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Summary

Concrete, reinforced and prestressed, is the building material par excellence since the last
century, whose evolution over the previous decades has paralleled the development of pro-
cess technology and structural requirements. From the material, the appearance of high–
performance concrete, such as self–compacting concrete, and the possibility of incorporating
new types of reinforcement in its matrix, such as steel fibers, represents a set of advantages
over primal concretes. Consequently, the characteristics of these materials require a reflec-
tion on design procedures, which obviously cannot be the same as those used long ago. Nor
is its mechanical behavior in a fluid state and a solid–state the same as that of the concrete
of yesteryear. Hence, it is relevant to characterize them according to the load and strain
rates they may experience. This doctoral thesis addresses the full study of concrete through
the concept of performance design. It means that in the project of a concrete structure,
everything is related, and everything must be taken into account. That is, the mechanical
response in a hardened state is related to the behavior of its flow, which, in turn, derives
from the design phase, the boundary conditions, and the constructive processes.

The first topic treated in this thesis is the development of a design methodology for
self–compacting steel–fiber reinforced concrete (SCSFRC) based on performance. Using
a micromechanical model of a bi–phase suspension and from the content and geometric
characteristics of the fiber, it is possible to estimate the value of the effective plastic viscosity
of SCSFRC from the measurement of the plastic viscosity of the cement paste, which is
determined by the target compressive strength of the concrete to be designed. The method
has been analytically programmed and provides design charts and data files with possible
concrete compositions. The design process contains no loops and eliminates trial and error
testing by always providing concretes with self–compacting characteristics.

Next, the variability in the measurement of plastic viscosity in a set of cement pastes
of different composition has been analyzed. Measurements have been carried out through a
rotational rheometer with double cone–plate sensor and two types of capillary viscometers,
the Marsh funnel, commonly used in this type of suspensions, and the Cannon–Fenske vis-
cometer, more common in other types of fluids. The plastic viscosity values calculated from
several models applied to the Marsh funnel existing in the scientific literature have also been
analyzed. The results indicate that the Cannon–Fenske viscometer shows a better approxi-
mation to the rotational rheometer measurements so that its use can be recommended in the
measurement of the plastic viscosity of cement pastes in the proposed design methodology
for SCSFRC.

Then the influence of the inclusion of steel fiber in the compressive behavior of concrete
through a statistical–mathematical method such as that Response Surface Methodology
(RSM) has been studied. A bibliographical search has been carried out by selecting a set of
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uniaxial compressive experimental tests to which this methodology has been applied. The
results show the energy absorption and ductility capacity of steel–fiber reinforced concrete
(SFRC) during its compressive deformation. This aptitude of the material has been widely
described by scientific literature; however, it is not taken into account in the codes of analysis
and structural design, which is a waste of material capacity. With these premises, a model
has been developed in a technological format that describes the uniaxial compressive behav-
ior of SFRC. The model has a softening branch obtained so that the energy consumption
after the peak load is equal to the value of the absorbed energy calculated in the softening
branch according to the database. It defines a new parameter called non–dimensional com-
pressive residual strength, which is equivalent to the dimensionless strength corresponding
to a deformation equal to three times the strain under maximum stress. This model allows
the non–linear calculation of any structural element in uniaxial compression.

In this context, the classification proposed by the next Eurocode 2 draft for SFRC, which
considers the residual flexural strength for different values of crack mouth opening displace-
ment, has been revised. This classification does not take into account the contribution of
the zone in compression of the element, which, as has been seen, is capable of absorbing
energy during deformation and providing residual resistance. To obtain the complete flex-
ural response of the material it is necessary to incorporate the capacity of the compressed
zone. Following the same procedure, a set of results from experimental three–point bending
tests has been compiled to which RSM has been applied. The results indicate that both
compressive strength and fiber content are the factors that most influence the different flex-
ural strengths. Also, as the value of crack opening increases, the geometric parameters of
the fiber begin to gain importance, which is in accordance with the scientific literature. A
new equation based on the law of effect size of Bažant has also been deduced that allows
the conversion of the compressive strength of cubic specimens of any size to the compressive
strength of the standard cylinder. Applying the concept of residual compressive strength and
using the RSM, a relationship is established between residual strength values for different
crack openings and the residual compressive strength. In this way, the flexural behavior of
SFRC is completely characterized for each strength class defined by Eurocode 2.

Finally, an experimental study of the dynamic mixed–mode of fracture of SCSFRC is
presented. Being mixed–mode a fragile mode of fracture, the inclusion of steel fibers is
particularly appropriate. Six orders of magnitude have been covered in the loading rate, from
the quasi–static regime to impact conditions. Results suggest that the crack propagation
may be stable or unstable depending on the energy stored in the specimen and that the
maximum load value increases as the loading rate and the fiber content increases. Post–break
analysis of the specimens shows that most fibers fail by pull–out and that the breakage of
the aggregates is predominantly transgranular, appearing intergranular breaks at low loading
rates, regardless of the fiber content of the concrete. The impact tests have been recorded
with a high–speed camera and, from the visual identification of the cracking, its propagation
velocity has been estimated, reaching values that are within the ranges collected by the
scientific literature.

X



Contents

Agradecimientos VII

Summary IX

Part I: Introduction, Motivation and justification, Objectives and hypothesis,
Work plan and methodology 1
Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
Motivation and justification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
Hypothesis and objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
Work plan and methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

Article no 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Article no 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Article no 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
Article no 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
Article no 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
Article no 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

Part II: Results. Compendium of scientific articles 17
Article no 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
Article no 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
Article no 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
Article no 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
Article no 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
Article no 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

Part III: General discussion 97
General discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Article no 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
Article no 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
Article no 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
Article no 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
Article no 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
Article no 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

XI



Part IV: Conclusions 107
Contributions and future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Conferences and other merits . . . . . . . . . . . . . . . . . . . . . . . . . . 112

General bibliography 115

XII



Part I

Introduction

Motivation and justification

Objectives and hypothesis

Work plan and methodology





Introduction
The current needs of the concrete industry are related to structural safety, durability, new
construction procedures and techniques, sustainability criteria, the use of nanomaterials,
etc. [1]. These requirements must be addressed from several areas, one of which is the
design of the material, a topic that is especially important in high–performance concrete. In
particular, there is no uniformity of criteria nor parameters that allow defining and evaluating
the design process of self–compacting concrete (SCC) [2]. This same statement can be made
for self–compacting steel–fiber reinforced concrete (SCSFRC). Both SCC and SCSFRC are
manufactured in a fluid state, so understanding how the rheology of the system governs
its behavior seems fundamental [3]. In turn, knowing the boundary conditions and the
evolution of the rheological parameters allows to predict specific mechanical responses of the
material once it has hardened, which results in the existing boundary between the field of
fluid mechanics and that of the mechanics of solids is progressively blurred [4].

An SCSFRC design methodology must be robust to the variability of the raw materials
used, meet several technical requirements, and a series of sustainability criteria [2]. This
set of guidelines guarantees the quality of the procedure, but, also, the methodology must
have a physical basis. From this perspective, SCC design methods based on paste rheology
models seem the most appropriate for SCSFRC proportioning. The procedures developed by
Grünewald [5], Ferrara et al. [6] and Khayat et al. [7], among others, much clarify rheological
aspects of the SCSFRC that allow us to understand the complexity of the system. However,
despite the advances made in recent years in research in the field of concrete rheology, today
there is no performance–based SCSFRC design methodology which is capable of integrating
the mechanical behavior of the material in fluid and solid–state.

Rheology describes the flow properties of cementitious suspensions by shedding light on
their phenomenological behavior [8]. The rheological parameters of cement paste can be
determined through increasingly sophisticated instruments. However, their measurement
depends on the geometry of the device, the testing procedure and several factors such as
temperature, pressure or shear history of the sample [8, 9]. There is currently no standard
procedure for all rheometers or devices that can be used with any material [8]. Besides,
even using a standardized geometry, it would not be assured that the measurements of the
rheometric parameters were correct [8]. Therefore, we are moving within the approximation
to the actual values of the parameters, field in which the use of predictive models that are
as accurate as possible is essential. Any material with cementitious characteristics can be
understood as a multi–phase particle system [10] and can be analyzed through a multi–scale
approach [11]. SCSFRC is a material consisting of a set of raw materials of a very diverse
nature, properties, and sizes, whose physical–chemical interactions govern their behavior in
a fresh state. It can be understood as a suspension of solid particles in a more or less homo-
geneous viscous fluid [10]. From this perspective, it is possible to apply a micromechanical
bi–phase suspension model to develop an SCSFRC design methodology, in the same way as
Abo Dhaheer et al.[12] have done for SCC.

In recent years the interest in the use of SCSFRC has significantly grown as a result of the
advantages of multiple points of view over conventional concrete, such as the optimization of
production and construction processes, as well as the possibility of total or partial replace-
ment of conventional reinforcement, which results in a decrease in costs in the construction
industry [13]. This is because the inclusion of steel fibers in the concrete restrains the nu-
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cleation and propagation of cracks in the matrix, providing a gain in its energy absorption
capacity and ductility (once it has cracked) to different types of stresses, in quasi–static and
dynamic regime [14]. However, these concepts, widely researched and collected by the sci-
entific literature in the field of Fracture Mechanics, are not taken into account by the codes
of analysis and structural design, which leads to a waste of their actual capacity.

As an example, a structure designed with high strength concrete (more brittle) and an-
other with normal strength concrete (more ductile) require the same amount of reinforcement
as long as their characteristic lengths, `ch [15], be the same since the ductility of the struc-
tures does not decrease if the value of `ch is the same [16]. This is achieved with the inclusion
of steel fibers in the most brittle concrete. However, current design codes, which calculate
the minimum amount of reinforcement based on compressive strength (the higher the brit-
tleness of the concrete, the greater the need for reinforcement) give rise to over–conservative
and unnecessary reinforcement forecasts [16]. This example highlights that, from the point
of view of the practical application of the SCSFRC in the design and analysis of structures,
it is necessary to reflect on the mechanisms of ductility gain that occur in the material
under different types of loads in quasi–static regime, in particular compressive and flexural
responses.

Also, the mechanical behavior of the SCSFRC, like that of plain concrete, is very depen-
dent on the loading rate [14, 17]. The presence of fibers increases the resistance to cracking
growth as its velocity increases with the impact [18]. The crack path is modified and short-
ened as the loading rate increases as a result of the propagation of the crack is significantly
slower than the applied stress [19]. The sensitivity of concrete to the loading rate depends on
several factors, including loading conditions, matrix strength, moisture content and temper-
ature [17, 20–22]. Most concrete structures are requested under a mixed–mode of fracture
(mode I and mode II) in which the description of the beginning and propagation of cracks
is not easy to determine. Bažant et al. [23] carried out a theoretical analysis, based on
experimental results, of the mechanism for transferring stresses on the surface of a crack in
mixed–mode of fracture. The conclusion they reached was that the first displacement that
occurs in the crack must follow a normal direction, and slippage can only take place after
a certain opening of the crack has been reached. Thus, cracks propagate in a direction in
which the displacement field near the tip of the crack must be in pure I mode [23, 24].

Experimental research carried out in recent decades on this mode of fracture of concrete
in quasi–static regime [25–29] and in dynamic regime [30–32] is abundant. In the field of
numerical analysis, the Fictitious Crack model [15] has been applied to the study of mixed–
mode fracture of concrete under quasi–static [33–35] and dynamic conditions [36], as well as
the Crack Band model [37] both in quasi–static [38] and dynamic regime [39]. However, the
number of studies dealing with this mode of fracture in SFRC is low [40–42], and the work
carried out with SCSFRC in dynamic regime is scarce, so it is appropriate to delve into the
subject in question.

Motivation and justification
The reason for this doctoral thesis is to respond to a set of deficiencies detected in the
technology of concrete, both from the design of the material and in the structural analysis
and design, about concepts concerning its mechanical behavior under different types of load
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and loading rate conditions.
The convenience of research is multiple since, in addition to the scientific interest that may

arise in the explanation and understanding of phenomena related to rheological, mechanical
and fracture behavior of concrete, it has a significant practical implementation, which implies
an impact on society, which would be the direct beneficiary of the results obtained in this
document.

Objectives and hypothesis
The objectives that are proposed to be achieved throughout the doctoral thesis are:

• Develop a mix–design procedure for self–compacting steel–fiber reinforced concrete
with solid physical foundations which allows the design of the material based on the
desired performance, both in the fluid and solid–state.

• Determine the plastic viscosity in cementitious suspensions by different techniques and
contrast the accuracy between the measures to use said rheological parameter as data
in the design method of self–compacting steel–fiber reinforced concrete proposed.

• Characterize the complete compressive and flexural behavior, in quasi–static regime,
of steel–fiber reinforced concrete, to be used in design codes and structural analysis.

• Study the dynamic mixed–mode of fracture of self–compacting steel–fiber reinforced
concrete, from quasi–static to impact conditions, varying the loading rate.

Once the set of problems described have been identified and justified, and the objectives
to be achieved with the development of this doctoral thesis have been established, it is
pertinent to formulate a series of previous hypotheses that are detailed below:

• Self–compacting steel–fiber reinforced concrete can be considered as a suspension of
solid particles of different characteristics in a homogeneous viscous fluid, which is the
cement paste. Applying a micromechanical bi–phase suspension model, it is possible
to predict the value of the plastic viscosity of the suspension from the measurement
of the plastic viscosity of the fluid phase, which would allow calculating the volume
fractions of each of the components of this type of concrete.

• The homogeneity of the fluid phase, which is the cement paste, allows measuring the
plastic viscosity using instruments of different geometry, as well as to check if similar
o differents measures are obtained.

• The inclusion of steel fibers provides many advantages, especially in terms of energy
and ductility, in the behavior of concrete in the face of different types of stresses,
improving its fracture properties both in a quasi–static and dynamic regime.
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Work plan and methodology
The work plan followed throughout the doctoral thesis is described below:

• Development of a design methodology of self–compacting steel–fiber reinforced concrete
based on the desired performance of the material and from a rheological model of
cement paste.

• Conducting an experimental campaign to measure the plastic viscosity value of cement
pastes of different compositions employing several instruments (rotational rheometer
with double cone–plate sensor, Marsh funnel, and Cannon–Fenske viscometer).

• Executing an experimental campaign for the characterization, both in the fresh and
hardened state, of self–compacting steel–fiber reinforced concrete designed by the pro-
posed method and study of the robustness of the same.

• Conducting an experimental campaign for the study of dynamic mixed–mode fracture
in self–compacting steel–fiber reinforced concrete.

• Development of two databases from a bibliographic search in the scientific literature,
which includes compressive and flexural experimental tests results in specimens of
different geometry and shape in concrete reinforced with hooked–end steel fibers.

• Deduction and development of a model in technological format for the design and
non–linear analysis of steel–fiber reinforced concrete elements in uniaxial compression.

• Statistical study of the databases created by analysis of variance (ANOVA) and regres-
sion adjustment to linear polynomial models through the Response Surface Methodol-
ogy.

• Obtaining relationships between compressive strength, residual compressive strength,
flexural strength, and residual flexural strength for different crack mouth opening dis-
placement values in steel–fiber reinforced concrete.

This doctoral thesis has been carried out in the compendium format of scientific articles,
which are included in the section entitled Part II: Results. Compendium of scientific articles.
At the time of deposit of the thesis, five articles are published and have been included in
the format of their corresponding journals (articles no 1, 3, 4, 5, and 6). In each of them,
the numbering of pages with which they have been published has been respected. The other
one is submitted (article no 2).

The design of the experimental campaigns and the description of the materials, instru-
ments, methods, and technologies applied are detailed in each of the articles, which includes
both the terminology and the particular bibliographical references used. Also, the general
bibliography followed to develop the more general sections is included at the end of the
document.

Research has been conducted with an eminently experimental approach to seek the ex-
planation of cause–effect relationships of the facts observed in the laboratory through rep-
resentative experimental samples. A particular statistical analysis has also been done on a
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set of experimental results collected from the scientific literature. The main characteristics,
in terms of the methodologies followed, of each of the research carried out, are summarized
below.
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Article no 1. Proportioning of self–compacting steel–fiber reinforced concrete
mixes based on target plastic viscosity and compressive strength: Mix–design
procedure & experimental validation

Authors: Ángel de la Rosa, Elisa Poveda, Gonzalo Ruiz, Héctor Cifuentes

Magazine: Construction and Building Materials 189 (2018) 409–419;
https://doi.org/10.1016/j.conbuildmat.2018.09.006 (JCR: 4.046 Q1, 2018)

First, the self–compacting steel–fiber reinforced concrete design methodology was developed
and programmed in Matlab language from the source code for self–compacting concrete
design developed by [12]. Figures 1 and 2 show an example of the design graphics of the
methodology. An experimental campaign was then carried out for the validation of concrete
mixes designed with the proposed methodology. In all cases with steel fiber reinforcement,
straight fiber of 13 mm in length and 0.20 mm in diameter was used. A mixing protocol was
also developed to manufacture the concrete following a criterion of incorporation of the raw
materials according to their sizes (from smallest to largest). In this way, the different phases
of self–compacting steel–fiber reinforced concrete were successively created.

The experimental validation in the fresh state of the concretes was carried out through
the slump–flow test [43] and the L box test [44], as well as with the observation of the
degree of stability of the material. In the hardened state, the compressive strength was
measured at the age of 28 days in 100 mm–edged cubic specimens cured in a humid chamber
with constant humidity and temperature values, equal to 97% ± 0.5% and 20 oC ± 0.5 ◦C,
respectively. Compression strength tests were carried out under load control according to
regulations [45, 46]. All compressive strength tests were carried out on four specimens per
concrete from which the average value and the standard deviation were obtained.
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Article no 2. Determination of the plastic viscosity of superplasticized cement
pastes through capillary viscometers

Authors: Ángel de la Rosa, Elisa Poveda, Gonzalo Ruiz, Rodrigo Moreno, Héctor
Cifuentes, Lućıa Garijo

Magazine: Submitted

An experimental campaign was designed with pastes of different composition (cement, min-
eral addition, superplasticizer admixture), and different water–cementitious materials and
superplasticizer–cementitious materials relationships to measure their plastic viscosity val-
ues. A mixing protocol was defined to manufacture the suspensions to obtain the highest
possible homogeneity. The rheometries were carried out using a rotational rheometer with
a double cone–plate sensor (Haake RS50), a Marsh funnel with a capillary diameter of
2.30 mm, and a Cannon–Fenske viscometer for opaque fluids with a capillary diameter equal
to 1.88 mm (see Fig. 3). For the tests, on the rotational rheometer, a test execution protocol
was established, with the application of a pre–shear, under shear rate control. The density of
the pastes was also measured at the time of manufacture. All measurements were performed
twice, consecutively with each instrument to obtain the average plastic viscosity values.

