher numbers of cases provide a higher power to detect the e�ect. Thus, it
can be stated that for a su�ciently large number of cases, the methodology
developed and detailed in Section 5.2.2 would be able to �rmly identify the
exposure to a pollution source even if this e�ect is mild.

5.5 Discussion

As it can be seen, the integrated nested Laplace approximation o�ers a
way to �t multivariate point patterns using log-Gaussian Cox processes in a
Bayesian framework. In this context, the logarithm of the intensity of each
point pattern can be modelled as a sum of �xed e�ects and smooth terms
on the covariates adding spatial smooth terms using SPDE approximation.
This leads to a framework to �t multivariate point patterns.

Case-control data were used to exemplify the developed methodology
where cases of several cancer types have been analysed. Section 5.3 has
shown that this methodology is able to estimate the spatial risk variation
and to detect the areas of high risk. Moreover, considering the distance to
the pollution source for each point, this methodology can examine the risk
caused by putative pollution sources. Furthermore, speci�c spatial patterns
of some diseases can be also detected by these methods. Thus, similarities
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Figure 5.5: Estimated e�ect of a pollution source using Model 2 and SPDE1
e�ects on the simulated case-control data with φ equal to 3.
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and di�erences in the spatial patterns of di�erent diseases can be found,
o�ering the possibility of discovering diseases with similar variation of their
risks.

Speci�cally, a dataset composed by the locations of cases (of lung, stom-
ach and kidney cancer) and controls from Alcalá de Henares (Madrid, Spain)
has been used to apply the methodology in order to study their risk varia-
tion. Kidney cancer spatial distribution seems to follow the controls' pattern,
while a mild spatial risk variation has been detected for lung and stomach
cancer. Additionally, the combination of shared and disease-speci�c spatial
terms has allowed us to remark the high risk areas for lung and stomach
cancer situated at the south of the city approximately. A deeper epidemio-
logical study could account for the particular activity of each industry and
how that could be possibly linked to the increase of cancer cases.

The main limitation of this study has been the low number of cases which
produced di�culties when detecting the e�ect of the distances to pollution
sources. However, a simulation study has been carried to con�rm that this
methodology is able to detect the e�ect of exposure to pollution sources.

A possible extension of this methodology is to implement the automatic
detection of socioeconomic risk factors as well as the e�ects of pollution
sources. An option to achieve this objective is to use Reversible JumpMCMC
methods (Green, 1995) so that the e�ects on the pollution sources can be
automatically included (or removed) from the model.

An spatio-temporal extension of this methodology can be considered by
accounting for the temporal or spatio-temporal variability. This can be done
by adding to the linear predictor temporal or spatio-temporal terms which
can be modelled using SPDE e�ects (Krainski et al., 2019). Also, other terms
can be added such interesting covariates related to potential risk factors in
the case they were available.





Chapter 6

Atlas of mortality in
Castilla-La Mancha
(2003-2014)

Production of mortality atlases at municipality level has a long tradition in
Spain. Several atlases have been developed nationwide (Lopez-Abente et al.,
2001; López-Abente et al., 2007; Benach and Martínez, 2013) and for speci�c
regions (Benach et al., 2004; Martínez Beneito et al., 2005). However, the
spatial distribution of the mortality has never been considered in the region
of Castilla-La Mancha which is a large central region of Spain.

The main objective of this mortality atlas is to become the �rst exhaus-
tive analysis of the mortality at municipality level in Castilla-La Mancha for
the 2003-2014 period. The results of the atlas show challenging features that
could lead to interesting speci�c studies. We hope that other researchers,
speci�cally in Public Health area will �nd the di�erent information shown
here useful and motivating.

The diseases which have been selected for this work are the ones with
higher mortality rates in Castilla-La Mancha such as di�erent types of can-
cers or cardiovascular diseases. Some neurodegenerative diseases such as
Alzheimer disease have been included too. Furthermore, suicides have been
included because their connection with some mental illnesses such as depres-
sion.