Figure 3: Measuring instruments: Haake RS50 rotational rheometer (left), Cannon–Fenske
viscometer (center) and Marsh funnel (right).
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Article no 3. Model for the compressive stress–strain relationship of steel–fiber
reinforced concrete for non–linear structural analysis

Authors: Gonzalo Ruiz, Ángel de la Rosa, Sébastien Wolf, Elisa Poveda

Magazine: Hormigón y Acero 2018; 69(S1):75–80;
https://doi.org/10.1016/j.hya.2018.10.001

Article no 4. Study of the compression behavior of steel–fiber reinforced concrete
by means of the Response Surface Methodology

Authors: Ángel de la Rosa, Gonzalo Ruiz, Elisa Poveda

Magazine: Applied Sciences 2019, 9(24), 5330;
https://doi.org/10.3390/app9245330 (JCR: 2.217 Q2, 2018)

A model for non–linear calculations of steel fiber–reinforced concrete elements in compression
is proposed and described technologically (see Fig. 4). Besides, a database was developed
through bibliographic search with results of uniaxial compressive experimental tests on cylin-
drical specimens of dimensions 150 × 300 mm2 (diameter × height) of steel–fiber reinforced
concrete, with hooked–end and a single fold steel fibers. A total of 197 tests were incorpo-
rated into the database. The Response Surface Methodology has been used to perform this
study consisting of a set of statistical–mathematical techniques applied to the realization
of data adjustment models by means of which it is possible to search for the interactions
between parameters and their optimization. The method is based on an analysis of the vari-
ance of the data (ANOVA) and the adjustment of least squared regression models. Figure 5
contains both the Pareto diagram, which shows the factors that have statistical significance
in the non–dimensional compressive residual strength, σ∗

R, and the response surface of σ∗
R.
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Stress-strain relation for non-linear structural analysis of
SFRC

The relation between σ and � shown in Fig. XX may be used to model the response
of SFRC to short term uniaxial compression. It has two distinct stretches. The
first one goes from the axes origin to the maximum stress (curve 1 in Fig. XX)
and is described by the following equation:

σ∗ =
α �∗ − �∗ 2

1 + (α− 2) �∗
(1)

where:

σ∗ = σ
fcf

Non-dimensional stress

fcf Compressive strength of SFRC

α = 1.05 �cf
Ef

fcf
Non-dimensional coefficient

�cf Critical strain, i.e. strain that corresponds to fcf

Ef Elastic modulus of SFRC
�∗ = �

�cf
Non-dimensional strain
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The compressive strength and corresponding strain plus the elastic modulus of
SFRC can be easily obtained by testing. These values can also be estimated using
the following equations:

fcf = fc0

�
1 + 3.877 �∗fφf

�
(2)

�cf = 0.007

�
fc0

f0

�0.31

[1 + 0.4823λ (φf − 0.002606 �∗f )] (3)

Ef = E0 fE(�∗f ,λ,φf ) (4)

where:

�∗f =
�f
�0

Non-dimensional fiber length

�0 = 30mm Coefficient to keep non-dimensionality
φf Volumetric fiber ratio
fc0 Compressive strength of the base concrete in MPa, which

is determined according to Table 5.1 of EC2
f0 = 1MPa Coefficient to keep non-dimensionality
λ Fiber aspect ratio
E0 Elastic modulus of the base concrete

The second stretch (curve 2 in Fig. XX) is a softening branch that goes from
the peak stress to zero. The equation defining the curve is the following parabola:

σ∗ = 1 − 1

4
(1 − σ∗

R)(�∗ − 1)2 (5)

where σ∗
R is the following function of the parameters that characterize the fiber:

σ∗
R = 0.5876 + 17.56φf − 0.002457 �∗fλ ≤ 1 (6)

Actually, σ∗
R is the non-dimensional stress corresponding to �∗ = 3, as represented

in Fig. XX, which implies that σ∗
R ≤ 1 as stated in Eq. 6. This second stretch

intercepts the x-axis at:

�∗u = 1 +
2�

1 − σ∗
R

(7)

Note that Eqs. 1 & 5 and related parameters consider that stresses and strains
are positive in compression. Likewise, the softening part of the curve, Eqs. 5–7, is
only valid for SFRC with hook-ended fibers.
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Figure 4: Schematic representation of the stress–strain relationship in SFRC for structural
analysis (solid curve), compared with that of the corresponding base concrete (broken line
curve).
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Figure 5: Pareto diagram and response surface of σ∗
R.
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Article no 5. Relationship between residual flexural strength and compression
strength in steel–fiber reinforced concrete within the new Eurocode 2 regulatory
framework

Authors: Gonzalo Ruiz, Ángel de la Rosa, Elisa Poveda

Magazine: Theoretical and Applied Fracture Mechanics 103 (2019) 102310;
https://doi.org/10.1016/j.tafmec.2019.102310 (JCR: 2.881 Q1, 2018)

A database was created through bibliographic search with results of experimental three–
point bending tests on prismatic specimens, with central notch (depth of notch equal to
1/6 of height), of dimensions 150 × 150 × 550 mm3 (width × height × length), with hooked–
end and a single fold steel fibers. In total, it is a set of 484 tests. In this investigation,
the Response Surface Methodology, previously described, has also been followed. Figure 6
permits visualizing the aspect of relationships between the parameters of residual compressive
and flexural strengths established proposed to explain the complete flexural response of any
structural SFRC element.

σ∗ = σ
fcf

�∗ = �
�cf

�∗u

σ∗
R

σ∗
R = σR

fcf

3

1

1

σ∗ = σ
fcf

�∗ = �
�cf

�∗u

σ∗
R

σ∗
R = σR

fcf

3

1

1

σ∗ = σ
fcf

�∗ = �
�cf

�∗u

σ∗
R

σ∗
R = σR

fcf

3

1

1

σ∗ = σ
fcf

�∗ = �
�cf

�∗u

σ∗
R

σ∗
R = σR

fcf

3

1

σ∗
R (φf , �f , λ)

1

σ∗ = σ
fcf

�∗ = �
�cf

�∗u

σ∗
R

σ∗
R = σR

fcf

3

1

1

σ∗
R

�
fR,1k,

fR,3k

fR,1k

�

1

σ∗ = σ
fcf

1

σN [MPa]

wM [mm]

fR,1k

fR,3k

0.5

2.5

σ

�

σR

fcuf

�cf

3

mm

MPa

fR,3k = 0.5 fR,1k

fR,3k = 0.7 fR,1k

fR,3k = 0.9 fR,1k

fR,3k = 1.1 fR,1k

fR,3k = 1.3 fR,1k

1

σN [MPa]

wM [mm]

fR,1k

fR,3k

0.5

2.5

σ

�

σR

fcuf

�cf

3

mm

MPa

fR,3k = 0.5 fR,1k

fR,3k = 0.7 fR,1k

fR,3k = 0.9 fR,1k

fR,3k = 1.1 fR,1k

fR,3k = 1.3 fR,1k

1

fR,3k

fR,1k

σ∗
N = σN

fR,1k

w∗
M

0.5

0.7

0.9

1.1

1.3

1

fR,3k

fR,1k

σ∗
N = σN

fR,1k

w∗
M

0.5

0.7

0.9

1.1

1.3

1

fR,3k

fR,1k

σ∗
N = σN

fR,1k

w∗
M

0.5

0.7

0.9

1.1

1.3

1

fR,3k

fR,1k

σ∗
N = σN

fR,1k

w∗
M

0.5

0.7

0.9

1.1

1.3

1

fR,3k

fR,1k

σ∗
N = σN

fR,1k

w∗
M

0.5

0.7

0.9

1.1

1.3

1

fR,3k

fR,1k

σ∗
N = σN

fR,1k

w∗
M

0.5

0.7

0.9

1.1

1.3

1

fR,3k

fR,1k

σ∗
N = σN

fR,1k

w∗
M

0.5

0.7

0.9

1.1

1.3

1

fR,3k

fR,1k

σ∗
N = σN

fR,1k

w∗
M

0.5

0.7

0.9

1.1

1.3

1

σ∗ = σ
fcf

�∗ = �
�cf

�∗u

σ∗
R

σ∗
R = σR

fcf

3

1

1

Figure 6: Proposed model for the compressive/flexural strength relationships in SFRC.
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Article no 6. Dynamic mixed–mode fracture in SCC reinforced with steel fibers:
an experimental study

Authors: Gonzalo Ruiz, Ángel de la Rosa, Luiz Carlos Almeida, Elisa Poveda,
Xiaoxin Zhang, Manuel Tarifa, Zhimin Wu, Rena C. Yu

Magazine: International Journal of Impact Engineering 129 (2019) 101–111;
https://doi.org/10.1016/j.ijimpeng.2019.03.003 (JCR: 3.170 Q1, 2018)

To study the dynamic mixed–mode fracture of self–compacting steel fiber–reinforced concrete
several batches were manufactured with different fiber contents. Hooked–end with a single
fold steel fiber was used with 35 mm in length and 0.55 mm in diameter. In dynamic regime,
prismatic specimens of dimensions 100 × 100 × 400 mm3 with notch located at 1/4 of the
span between supports and depth equal to half the height were tested. Some of the tests
were carried out in a servo–hydraulic machine in position control, at loading rates equal to
2.2 µm/s (quasi–static) and 2.2 mm/s, at the age of 64 days. The rest were executed in a
drop–weight impact machine designed, built, and equipped to study the processes of dynamic
fracture of structural concrete, capable of covering six orders of magnitude in terms of speed
of solicitation [47]. An impact mass equal to 120.6 kg released from heights equal to 160 mm
and 360 mm has been used, which produces an impact loading rate of 1.77 m/s and 2.66 m/s,
respectively. The impact tests were recorded with a high–speed camera (FAS–TCAM SA–Z
2100K–M–8Gb) at a rate of 25000 frames per second, a resolution of 1024 × 840 pixels and
two exposure times, 28 µs and 38 µs. All mechanical tests, both quasi–static and dynamic
regime, were carried out on four specimens per concrete, expressing the mean values and
the standard deviation of the measurements. Figure 7 shows crack bifurcation in concrete
observed for different impact loadings.

14



H00 H45

1.77 m/s

2.66 m/s

H15 H30

1.77 m/s

2.66 m/s

Figure 7: Crack bifurcation observed for H00, H45, H15 and H30 at impact loading.
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h i g h l i g h t s

! Novel proportioning method for SCSFRC based on target plastic viscosity & fcu.
! Valid for fiber contents up to 1% and for cube strengths from 30 to 80 MPa.
! Practical mix-design charts to determine the dosage of the components are produced.
! Validation through six mixes of 30 and 70 MPa with 0.0, 0.3 and 0.6% of fibers.
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a b s t r a c t

This paper presents a novel proportioning methodology for self-compacting steel-fiber reinforced
concrete (SCSFRC), based on a previous methodology for plain self-compacting concrete [Journal of
Sustainable Cement-Based Materials 5:4 (2016) 199–216 & 217–232]. The procedure is based on the target
plastic viscosity and the compressive strength required for the mix and it accounts for fiber parameters
such as volume fraction and aspect ratio. The procedure is valid for fiber contents up to 1% and for
compressive cube strengths within the range of 30–80 MPa. The effective plastic viscosity of the
SCSFRC is estimated from the plastic viscosity of the cement paste by means of micro-mechanical models
that consider fibers as a phase of the mix. The procedure can be programmed numerically to generate
practical mix-design charts to determine the dosage of the components. The paper provides an example
of an application that uses these design charts. Likewise, the methodology is validated through the design
of six mixes, which are actually prepared in the laboratory and whose properties are measured in fresh
and hardened states.

! 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Since the appearance of self-compacting concrete, SCC, at the
end of the 1980s, many mix-design methods have been developed
[1] based on different principles: empirical methods, methods
based on compressive strength, on the packing of aggregates, on
statistical factorial models and on paste rheology. Empirical meth-
ods require intensive laboratory testing according to recommenda-
tions, such as the EFNARC guidelines [2], until the required
behavior is achieved. Methods based on the required compressive
strength reduce the number of tests, although their main disadvan-
tage is the need for adjustments in the fresh state to reach the

optimum mix proportions of their components. The aggregate
packing method requires a smaller amount of cement, but leads
to mixes that segregate easily [1]. Methods based on statistical
factorial models propose predictive equations for fresh properties
as a function of the dosage. However, they are not well-
represented due to the high number of batches that they require
[1,3]. Therefore, the methods based on paste rheology are the most
efficient since they reduce the number of tests and provide a basis
for quality control and an extensive development of new materials
and chemical admixtures [1].

Unlike SCC, for self-compacting steel-fiber reinforced concrete,
SCSFRC, there are no design guidelines or recommendations, and
the design methodologies are scarce [4–7]. Most of them are
related to empirical methods based on SCC where part of the gran-
ular skeleton is replaced by fibers. Others are based on SCC design

https://doi.org/10.1016/j.conbuildmat.2018.09.006
0950-0618/! 2018 Elsevier Ltd. All rights reserved.
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methods, that is on packing models where the inclusion of fibers is
performed through the definition of new concepts related thereto,
such as ‘perturbation volume’ [8], ‘equivalent packing diameter’
[5,9], or ‘maximum fiber factor’ [10].

The fresh behavior of cementitious suspensions, as in the case of
SCSFRC, is greatly influenced by the composition and characteris-
tics of their constituents. Therefore, it is essential to study and
understand the rheology of this type of concrete [11–16]. The
SCSFRC mix-design methods based on cement paste rheology mod-
els assume that concrete is a heterogeneous suspension of solids
(granular skeleton of aggregates and fibers) in a homogeneous
and viscous fluid phase (cement paste) [1,6]. By means of non-
Newtonian rheological models, such as the Bingham and
Herschell-Bulkley models, the flow of these suspensions can be
accurately predicted [11,17]. These rheological models consist of
two main parameters, namely the yield stress (s0) and plastic vis-
cosity (g). The composition of the cement paste of an SCSFRC
should be selected based on these parameters, since they deter-
mine the fluidity and the segregation-resistance of the resulting
concretes [1,6,18]. The design of the mix, including that of the

aggregates and fibers, is fundamental in order to obtain a high-
quality SCSFRC [19].

The deformability, flowability and segregation resistance of
SCSFRC depend on the physical properties of the coarse aggregate
and fiber, in addition to the rheological characteristics of themortar
[17]. The thickness of the mortar layer is a suitable concept in order
to evaluate theworkability and segregation resistance. According to
the theory of excess layer thickness, there must be a sufficient vol-
ume ofmortar to fill in the gaps between coarse aggregate and fibers
and, in addition, to formafilm thick enough to provide fluidity to the
whole andavoid segregation. Khayat et al. [6] propose a SCSFRCmix-
ing design inwhich the volume of coarse aggregate is reduced as the
fiber content increases, in order to maintain the thickness of the
mortar layer constant. It covers both materials. This design concept
allows calculating the proportion of aggregates for a given fiber type
and content. Grünewald [10] adjusts the composition of the SCC
mixture by adding steel fibers. He replaces the amount of fiber with
the same volume of coarse aggregate, then by the same volume of
coarse aggregate and fine aggregate, thereby maintaining the ratio
of fine aggregate to total aggregate constant.

Notation

CA coarse aggregate
dm average diameter of the spread in the slump flow test
FA fine aggregate
f cu compressive strength in 100 mm-edged cubes
h1 depth of concrete at the beginning of the L-Box when

concrete stops flowing
h2 depth of concrete at the end of the L-Box when concrete

stops flowing
i index assigned to a definite suspension stage
j index assigned to a definite concrete constituent
LP limestone powder
mc cement mass per m3

mCA coarse-aggregate mass per m3

mf steel-fiber mass per m3

mFA fine-aggregate mass per m3

mj mass of constituent j per m3

mLP limestone-powder mass per m3

mSP super-plasticizer mass per m3

mw water mass per m3

mT sum of the masses per m3 of all the constituents
n total number of solid phases
SCC self-compacting concrete
SCSFRC self-compacting steel-fiber reinforced concrete
SFRC steel-fiber reinforced concrete
t200 time that concrete flow takes to reach 200 mm in the

L-Box
t400 time that concrete flow takes to reach 400 mm in the

L-Box
t500 time that concrete spread takes to reach a diameter of

500 mm after raising the Abrams cone
Vc cement volume per m3

VCA coarse-aggregate volume per m3

Vf ¼ /f steel-fiber volume per m3 (volume fraction of steel
fibers)

VFA fine-aggregate volume per m3

Vj volume of constituent j per m3

VLP limestone-powder volume per m3

VSP super-plasticizer volume per m3

VT sum of the volume per m3 of all the constituents
Vw water volume per m3

w=c water to cementitious materials ratio
g plastic viscosity

ge plastic viscosity of the self-compacting steel-fiber rein-
forced concrete

geb plastic viscosity of the base self-compacting concrete
geb max maximum permissible value of plastic viscosity of the

base self-compacting concrete
geb min minimum permissible value of plastic viscosity of the

base self-compacting concrete
ge calc calculated plastic viscosity of the base self-compacting

concrete
ge target target plastic viscosity for the base self-compacting con-

crete
gi plastic viscosity of the suspension in stage i
½gi$ intrinsic viscosity of particles in stage i
gp plastic viscosity of the cement paste
gpþa plastic viscosity of the cement paste with air bubbles
k aspect ratio of the steel fiber (length/diameter)
qc cement density
qCA coarse-aggregate density
qf steel-fiber density
qFA fine-aggregate density
qj density of constituent j
qLP limestone-powder density
qSP super-plasticizer density
qw water density
s0 yield stress of a viscous fluid
/f ¼ Vf volume fraction of steel fibers (steel-fiber volume

per m3)
/f max maximum permissible value for the fiber volume frac-

tion
/f min minimum permissible value for the fiber volume frac-

tion
/i (i & 3) volume fraction of solids at stage i (solids 1 to i consid-

ered simultaneously)
/1 ¼ /LP volume fraction of solids at stage LP (LP only)
/2 ¼ /FA volume fraction of solids at stage FA (LP and FA)
/3 ¼ /CA volume fraction of solids at stage CA (LP, FA and CA)
/4 ¼ /f volume fraction of steel fibers (steel-fiber volume

per m3)
/i max maximum packing fraction of phases 1 to i considered

simultaneously
/k nondimensional function of the aspect ratio of the steel

fiber
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Including steel fiber in the SCC matrix requires keeping mini-
mum values of mortar layer thickness that guarantee both the
resistance to segregation and an adequate fluidity, which is related
to the concept of the specific surface of the coarse aggregate and
fiber. In addition, it must be borne in mind that the relative volume
between fiber and coarse aggregate controls the phenomenon of
the formation of balls of fibers. This sets a limit on the maximum
content of steel fibers [20]. Khayat et al. [6] indicate that self-
compactability is hard to achieve beyond 1% of fibers, which is suf-
ficient for most of the structural applications of SFRC.

Deeb and Karihaloo [12] proposed a mix-design procedure for
SCC based on the plastic viscosity of cement paste. Subsequently,
Dhaheer et al. [21] added compressive strength as an additional
design parameter of SCC, and validated it by an extensive experi-
mental program [22]. The objective of this research is to propose
a design method for SCSFRC based on the research of Dhaheer
et al. [21,22] for SCC. In addition, simple design charts for SCSFRC
are provided in order to confirm the simplicity and usefulness of
this method.

This newmethodology is applicable to a wide range of strengths
and it is tolerant to the variability of materials and conditions. It is
based on rheological models of cement paste and on physical con-
cepts of fluids which allow determining the flow characteristics of
fresh fiber concrete. Fibers also influence behavior of concrete in
the hardened state [6,23], but the effect is mostly felt after the
attainment of peak load. In this methodology, concrete is consid-
ered a bi-phase system (suspension of solids in a viscous fluid
phase). From the required compressive strength, the composition
of the fluid phase of the suspension (cement paste) is determined
and its main rheological parameters are measured. Subsequently,
a micro-mechanical model is applied, by which the values of vari-
ous constituent solid phases of the SCSFRC are calculated once the
desired plastic viscosity is specified. Therefore, the same procedure
includes objective mechanical parameters in the hardened state of
the SCSFRC (compressive strength) and rheological parameters of
concrete in the fresh state (plastic viscosity), which are related
by means of equations in a micro-mechanical suspension model.
In addition, this methodology for SCSFRC eliminates the empirical
methods of trial and error in order to determine the optimal mix
proportions to be used in statistical factorial models. The labora-
tory work is reduced to the calculation of the optimal super-
plasticizer dosage to be added to a specific cement paste (recom-
mendations of the manufacturer may be a good starting point)
and to the measurement of the rheological parameters of the paste.
These values can be measured with simple and inexpensive instru-
ments, such as capillary viscosimeters, like the Cannon-Fenske vis-
cosimeter or the Marsh funnel.

The paper has the following structure: Section 2 explains the
mix-design procedure of SCSFRC. In Section 3 the steps and the
design charts in order to obtain the mix proportions are provided.
In Section 4 the methodology and the use of the design charts are
explained by an example; it also describes the experimental vali-
dation program of concrete mixes designed with this method. Sec-
tion 5 gives the conclusions.

2. Proposed mix-design method for SCSFRC

The proposed mix-design method is based on the compressive
strength of the mix, the plastic viscosity of cement paste and the
fiber parameters.

2.1. Compressive strength

The compressive strength of concrete is mostly determined by
the ratio of water to cementitious materials (w=c). The addition

of steel fibers up to 1% by volume to vibrated or self-
consolidated concrete has a negligible effect on the compressive
strength [24–29]. Therefore, the compressive strength of SCSFRC
can be estimated by using the existing equations for plain SCC
for fiber volumes up to 1%. Although an equation is proposed here
to estimate the compressive strength, other expressions specific for
SCSFRC could be used.

There are various empirical equations to calculate the compres-
sive strength from w=c [28,29] based on the widely-recognized
Abrams rule. The differences among them are due to the geometry
of the specimen and other factors. Dhaheer et al. [21] proposed an
equation in order to determine the compressive strength on
100 mm cubes, f cu, from a regression analysis of numerous exper-
imental tests for SCC in the range 30 and 80 MPa:

f cu ¼ 195
12:65

w
c

ð1Þ

where f cu is in MPa. For 30 MPa mixes, the mass ratio w=c predicted
by Eq. (1) should be reduced by approximately 14% and for 40 MPa
mixes by 8% [21].