A summary of the diseases considered here is described in Table 6.1. The
International Classi�cation of Diseases code (ICD-10) has also been included
which is the international indicator for diseases. Another indicator has been
used to select the diseases to study and it is also shown in the third column
of Table 6.1. In particular, this indicator is a code used by the Spanish
O�ce for National Statistics (INE) to similar diseases (for instance, all the

101
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cardiovascular diseases have the same value) which allows the user to perform
a joint study of the mortality of similar diseases. It is worth mentioning, that
in this work only the cerebrovascular diseases are going to be analysed in
Section 6.3. Nevertheless, Table 6.1 shows all the diseases considered in the
atlas.

In addition, this work provide maps that show the estimates of the spatial
distribution of the relative risk of these diseases. These maps show that
there is not a uniform spatial distribution of the mortality among Castilla-La
Mancha. It is worth mentioning, that these maps enables the user to compare
the spatial distribution of some speci�c diseases (for instance, di�erent cancer
types) to assess similar spatial patterns

The population distribution of Castilla-La Mancha has been presented
here in order to show the consequences of an important Spanish migration
problem: The empty Spain". This phenomenon appears in some rural areas
in Spain which su�er from high migration from the countryside to the big
cities. There are some areas in Castilla-La Mancha that su�er badly from
this phenomena. For that reason, we thought that it was important to
include an analysis of the spatial distribution (Section 6.2) of the population
at municipality level in order to de�ne the context in which this mortality
study has been done.

The main objectives of this atlas are:

� Study the spatial and temporal distribution of the most relevant dis-
eases of Castilla-La Mancha identifying their spatial and temporal pat-
terns.

� Compare the di�erent spatial and temporal patterns of the di�erent
diseases and also to detect the similarities or di�erence between di�er-
ent age groups.

� Disseminate the results among the population of Castilla-La Mancha.
In order to achieve this objective, a digital version of this atlas has been
created and it is available at http://atlasmortalidad.uclm.es.

6.1 Methodology

6.1.1 Data

Mortality data have been provided by the Spanish O�ce for National Statis-
tics (Instituto Nacional de Estadística, INE). Gender, age, ICD-10 code of
the cause of death, municipality of residence and other information are pro-
vided for every case in this database which allows us to create a table with

http://atlasmortalidad.uclm.es
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a classi�cation of the number of cases by gender, age group, municipality
and year. INE also provides the population data from 2003 to 2014. This
dataset contains the number of habitants of each municipality of Castilla-La
Mancha classi�ed by age group and gender.

Combining both, mortality and population data, raw ratios can be pro-
vided by dividing the mortality data (for each gender and age group) by the
corresponding population (age and gender groups). Here, spatial (munici-
pality) and time (year) data are not considered in order to obtain rates for
the whole period.

In the case that only the number of diseases is considered, areas with
higher populations will show higher mortality ratio due only to the fact that
more people is residing there. For this reason, the expected cases for each
municipality and year are computed following internal standardization as
it is detailed in Section 1.2.1, so now observed and expected cases can be
compared in order to detect municipalities with high risk.

6.1.2 Relative Risk estimators

An estimator of the relative risk is the Standard Mortality Ratio (SMR)
which is computed dividing the number of observed cases by the number of
expected cases. Therefore, values higher than 1 point to higher risk than
expected, values lower than 1 indicate lower risk than expected and values
close to 1 point to the risk about the average.

The SMR is a simple estimator but it is very unstable at all in the case
that small areas are considered. Castilla-La Mancha has many municipalities
with a low number of habitants, so the SMR is not a reliable estimator for
most of the municipalities. For this reason, spatial and spatio-temporal
models have been used to estimate the relative risk.