2.2. Plastic viscosity

Fresh SCSFRC is a heterogeneous suspension that can be under-
stood as a two phase material formed by a solid phase (aggregates
and fibers) suspended in a viscous liquid phase (cement paste).
This liquid phase is homogeneous, and its rheological parameters
can be accurately measured by rheometers, which is more difficult
to carry out on heterogeneous suspensions. The increase of yield
stress and plastic viscosity values of the cement paste, as a conse-
quence of the addition of solid phases, can be estimated by means
of a two-phase micro-mechanical model. It takes into account the
shape and the volume fraction of the solid suspension particles, /i.
If we focus only on plastic viscosity, g, the model is successively
applied in stages: the finer material, the filler, is incorporated into
the cement paste; the next stage incorporates the next coarser
material and so on until the coarsest constituent is included in
the two phase suspension. The plastic viscosity of the suspension
at stage i can be expressed by:

gi ¼ gi)1 f ið/iÞ ð2Þ

where gi)1 is the plastic viscosity of the previous stage, i) 1, and
the first stage considered corresponds to the plastic viscosity of
the cement paste, gp ð¼ g0Þ; f ið/iÞis a function that estimates the
increase of gi)1 produced by the solid phase with volume fraction
/i. Thus, the plastic viscosity of the SCSFRC, ge, is:

ge ¼ gp

Yn

i

f ið/iÞ ð3Þ

where n is the total number of solid phases, with the last one cor-
responding to the rigid fiber. The self-compacting concrete to which
fibers are added—or base self-compacting concrete—can be under-
stood as a suspension in which aggregates approach rigid spheres.
Thus the equation proposed by Krieger-Dougherty [30,21,31] can
be used:

f ið/iÞ ¼ 1) /i

/i max

! ")½gi $/i max

ð4Þ

where /i max is the maximum packing fraction of phases 1 to i con-
sidered simultaneously and, thus, it increases with the addition of
solid phases. Consequently, adding the first phase to the cement
paste is considered to be loose cubic packing (/1 max ¼ 0:524). When
the fine aggregate is included in the subsequent stage, the packing
is regarded as random hexagonal (/2 max ¼ 0:630). Finally, the addi-
tion of the coarse aggregate in the last stage assumes a closed
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hexagonal packing (/3 max ¼ 0:740) [21]. Note that these maximum
packing fractions assume that the particles of each phase are spher-
ical, although they could be calculated in order to account for the
actual shape and grading of the phases used in practice [32].

The numerical factor [gi] is equal to 2.5 for randomly arranged
hexagonal solid spheres [30]. The product ½gi$/i maxremains practi-
cally equal to 1.9 for rigid spherical particles in cementitious sus-
pensions [30,21]. Therefore, introducing the Krieger-Dougherty
equation in the two-phase micro-mechanical model, i.e. substitut-
ing Eq. (4) in Eq. (2), results in the viscosity of the base self-
compacting concrete [30], geb:

geb ¼ gp 1) /LP

0:524

! ")1:9

1) /FA

0:630

! ")1:9

1) /CA

0:740

! ")1:9

ð5Þ

/LP;/FA and /CA denote the volume fractions of the solid compo-
nents of the concrete at each stage: filler (or limestone powder,
i ¼ 1), fine aggregate (i ¼ 2) and coarse aggregate (i ¼ 3),
respectively.

The last solid phase included in order to form the SCSFRC is the
steel fiber. Its shape differs from that of aggregates, since it is very
slender. Furthermore, the amount of fibers used is small (less than
1% in volume fraction), so the addition of this new solid phase to
the self-compacting concrete will form a dilute suspension. To esti-
mate its effect on the plastic viscosity, it is assumed that the fibers
are slender rigid solids that can translate and rotate in the viscous
medium, but not undergo any elastic deformation. The value of the
effective plastic viscosity of the base self-compacting concrete and
fibers, that is the SCSFRC, can be estimated from the model pro-
posed by Ghanbari and Karihaloo [30]:

ge ¼ geb ð1) /f Þ þ
p/f k

2

3 lnð2kÞ

" #
ð6Þ

where /f is the fiber volume and k the aspect ratio of the fiber (its
length divided by its diameter). Eq. (6) is valid for viscous suspen-
sions with rigid spherical particles in high concentrations and rigid
steel fibers, up to a maximum aspect ratio of 85 and a volume frac-
tion of less than 2%. Eq. (6) can be simplified as:

ge ¼ geb 1þ /f
1
/k

) 1
! "# $

where /k ¼
3 lnð2kÞ
pk2

ð7Þ

/k is a function of k that tends to fall rapidly to zero with increasing
k and, thus, the following further simplification of Eq. (6) can be
made:

ge ¼ geb 1þ
/f

/k

! "
ð8Þ

which provides very similar results to Eq. (6) provided k P 10, a
condition that is met by almost all steel fibers used in FRC. Both
Eqs. (6) and (8) indicate that increasing the volume fraction of a
specific type of fiber /f leads to a thickened self-compacting SFRC
mix, i.e. an increased effective viscosity ge. On the contrary, for a
target value of viscosity for the self-compacting SFRC mix, it would
be necessary that the base SCC mix be more and more fluid as the
fiber volume fraction increases, that is, lower values of geb would
be required. The effect of the aspect ratio k is analogous to that of
/f since, as previously mentioned, /k falls rapidly to zero as k
increases.

Combining Eqs. (5) and (8) the viscosity for the SCSFRC is finally
obtained:

ge ¼ gp 1) /LP

0:524

! ")1:9

1) /FA

0:630

! ")1:9

1) /CA

0:740

! ")1:9

1þ
/f

/k

! "

ð9Þ

which is the expanded version of Eq. (3).

In addition, the target f cu sets limits on permissible plastic vis-
cosity range of the base SCC, geb, that complies with the imposed
conditions [21] and it is a solution of Eq. (5). In this respect, with
the data of ge and k known, the maximum, geb max, and the mini-
mum, geb min, values of plastic viscosity of the base SCC are
obtained, from which the fiber volume fraction interval can be
stablished, as already observed by other researchers [20]. This
can be easily established by solving for /f in Eq. (8) and entering
the two limits for geb:

/f min ¼ /k
ge

geb max
) 1

! "
ð10Þ

and

/f max ¼ /k
ge

geb min
) 1

! "
ð11Þ

The fiber volume fraction must be within the range given by Eqs.
(10) and (11). By means of Eq. (8), a base SCC with its plastic viscos-
ity value of geb can be established. Thus, when including the amount
of steel fibers fixed within those limits in its matrix, a SCSFRC with
the preset ge value is obtained:

geb ¼
ge

1þ /f
/k

ð12Þ

The amount of cement, water, filler, fine aggregate and coarse
aggregate are obtained from the viscosity value of the base SCC.
To ensure self-compactability, EFNARC [2], IECA [33], ACI237R-07
[34], RILEMTC174-SCC [35] and some authors such as Domone
et al. [36] establish a series of recommendations that the amount
of the components of a SCC should follow. However, there are no
specific recommendations for SCSFRC.

2.3. Ranges of constituents for self-compactability

Generally speaking, the addition of steel fibers to a SCC mix
requires to decrease the coarse aggregate content [6,10,20]. More-
over, as the amount of fine aggregate increases in relation to the
total aggregate, a greater volume of steel fibers can be added, since
the amount of coarse aggregate is reduced. Nonetheless, in this
methodology we propose to use only up to 1% of fibers, since
beyond this fiber content it is hard to achieve self-compactability
according to Khayat et al. [6]. In any case, most of the structural
applications of SFRC require less than 1% of steel fibers. In addition,
since there are not any guidelines for the design of SCSFRC, in this
paper the limits established by the recommendations of the IECA
[33] have been used and are considered more appropriate for
SCSFRC, since they reduce the minimum content of coarse aggre-
gate to 650 kg/m3 compared to the 750 kg/m3 established by the
EFNARC [2] and, moreover, they increase the upper limit of fine
aggregate. See Table 1.

Table 1
Typical range of SCC compositions according to IECA [33].

Ingredients Typical range

Powder, mc þmLP [kg/m3] 450–600
Water, mw [kg/m3] 150–210

Coarse aggregate, mCA [kg/m3] 650–900
Fine to total aggregate ratio, mFA=ðmFA þmCAÞ 0.48–0.57

Water to powder ratio by volume, Vw=ðVc þ VLPÞ 0.85–1.10
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3. Steps of the proposed methodology

The basic steps of the proposed methodology for SCSFRC are
summarized below. This entire methodology was programmed
and automated in MATLAB.

1. Choose the desired plastic viscosity of the SCSFRC, ge,
depending on the application. Although fibers increase the
plastic viscosity of the mix, the EFNARC guidelines [2] or
the rheology-charts of Thrane et al. [37] may be useful to
select this value.

2. From the desired cube compressive strength, calculate the
water-cement ratio from Eq. (1).

3. Assume anmSP=mc ratio according to the manufacturer’s rec-
ommendation or previous tests in a fresh state depending on
the super-plasticizer used. For MasterEase 5025 super-
plasticizer, the manufacturer suggests a value between 0.5
and 1.5% of cement dosage [38]. In addition, simple labora-
tory tests (such as the Marsh funnel or the mini-cone flow
test) with different additive contents can be carried out in
order to establish the optimum dosage for the selected
cement paste.

4. Measure (or estimate) the plastic viscosity of the paste, gp. It
is known that this parameter can vary significantly from one
mix to another [5,21,39]. However, it can be accurately mea-
sured by means of rheometers, since the paste is a homoge-
neous suspension. It can also be measured by means of
inexpensive tests, such as capilar viscosimeters, but with
less precision. According to [21], the effect of the additive
will be significant on the yield stress of the cement paste,
but the ratio of super-plasticizer to cementitious materials
(mSP=mc) will have little influence on the viscosity of the
paste. Therefore, minor changes in the super-plasticizer dose
will not significantly affect the plastic viscosity of the paste.
As an example, Table 2 shows the values of gp for CEM I 52.5
SR and a ratio mSP=mc of 1%. It was measured with a Haake
RS50 cone-cone rotational rheometer. Moreover the viscos-
ity of the paste with air bubbles, gpþa, is calculated while tak-
ing into account that the air voids in the SCC are usually
around 2% [21]. It is estimated by means of the Einstein
equation for dilute suspensions of randomly distributed hol-
low spheres:

f ið/iÞ ¼ 1þ ½g$/i ð13Þ

where ½g$ represents the value of 1 for air bubbles [30] and /i

is the volume of air voids and is therefore 2%. Introducing Eq.
(13) for air bubbles in Eq. (2), gpþa yields:

gpþa ¼ 1:02gp ð14Þ

5. Choose a fiber content, /f , within the permissible range for
the desired SCSFRC. From the values of the geb max and
geb min and Eqs. (10) and (11), calculate the permissible limits
for /f ;/f min and /f max, respectively. Table 3 gives the values
for geb min and geb max. They vary in accordance with the plas-

tic viscosity of the cement paste and the compressive
strength. The values of geb min in Table 3 are the same from
30 to 60 MPa because the values of the plastic viscosity of
the cement paste are very close.
The permissible interval for the fiber volume can also be
estimated graphically. Fig. 1 represents the permissible
range of the fiber content for a specific value of plastic vis-

Table 2
Plastic viscosity of the paste with CEM I 52.5 SR (mix of cement, super-plasticizer and
water), measured with a rotational rheometer for different w=c ratios.

w=c gp gpþa

[Pa s] [Pa s]

0.35 0.079 0.081
0.47 0.049 0.050
0.53 0.037 0.038
0.63 0.030 0.031

Table 3
Minimum and maximum values of plastic viscosity of the SCC base for each
compressive strength.

f cu gpþa geb min geb max

[MPa] [Pa s] [Pa s] [Pa s]

30 0.031 1.4 11.9
40 0.035 1.4 11.7
50 0.038 1.4 12.0
60 0.049 1.4 12.1
70 0.065 1.7 10.0

Fig. 1. Permissible fiber range and plastic viscosity of the SCC base from a plastic
viscosity of SCSFRC value for two compressive strengths: (a) f cu ¼ 30 MPa and (b)
f cu ¼ 70 MPa.
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cosity of the SCSFRC for the compressive strengths of 30
(Fig. 1a) and 70 MPa (Fig. 1b), which are close to the limits
of this mix-design procedure. SCSFRCs with these compres-
sive strengths will be designed and tested in Section 4.
Accordingly, on the graph at ge, the intersection with the
extreme lines for geb min and geb max gives the permissible
fiber volume interval for the given value of ge. The fiber con-
tent chosen should be within this interval. Moreover, these
figures permit obtaining the plastic viscosity of the base
SCC (as explained in the next step).

6. Calculate the viscosity of the base SCC concrete, geb, from Eq.
(12) with the target plastic viscosity of the SCSFRC, ge, the
chosen fiber content, /f , and its aspect ratio, k. This value
can also be estimated from Fig. 1, by plotting ge and /f .
The intersection point is found on a straight line correspond-
ing to a definite value of geb (its value can be obtained by
interpolation between adjacent straight lines).

7. Calculate the mass of the solid phase ingredients
(mc;mLP;mFA and mCA) corresponding to the geb value. Thou-
sands of combinations of these constituents can be gener-
ated for a range of plastic viscosities and a given
compressive strength. These possible combinations are plot-
ted in Figs. 2 and 3 as design charts for compressive
strengths of 30 and 70 MPa, respectively (these charts will
be used in Section 4). For other compressive strengths, the
design charts given by Dhaheer et al. [21] can be used.
These charts give the amount of dry phases normalized by
the plastic viscosity of the base SCC. Best-fit lines are shown
in each band. It is important to note that the mix proportions

corresponding to the best-fit lines will produce a mix vol-
ume of 1 m3 and the desired plastic viscosity of the base
SCC. The spread of the bands represents the multiplicity of
solutions. The cement band is thinner than the others
because cement content is linked to water dosage, that var-
ies within the narrow range of 150–210‘=m3 [33].

8. With the cement content and the w=c ratio, the water dose
mw is obtained. Similarly, with the ratio mSP=mc , the dose
of mSP is also obtained.

9. The total volume of all these components (water, cement,
limestone powder, fine aggregate, coarse aggregate and
fibers) should be equal to 1 m3, including 2% of the air voids.
If this is not the case, the ingredient masses should be corre-
spondingly scaled.

10. Calculate the plastic viscosity of the resulting mix by means
of Eq. (5) and compare this value with the desired plastic vis-
cosity of the SCSFRC. The difference should be less than 5%. If
this is not the case, different masses of ingredients should be
chosen from the design charts.

4. Example of mix proportioning of SCSFRC

As an illustrative example, we propose calculating the mix pro-
portions of a SCSFRC with the following properties: compressive
strength of 30 MPa, plastic viscosity 20 Pa s with steel fibers of
13 mm in length (k ¼ 62, qf ¼ 7850 kg/m3) and a fiber content of
0.6%.

1. The target plastic viscosity of the SCSFRC is ge ¼ 20 Pa s.

Fig. 2. Design chart for 30 MPa of the SCC base.
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2. Calculate the w=c ratio by using Eq. (1). A compressive cubic
strength, f cu, of 30 MPa corresponds to a w=c ratio of 0.63.
Note that for 30 and 40 MPa the value predicted by this
equation should be decreased by 14% and 8% respectively
[21].

3. Assume a mSP=mc ratio according to the manufacturer’s rec-
ommendation or previous tests carried out in a fresh state.
For a SCSFRC with f cu ¼ 30 MPa, an mSP=mc of 1% is estab-
lished by the Marsh funnel test.

4. Estimate the plastic viscosity of the paste (including 2% of
the trapped air bubbles; see Table 2). For CEM I (100%):
w=c ¼ 0:63; gpþa ¼ 0:031 Pa s.

5. Check that /f ¼ 0:006 is within the permissible range for the
SCSFRC with f cu ¼ 30 MPa and ge ¼ 20 Pa s. The feasible
design interval is obtained by Eqs. (10) and (11) with the
admissible geb max and geb min values respectively, associated
with the base SCC. For this value of f cu, the geb min and
geb max are respectively 1.4 and 11.9 Pa s (see Table 3). Thus,
the minimum limit for the fiber content is practically zero,
whereas the maximum is 0.016. As /f is between these limit
values, this content is admissible for the chosen value for the
plastic viscosity (20 Pa s). If it is not within this range, the
objective plastic viscosity or the fiber content should be
changed.
Fig. 1a shows the plastic viscosity of the SCSFRC versus the
fiber content and shows the range of possible values of
viscosity for a base SCC with a concrete compressive
strength of 30 MPa. The intersection with the extreme lines,

which correspond to geb min and geb max, provides the permis-
sible fiber interval for this value of ge. The fiber content cho-
sen should be within this interval.

6. Obtain the value of geb using Eq. (12) for k ¼ 62;/f ¼ 0:006
and ge ¼ 20 Pa s; the result is geb ¼ 3:2 Pa s. This value of
geb can also be estimated graphically from Fig. 1a: the inter-
section between the lines for ge ¼ 20 Pa s and /f ¼ 0:006
determines the inclined straight line that passes through it
and the corresponding value for geb.

7. Calculate the ingredient contents of the solid phases
(mc;mLP ;mFA and mCA) once the geb value has been
obtained. Fig. 2 shows the solid phase bands for different
base SCCs with a target cube compressive strength of
30 MPa. Thus, for a value of geb ¼ 3:2 Pa s, the value of
the solid phases can be estimated by reading from each
curve of Fig. 2:
! Cementitious material:

mc

geb
¼ 84:8 ðdark curveÞ;

with geb ¼ 3:2 Pa s, then mc ¼ 271:4 kg/m3.
! Water:

As w=c ð¼ mw=mcÞ ¼ 0:63 and mc ¼ 271:4 kg/m3, then
mw ¼ 171:0 kg/m3.

! Super-plasticizer:
As mSP=mc ¼ 0:01 and mc ¼ 271:4 kg/m3, then
mSP ¼ 2:7 kg/m3.

! Limestone powder:

Fig. 3. Design chart for 70 MPa of the SCC base.
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mc þmLP

geb
¼ 159:8 ðred curveÞ;

with geb ¼ 3:2 Pa s and mc ¼ 271:4 kg/m3, then
mLP ¼ 240:0 kg/m3.
! Fine aggregate:

mc þmLP þmFA

geb
¼ 459:5 ðblue curveÞ;

with geb ¼ 3:2 Pa s,mc ¼ 271:4 kg/m3 andmLP ¼ 240:0 kg/m3,
then mFA ¼ 959:0 kg/m3.
! Coarse aggregate:

mc þmLP þmFA þmCA

geb
¼ 682:0 ðgreen curveÞ;

with geb ¼ 3:2 Pa s, mc ¼ 271:4 kg=m3; mLP ¼ 240:0 kg/m3

and mFA ¼ 959:0 kg/m3, thus mCA ¼ 712:0 kg/m3.
! Steel-fiber:

mf ¼ qf /f ¼ 47:1 kg/m3.
8. Calculate the total volume of the mix. The densities of

cement, super-plasticizer, limestone powder, fine aggregate
and coarse aggregate are respectively: 3130, 1058, 2510,
2650 and 2600 kg/m3. These values were measured using a
pycnometer except qSP , which was provided by the super-
plasticizer manufacturer. Thus, the total volume, VT , is:

VT ¼
mc

qc
þmw

qw
þmSP

qSP
þmLP

qLP
þmFA

qFA
þmCA

qCA
þ
mf

qf
þ0:02¼

¼VcþVwþVSP þVLP þVFAþVCAþVf þ0:02¼1:000m3

The error in VT is less than 0.1%. Note that Vf ¼ /f .
9. Calculate the plastic viscosity value by means of Eq. (5). For

this purpose, the volume fractions of solid phases that are
suspended in a viscous phase should be calculated.

/LP ¼ VLP

Vc þ Vw þ VSP þ VLP þ 0:02
¼ 0:231

/FA ¼ VFA

Vc þ Vw þ VSP þ VLP þ VFA þ 0:02
¼ 0:498

/CA ¼ VCA

Vc þ Vw þ VSP þ VLP þ VFA þ VCA þ 0:02
¼ 0:274

The calculated plastic viscosity geb according to Eq. (5) is
geb ¼ 3:2 Pa s.

10. Finally, calculate the plastic viscosity of the SCSFRC, ge,
according to Eq. (8), which gives ge ¼ 19:2 Pa s. The error
with respect to the target value:

Error ¼ 100
ge calc ) ge target

ge target

%%%%%

%%%%% ¼ 4%

The error is less than 5% relative to the target value, which is
acceptable. Thus the mix design is complete.

4.1. Experimental results

For validation purposes, various concrete mixes have been
designed by following the above methodology. The mix propor-
tions and constituents of the concrete are given in Table 4. In every
mix, CEM I 52.5 SR, produced by the Portland Valderrivas Cement
Factory (Madrid, Spain), was used to prepare the concrete. The
filler was composed of natural calcium carbonate, from the com-
pany Omnya Clariana, with a maximum size of 100 lm, while
the fine aggregates were feldespatic sand with a fineness modulus
of 1.75, and the coarse aggregates were natural crushed stones
with a maximum size of 6 mm. A super-plasticizer of poly-
aril-ether based type (MasterEase 5025) with a specific gravity of

1.06, supplied by the company BASF, was used. The specific gravity
of the cement is 3.10, whereas those of the filler, feldespatic sand
and coarse aggregate are 2.51, 2.65 and 2.60, respectively. These
values were measured by using a pycnometer. The steel fiber used
is Bekaert OL 13/0.20 with a length of 13 mm and a diameter of
0.20 mm, see Fig. 4. The mix designation adopted represents the
desired compressive strength followed by the fiber volume. For
example, 70-03 signifies a SCSFRC with a cube compressive
strength of 70 MPa and a fiber volume of 0.3%. Note that the 30-
06 concrete corresponds to the one calculated in the previous sub-
section. Moreover, Table 4 gives the value of the desired plastic vis-
cosity for the SCSFRC, its calculated plastic viscosity and the error.

In order to determine the resistance to segregation, stability and
air migration of the six SCSFRCs, the slump flow test was per-
formed, according to EN 12350-8 [40], as well as the L-Box test
regarding their passing ability [41]. All the tests in the fresh state
were video-recorded. Fig. 5 provides photographs of the spreads
of the six mixes from frames of the corresponding videos once
the spreads had stalled. They had no visible signs of segregation.

The slump flow test results are given in Table 5, where t500 is the
time that the mix takes to reach a 500 mm diameter spread after
raising the Abrams cone and dm the average spread diameter. Time
measurements were also made from the video-recordings. All the
mixes spread rather fast, specially the plain ones, for which t500
is below one second. Note that the 70 MPa concretes flowed even
better than 30 MPa mixes, since for smaller w=c ratios greater

Table 4
Mix proportions of tested SCSFRC mixes, plastic viscosity of the mix and error.

30-00 30-03 30-06 70-00 70-03 70-06

mc [kg/m3] 293.3 283.7 271.4 453.6 449.2 447.6
mw [kg/m3] 184.8 178.7 171.0 181.4 179.7 179.0
mSP [kg/m3] 2.9 2.8 2.7 4.5 6.7 6.7
mLP [kg/m3] 191.0 194.0 240.0 130.0 150.0 149.0
mFA [kg/m3] 849.0 937.0 959.0 783.0 798.0 762.0
mCA [kg/m3] 786.0 720.0 712.0 785.0 745.0 795.0
mf [kg/m

3] 0.0 23.6 47.1 0.0 23.6 47.1
geb target [Pa s] 2.5 3.4 3.2 2.5 2.5 2.5
geb calc [Pa s] 2.5 3.4 3.2 2.5 2.6 2.5
ge target [Pa s] — 12.0 20.0 — 9.0 15.0
ge calc [Pa s] — 12.0 19.2 — 9.0 15.1
Error(*) [%] 1(**) 1 4 3(**) 1 1

(*) Rounded to the immediate upper integer.
(**) Calculated with the plastic viscosity of the base SCC (geb).

Fig. 4. Steel fiber used.
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amounts of paste were achieved, which leads to better flowability.
In addition, their super-plasticizer dosage is higher and thus their
yield stress is lower, which again results in more spreadable mixes.

The remaining parameters in Table 5 correspond to measure-
ments with the L-Box test, namely the time that the concrete takes
to reach 200 and 400 mm (t200 and t400, respectively) when it is
flowing in the L-Box, while h1 and h2 represent, respectively, the
depth of concrete at the beginning and at the end of this box, when
concrete stops flowing. The mixes had to pass through the three-
bar grid of the L-box [41] except the 30-03 and the 30-06 mixes,
for which the two-bar one was used since their passing ability
was lower. This is so because they have a lot of fine aggregate mass
which, together with the fibers, increase their yield stress. More-
over, the space between bars in the three-bar grid is roughly three
times the fiber length. However, their t400 are sensibly lower than
that of the 30-00 mix since the wider grid was used. Interestingly,
the h2=h1 ratio—passing-ability coefficient—is close to one for all
the mixes (note that the limit proposed for this ratio by EFNARC
for plain SCC is 0.75 [2]). It should be considered that passing

Fig. 5. Slump flow spread.

Table 5
Properties of concrete in fresh and hardened state.

30-00 30-03(*) 30-06(*) 70-00 70-03 70-06

t500 [s] 0.4 0.6 1.6 0.9 1.3 2.1
dm [mm] 768 620 670 850 850 788
t200 [s] 0.9 0.8 0.8 0.6 0.6 1.2
t400 [s] 2.0 1.1 1.3 1.1 1.1 2.3
h1 [mm] 80 73 78 76 84 83
h2 [mm] 80 68 75 76 84 83
h2=h1 1 0.93 0.96 1 1 1

f cu [MPa] 36 (1) 27 (1) 25 (1) 68 (0) 64 (2) 72 (1)

(*) L-box with only two bars (three for the rest of mixes).
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ability tests for plain SCC could be too restrictive for SCSFRC mixes,
since the use of fibers usually reduces the amount of bars in struc-
tures [5,6].

Table 5 also provides the values for the compressive strength on
100 mm cube specimens at 28 days. The tests were performed in
accordance with the recommendations of the ASTMC39 standard
[42] at the stress rate of 0.3 MPa/s. A total of 4 tests per mix were
conducted to determine the average compressive cube strength,
f cu, and the corresponding standard deviation (values within
parentheses). As it can be observed, the experimental compressive
strength of all mixes is close to the desired value.

It bears mentioning that five of the six mixes were made only
once. The only mix that was repeated was the 30-03 because, as
explained above, it did not pass well the L-box with three bars.
Thus, we repeated the mix and let it pass through the two-bar grid
of the L-Box. Besides, as mentioned above, the mixes of the 30 MPa
series present significant variations in the proportions of con-
stituents while the properties of the SCSFRCs in the fresh and hard-
ened states are quite close (see Tables 4 and 5), which shows that
the methodology is robust.

5. Conclusions

A new mix-proportioning method for SCSFRC has been pro-
posed. It extends to SCSFRC the method for plain SCC developed
by Karihaloo and co-workers [12,21,22], based on the rheology of
cement paste and on micro-mechanical constitutive models.
Namely, it adapts the Krieger-Dougherty equation [30,21,31] to a
suspension containing steel fibers to obtain the masses of the com-
ponents of the SCSFRC. The formulation gives the plastic viscosity
of the final SCSFRC as a function of the plastic viscosity of the
paste—which can be measured by inexpensive viscosimeters like
the Cannon-Fenske viscosimeter or the Marsh funnel—and by com-
puting the viscosity increase due to all the phases in the mix,
including the fibers. The method also targets the compressive
strength by setting the corresponding water/cement ratio. Finally,
it adjusts to the ranges in the constituents proposed by IECA [33]
for plain SCC, which guarantees that the resulting mixes comply
with usual technological tests to check self-compactability, namely
the slump-flow test and the L-box test.

All in all, the masses of the components of the SCSFRC are sim-
ply obtained from the target plastic viscosity of the mix and the
expected compressive strength together with fiber parameters
such as volume fraction and aspect ratio. The methodology can
be used for a wide range of compressive strengths (from 30 to
80 MPa) with a fiber volume of up to 1% and aspect ratio of up to
85 (actually, 10 to 85 in the event that Eq. (8) is used).

Guidelineshavebeenprovidedbywayofdesign charts inorder to
determine mix proportions for a wide range of viscosities at each
compressive strength. The methodology is easy to apply by using
these design charts. An example is provided in order to explain these
design charts and the equations involved. Additionally, experimen-
tal validation was carried out by making and testing (in fresh and
hardened state) six SCSFRC mixes with two levels of strength (30
and 70 MPa) and three levels of fiber reinforcement (0, 0.3 and
0.6% by volume). We plan to provide further validation—especially
with regard to the fiber content limit—in the near future.
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Abstract

A model for non-linear calculations of steel fiber-reinforced concrete (SFRC) elements in compression is proposed and described technologically.
The same curve produced by Eurocode 2 (EC2) is used until compressive strength, although non-dimensional variables refer to fiber concrete
parameters. Beyond the peak, we use a parabola that is derived so that the average energy consumption of the material equals this same mean
energy obtained from a database comprised of 197 tests. Estimates for the compressive strength of SFRC and the corresponding critical strain are
also provided by correlation with the database using the surface response methodology. The total energy consumption of SFRC in compression is
approximately four times higher on average than the corresponding energy of the base plain concrete, which is included in the model. Therefore,
it can considerably improve the modeling of ductility in SFRC structures.
© 2018 Asociación Española de Ingenierı́a Estructural (ACHE). Published by Elsevier España, S.L.U. All rights reserved.

Keywords: Steel fiber-reinforced concrete; Compressive stress-strain relationship; Non-linear structural analysis; Response-surface methodology

Resumen

Se propone y se describe, en formato tecnológico, un modelo para el cálculo no-lineal de elementos de hormigón reforzado con fibras de acero
(HRFA) en compresión. Hasta el pico de carga, se usa la curva dada por el Eurocódigo 2 (EC2), aunque las variables adimensionales se refieren a
los parámetros del hormigón reforzado con fibras. Después del pico, usamos una parábola que se calcula de modo que la energía consumida por
el material sea igual al valor de esa misma energía dada por una base de datos compuesta por 197 ensayos. También se proporcionan estimaciones
de la resistencia a compresión del HRFA y de la deformación crítica correspondiente, las cuales se obtienen por correlaciones con la base de
datos usando la metodología de las superficies de respuesta. La energía consumida por el HRFA en compresión es, como media, unas cuatro veces
mayor que la que tendría su matriz sin reforzar, lo cual es reproducido por el modelo. Así, éste puede mejorar considerablemente el modelado de
la ductilidad en estructuras de HRFA.
© 2018 Asociación Española de Ingenierı́a Estructural (ACHE). Publicado por Elsevier España, S.L.U. Todos los derechos reservados.

Palabras clave: Hormigón reforzado con fibras de acero; Ley tensión-deformación en compresión; Análisis no-lineal; Metodología de las superficies de respuesta
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1.  Introduction

This technical note describes a model for the compressive
stress–strain (σ–ε) behavior of steel fiber-reinforced concrete.
The model is based on functions obtained from correlations with

https://doi.org/10.1016/j.hya.2018.10.001
0439-5689/© 2018 Asociación Española de Ingenierı́a Estructural (ACHE). Published by Elsevier España, S.L.U. All rights reserved.
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Figure 1. Schematic representation of the stress-strain relationship in SFRC for
structural analysis (solid curve), compared with that of the corresponding base
concrete (broken line curve).

an extensive database comprised of 197 well-documented SFRC
compressive tests [1–20].

The following section describes the σ–ε  model. Subse-
quently, we justify the assumptions made to formulate the model
and provide a brief description of the database that supports a few
of the expressions of the model, together with a short explanation
of the response-surface methodology and the process followed
in order to obtain the responses.

2.  σ–ε  relationship  for  non-linear  structural  analysis  of
SFRC

The relationship between σ and ε, shown in Fig. 1, may be
used to model the response of SFRC to short term uniaxial com-
pression. It has two distinct curves. The first runs from the origin
of the axes to the maximum stress (curve 1 in Fig. 1) and is
described by the following equation:

σ∗ = αε∗ −  ε∗2

1 +  (α  −  2)ε∗ (1)

where:
σ∗ = σ

fcf
Non-dimensional stress

fcf Compressive strength of SFRC

α = 1.05εcf
Ef

fcf
Non-dimensional coefficient

εcf Critical strain, i.e. strain that corresponds to fcf

Ef Elastic modulus of SFRC
ε∗ = ε

εcf
Non-dimensional strain

The compressive strength and corresponding strain plus the
elastic modulus of SFRC can be easily obtained by testing. These
values can also be estimated by using the following equations:

fcf =  fc0

(
1 +  4.174�∗

f φf

)
(2)

εcf =  εc0

[
1 +  0.4823 λ

(
φf −  0.002606�∗

f

)]
(3)

Ef =  E0 (4)

where:

�∗
f

= �f

�0
non-dimensional fiber length

�0 = 30 mm coefficient to maintain non-dimensionality
φf volumetric fiber ratio
fc0 compressive strength of the base concrete in MPa,

determined according to Table 5.1 of EC2 [21] (see
Fig. 2)

ε0 = 0.0007
(

fc0
f0

)0.31
critical strain of the base concrete, i.e. strain at
maximum stress

f0 = 1 MPa coefficient to maintain non-dimensionality
λ fiber aspect ratio
E0 elastic modulus of the base concrete

The second curve (labeled as 2 in Fig. 1) is a softening branch
that runs from peak stress to zero. The following parabola defines
the curve:

σ∗ =  1 − 1

4

(
1 −  σ∗

R

) (
ε∗ −  1

)2 (5)

where σ∗
R is the following function of the parameters that char-

acterize the fiber:

σ∗
R =  0.8279 +  0.3888 �∗

f

(
35.03 φf −  1

)
<  1 (6)

Actually, σ∗
R is the non-dimensional stress corresponding to

ε∗ =  3, as represented in Fig. 1, which implies that σ∗
R <  1 as

stated in Eq. (6). This second stretch intercepts the x-axis at:

ε∗
u =  1 + 2√

1 −  σ∗
R

(7)

Note that Eqs. (1) and (5) and related parameters consider
that stresses and strains are positive in compression. Likewise,
the softening part of the curve, Eqs. (5)–(7), is only valid for
SFRC with hook-ended fibers.

3.  Justification  of  the  model

The model described above depends basically on two points.
The first is the peak of the stress–strain curve, that is, the point
which represents the strength of the SFRC, fcf , and its corre-
sponding strain, εcf (critical strain). The second is the stress for
a strain three times the critical strain, i.e. σR −  3εcf . We adopt
a non-dimensional representation where stresses are divided by
fcf and strains by εcf . Therefore, these points are just (1, 1) and
(σ∗

R, 3) in the non-dimensional curve, σ∗ −  ε∗.
The first part of the curve from the origin to the peak stress is

modeled by using the same σ–ε  curve that is already used in the
EC2 for plain concrete. It should be noted though that the new
curve refers to the strength and critical strain of the SFRC, rather
than to those of the base concrete. The elastic modulus of the
material, Ef , determines the slope at the origin, which is α  in the
non-dimensional curve. As stated above, fcf , εcf , and Ef are
easy to obtain by testing. In the case that an estimate of these val-
ues is needed and testing cannot be performed, the model offers
Eqs. (2) and (3) in order to obtain fcf and εcf based on the param-
eters characterizing the type of fiber (the fiber length, �f , and
the fiber aspect ratio, λ) and the fiber content (φf ). These func-
tions were obtained by using the response-surface methodology
on a database comprised of 197 compressive tests on SFRC



G. Ruiz et al. / Hormigón y Acero 2018; 69(S1):75–80 77

Figure 2. Strength and mechanical characteristics of concrete according to Table 5.1 of the Eurocode 2 [21] (fc0 in the paper corresponds to fcm in Table 5.1).

samples. The derivation process is explained in the following
section. There is no equation for the elastic modulus of the SFRC
because the correlation with the database indicates that the fiber
parameters are not sufficiently significant in order to determine
the Ef /  E0 ratio.

The second part of the curve is an inverted vertical-axis
parabola the vertex of which is point (1, 1) and that passes
through point (σ∗

R, 3). This point was chosen as a reference
because all the tests in the database with a σ–ε  curve at
least reached it. In other words, the shortest σ–ε  tail in the
database reached the abscissa 3εcf . The formula for obtain-
ing σ∗

R (Eq. (6)) is derived as follows. The area below the σ–ε

curves between the peak and 3εcf is correlated with the same
area of the model expressed as a function of σ∗

R. The correla-
tion process to obtain σ∗

R is similar to those for fcf / fc0 and
εcf /  εc0, and is explained in the following section. The last
valid point of the model is ε∗

u, which is simply derived as the
intercept of the parabola with the x-axis. Note that modeling
the SFRC softening through this parabola errs on the side of
caution, since most of the softening branches in the database
are actually longer and consume more energy than the proposed
curve.

It should be noted that very few specimens in the database
showed hardening (only three; SFRCs in the database do not
exceed a fiber content of 3% in volume). They were not consid-
ered in the correlation for calculating σ∗

R because the parabola
should not increase (that is the reason we impose σ∗

R <  1). In
the case that we seek to account for hardening in compression
there could be recourse to the limit case of a horizontal straight
line (σ∗

R =  1) and a restricted value of εu.
In regard to the total energy consumption of SFRC in com-

pression, the proposed model reflects that it is several times
higher than the corresponding energy of the base plain concrete,
as suggested in Fig. 1 (the area below the dimensional curve
represents the energy consumption per unit volume). In fact, the
average energy consumption of the SFRC during the ascend-
ing/softening branch in the database is 1.5/2.8 times the energy
of the corresponding base concrete in the ascending branch.
Thus, the total energy consumed in SFRC is around four times
larger on average than that of the corresponding base concrete
(and this only considers the energy up to 3εcf ). Consequently,
the use of the proposed σ–ε  curve can considerably improve the
modeling of ductility in SFRC structures.

4.  Database  and  response-surface  methodology

The database generated for this study contains 197 compres-
sive tests on SFRC 150 ×  300 mm2 cylinders [1–20]. All have
information concerning the base concrete. Likewise, all con-
cretes were reinforced exclusively with steel hook-ended fibers
with only one bend. 80 of the tests reported the complete σ–ε

curve. Some of the relevant parameters of the database fall within
the following ranges:

•  Compressive strength of SFRC (fcf ): 29.4–93.5 MPa
• Maximum aggregate size (dm): 10–25 mm
• Volumetric fiber ratio (φf ): 0.24–3.00%
• Fiber length (�f ): 10–80 mm
• Fiber diameter (df ): 0.2–1.2 mm
• Aspect ratio (λ  =  �f /  df ): 20–107

The time at which the compressive tests were performed was
28 days, with a few exceptions.

The response-surface methodology [22] is a correlation pro-
cedure to determine a continuous function f  for n  of the
parameters that are thought to be significant for its response:

y  =  f (x1, x2,  . .  ., xn) +  ξ (8)

where ξ is the error in the response as compared to the
database. In general, f is unknown and thus, it is necessary to
experiment with conventional polynomial functions such as:

n∑

i=1

βixi +
n∑

i=1

βiix
2
i +

n−1∑

i=1

n∑

j>i

βijxixj (9)

where βi are the coefficients for the linear terms, βii the
coefficients for the quadratic terms and βij with j > i  the
coefficients for the combination of variables.

In this particular application, we look for the response of
the relative values of the elastic modulus Ef , the compressive
strength fcf and the critical strain εcf compared with the cor-
responding values of the base concrete, plus the response of σR

(σ  for 3εcf ) related to the compressive strength of the SFRC.
We want to express these relative values as functions of basic
parameters of the fiber reinforcement, namely the fiber length
�f , the fiber aspect ratio λ  and the fiber volume fraction φf . Con-
sequently, the correlation was performed using non-dimensional
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Figure 3. Coefficients for functions to fit the database (I.T. refers to an independent term).

data referring to the corresponding values of the base concrete
(Eo

f =  Ef /E0, fo
cf =  fcf /fc0 and εo

cf =  εcf /εc0) or the fiber
concrete (σ∗

R =  σR/fcf ). Regarding the fiber parameters, only
the length had to be converted in order to be non-dimensional
by using �∗

f =  �f / �0 (note that the choice for �0 is arbitrary
since its actual value only affects the resulting non-dimensional
coefficients so that the final product is the same). The most
complete correlation in this work includes linear, combined and
quadratic terms.