6.1.3 Spatio-temporal models

Several authors have proposed di�erent models in order to handle the es-
timation of relative risks (López-Abente et al., 2007). As it is detailed in
Section 1.2, these models are hierarchical models in which the observed data
are modelled as a Poisson distribution. Then the logarithm of the relative
risk is modelled using structured and non-structured spatial e�ects follow-
ing the approach described in Besag et al. (1991). The fact of introducing
the neighbourhood structure through the spatially structured e�ect allow
the model to consider similar estimates of the risk in municipalities that are
neighbours. The unstructured spatial e�ects capture the variability within
each municipality. It is worth mentioning that in this work, two municipali-
ties are considered neighbours if they have a common border.
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Taking pro�t of the temporal data, spatio-temporal models have also
been �tted with spatio-temporal interaction terms. Speci�cally the four
di�erent spatio-temporal interactions proposed in (Knorr-Held, 2000) have
been considered. These are reported in the on-line version of the Atlas.

The integrated nested Laplace approximation (Rue et al., 2009; Gómez-
Rubio, 2020) has been used to �t both spatial and spatio-temporal mod-
els. Each spatio-temporal interaction has been considered, so four di�erent
spatio-temporal models have been �tted. DIC (Spiegelhalter et al., 2002) cri-
teria has been used to chose the best spatio-temporal model. The results of
the spatial models are shown in this chapter meanwhile the spatio-temporal
results are displayed in the on-line atlas https://atlasmortalidad.uclm.
es.

These models are used to estimate the relative risk of each municipality.
Furthermore, these models allow to compute the probability of having a
relative risk higher than one for each municipality. Values close to one in
these probabilities would point to a higher risk than expected, so it is possible
to identify municipalities with high risks which is one of the goals of this
work.

6.1.4 How to show the results

The methodology that has been used provides several interesting results.
The way in which the results are shown it is important in the sense that
a clear and simple way of displaying the results will be understood by the
general public which is also one of our objectives. Therefore, the results
shown are:

� A summary of the disease including a description and possible risk
factors. Also a review of the relevant literature has been performed in
this part.

� Estimates of the relative risk:

� A map with the relative risk estimates for both genders that has
been obtained with the spatial model.

� Maps with the relative risk estimates for each gender that have
been obtained with the spatial model.

� A map that shows the probability of having a relative risk higher
than one that has been obtained with the spatial model

� Boxplots of the estimations of the relative risk per provinces

� Estimates of the SMR:

https://atlasmortalidad.uclm.es
https://atlasmortalidad.uclm.es
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Table 6.2: Population per provinces. The province name, the number of
municipalities and the average of the population are shown form left to right.

Province N. of M. Population
Albacete 87 393552
Ciudad Real 102 515141
Cuenca 238 211864
Guadalajara 288 232112
Toledo 204 656372

� Density plots of the SMR per gender and province.

� Boxplots of the SMR per gender and province.

� Raw rates per 100000 habitants per age group and gender.

� Temporal trend of the SMR for males, females and both genders
together.

6.1.5 Atlas on-line

Apart from this work, a virtual version of this atlas with the results from the
spatio-temporal models is available at http://atlasmortalidad.uclm.es

which is hosted in a server of the University of Castilla-La Mancha. The
display of the results is interactive, so the user can change the way in which
results are shown.

6.2 Population

Most of the population of Castilla-La Mancha is located in the capitals of the
provinces while there are a large group of municipalities with a really small
number of habitants. In order to show a general overview of the population
during teh period of the study (2003-2014) a �rst map has been displayed
with the average of the population in each municipality as it can be seen in
Figure 6.1.

Table 6.2 shows the average population and the number of municipal-
ities of each province of Castilla-La Mancha. Although more than half of
municipalities are located in Cuenca and Guadalajara, Toledo, Albacete and
Ciudad Real have most of the population of Casitlla-La Mancha. The pop-
ulation distribution of the males and females separately follows the same
pattern as the total population as it can be seen in Figure 6.2.