The coefficients obtained for each desired parameter are set
forth in Fig. 3. For example, the full response (linear, combined
and quadratic) for the compressive strength is:

fo
cf =  1 +  0.243 �∗

f −  0.00373λ  −  13.50φf +  0.00356 �∗
f λ

+7.81 �∗
f φf +0.129λφf −  0.1868 �∗2

f −0.000009λ2 −  26φ2
f

(10)

where only the terms corresponding to �∗
f φf and to �∗2

f are
actually significant (this is the reason that their coefficients
are written in bold type in Fig. 3). Likewise, we also obtained
coefficients for the linear plus the combined response, see Fig. 3.
Note that this time we determine that �∗

f and λ  are significant. In
order to derive simpler equations where only significant terms
are present, we resort to the correlation again in linear mode
and only with terms that had already been found to be signifi-
cant. The outcome often reveals that some terms were not really
significant and, in these cases, we eliminate them and resort to
the correlation again. This is how we reach the simplest equa-
tion for the parameter under study, in this case, the compressive
strength:

fo
cf =  1 +  4.174 �∗

f φf (11)

Note that we rounded the independent term to 1, since the
methodology does not perform any type of asymptotic study but
just simple correlation. The procedure to obtain the remaining
responses is similar to the one previously described. Fig. 4
plots Eq. (11) superimposed over the values in the database. It
is clear that there is a remarkable dispersion, since fcf mostly
correlates with the compressive strength of the base concrete

Figure 4. Non-dimensional compressive strength fcf 0 = (fcf /fc0) as a function of
parameter �∗

f
φf (= �f φf / �0) compared with the experimental values in the

database.

fc0, which is the value chosen to get non-dimensional fcf . This
is the reason for which we recommend that fcf and εcf are
actually measured, since Eq. (11) is only a rough approximation
of the average behavior of tests in the database. Similarly, Fig. 5
plots the database values for εcf and σR as functions of some of
the influential non-dimensional parameters in Eqs. (3) and (6),
namely λφf and �∗

f φf . It also plots the response surfaces that
correspond to these equations. Note that the database values for
εcf and σR show less scatter than for fcf .

Despite having tried to simplify the equations by increasing
the average significance of the terms, all the response levels
could be used. The response is more accurate indeed when the
more complex equations are considered. On the other hand, as
already commented above, we did not find a good correlation
for the relative elastic modulus (the significance of λ  for Eo

f is
very weak, see the Table in Fig. 3). The methodology reveals
that fiber content in low dosages does not influence the SFRC
compressive response at small strains. We did not propose a type
of phase-rule, i.e. such as Ef =  E0(1 −  φf ) +  Esφf because
the database does not find φf significant.
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Figure 5. Database values and 3D plots of the selected functions for the non-dimensional (a) critical strain ε0
cf

(= εcf / εc0); and (b) stress corresponding to
ε = 3 εcf , σ∗

R(= σR / fcf ).

5.  Conclusions

This technical note proposes a σ–ε  curve for steel fiber-
reinforced concrete (SFRC) in compression, intended for
non-linear calculations. The model is described technologically,
similarly to that used in structural codes. The model has two
distinct stretches. The first describes the σ–ε  behavior up to the
maximum load, following the same curve proposed by Eurocode
2 [21] for plain concrete, but using non-dimensional variables
referring to fiber reinforced concrete.

The second stretch is defined as a vertical parabola the ver-
tex of which corresponds to compressive strength. It is must
pass through point σR −  3εcf , which in turn is estimated by
correlation to an extensive database of actual σ–ε  curves. The
correlation to get σR is made so that the average energy below
the σ–ε  curve between εcf and 3εcf in the database equals that
of the parabola for the same stretch. Therefore, this assump-
tion for the second part of the σ–ε  curve yields the same mean
energy consumption as tests in the database up to 3εcf . Beyond
this point we still use the parabola, which is relatively safe since
most of the tests in the database exhibit long tails. The technical
note also provides estimates for the compressive strength of the
steel fiber-reinforced concrete and for the corresponding critical
strain. All the formulas are derived by using the response-surface
methodology and a database formed by 197 tests on SFRC (only
standard cylinders of SFRC with hook-ended fibers with only
one bend).

Regarding the total energy consumption of SFRC in compres-
sion, the proposed model reflects that it is approximately four
times higher on average than the corresponding energy of the
base plain concrete (considering only the energy up to 3 εcf ).
Therefore, the proposed σ  −  ε  curve can considerably improve
the modeling of ductility in SFRC structures.

6.  Dedication
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struction technology and for her leading personal example and
friendship.
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Abstract: The compression behavior of steel-fiber reinforced concrete (SFRC) has been addressed
exhaustively in recent decades thereby highlighting a variety of differences with regard to the effect
that the addition of fiber has on it. In this paper, a detailed study of the subject is developed for
which a database has been created, which includes 197 tests performed on cylindrical concrete
specimens with dimensions of 150× 300 mm2 (diameter× height). By means of the response surface
methodology, we disclose the relationship that exists between the geometric parameters of the fiber
(length, diameter, and aspect ratio), their amount (fraction in volume), and some matrix parameters
(compression resistance and maximum size of coarse aggregate) with the different compression
responses of the SFRC, which are strength, elastic modulus, critical deformation under maximum
load, and the volumetric deformation work in the pre- and post-peak branch. Linear polynomial
models are chosen to adjust each response with the defined factors, and said variables are studied in a
dimensional and non-dimensional format. From the results obtained, it is verified how the inclusion
of steel-fibers produces notable improvements in ductility and the energy absorption capacity of the
concrete when significantly increasing the works of volumetric deformation in the pre- and post-peak
branch with respect to the matrix without fibers. In addition, a new model is analyzed, which
describes the stress–strain curve of the compression behavior of the SFRC based on the increase of
ductility and energy absorption. This model is characterized by a softening branch subsequent to the
peak load determined by means of the residual compressive strength, a parameter that corresponds
to the value of the compressive stress associated with a strain equal to three times that of the peak of
the curve, which is significantly dependent on the aspect ratio and fiber content.

Keywords: steel-fiber reinforced concrete (SFRC); compressive ductility; response surface
methodology (RSM); compression behavior model of the SFRC; residual compressive strength

1. Introduction

The compression behavior of steel-fiber reinforced concrete (SFRC) has been widely addressed
over the last four decades, as reflected in the extensive existing bibliography, which includes both
experimental research, as well as analytical and numerical research. There is a variety of opinions
with respect to the influence that the addition of steel-fiber has on such behavior, fundamentally in
regards to resistance and stiffness. There is consensus on the increase of ductility and toughness that
the material experiences.

As concerns the compressive strength, fc f , we find works that indicate that the inclusion
of steel-fibers in concrete involves from negligible [1,2] or marginal [3,4] increases to significant
increases [5–8], although it is certain that the majority of authors contend that an improvement
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occurs [3,5,8–23]. Nevertheless, others indicate that fibers do not contribute to the increase of the
strength [24]. In addition, there is research that indicates that improvements may occur up to a certain
value of the fiber content [19,25,26]. Among the reasons given for this variation in opinions are the
effect of fibers on the transversal confinement of the specimens [14,15], the influence of the so-called
fiber factor (product of the volumetric fiber ratio by its fiber aspect ratio, φ f λ) [27], the sensitivity to
the fiber volume–aggregate size relationship, linked to the workability of the material [27], and the
creation of additional voids in the concrete matrix [14,24].

In regard to the elasticity modulus, E f , there also appears a disparity of results. There are works
that demonstrate that the addition of steel-fibers tends to reduce it [13,14,28–30], while in others, an
increase has been recorded [3,15–18]. The reasons for explaining the decrease are associated with the
creation of additional voids that involve the inclusion of fibers [28–30].

With regard to the critical strain at peak load, εc f , there is a consensus that an increase occurs
with the addition of steel-fibers [3,6,8,16–18,31–34], which is associated both with φ f , as well as λ [14]
and with the mentioned fiber factor [18,29]. The influence that the increase of fc f [18,29,35,36] has on
this parameter is also reported.

Once the maximum load is reached is when the principal effect of the steel-fibers is observed
on the compression behavior of the concrete in terms of ductility and toughness. In all the works
consulted, it is evident that the addition of fiber increases the capacity of energy absorption during
the strain of the material, thereby improving its ductility [3–6,14–18,24,31–34,37–39]. This is due
fundamentally to the greater effect of transversal confinement that fibers provide [5,6,14,15,18,24].

On the other hand, the design and analysis of the structural elements made with SFRC requires
the application of models that are capable of representing with exactitude their mechanical behavior
for purposes of being able to be included in the current design codes and structural requirements.
In the scientific literature, there is a variety of models that, as a function of their own experimental data,
pursue approaching the stress–strain response of the SFRC in compression [3,5,6,15,16,18,24,28,40].
With closer study, it may be verified how each one of them correctly adjusts to the data from which
it comes; however, the adjustment is not as strong when they are subjected to the scrutiny of other
experimental sources [30].

With this background, it is pertinent to propose a profound analysis for which the principal
parameters are related to the concrete and steel-fibers that have an influence on the compression
response of the SFRC. In particular, the increase of ductility and the capacity of energy absorption can
be studied by means of the work of volumetric strain in the pre- and post-phases to peak load. For
this purpose, a database has been created through an extensive bibliographic search in the scientific
literature with compression results for SFRC. It includes a total of 197 uniaxial compression tests
on cylindrical specimens with dimensions of 150× 300 mm2 (diameter× height) of SFRC with hook
ended fibers with a single fold, in addition to their corresponding matrices without reinforcement.
Subsequently, applying the response surface methodology [41], a series of factors, associated with
the characteristics of the material (concrete matrix and fiber reinforcement), is analyzed, thereby
identifying which have a great effect on the different responses of the compression strength for SFRC.
Lastly, the compression stress–strain model for SFRC by Ruiz et al. [42] is studied. It permits the
non-linear calculation of the structural elements of SFRC requested under compression that is based
on the increase of ductility and energy absorption that the inclusion of steel-fibers provides to concrete.

2. Materials and Methods

2.1. Creation of the Database

Firstly, we proceed to the bibliographic search for publications with experimental results
for uniaxial compressive tests on SFRC specimens (cylinders with dimensions of 150× 300 mm2,
diameter× height, and steel-fibers with hooked-ends of a single fold), thereby creating a database
with a total of 197 tests. The distribution of the number of tests collected for each one of the responses
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to be studied is summarized in Table 1. Figure 1 shows the distribution of the data of the principal
factors included in the database. Note that all the papers contributing to the database assume that the
compressive behavior of the material is isotropic. This is so because the filling of this type of specimen
does not lead to any preferential orientation of the fibers, since the fresh material does not flow along
the form, nor pass through obstacles like narrow parts or bars.

Table 1. Database for uniaxial compression tests in steel-fiber reinforced concrete (SFRC) specimens.

N◦ Specimens with Fibers N◦ Specimens without Fibers

Compressive strength 167 30
Elastic modulus 83 17

Strain under maximum load 111 19
Volumetric deformation work before the peak load 90 14
Volumetric deformation work after the peak load 73 11

Figure 1. Distribution of the data of the principal factors included in the database: (a) diameter of
steel-fiber, d f ; (b) fiber length, ` f ; (c) fiber aspect ratio, λ; (d) fiber content, φ f ; (e) compressive strength
of SFRC, fc f ; and (f) maximum size of the coarse aggregate, dm.
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2.2. Response Surface Methodology

The response surface methodology (RSM) [41] consists of a collection of statistical-mathematical
techniques applied to the creation of data adjustment models by means of which a series of parameters
may be optimized and find the interactions that are produced between them [43,44]. It is a common
method used in the improvement, development, and process management [45] in various industries,
which has also been applied to those of concrete and cement for the design of mixtures [46–51],
the analysis of resistant behavior [52–56], or the influence that the fiber content and the aspect ratio
have in the optimization of the fracture of the fiber reinforced concrete [57].

This method permits the creation of regression adjustment models (by square minimums) of
a set of data, as well as the optimization of a variable that is related to one or various dependent
variables [58]. The analysis of the variance of the data (ANOVA) establishes the interaction between
the variables for the purpose of estimating the statistical parameters and determining if there are
significant relationships between the responses (dependent variables) and the factors (independent
variables). By means of ANOVA, we verified the differences existing between the means of various
populations, thereby seeking to separate how each source of variation contributes to the variation
observed [59–61]. In addition, ANOVA must verify the normalcy of the populations in the distributions
of the probability of the association between responses and factors, the equality of the variance of the
populations, and the independence of the samples. If the ANOVA of a factor rejects the null hypothesis
of the equality of averages, this signifies that there is a statistically significant association between the
response and the factor, that is the response is influenced by the factor [59–61].

The RSM is based on the following steps: the statistical design and performance of experiments
(or alternatively, as in our case, the formation of a database of experimental results) and the subsequent
selection of the factors that may influence their responses, the choice of a suitable mathematical model
or function to adjust the responses and the estimation of its parameters, the prediction of the responses,
and the verification of the aptitude of the function in the experimental domain [43,62]. If there exists a
continuous function, f , of the n factors that adjusts the actual values of the responses, then the response
that corresponds to any set of factors can be written as:

y = f (x1, x2, ... , xn) + ξ (1)

where:

f (x1, x2, ... , xn): adjusted value of the response;
x1, x2, ... , xn: independent variables or factors;
y: dependent variable or response;
ξ: error (arising principally from the experimental errors and adjustment [52]).

If f is not explicitly known, then it is necessary to find an adequate approximation in the
correlation between factors and responses [43,63]. To do this, factors may be used to establish
an empirical model correlated with the experimental data by means of a polynomial defined by
Equation (2) [43]:

y = β0 +
n

∑
i=1

βi xi +
n

∑
i=1

βii x2
i +

n−1

∑
i=1

n

∑
j>i

βij xixj + ξ (2)

where:

β0: independent term;
βi: linear adjustment coefficients;
βii: quadratic adjustment coefficients;
βij: combined adjustment coefficients;
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xi, xj: factors.

The experimental data that will be analyzed must belong to a family with a normal distribution
function, which is presented through residues (the difference between the experimental values and
the values obtained by the model adjustment). The normalcy of the residues indicates that the
data distribution is normal as well [58]. The analysis was performed by means of the Minitab
mathematical-statistical program [64].

2.2.1. Selection and Analysis of the Factors

The selection of the factors, with which the responses will be studied, is fundamental to achieve
correct results. In addition, the data must proceed from quality sources and be within the ranges of
observation sought for the responses. Thus, prior knowledge of the factors that affect the responses is
a key aspect in the development of the procedure. For that reason, firstly, a selection has been made
of a high number of factors that are considered to be able to have an influence on the compressive
strength of the SFRC. Performing a first analysis in dimensional terms, both in the responses, as well
as in the factors, a second analysis under the conditions of non-dimensionality is made for the purpose
of observing, in addition to the statistical significance of the latter, the influence that they have on
the variability of the responses. Lastly, a selection is made of the most significant factors obtained in
the prior analysis with the objective of applying them to a simple model in a technological format
that explains the uniaxial compression behavior of the SFRC [42]. Namely, they are the compressive
strength of the base concrete, fc, the maximum aggregate size, dm, the diameter of the fiber, d f , the
length of the fiber, ` f , the aspect ratio, λ, the fiber content, φ f , and some combined parameters like
the ratio between the length of the fiber and the maximum aggregate size, ` f /dm (note that the
“Abbreviations” Section at the end of the paper gives a complete definition of all the symbols and
acronyms used in this work).

2.2.2. Selection of the Response Model

Two regression adjustment models of the experimental data will be made, both polynomials,
specifically first and second degree. The selection of the definitive model on which the work will be
done, will be performed on the basis of the following criteria: its capacity to predict the response
within the domain of the levels of the factors and especially adhering to the absence of multicollinearity.
Multicollinearity is a problem that occurs when the explicative variables of the model are correlated
among themselves. This gives rise to a reduction in the precision of the estimation of the coefficients
of the terms of the factors, in addition to the possibility of concealing their statistical significance.
An added difficulty for detecting the multi-collinearity is that it does not affect the goodness of the
adjustment of the model. By means of the statistic variance inflation factor (VIF), the multicollinearity
is studied. This index quantifies the severity of multicollinearity in an ordinary least squares regression
analysis, since it measures how much the variance of an estimated regression coefficient is increased
because of multicollinearity. It is calculated as:

VIF(β̂ j) =
1

1− R2
j

(3)

where β̂ j is the value for the coefficient β j estimated by the model and R2
j is its determination coefficient.

If multicollinearity is severe, the variance of the determination coefficients is increased, which indicates
that such coefficients are unstable, which in turn gives rise to false statistical factors’ significances
and erroneous values/signs of their coefficients. It is commonly accepted that if VIF > 5, then the
multicollinearity is high [64,65].

Thus, VIF ≤ 5 was adopted as a limit for selecting the adjustment model, which is representative
of a moderately low presence of multicollinearity, thereby deeming it very low or absent if VIF' 1 [64].
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2.2.3. Statistical Analysis of the Experimental Data

By means of ANOVA, statistics will be estimated, which will permit us to analyze the information
of the database. The degree of statistical significance will be determined by means of the value of
probability p (p-value) at the confidence interval of 95%. Thus, statistical significance is deemed to
exist if the p-value ≤ 0.05. Concerning the study of factors, if the p-value calculated for a term is less
than or equal to 0.05, there is a statistically significant relationship between said term and the response,
thereby demonstrating that this effect is not due to randomness.

The adjusted determination coefficient R2
a indicates the goodness of the adjustment of the model.

It is calculated with the following equation:

R2
a = 1− N − 1

N − k− 1
(1− R2) (4)

where k is the number of explanatory variables (or predictors) and R2 is the standard determination
coefficient, the formula of which is:

R2 =
∑N

i=1(ŷi − ȳ)2

∑N
i=1(yi − ȳ)2

(5)

where N is the sample size or total number of observations; ŷi is the estimated value for y in observation
i according to the model; ȳ is the mean value of y; and yi is the actual value for y in observation i.
R2

a concerns a more appropriate statistic than R2 for verifying models with a different number of
predictors since R2 always increases when adding a new explanatory variable, even when there is not
a real improvement in the model because such a factor is not relevant. R2

a corrects this overestimation,
thereby reducing its value if an effect does not produce an improvement of the model [64].

2.3. Stress–Strain Model for the Uniaxial Compression Behavior of SFRC for Non-Linear Analysis

Ruiz et al. [42] developed a model, in a technological format, for the non-linear calculation of
the compression behavior of the structural elements of SFRC. This model consists of two stress–strain
curves: The first departs from the origin of the coordinates and reaches the maximum stress value and
is analogous to the curve defined for plain concrete in Eurocode 2 [66] (Equation (6)). The second curve
starts with maximum stress and manages to intercept the x-axis. This segment is defined by means of
an inverted parabola of the vertical axis (Equation (7)), which has been calculated in such a way that
the subsequent post-peak energy consumption is equal to the value of that same energy calculated in
conformity with the data collected in the database. Figure 2 shows the stress–strain relationship, in
reference to the SFRC and presented in a non-dimensional manner. The expression for the first curve
(Stretch 1 in Figure 2) is:

σ∗ =
α ε∗ − ε∗2

1 + (α − 2) ε∗
(6)

where:

σ∗: non-dimensional stress (σ∗ = σ
fc f

);

fc f : compressive strength of the SFRC (cylinders 150× 300 mm2, diameter× height);

α: non-dimensional coefficient (α = 1.05 εc f
E f
fc f

);

εc f : critical strain corresponding to fc f ;
E f : elastic modulus of SFRC;
ε∗: strain relative to the critical strain corresponding to fc f (ε∗ = ε

εc f
).

Note that the light blue area below curve 1 in Figure 2 is equal to W1 f / fc f εc f (= W∗1 ), which is
the non-dimensional volumetric deformation work in the pre-peak branch relative to fc f εc f .
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The second curve (Stretch 2 in Figure 2) can be expressed as:

σ∗ = 1 − 1
4
(1 − σ∗R) (ε

∗ − 1)2 (7)
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Fórmulas Gonzalo Ruiz

�
σ∗dw∗ =

�
σ

ft

ft

GF
dw =

�
f(w)dw

GF
= 1

where wch = GF

ft

σ∗ = (1 + c1) e−c2w∗ − c1

[for w∗ < w∗
c ; σ∗ = 0 if w∗ ≥ w∗

c ]

where c2 = 1 − c1ln
1+c1

c1

and w∗
c = 1−c2

c1c2

c1, c2 & w∗
c are obtained enforcing that

σ∗(w∗
c) = 0 &

� w∗
c

0

σ∗dw∗ = 1

�

i

ni

Ni
= 1

W ∗
1 W ∗

2

wu = min(�cs εFtu,2.5mm)

εFtu

�
1% variable strain distribution along the cross section
2% constant tensile strain distribution along the cross section

Uniparametric family of curves that, within w∗
c ∈ [1,∞],

change smoothly from

◦ rectangular softening (w∗
c = 1), w∗

c = 5
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Figure 2. Non-dimensional stress–strain relationship in SFRC for structural analysis.

This softening branch of the model (Equation (7)) is determined by a parameter, σ∗R, which is the
residual compressive strength associated with ε∗ = 3 (Figure 2). It is defined so that the softening
parabola consumes the same energy as the actual σ-ε curve between the peak and 3 εc f . Therefore,
the expression to obtain σ∗R from an experimental σ-ε record is:

σ∗R =
3 W2 f

2 fc f εc f
− 2 (8)

where W2 f is the area below the σ-ε curve between εc f and 3 εc f , that is the deformation work per
unit volume consumed by the specimen from the peak of the curve to a strain three times larger than
that of the peak. W2 f / fc f εc f (= W∗2 ) is represented as the dark blue area in Figure 2. The reason for
choosing σR as a reference is due to the fact that in all the tests included in the database that present
diagrams of the σ-ε curves, at least this value is achieved; in other words, these specimens deformed
and consumed energy up to 3 εc f at least. The softening curve in Equation (7) is on the safe side since
the majority of the curves collected are capable of consuming more energy than that proposed in the
model. In addition, σ∗R is always less than the unit in such a way that the model does not take into
consideration the possibility of having hardening due to compression deformation. In the case of
seeking to consider it, the parabola could be replaced by a straight horizontal line (σ∗R = 1), limiting
the ultimate strain value, εu.

The model depends on two points: the value of the maximum compressive strength and its
corresponding strain ( fc f , εc f ) and the value of the stress associated with a strain three times greater
than the critical and said strain (σR, 3 εc f ). In a non-dimensional manner (dividing the stresses by
fc f and the deformations by εc f ) in the curve σ∗- ε∗, the defined points correspond to (1, 1) and
(σ∗R, 3), respectively. The equation that defines σ∗R will be calculated by applying the RSM to the
database as is subsequently seen. Both fc f , as well as εc f and E f may be measured with the uniaxial
compression test [67]; however, they may also be explained by means of equations dependent on the
fiber parameters. All this will be explained in greater detail in the subsequent section.

The most relevant aspect of the model of Ruiz et al. [42] is that it takes into account the capacity of
energy absorption that the SFRC may reach after surpassing the maximum stress value (the area under
the σ-ε curve represents the energy consumption by the unit of volume), which is notably greater than
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that corresponding to its base concrete and is only being considered until a deformation value equal to
3 εc f . As a consequence, the new σ∗- ε∗ curve that is proposed permits considering the increase of the
ductility that the inclusion of steel-fibers provides in SFRC structures.

Finally, it should be highlighted that this σ-ε curve assumes an isotropic behavior of the
material. However, orientation factors similar to those used to modify the constitutive equations in
tension [68,69] could be applied to adjust the proposed compressive σ-ε curve in case it were found
that fiber orientation influences it. Vicente et al. [70] recently studied this topic using CT scanning
to determine the orientation of fibers in concrete cubes that were later on tested in compression.
They concluded that fiber orientation has a small impact on the compressive strength of concrete,
although additional research could be done to determine whether it influences the ductility in
compression or the residual compressive strength.

3. Results and Discussion

3.1. Responses of the Compression Behavior of the SFRC: Analysis with Physical Magnitudes

From the information of the database, the responses that describe the compressive strength of the
SFRC, which are fc f , E f , εc f , W1 f , and W2 f , have been studied. Each one of them has been analyzed by
means of the following factors: the compressive strength of the base concrete or matrix without fibers,
fc, the maximum size of the aggregate, dm, the parameters that define the geometry of the fiber ` f , d f ,
and λ, the fiber volume ratio, φ f , and a parameter that takes into account the relationship between the
sizes of fiber and the aggregate, ` f /dm.

Figure 3 shows a scheme of the process followed to apply the RSM to the results from the database.
All the responses were initially adjusted to two models of complete first and second degree polynomic
regression. However, it was verified that the second degree models did not correctly predict the
responses in the definition domain of the levels of the factors, for which reason they were disregarded
for their use in the analysis. Furthermore, these models had excessively high VIF values in the
majority of their terms, which indicated the presence of a strong multicollinearity. As stated above,
this phenomenon caused the loss of precision in the estimation of the coefficients of the factors, as well
as alterations in the detection of their statistical significance. It bears emphasizing that the fiber factor,
φ f λ, was not found to be significant in the two degree polynomial models, neither in the quadratic nor
in the combined adjustments, as shown in the Pareto diagrams in Figure 4. The corresponding VIFs
were 3.85 and 2.85, respectively. Thus, it can be assumed that the level of multicollinearity for φ f λ in
both cases was low, and consequently, the low significances given by ANOVA were reliable.

Therefore, the analysis of the responses has been performed exclusively with first degree models
(Equation (9)). After verifying that the linear models correctly predicted the responses in the domain
of the definition of factors, the study of the VIF revealed that they were greater than 10 in the majority
of factors, except for fc and φ f , for which VIF' 1. This fact demonstrated that multicollinearity still
existed, for which reason it would be appropriate to make a selection and reduce the number of factors
with which the responses are analyzed.
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Figure 3. Diagram of the steps followed in the RSM calculation process.

Figure 4. Pareto diagrams for the quadratic (left) and combined (right) adjustments of the residual
compressive strength.

The factors that were statistically significant were determined by making use of the Pareto
diagrams. Table 2 contains coefficients of the βi adjustment of the xi factors in the linear models for
each one of the responses, as well as the terms that were statistically significant. Each response can be
calculated as:

y = β0 +
n

∑
i=1

βi xi + ξ (9)

When making an adjustment among the variables that have different units, as is the case, some of
the coefficients of the βi factors also require units to conserve the dimensional stability. Thus, the β0

coefficients will have the corresponding response units (for example, for the response fc f , β0 is
expressed in MPa, and for the εc f response, β0 does not have any units). For the remaining βi
coefficients of the factors, the definition of their units is as follows: the numerator corresponds to
the response unit, and the denominator corresponds to the unit of the factor to which it is associated
(for example, for the E f response, the β2 coefficient, associated with the dm factor, has GPa/mm as
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a unit). Subsequently, a non-dimensional analysis of the variables will be performed so that the βi
coefficients will be expressed without units, which facilitates the manipulation of expressions.

Table 2. βi adjustment coefficients of the xi factors in the linear models with dimensional responses
(bold = statistically significant).

β0 fc (MPa) dm (mm) ` f (mm) d f (mm) λ φ f
` f
dm

R2
a (%)

fc f (MPa) −18.4 1.0573 0.989 −0.107 −11.6 0.020 194.5 3.59 90.4
E f (GPa) 16.5 0.2590 −1.574 −0.380 67.2 0.408 −474 −6.09 45.9

εc f 3894× 10−6 −4× 10−6 −15× 10−6 41× 10−6 −322× 10−5 −14× 10−6 −1689× 10−5 −129× 10−6 22.4
W1 f (GJ/m3) 0.533 0.001431 −0.00823 0.01323 −0.829 −557× 10−5 2.468 −0.02547 72.1
W2 f (GJ/m3) 3.085 −636× 10−6 −0.0935 0.065 −2.59 −0.0158 17.63 −0.563 70.2

The diagrams of the residues obtained in the analysis indicated that they were distributed
randomly, thereby adhering to a function of normal probability (Figure 5 shows two of the diagrams,
for the compressive strength and for the volumetric deformation work in the post-peak). This confirms
the premise that the origin of the experimental data must demonstrate normality in its distribution.
The value of the R2

a goodness adjustment coefficient was not so important insofar as the interest of this
first analysis concerns the identification of the factors that really affect the variation of the response.
These factors were different for each of the responses studied, although it was certain that a series of
factors appeared that had an effect on the majority of them: fc was statistically significant in all the
responses, except in W2 f ; dm and ` f /dm were statistically significant in all except for εc f ; dm was not
significant only in εc f . Nevertheless, it must be highlighted what happens with the fc and φ f factors,
the latter of which had a statistical significance in all the responses (note that W2 f was not affected by
the strength of the matrix, which seemed to make sense since this work corresponded to the post-crack
branch of the matrix). In addition, both fc and φ f were the only factors with VIF ' 1, which was
symptomatic of the true nature of the problem, as may be verified when studying the variables of a
non-dimensional manner.

Figure 5. Residues of the compressive strength ( fc f , left) and the volumetric deformation work in the
post-peak branch (W2 f , right).

3.2. Responses of the Compression Behavior of the SFRC: Non-Dimensional Analysis

Presented below are the results uncovered when applying the RSM in a non-dimensional manner.
Each one of the responses and factors was divided by a parameter that had the same physical dimension:
the responses were divided by the value of the same variable corresponding to the concrete matrix
without fibers from which it proceeded (for example, the f ◦c response resulted from the division of fc f
by fc). Some factors with dimensions of length were divided by an auxiliary parameter, `0, which was
the average value of the fiber lengths included in the database, which was roughly equal to 30 mm.
The analysis of the fc factor was eliminated from the analysis since it was actually present in the
non-dimensional stresses. Besides, we sought to only study the influence of those factors that were
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related to the materials (coarse aggregate and fiber) and not with the strength of the matrix (in the
previous section, the statistical significance of fc was verified in each one of the responses except in
W2 f ).

The objective that was pursued with this analysis was two-fold: on the one hand, to observe how
each one of the factors affected the increase or the decrease of the responses and, on the other hand,
to identify those factors that had a statistical significance that may be used in the proposed model,
which describes the compression strength of the SFRC [42]. The responses were adjusted by means of
the linear model. Table 3 presents the linear coefficients of the βi adjustment of the xi factors for each
one of the responses (all are expressed in a non-dimensional form).

Table 3. Coefficients of βi adjustment of the xi factors in the linear models with non-dimensional
responses (bold = statistically significant).

β0
dm
`0

` f
`0

d f
`0

λ φ f
` f
dm

R2
a (%)

f ◦c 1 0.259 0.1176 −11.65 −0.00178 3.75 0.0223 10.7
E◦c — — — — — — — —
ε◦c 1 0.254 −0.0089 −3.35 −0.00261 −13.94 0.0363 40.0

W◦1 1 −1.889 0.437 19.1 0.0085 48.62 −0.253 35.2
W◦2 0.98 −3.13 0.99 −13 0.0375 110.8 −0.58 54.3

From this analysis, it follows that E◦c did not have a significant relationship with any factor.
This result was in line with that demonstrated by the scientific literature regarding the disparity of
conclusions concerning the effect that the addition of fiber has on the variability of the elastic modulus.

Once again, as a consequence of the number of factors that were introduced in the analysis, the
VIFs obtained were higher in some terms (only φ f maintained a VIF' 5, as occurred in variables with
dimensions). This fact may conceal factors that are significant and that do not appear as such and vice
versa. For this reason, there will be a reduction in the number of factors to study in the compression
behavior model of SFRC proposed by Ruiz et al. [42]. Three parameters: `∗f , λ, and φ f , characteristic of
fiber reinforcement and expressed in a non-dimensional manner, were selected. The reason for this
choice was that the first two defined the geometry of the fiber and the last made reference to its content.
In addition, φ f was the only factor that had a statistical significance in each of the responses, and `∗f
was the next factor with greater significance for all of them. On the other hand, these three parameters
were those that intervened in the majority of the models existing in the literature that describes the σ-ε
compression response of SFRC.

3.3. Stress–Strain Model of the Compression Response for SFRC

This section will study the influence that the factors `∗f , λ, and φ f had on the SFRC compression
model proposed by Ruiz et al. [42]. The most important aspect that must be highlighted is the gain
in the capacity of energy absorption that the addition of steel-fibers in the concrete provides. It may
increase up to 45% in the segment prior to the peak load and reach almost three times more in the
segment subsequent to the peak load in average values with respect to the concrete without fiber
reinforcement. In addition, once the maximum load has been surpassed, W2 f may reach a maximum
value five times greater than the matrix without fiber. This fact demonstrates the increase in ductility
that a structural element of SFRC, requested at uniaxial compression, may exhibit. Table 4 shows the
statistical values of each one of the analyzed responses of the compression strength of SFRC obtained
from the tests included in the database.

From the linear adjustment and the statistical analysis of the relationships between the defined
variables, the βi coefficients of the model were calculated. They are included in Table 5. Figures 6–9
represent the Pareto diagrams for the f ◦c , ε◦c , W◦1 , and W◦2 responses, as well as the adjustment diagrams
of their response surfaces with respect to the statistically significant factors.
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Table 4. Statistics of the responses of the parameters of the σ-ε model for SFRC proposed by
Ruiz et al. [42].

Mean (Std. dev.) [Max.–Min.]

f ◦c 1.04 (0.12) [0.69–1.34]
E◦c 0.99 (0.08) [0.76–1.21]
ε◦c 1.27 (0.30) [0.93–2.51]

W◦1 1.45 (0.52) [0.91–3.73]
W◦2 2.83 (1.09) [1.12–5.49]

Table 5. βi adjustment coefficients of the xi factors and the non-dimensional responses, calculated for
the σ-ε model for SFRC proposed by Ruiz et al. [42] (bold = statistically significant).

β0 `∗f λ φ f R2
a (%) VIF

f ◦c 0.980 0.0151 189× 10−6 2.94 5.3 [1.3–5.3]
E◦c — — — — — —
ε◦c 0.996 −0.0959 185× 10−5 28.23 36.1 [1.5–2.1]

W◦1 0.929 0.143 −251× 10−5 40.97 31.6 [1.3–5.1]
W◦2 0.770 −0.048 1444× 10−5 96.90 50.8 [1.6–4.6]
σ∗R −0.131 −0.0717 609× 10−5 21.72 29.7 [1.0–1.7]

Figure 6. Pareto diagram and response surface of f ◦c .

Figure 7. Pareto diagram and response surface of ε◦c .
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Figure 8. Pareto diagram and response surface of W◦1 .

Figure 9. Pareto diagram and response surface of W◦2 .

Once again, the absence of the statistically significant relationship of E◦c with any factor was
verified, as occurred in the prior analysis, which included a majority of factors in the model, thereby
reinforcing the idea of the absence of the relationship between the variability of the elasticity modulus
and the inclusion of the fiber in the concrete. The physical reason behind this fact maybe that, as the
fiber content increases, the SFRC porosity also increases, which in turn leads to a decrease in the
modulus of the base concrete that compensates the stiffening effect due to the presence of fibers.

Insofar as f ◦c , the SFRC compression strength, it was only significantly affected by φ f , thereby
demonstrating a slight increase as fiber was added. Despite the low value of R2

a (5.3%), the statistical
significance, demonstrated by φ f , and the positive value of its adjustment coefficient in the model
indicated the tendency of the increase of f ◦c , in mean values. This is how this effect must be interpreted,
as observed in Figure 10. The value of f ◦c may be easily measured through the uniaxial strength
test [67] or calculated by means of Equation (10), which was obtained from a new linear correlation
between f ◦c and φ f alone:

f ◦c = 1 + 3.80 φ f (R2
a = 4.5%) (10)

The RSM can also provide the characteristic value, understood as the value corresponding to a
cumulative probability of 5% in the distribution curves, as shown in Figure 10. The result is:

f ◦ck = 0.825 + 3.75 φ f (11)

Furthermore, ε◦c may be experimentally measured with the uniaxial compression test, although it
also may be estimated with the coefficients of Table 5.
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Figure 10. Linear adjustment with the average and characteristic values of f ◦c .

The residual compressive strength, σ∗R, defined in the model of Ruiz et al. [42] (equal to the
non-dimensional compressive stress associated with a deformation ε∗ = 3) is calculated in Equation (12):

σ∗R = − 0.131 + 21.72 φ f + 0.00609 λ − 0.0717 `∗f (R2
a = 29.7%) (12)

In the analysis performed, φ f and λ were statistically significant, for which reason a new analysis
was executed again with the result that both of these factors were once again significant. φ f and λ

were then related to σ∗R by means of Equation (13):

σ∗R = − 0.089 + 21.27 φ f + 0.00407 λ (R2
a = 21.3%) (13)

Figure 11 represents the Pareto diagram and the response surface of the statistically significant
factors of σ∗R. Its corresponding characteristic value is:

σ∗Rk = − 0.389 + 21.14 φ f + 0.00422 λ (14)

It should be noted that Equations (13) and (14) are defined only for concretes with a minimum
fiber content and thus, they do not provide negative values (indeed, all the SFRCs in the database
yielded positive residual strengths since the minimum values in the database for φ f and λ were 0.0024
and 20, respectively). It should be reminded that σ∗R can also be obtained from experimental σ-ε
records using Equation (8). It bears emphasizing that both f ◦c and σ∗R were calculated in mean values
since the database contained exclusively the tests’ results. Nevertheless, in light of the concept of
characteristic resistance (expressed as that corresponding to the quantile of 5% in the distribution of
resistances obtained in a group of tests on similar specimens), Equations (11) and (14) were determined.
They permit calculating the characteristic values of f ◦c and σ∗R, if one wishes to work with them.

The residual compressive strength can also be related to the residual flexural strengths fR,1k
and fR,3k, which are the flexural strengths for crack mouth opening displacements of 0.5 mm and
2.5 mm. Ruiz et al. [71] showed that the dimensional and non-dimensional expressions relating these
parameters, on average and in characteristic fashion, are:

σR = − 1.77 + 1.807 fR,1k + 9.12
fR,3k

fR,1k
(15)

σ∗R = 0.1839 + 0.02203 fR,1k (16)

σRk = − 7.6205 + 1.79989 fR,1k + 9.1151
fR,3k

fR,1k
(17)
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σ∗Rk = 0.1094 + 0.02190 fR,1k (18)

The residual flexural strengths fR,1k and fR,3k in Equations (15)–(18) were introduced in MPa;
the residual compression strengths σR and σRk were obtained in MPa, whereas σ∗R and σ∗Rk were
non-dimensional. Equations (15)–(18) were derived from an RSM study on a flexural database
with experiments reported by Tiberti et al. [72]. Note that non-dimensional values of the residual
compressive strength depended only on fR,1k because the ratio fR,3k/ fR,1k was not found to be
significant for them [71]. It bears emphasizing that fibers greatly enhanced both flexural and
compressive SFRC behavior as compared with the same values of the corresponding base concrete.
However, so far, it was only the flexural behavior of SFRC that was accounted for by the standards
in [68,69], to the extent that the characteristic residual flexural strengths fR,1k and fR,3k were taken as
indices to perform an SFRC classification [69]. Consequently, as stated in [71], it is appropriate to relate
the residual compressive strength σR to its flexural counterparts, not only to the fiber parameters.

Figure 11. Pareto diagram and response surface of σ∗R.

In the responses ε◦c , W◦1 , W◦2 , and σ∗R, the φ f factor was statistically significant, and its effect was
positive on their variation. λ was also significant on ε◦c , W◦2 , and σ∗R with a positive effect on variability.
This demonstrated that the ductility and capacity of energy absorption from the maximum strength
in the phase subsequent to the cracking of the SFRC were governed by a parameter related to the
geometry of the fiber, such as λ, and for the fiber content, φ f . This result was in line with that set forth by
Shah et al. [31,32] for SFRC and by Fanella et al. [31,33] for steel-fiber reinforced mortars. As previously
explained, the importance of the statistical analysis lies with the determination of the significance
of the factors and not with the R2

a goodness adjustment coefficient since this permits determining if
a factor has a real influence on the explanation of the response variability. The coefficients R2

a only
indicated the dispersion of the data around the mean adjustment surface of the selected linear model.
Finally, it must be emphasized that the VIF statistic had a value ≤ 5 in almost all of the analyzed
responses. Actually, the VIF reached a maximum value of 5.3, which may be accepted in terms of the
moderately low multicollinearity in the statistical analysis of the model that was performed.

4. Conclusions

This article studied the influence that a series of parameters, related to the concrete matrix and
reinforcement of fiber, have on the compression behavior of SFRC. By means of an extensive search of
the scientific literature, a database was compiled, which included a total of 197 uniaxial compression
tests performed on 150× 300 mm2 (diameter× height) cylinders. The database included the results
of experimental campaigns developed with steel-fiber reinforced concrete with hooked end fibers
and a single fold and their respective matrices without steel-fiber reinforcement. The data analysis
was performed by means of the response surface methodology, which consisted of a set of statistical
and mathematical techniques applied to the creation of data adjustment models, which enabled the
optimization of parameters and the search for the interactions that occurred between them. The study
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was done with first and second degree polynomic adjustment models. The latter was eliminated for
not correctly predicting the responses in the domain of the definition of the factors and for presenting
strong multicollinearity.