In Figure 6.3 the municipalities with more and less than 5000 habitants
have been shown in order to remark the large amount of municipalities with
few habitants in Castilla-La Mancha. Then, following this classi�cation,

http://atlasmortalidad.uclm.es
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boxplots per provinces as been done for the two groups. Here it can be clearly
seen that Guadalajara is the province with the most number of municipalities
with few habitants. Moreover, most of these municipalities have less than
2000 habitants. It is worth mentioning that for the municipalities with more
than 5000 habitants, Albacete is the one with most people living therein.

It is worth highlighting that 92,38 % of the municipalities of Castilla-La
Mancha (849) have 5000 or less habitants on average during the time period
of the study. The other 70 municipalities have more than 5000 habitants
on average. Their temporal trend has been displayed together with the
geometric mean and an slightly decrease on the municipalities with 5000
or less habitants can be seen while the municipalities with more than 5000
habitants there is a increasing trend. However this increase disappears in
2008 (most probably due to the economic crisis) and even a tiny decrease
can be seen in the last years.

These population data point to that there is migration from the rural
municipalities to the urban ones. Furthermore, at the end of the period data
show a decreasing trend of the average population in all municipalities.

re�ects a global migration from all the municipalities.

6.3 Example: Cerebrovascular diseases

Cerebrovascular diseases (ICD-10, I60-I69) include di�erent haemorrhagic
or ischemic conditions such as obstruction or lack of blood supply. These
diseases are the �rst mortality cause in Castilla-La Mancha. As it has been
reported by other authors (López-Abente et al., 2007), a strong spatial pat-
tern appears in Castilla-La Mancha with high relative risk in the south of
the region as it can be seen in Figure 6.4.

Focusing on the raw mortality rates, no di�erences can be seen between
the mortality in males and females in Castilla-La Mancha. Also, no di�er-
ences are found between the di�erent age groups. Furthermore, the estimated
spatial pattern is similar for both sexes as it can be seen in Figure 6.5.

Figure 6.6 shows a decrease in the temporal pattern for the whole pe-
riod. This temporal trend has been described by Cayuela et al. (2016) and
it remains in Spain since 1970 approximately (Benach et al., 2004). This
decrease is similar for both genders. In addition, this decrease is common
for all the developed countries in the las 40 years, but it is increasing in the
less developed countries (Meschia et al., 2014).

The risk factors are linked to cerebrovascular disease mortality are widely
known. Speci�cally, the results of Meschia et al. (2014) point to some pre-
venible factors such as the lack of physical activity, smoking, high levels of
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cholesterol, diet, hypertension and obesity. Other non prevenible factors that
the authors remark are genetic factors and low weight at birth.



Chapter 7

Conclusions

Markov Chain Monte Carlo methods have been used to �t multivariate
Bayesian spatial models though they need long computation times in a spa-
tial or spatio-temporal context. In this work, the main objective has been to
�ll the gap of methodology and software to �t multivariate spatial Bayesian
models using INLA. Speci�cally, before starting this work, we knew that:

� Multivariate spatial and spatio-temporal Bayesian models required a
long time to be �tted with MCMC methods.

� Although there were some programming languages (BUGS, Stan, etc...),
a simple and straightforward way to account for the multivariate spa-
tial variation in a Bayesian hierarchical model was not available.

� Although the list of models that INLA could �t was wide, this list was
far from exhaustive.

� There was a lack of literature on how to �t multivariate spatial models
to take advantage from the INLA methodology.

Thus, we proposed di�erent ideas which were developed in order to tackle
these problems and to �t multivariate Bayesian spatial methods in INLA.
These ideas have been applied and tested in a disease mapping context,
although they can be used in other similar scenarios. Speci�cally:

� We have proposed a new multivariate spatio-temporal methodology
which allows us to account for speci�c and shared spatial and temporal
patterns being able of detect similarities and di�erences in the spatial
and temporal distribution of di�erent variables. For example, this
methodology allows us to analyse the spatial pattern of the relative risk
of di�erent diseases and is able to �nd similar patterns between diseases
possibly caused by similar risk factors. Furthermore, this methodology

115
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has been �tted using MCMC algorithms and INLA and the obtained
results have been compared to �nd that they are very close.