Firstly, the descriptive variables of the compression response of the SFRC ( fc f , Ec f , εc f , W1 f , and
W2 f ) were selected and correlated with factors associated with the matrix without reinforcement ( fc

and dm), with factors that define the geometry of the fiber (` f , d f , and λ), with its content (φ f ), and the
relationship between the sizes of the fiber and aggregate (` f /dm). From the analysis performed, it was
found that φ f was statistically significant for all the responses and that fc was also significant, except
for W2 f , which corresponded to the work on post-crack volumetric deformation. In addition, both of
them were the only factors in which multicollinearity was not present. The so-called fiber factor, φ f λ,
was not found to be significant.

Subsequently, the responses and factors were analyzed in a non-dimensional manner. Only the
fiber content, φ f , was significant for all the responses and demonstrated moderate multicollinearity.
The fiber length, ` f , was the next factor that was shown to have a great influence on responses.
Both factors, together with the aspect ratio, λ, were chosen to analyze the compressive strength model
of the SFRC of Ruiz et al. [42] (it dealt with representative parameters of the geometry and fiber content,
used in the majority of the models applied to the SFRC). The proposed model considered the increase
of ductility and the energy absorption that the inclusion of fiber to the concrete provided. In particular,
its curve, σ- ε, referring to the concrete with fibers, in the softening branch was calculated in such a
manner that the subsequent consumption of energy after peak load was equal to the value of that same
energy calculated in conformity with the data collected in the database. This softening branch was
defined by a parameter, σR, which was the compressive residual strength associated with ε = 3 εc f .
The factor φ f was statistically significant in all the responses, and λ was also in εc f , W2 f and σR. This
fact demonstrated that the ductility and the capacity of energy absorption from the maximum stress in
the post-cracking phase of the SFRC was governed by the geometry of the fiber through the aspect
ratio λ and by its content φ f .
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Abbreviations

The following abbreviations and nomenclature are used in this manuscript:

d f Diameter of steel-fiber
dm Maximum size of coarse aggregate
Ec Elastic modulus of unreinforced concrete matrix in 150× 300 mm2 cylinders
Es Elastic modulus of steel
E f Elastic modulus of SFRC in 150× 300 mm2 cylinders

E◦c =
E f
Ec

Non-dimensional elastic modulus of SFRC
f Mathematical function
fc Compressive strength of unreinforced concrete matrix in 150× 300 mm2 cylinders
fc f Compressive strength of SFRC in 150× 300 mm2 cylinders

f ◦c =
fc f
fc

Non-dimensional compressive strength of SFRC

fR,1k Characteristic residual flexural strength for wM = 0.5 mm of SFRC in
150× 150× 550 mm3 prisms

fR,3k Characteristic residual flexural strength for wM = 2.5 mm of SFRC in
150× 150× 550 mm3 prisms
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i, j Index assigned to factors and responses
k Number of explanatory variables in an RSM adjustment
` f Fiber length
`0 = 30 mm Coefficient to keep non-dimensionality

`∗f =
` f
`0

Non-dimensional fiber length

n Number of factors or independent variables
p-value Statistical parameter to determine statistical significance
R2 Determination coefficient/multiple correlation coefficient
R2

a Adjusted determination coefficient
R2

j Determination coefficient corresponding to estimate β̂ j

RSM Response surface methodology
SFRC Steel-fiber reinforced concrete
VIF Variance inflation factor
W1 =

∫ εc
0 σdε Volumetric deformation work in the pre-peak branch of unreinforced concrete matrix in

150× 300 mm2 cylinders
W1 f =

∫ εc f
0 σdε Volumetric deformation work in pre-peak branch of SFRC in 150× 300 mm2 cylinders

W2 =
∫ 3εc

εc
σdε Volumetric deformation work in post-peak branch of unreinforced concrete matrix in

150× 300 mm2 cylinders
W2 f =

∫ 3εc f
εc f

σdε Volumetric deformation work in post-peak branch of SFRC in 150× 300 mm2 cylinders

W∗1 = W1 f / fc f εc f Non-dimensional volumetric deformation work in pre-peak branch of SFRC relative
to fc f εc f

W∗2 = W2 f / fc f εc f Non-dimensional volumetric deformation work in post-peak branch of SFRC relative
to fc f εc f

W◦1 = W1 f /W1 Non-dimensional volumetric deformation work in pre-peak branch of SFRC relative
to W1

W◦2 = W2 f /W1 Non-dimensional volumetric deformation work in post-peak branch of SFRC to relative
to W1

wM Crack mouth opening displacement
xi, xj Factors or independent variables
y Response or dependent variable
ȳ Mean value of y
ŷi Estimated value for y in observation i
yi Actual value for y in observation i
α Non-dimensional coefficient
β0 Adjusted constant
βi Adjusted coefficient for a linear term
βii Adjusted coefficient for a quadratic term
βij Adjusted coefficient for a combined term
β̂ j Value for the coefficient β j estimated by the RSM model to obtain the VIF
ε Strain
εc f Critical strain at peak load of SFRC in 150× 300 mm2 cylinders
εc Critical strain at peak load of unreinforced concrete matrix in 150× 300 mm2 cylinders
ε∗ = ε

εc f
Strain relative to the critical strain at peak load of SFRC

ε◦c =
εc f
εc

Critical strain at peak load of SFRC relative to the critical strain of the corresponding
unreinforced matrix

εu Ultimate strain of SFRC in 150× 300 mm2 cylinders

λ =
` f
d f

Fiber aspect ratio

ξ Error observed in the response
σ Stress
σR Compressive residual strength; σ(3 εc f )

σ∗ = σ
fc f

Non-dimensional stress

σ∗R = σR
fc f

Non-dimensional compressive residual strength; σ∗(3)

φ f Volumetric fiber ratio (steel-fiber volume per m3)
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A B S T R A C T

Annex L of the next Eurocode 2 establishes a classification of the steel-fiber reinforced concrete (SFRC) by means
of classes of residual flexural strength for two values of crack mouth opening displacement, 0.5 mm and 2.5mm.
Nevertheless, this indexing does not completely describe the resistance behavior of the SFRC since it does not
include the residual compression strength of the material, defined as the stress resisted when the deformation is
three times that reached under the maximum load [Hormigón y Acero 69:S1 (2018) 75–80], the value of which
is not negligible when steel fiber is included in the concrete. The principal objective of this research consists of
determining the relationship that exists between compressive and flexural residual strengths by applying the
Response Surface Methodology (RSM) as an instrument of analysis. It has been performed on a combination of
experimental data collected in two databases, one with compression tests and the other with flexural tests, with
484 and 197 pieces of data respectively. The classification of SFRC could be completed when the value of
residual compression strength corresponding to each class of concrete given by the RSM analysis is included,
thereby completely characterizing the material for the practical effects of analysis and structural design. In
addition, the RSM analysis provides numerous insights on the relations of the residual strengths with the
parameters of the base concrete and the fiber. The paper also provides a new cylinder/cube conversion formula
based in the results of Viso, Carmona and Ruiz [Cement and Concrete Research 38 (2008) 386–395] and in the
Bažant’s size-effect law, which can be used for cubes of any edge length and of any strength grade.

1. Introduction

The increase in toughness that concrete experiences when steel fi-
bers are added and flexion is required is well known. This phenomenon
is related to an increase of residual flexural strength occuring once the
matrix is cracked [1–6]. This fact has enabled the use of fibers to re-
inforce concrete in various structural applications [1,3,7–9], especially
in those where it is important to control the cracking processes [1,10],
such as industrial pavements [1,11,12] and tunnel linings, executed
both on site as well as in prefabricated segments [1,13–22], pipes [23],
slabs [24,25], etc. Accordingly, steel-fiber reinforced concrete has been
gradually incorporated in various regulations and international struc-
tural concrete design codes [26–35]. These documents describe the
flexural behavior of the already cracked material, however they do so
incompletely since they solely analyze the response to bending. It is also
known that increasing the compression strength of the concrete in-
volves an increase of the flexural strength and in turn, the addition of

steel fibers increases the capacity of deformation and ductility when the
maximum flexural load is exceeded [36]. There is abundant research
that analyzes the flexural behavior of SFRC in terms of tension, de-
formation and crack mouth opening displacement by means of re-
lationships that take into account the characteristics associated with the
reinforcement of the fiber [1,2,6,37–47], principally the contents and
slenderness.

Nevertheless, even though the increase of the toughness and duc-
tility in the phase subsequent to the maximum load in response to
compression of SFRC [48–64] is known, none of the analytical and
numerical models in the scientific literature [50,52,54,57,58,64–69]
have been deemed to be of technological interest for their application
and incorporation in design regulations. This may be due to the lack of
prediction that the majority exhibit when being scrutinized with ex-
perimental sources, other than those with which they have been ob-
tained [70]. According to Bencardino et al. [71], the model of Barros
et al. [57] seems to be the most appropriate and is used by Yoo et al.
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Nomenclature

CMOD crack mouth opening displacement, wM
df fiber diameter
E elastic modulus of plain concrete in 150× 300mm2 cy-

linders
Ef elastic modulus of SFRC in 150× 300mm2 cylinders
f mathematical function
fc compressive strength of plain concrete in 150× 300mm2

cylinders
fcf compressive strength of SFRC in 150× 300mm2 cylinders
fcu compressive strength of plain concrete in 150mm–edged

cubes
fcuf compressive strength of SFRC in 150mm–edged cubes
fcuf k characteristic compressive strength of SFRC in

150mm–edged cubes
fcufm average compressive strength of SFRC in 150mm–edged

cubes
ft tensile strength of plain concrete
fLk characteristic flexural strength (or proportionality limit)

of SFRC in 150× 150× 550mm3 prisms
fLm average flexural strength (or proportionality limit) of

SFRC in 150× 150× 550mm3 prisms
fR i, residual flexural strength of SFRC in

150× 150× 550mm3 prisms for (a) = =i w1, 0.5M mm;
and (b) = =i w3, 2.5M mm

fR i, m average residual flexural strength of SFRC in
150× 150× 550mm3 prisms for (a) = =i w1, 0.5M mm;
and (b) = =i w3, 2.5M mm

fR i, k characteristic residual flexural strength of SFRC in
150× 150× 550mm3 prisms for (a) = =i w1, 0.5M mm;
and (b) = =i w3, 2.5M mm

fR,1k characteristic residual flexural strength for =w 0.5M mm
of SFRC in 150× 150× 550mm3 prisms

fR,1m average residual flexural strength for =w 0.5M mm of
SFRC in 150× 150× 550mm3 prisms

fR,3k characteristic residual flexural strength for =w 2.5M mm
of SFRC in 150× 150× 550mm3 prisms

fR,3m average residual flexural strength for =w 2.5M mm of
SFRC in 150× 150× 550mm3 prisms=fL

f
f
L
R,1

non-dimensional flexural strength=fL
f
fk
L
R
k
,1k
non-dimensional characteristic flexural strength=fL

f
fm
L
R
m
,1m

non-dimensional average flexural strength=fR
f
f,3
R
R
,3
,1
non-dimensional residual flexural strength for=w 2.5M mm=fR

f
f,3k
R
R
,3k
,1k

non-dimensional characteristic residual flexural
strength for =w 2.5M mm=fR

f
f,3m
R
R
,3m
,1m

non-dimensional average residual flexural strength for=w 2.5M mm=fcuf
f
f
cuf

R,1
non-dimensional compressive strength of SFRC=fcuf

f
fk
cuf

R

k

,1k
non-dimensional characteristic compressive strength of

SFRC=fcuf
f
fm
cuf

R

m

,1m
non-dimensional average compressive strength of

SFRC
GF fracture energy of plain concrete
i j, index assigned to factors and responses
L length of a cube edge

L0 length parameter proportional to the characteristic length,
ch=ch

E G
f
F

t
2 Hillerborg’s characteristic length

f fiber length=f f
0

non-dimensional fiber length= 300 mm coefficient to keep non-dimensionality
n number of factors or independent variables
P–value statistical parameter to determine statistical significance
R2 determination coefficient/ multiple correlation coefficient
Ra2 adjusted determination coefficient
RSM Response Surface Methodology
SFRC steel–fiber reinforced concrete
VIF variance inflation factor
W1 volumetric deformation work in the pre–peak branch of

the - curve in compression of 150× 300mm2 plain
concrete cylinders

W f1 volumetric deformation work in the pre–peak branch of
the - curve in compression of 150× 300mm2 SFRC
cylinders

W2 volumetric deformation work in the post–peak branch of
the - curve in compression of 150× 300mm2 plain
concrete cylinders

W f2 volumetric deformation work in the post–peak branch of
the - curve in compression of 150× 300mm2 SFRC
concrete cylinders

wM crack mouth opening displacement (CMOD)=wM w
w
M
0
non-dimensional crack mouth opening displacement=w 10 mm coefficient to keep non-dimensionality

x x,
i j

factors or independent variables
y response or dependent variable

non-dimensional coefficient
0 adjusted constant
i adjusted coefficient for a linear term
ii adjusted coefficient for a quadratic term
ij adjusted coefficient for a combined term

strain
cf critical strain at peak load of SFRC (corresponding to

compressive strength)
c critical strain at peak load of plain concrete (corre-

sponding to compressive strength)=
cf

non-dimensional strain referred to the critical strain at
peak load of SFRC° =

c
non-dimensional strain referred to the critical strain at
peak load of plain concrete

u ultimate strain of SFRC
expected real value of f= d

f
f

fiber aspect ratio
error observed in the response
stress

N flexural stress
non-dimensional flexural stress

R compressive residual strength; (3 )cf
Rk characteristic compressive residual strength= fcf

non-dimensional stress=R f
R
cf

non-dimensional compressive residual strength; (3)

Rk characteristic non-dimensional compressive residual
strength

f volumetric fiber ratio (steel–fiber volume per m3)
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[36] to study compressive and flexural strength in concrete with
amorphous metallic fibers.

Since the compressive energetic capacity of the SFRC is not taken
into account by the various codes when designing structural elements
with this material, this signifies a notable waste of its capacities. In
addition, SFRC is not completely characterized if only its compressive
strength and its flexural resistant class are indicated, as occurs with the
current regulation [26,27]. For all these reasons, it seems interesting
and appropriate from a technological point of view to complete the
characterization of the material by adding the compressive residual
strength capacity that corresponds to each of the classes defined by
flexural response. This is the principal objective of the research that has
been performed and is presented in this paper.

By means of a broad search for experimental results drawn from
scientific literature, a database has been created for uniaxial compres-
sion tests of SFRC (comprised of 197 results) [72]. In addition, another
database has been created by collecting the information provided by
Tiberti et al. [1] corresponding to the various experimental campaigns
undertaken at the University of Brescia (Italy) regarding three-point
flexural tests of SFRC (with a total of 484 results). From the behavioral
model on compression for SFRC proposed by Ruiz et al. [72], which
incorporates the energy absorption capacity and the contribution of
ductility that the steel fiber provides concrete and using the Response
Surface Methodology (RSM) [73], the values of residual compressive
strength, associated with the resistant classes defined in the draft of the
next Eurocode 2 (Table L.1 of Annex L) have been calculated. Thus, said
table is completed so that it may characterize any SFRC, thereby being
useful and practical when performing the analysis and design of fabri-
cated structural elements with this type of concrete.

2. Materials and methods

2.1. Creation of a database

To perform this research, the processing of a collection of experi-
mental data has been necessary and has been obtained in the following
manner. Firstly, we have performed a broad bibliographic search for
publications with experimental test results for uniaxial compression in
SFRC specimens (cylinders with dimensions of 150× 300mm2, dia-
meter× height, and steel fibers with hooked ends and one single fold)
thereby creating an ad hoc database that includes a total of 197 tests. It
is noteworthy that in many of these tests it was obtained the complete

curves of the SFRCs and of their base concretes and thus it was
possible to obtain parameters that characterize the ductility of the
material, like the elastic modulus, E, the strain at peak load, c, the
energy per unit volume consumed up to the peak, W1, and the energy
per unit volume absorbed from the peak up to three times W,c 2 (see
Table 1, which arrays the number of specimens giving information on
each specific parameter), which are key to obtaining the residual
compressive strength [72], as will be explained in Section 2.3. Fur-
thermore, we have compiled the data collected by Tiberti et al. [1] in a
series of experimental campaigns of flexural three point tests in SFRC
specimens (prisms with a central notch with dimensions of
150× 150× 550mm3, width× height× length, and steel fibers with
hooked ends and one single fold) performed at the University of Brescia
(Italy), thereby creating another ad hoc database that encompasses a
total of 484 results. The distribution of the data studied in this database
is shown in Fig. 1.

2.2. Response Surface Methodology

The analysis of experimental data has been performed by means of
the Response Surface Method [73]. It consists of a collection of math-
ematical and statistical techniques applied to the creation of models
adjusted to the data that permits the optimization of the parameters
that intervene as well as the search for the interactions between them

[74–76]. It is a methodology used in the improvement, development
and management of processes [77] in various industries and also ap-
plied to those of cement and concrete both in the design of mixtures
[78–83] as well as the analysis of resistant behavior [84–88]. Insofar as
SFRC, we should note the work of Bayramov et al. [89], in which the
influence of the contents and the slenderness of the fiber in the opti-
mization of the crack parameters of the material is studied in terms of
crack energy and characteristic length.

It deals with a statistical-mathematical method with which, from a
series of experimental data, a regression model, adjusted by minimum
squares, may be found and optimize a response (dependent variable)
that is related to one or various factors (independent variables) [90]. By
means of one-way analysis of variance (ANOVA), an interaction is es-
tablished between the factors and responses in order to estimate the
statistical parameters and determine if there is a statistically significant
association among variables. ANOVA permits verifying if there are
differences between the means of various populations by separating the
contribution of each source of variation in the observed variation
[91–93]. This analysis must verify that the distribution of probability of
the dependent variable associated with each factor is normal, that the
populations have equal variance, and that the samples are independent.
If during the study of a certain factor, ANOVA rejects the hypothesis of
equal means (or the null and void hypothesis), it indicates that the
response is influenced by the independent variable [91–93].

To summarize, the method consists of three principal steps: the
statistical design of experiments (which is implemented through the
tests included in the databases), the estimation of the mathematical
model coefficients selected, and the prediction of the response and the
verification of the appropriateness of the model within the experi-
mental dominion [74,94]. Thus, considering that there is some con-
tinuous function, f, of the n independent variables that provide the real
expected value for a given combination of levels, the dependent vari-
able may be defined with the Eqs. (1) and (2):= …f x x x( , , , )

n1 2 (1)= + = … +y f x x x( , , , )
n1 2 (2)

where

: the expected real value…x x x, , ,
n1 2 : independent variables

y: response or dependent variable
: error observed in the response (that arises principally from the
experimental errors and adjustment [84]).

It is necessary to find a correct approach to the correlation between
factors and response [74,95] so that the latter may be used in the de-
termination of an empirical model, which correlates with the experi-
mental data through a polynomial defined by Eq. (3)[74]:

= + + + += = = >y x x x x

i

n

i

i

i

n

ii

i

i

n

j i

n

ij

i j0
1 1

2

1

1

(3)
where

0: a term of constant value
i: coefficients of linear adjustment
ii: coefficients of quadratic adjustment
ij: coefficients of interaction adjustment

Table 1
Database with uniaxial compression tests in SFRC specimens.

fc E c W1 W2

N° Specimens with fibers 167 83 111 90 73
N° Specimens without fibers 30 17 19 14 11
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x x,
i j

: independent factors or variables

The experimental data must follow a normal distribution, detected
by means of residuals, which are the differences between the observed
or experimental values and the values adjusted by the model. If the
residuals exhibit normality, it can be said that the data also behaves as
such [90]. The Response Surface Methodology is to be applied to the
collection of data by means of Minitab [96], a statistical mathematical
program.

2.2.1. Choice of factors
The choice of factors with which the different responses are to be

analyzed is a key aspect in order to obtain good results when applying
the method. It is important to gather a collection of quality data within
the intervals in which an observation of the responses is sought. The
prior knowledge of the existing relationships between the dependent
and independent variables is fundamental when establishing the factors
that may have a real influence.

2.2.2. Selection of the response model
The experimental data is to be adjusted to the two models of com-

plete first and second-degree polynomial regression. The choice of the
definitive model is made by adhering to two criteria: that it be capable
of predicting the response within the domain of the levels of factors and
most importantly, that there be an absence of multicollinearity.
Multicollinearity is a problem that appears when the explanatory
variables of a model are highly-correlated amongst themselves, which
diminishes the precision in the estimation of the terms of the factors
and conceals their statistical significance. An additional problem of
multicollinearity is that the goodness of the adjustment of the model is

not affected. Multicollinearity is to be detected from the so-called
Variance Inflation Factor (VIF). We adopt VIF 5, which represents a
moderate-low presence of multicollinearity (it is very low or absent
when VIF 1) [96], as a limit value for the model.