� We have shown that there are models that can not be �tted with
INLA, but after �xing a small ensemble of hyperparameters, the re-
sultant models can be �tted with INLA. Therefore, we have discussed
several options to make inference about these parameterss highlighting
the combination between MCMC and INLA. Furthermore, we have dis-
cussed how the multivariate inference of the di�erent parameters can
be performed using this combination.

� We have created a R package, called INLAMSM, which exploits the
rgneric latent e�ect of INLA in order to build some multivariate spa-
tial latent e�ects to analyse multivariate lattice data. This o�ers the
user the possibility of including a multivariate spatial latent e�ect in
their model which are going to be �tted with INLA in a simple and
straightforward manner. In addition, the INLAMSM package is available
on the CRAN repository, which is the o�cial source for R packages.

� We have developed a methodology to �t multivariate point pattern
models with INLA. This procedure allows the user to estimate the
spatial distribution of the intensity of each point pattern and is able to
highlight hotspots. Furthermore, this methodology is able to identify
variables with similar spatial patterns (for example di�erent diseases
with similar spatial patterns) and it is also able to consider the exposure
to other external factors in di�erent ways.

� We have shown that these methodologies can be applied easily in any
multivariate spatial context. In this work, disease mapping and Public
Health scenarios have been chosen. Speci�cally, we have shown how
to apply every methodology to analyse the spatial pattern of a set of
di�erent diseases and discussing the results obtained.

Bearing in mind all these proposals and their results we state that:

� INLA o�ers a friendly Bayesian framework to �t multivariate spatial
models in several ways as we have seen during this work.

� Although the list of models that can be �tted with INLA is far from
exhaustive, di�erent techniques can be used to increase this list, so it is
possible to take advantage of what INLA o�ers and avoid the problems
of MCMC methods in spatial statistics.

� The developed techniques can be applied to analyse multivariate spatial
data in order to perform Bayesian inference on a set of variables. For
example, the spatial distribution of several diseases have been analysed
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in a disease mapping context using the developed methods and the
results were consistent with other studies.

� Apart from accounting for the relationship of the di�erent response
variables, our multivariate methodologies are able to identify shared
patterns between variables. This is really useful, for instance, in disease
mapping where diseases with similar patterns could share risk factors.

Future Work

To sum up, this work has o�ered several ways to �t Bayesian hierarchical
models to multivariate spatial data using INLA, trying to �ll the lack of
multivariate spatial inference with INLA. Nevertheless, multivariate spatial
Bayesian inference is a �eld with a wide scope. We consider that there are
still some interesting topics that will be tackled in my future work:

� Extend the spatial methods developed in this work to the spatio-
temporal context by accounting for the temporal variability in order
to allow the model to estimate the temporal trend of the variables, so
that changes of this variable in time can be reported. Furthermore,
the inclusion of spatio-temporal interactions can be studied.

� Develop a methodology that allows the user to analyse multivariate
point-referenced data taking into account non-isotropic models.

� Review and compile all the methodologies developed to �t models to
multivariate spatial data using INLA, so a review study can be written
as a guide of how to �t multivariate spatial models using R and INLA.

� Reformulate the code of the multivariate point pattern approach by
using the inlabru package (Bachl et al., 2019) in order to provide a
friendly and simple tool to analyse multivariate point pattern data,
specially for non-statisticians.

� Extend the methodologies developed in this work by including Reversible-
Jump algorithms. This will allow us to tackle the problem of model
�tting and the problem of selecting the best model in the same proce-
dure, simplifying the whole process.
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