2.2.3. Statistical analysis
The analysis of the data is to be performed by means of ANOVA. The

statistical significance is evaluated through the parameter P–value,
within a confidence interval of 95% (we consider that there is statistical
significance if P–value 0.05). That is to say, with respect to the factors
studied, if the P–value calculated for a term is less or equal to 0.05 there
is a statistically significant association between the response variable
and said term, thereby demonstrating that the effect is not due to
randomness.

The precision of the model is estimated with the coefficient of de-
termination, Ra2, which reflects the corrected goodness of the adjust-
ment of the model to the response. This parameter is more appropriate
than the coefficient R2 when comparing models with a different number
of predictors, since R2 always increases with the number of added ef-
fects while Ra2 seeks to correct this overestimation, thereby decreasing
its value if an effect does not improve the model [96].

2.3. Model for the calculation of residual compression strength

Ruiz et al. [72] presents a model in a technological format for the
non-linear calculation of structural elements of SFRC sought for com-
pression. The tension-deformation relationship , has two curves
(Fig. 2). The first, Eq. (4), departs from the origin until the value of
maximum load. It is the same curve provided by the Eurocode 2 [27]
for concrete without fibers, although in the model of Ruiz et al. [72] the

100

Fig. 1. Distribution of database of data with compression and flexion tests in SFRC specimens.
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non-dimensional variables refer to the SFRC parameters. Its expression
is:

= +1 ( 2)
2

(4)
where

: non-dimensional stress (=
fcf
)

fcf : resistance to the compression of the SFRC in cylinders with di-
mensions of 150× 300mm2 (diameter× height)
: non-dimensional coefficient (= 1.05 cf

E
f
f

cf
)

cf : critical strain corresponding to fcf
Ef : elasticity modulus of the SFRC

: non-dimensional strain

Once the maximum load has been exceeded, the second curve is
described by means of an inverted parabola on a vertical axis (Eq. (5))
calculated in a manner that the consumption of energy is equal to the
value of that same energy provided in the created compression data-
base. It consists of a branch of softening that runs from maximum
compression to the intersection with the abscissa axis. The analytical
expression is:

= 1 1
4
(1 )( 1)R

2
(5)

where R is the non-dimensional residual compression strength corre-
sponding to =3 in the model as can be verified in Fig. 2. This point
has been chosen as a reference due to the fact that all the tests of the
compression database that have the curve graphically reach at
least this value. Thus, this choice of R for the model is on the side of
safety since the majority of the curves of the database are capable of
consuming more energy than proposed. In addition, R is always less
than the unit so that the model does not consider hardening due to
compression deformation. If hardening is considered, the parabola can
be substituted by a straight line ( = 1R ) and the value of the ultimate
strain, u, can be limited.

The described model depends fundamentally on two points: the
value of maximum compression and its corresponding deformation
( f ,cf cf ) and the value of the stress for a strain three times greater than
the critical ( , 3R cf ). Representing the model in a non-dimensional
manner, that is to say, dividing the stresses by fcf and the strains by cf ,
in the curve the points are (1, 1) and ( R, 3), respectively.

Both f ,cf cf as well as Ef may be measured simply by means of a
uniaxial compression test. The value of R is dependent on the para-
meters related to the fiber and its expression has been obtained by
applying the Response Surface Methodology to the compression data-
base, specifically by enforcing that the curves in the model yield

Fig. 2. Relationship in SFRC in order to perform a structural analysis (in
blue) compared to that corresponding to its base concrete (in grey). (For in-
terpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

Fig. 3. Comparison between the adjustment of the models of first and second degree for the responses fLk (superior) and fR,1m (inferior).
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the same absorbed energy than real curves from cf to 3 cf , i.e. by
fitting theW2 values of the database [72].

The model shows the capacity of energy absorption per unit volume
of the SFRC (area under the dimensional curve), which is notably
greater than that corresponding to its base concrete (solely considered
up to a deformation equal to 3 cf ). As a consequence, the new
curve permits modeling the increase of ductility, provided by the ad-
dition of fiber in SFRC structures.

3. Results and discussion

3.1. Study of the flexural response

With the collected data on three point bending, the following re-
sponses have been analyzed both in terms of average values as well as
characteristic values (sub-indexes m and k, respectively): flexural
strength in the proportionality limit ( f f,L Lm k), residual flexural strength

for a value of crack mouth opening displacement =w 0.5M mm
( f f,R R,1m ,1k) and residual flexion strength for =w 2.5M mm ( f f,R R,3m ,3k).
The average and characteristic values of flexural strength have also
been studied within the limit of proportionality and residual flexion
strength for =w 2.5M mm, expressed in a non-dimensional manner, that
is to say, divided by its associated value of residual flexural strength for=w 0.5M mm ( f f f f, , ,L L R Rm k ,3m ,3k).

The factors with which the responses have been correlated are the
compression strength of the SFRC fcuf (in cubic specimens with 150mm
edges) and the principal parameters that permit characterizing the
presence of fiber in a concrete, which are the contents (in terms of a
fraction in volume of fiber, f ), the slenderness of the fiber, , and the
length of fiber, f , which is expressed in a non-dimensional manner
dividing it by a typical value of fiber length of 0=30mm ( f = /f 0).
In addition, for the analysis of the non-dimensional responses the factor
fcuf is also introduced in a non-dimensional form, dividing it by the
corresponding value of residual flexural strength for =w 0.5M mm

5

Fig. 4. Comparison between Pareto diagrams of the first and second degree models for the f f,L Rk ,3k and fLk responses.
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( f f,cuf cufm k).
The study of each one of the responses has been performed by the

two models of complete first and second degree polynomial regression.
In all the cases, it has been verified that the responses are correctly
predicted for both models (Fig. 3), thereby demonstrating the same
tendency in response surfaces and high coefficients Ra2. Nevertheless, in
the second degree models, two terms appear with the values of VIF 5,
which is an indication of the presence of multicollinearity, translated
into a loss of the precision in the estimation of coefficients of the factors
and alterations in the determination of their statistical significance. By
means of the Pareto diagrams (Fig. 4), the relative magnitude and the
statistical significance of each one of the factors are to be compared.
Presented below, are some cases in which this instability occurs.

In the fLk response, the second degree model indicates that fcuf is the
only significant factor, while the first degree model also includes f as
significant. Naaman and Reinhardt [97] indicate that should be one of

the factors influencing the value of fLk. However, in spite that we se-
lected among the potential controlling factors, the RSM methodology
reveals that it is not actually significant, as pointed out clearly by the
Pareto diagrams in Figs. 4 and 5.

In the non-dimensional fR,3k response the second degree model does
not present any significant factor and the linear model does ( f and
fcuf k). Lastly, the quadratic model of the response for fLk indicates the
factors fcuf k and f as significant while the first degree model only
shows the factor fcuf k without including any other factor related to the
fiber.

In light of these results and for the sake of obtaining simple equa-
tions, it has been decided to select the models with first degree ad-
justment (Eq. (6)) to perform the flexural strength study, i. e. models of
the following like:

Fig. 5. Statistical significance in the linear models of the dimensional flexural responses (characteristic values and averages).
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= + =y x
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n

i

i0
1 (6)

For these same reasons, said models will be used in the study on the
relationship between residual flexural strength and compression, which
will be seen in the following subsection. In all the linear adjustments,
the VIF approaches the unit, reaching a maximum value of 3.27, which
is notably less than the established limit to consider the presence of
multicollinearity (VIF= 5). Insofar as the analysis of residues, the
graphics show randomness in their distribution as well as the fact they
belong to a normal parametric family, thereby confirming the premise
that the experimental data must proceed from a normal distribution.

As can be verified in Fig. 5, fcuf and f appear as statistically sig-
nificant factors in all the flexural responses, thus being the parameters
that have the greatest influence. The fcuf has more weight in the limit of
proportionality ( fLm and fLk) and f has more effect on the residual
flexion strengths ( f f f, ,R R R,1m ,1k ,3m and fR,3k). The statistical significance
of is also observed in Fig. 5 in both residual flexural strengths. Fig. 5
also reveals that f is only important when large crack mouth openings
occur ( =w 2.5M mm for fR,3m and fR,3k). That is to say, the compression
strength and the fiber content are the most important factors in the
flexural response of the SFRC, but as the material experiences large
crack openings, the parameters related to the fiber dimensions enter
into play. In the first place is and for greater openings f is a de-
termining factor.

With respect to the non-dimensional responses, fcuf is only sig-
nificant in fL both in average value as well as in characteristic value
(Table 3). This is logical since when non-dimensionalizing the response
and the compression strength factor by dividing both by fR,1m or fR,1k,
only the compression resistance appears as a significant factor. The
same occurs with fR,3m and fR,3k where the length of the fiber re-
presented by f , appears as a significant factor, in addition to fcufm or
fcuf k, since when dealing with large crack mouth opening displacements
( =w 2.5M mm), the length of the fiber is a very important parameter as
has been verified in the analysis of the responses with dimensions.

The information of the Tables 2 and 3 regarding the i coefficients
demonstrates both the statistical significance (values highlighted in
bold) as well as the effect that the responses have, that is to say, their
sign indicates if they produce an increase (positive sign) or a decrease
(negative sign) in the dependent variables with which they correlate.
This effect is seen graphically in Fig. 6 in which some response surfaces
of the most influential significant factors have been represented ( fcuf
and f ), namely the dimensional responses for residual flexural
strengths and the proportionality limit (in characteristic values, the
responses for average values follow the same behavior).

For all these reasons, the mathematical–statistical analysis, per-
formed through the Response Surface Methodology is congruent and
coincides with that discovered in other research regarding the influence
of the inclusion of fibers in the flexural response of the SFRC [1]. To
conclude, it is important to emphasize that with Eq. (6) and the coef-
ficients of Table 2, the various flexural strengths
( f f f f f, , , ,L R R L Rm ,1m ,3m k ,1k and fR,3k) of any SFRC may be calculated from
its compression strength value fcuf and the parameters of the fiber that
is to be used (provided that it is a steel fiber with only one fold at both
ends), namely ,f and f .

3.2. Relationship between flexural and compressive residual strengths: SFRC
classification

From the database with uniaxial compressive tests and by means of
a compressive behavioral model proposed for SFRC [72], a new analysis
has been performed with the Response Surface Methodology following
the flow chart in Fig. 7.

3.2.1. Application of the RSM to the compressive database
Using a linear adjustment model, Eq. (7) is obtained, which relates

R and the characteristic factors of the fiber ,f and f := + +0.131 21.72 0.00609 0.0717R f f (7)
In this case, the factors that have resulted as statically significant are f
and in such a way that we once again perform a new linear analysis
only with those factors. Once again, both are significant and are related
to R by means of the following equation:= + +0.089 21.27 0.00407R f (8)

3.2.2. Cube/cylinder conversion factor
Before applying Eq. (8) to the database with the flexion data in

order to calculate the values R and R, we need first to derive a cube/
cylinder conversion factor, since the compressive strength in the flex-
ural database was measured with 150mm-edged cubes, whereas all the
compression data were obtained with 150× 300mm2 cylinders (dia-
meter× height). To do this we follow the work by del Viso, Carmona
and Ruiz [98], since it accounts for the effects of the size – internal
length, given by the mesostructure, and external length, by the external
dimensions – and shape of the specimen on the compressive strength.
The conversion factor that they propose is derived from the size-effect
law of Bažant [99] and its expression is:

= +f
f

L
L L

c

cu 0 (9)
where L is the side of the cube and L0 is an empirical constant, pro-
portional to the base concrete characteristic length [100], which is
defined as:

= E G
fch

F

t
2 (10)

where E is the elastic modulus, GF is the fracture energy and ft is the
tensile strength. These parameters can be estimated for various grades
of concrete with the formulas given in the Model Code 2010 [26]. As L0
for a C100 concrete is around 20mm [98], the values for any other
concrete grade are easily obtained (see Table 4). Moreover, an analy-
tical expression for L0 as a function of fcu can be obtained by correlation
with the results obtained for the 150mm-edged cubes, which is:

=L
f
196

20.4cu
0

(11)
where fcu is in MPa and L0 is obtained in mm. The correlation coeffi-
cient R2 for this adjustment is 0.99.

Eq. (9) for the conversion factor has the advantage that can be used
on cubes of any size and strength (using L0 as a function of the concrete
strength, Eq. (11)). Fig. 8 shows the curves given by Eq. (9) for several
cube sides, although in this paper we are only using the curve that
corresponds to =L 150mm. Indeed, on the assumption of the hypoth-
esis of equality of compressive strength between the base concrete and
the respective SFRC (which is reasonable for fiber contents below 1%

Table 2
Adjustment coefficients i of the factors xi in the linear models with dimen-
sional responses (in bold, the statistically significant). Note that all the coeffi-
cients are in MPa except 1 (for =x f

cuf

1 ), which are non-dimensional. The re-
sults of Eq. (6) using this Table are obtained in MPa.

0 fcuf f f Ra2 [%]

fLm 0.580 0.06119 0.173 −0.00050 180.5 69.31
fLk 0.967 0.05133 0.019 −0.00066 126.5 61.78
fR,1m −7.108 0.06724 0.077 0.0646 805.8 78.77
fR,1k −6.260 0.06039 − 0.171 0.0518 715.7 72.62
fR,3m −10.01 0.08494 1.425 0.0690 737.2 79.42
fR,3k −8.87 0.07501 1.058 0.0562 655.3 73.40
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[72]), we use Eq. (9) (with =L 150mm) and Eq. (11) to obtain the
standard cylinder compressive strength fcf of all the SFCRs in the
flexural database.

3.2.3. Application of the RSM to the flexural database
Having reached this point, Eq. (8) is applied to the database with

the flexion data in order to calculate the values R and R. Applying the
method with linear models, the responses R and R are related to the
factors fR,1k and fR,3k thereby obtaining Eqs. (12) and (13):

= + + =f
f
f

R1.77 1.807 9.12 ( 60.27%)R R
R

R
a,1k

,3k

,1k

2

(12)

= + + =f
f
f

R0.1522 0.02189 0.0332 ( 52.73%)R R
R

R
a,1k

,3k

,1k

2

(13)
In the above equations the residual flexural strengths fR,1k and fR,3k are
introduced in MPa; the result for the residual compression strength R is
obtained in MPa whereas R is non-dimensional. In Eq. (12) the factors
fR,1k and fR,3k are statistically significant, nevertheless in Eq. (13) only
fR,1k is statistically significant in a manner that a new linear adjustment
correlation with this factor and response (Eq. (14)) is performed:

= + =f R0.1839 0.02203 ( 52.40%)R R a,1k
2 (14)

where fR k1, is introduced in MPa to get a non-dimensional result for R.
It must be noted that Eq. (14) deals with an average adjustment of

the normal density function. In addition, in relation to all the adjust-
ment models performed until the present time, the response surface
coefficient and also the regression vectors estimate trends, while Ra2
shows the dispersion around the surface or the adjustment line (always
performed on average values of the density function). In this manner,
the interpretation of statistically significant factors is the same re-
gardless of the values of Ra2 although it is certain that the greater pre-
cision required in the estimation of responses the more necessary it is to
obtain greater values of Ra2[96].

Thus, R and R ( = f/R R cf ) are calculated with Eqs. (12) and (14).
Both R and R make reference to average values since the database of
the compression tests contains results of average values. Nevertheless,
adhering to the concept of characteristic resistance value (understood
as that actually corresponding to the quantile of 5% in the distribution
of resistances obtained from a group of tests on similar specimens) Eqs.
(15) and (16) have been determined and permit the characteristic va-
lues for R y R:

Table 3
Adjustment coefficients 0 and i of the factors xi in the linear models with non-dimensional responses (in bold, the statistically significant). All the coefficients are
non-dimensional.

0 fcufm fcuf k f f Ra2 [%]

fLm 0.316 0.07539 0 −0.0001 −0.00250 4.4 90.66
fLk 0.285 0 0.06952 −0.0066 −0.00268 6.7 92.82
fR,3m 0.680 −0.00405 0 0.2282 0.00187 −14.2 36.68
fR,3k 0.680 0 −0.00666 0.2866 0.00189 −19.8 35.01

Fig. 6. Response surfaces of the statistically significant principal factors ( fcuf and f ).
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= + +f
f
f

7.6205 1.79989 9.1151R R
R

R
k ,1k

,3k

,1k (15)

= + f0.1094 0.02190R Rk ,1k (16)
where the residual flexural strengths fR,1k and fR,3k are introduced in
MPa; the result for the characteristic residual compression strength Rk
is obtained in MPa whereas Rk is non-dimensional.

Fig. 9 shows the response surfaces and the linear regression ad-
justments corresponding to average and characteristic values of R and
R calculated by means of Eqs. (12), (14)–(16).

3.2.4. SFRC classification
These residual compression strengths could be included in Table L.1

of Annex L of Eurocode 2, which current format can be seen in Fig. 10.
It classifies the performance of SFRC based solely on residual flexural
strengths values. The classification can be easily understood using an
example: for instance, ‘4.0b class’ means that the value for fR,1k should

be at least 4.0MPa (up to 5.0MPa, since then ‘5.0b class’ starts)
whereas the minimum value for fR,3k should be 2.8MPa (up to 3.6MPa;
from then on we have ‘4.0c class’). Table L.1 also includes the analytical
expressions that relate the minimum values for fR,1k and fR,3k. For in-
stance, all the minimum values for fR,3k corresponding to any ‘b class’
can be calculated as =f f0.7R R,3k ,1k or, equivalently, we can say that for
‘b class’ we have that =f 0.7R,3k . It is specified that intermediate classes
can also be used. In fact, it is clear that the classification basically
consists of defining the values for fR,1k and fR,3k (or, equivalently, of
fR,3k). The flexural strength classes are plotted in Fig. 11.

The inclusion of the residual compression strengths in Table L.1 is
straightforward, since R in Eq. (12) and R in Eq. (14) are expressed as
functions of the residual flexural strengths fR,1k and fR,3k. Thus, every
cell in Table L.1 can provide additional information on the material
behavior in compression by accommodating the values for the residual
compressive strengths, R and R. Actually, instead of showing= f( / )R R cf it is preferable to array the resulting =f ( / )cf R R since it
directly discloses the concrete grade that should be used to obtain the

Fig. 7. Flow chart of the application of the RSM to obtain the relation between flexural and compressive residual strengths in SFRC.

Table 4
Properties and cube/cylinder conversion factors (for =L 150mm) for the grades of concrete defined in the Model Code [26].
Grade fc [MPa] E [GPa] GF [N/m] ft [MPa] ch [mm] L0 [mm] f f/c cu fcu [MPa]

C12 20 27.1 125 1.6 1325 89.0 0.792 25
C16 24 28.8 129 1.9 1031 69.3 0.827 29
C20 28 30.3 133 2.2 833 55.9 0.854 33
C25 33 32.0 137 2.6 648 43.5 0.881 37
C30 38 33.6 141 2.9 561 37.7 0.894 43
C35 43 35.0 144 3.2 491 33.0 0.905 47
C40 48 36.3 147 3.5 434 29.2 0.915 52
C45 53 37.5 149 3.8 387 26.0 0.923 57
C50 58 38.6 152 4.1 348 23.4 0.930 62
C55 63 39.7 154 4.2 346 23.3 0.930 68
C60 68 40.7 156 4.4 328 22.0 0.934 73
C70 78 42.6 160 4.6 322 21.6 0.935 83
C80 88 44.4 163 4.8 315 21.1 0.936 94
C90 98 46.0 167 5.0 307 20.6 0.938 105
C100 108 47.5 170 5.2 298 20.0 0.939 115
C110 118 48.9 172 5.4 289 19.4 0.941 125
C120 128 50.3 175 5.6 280 18.8 0.943 136

G. Ruiz, et al.



corresponding compression/flexural class. Thus, Table 5 includes the
values of R and fcf that correspond to every cell in Table L.1. This new
Table can be easily understood using the same example as with Table
L.1 in Fig. 10, which was a SFRC belonging to the ‘4.0b class’: the
minimum mean values for R and fcf needed to reach such class are
11MPa and 43MPa respectively. Fig. 12 permits visualizing the aspect
of relationships between the parameters of residual compressive and
flexural strengths established in Table 5. The final objective reached is
that by means of Table 5 the complete flexural response to any struc-
tural SFRC element may be characterized. As a matter of fact, the
characterization of the combined compression/flexural behavior fol-
lowing the classes in Table 5 is sketched in Fig. 13.

3.3. Discussion

Eq. (8), which permits calculating R, has been obtained from the
compressive data base. Only the tests, the maximum deformation of
which, measured in the curve, reaches a minimum value equal to
3 cf have been considered. In almost all the cases, the maximum de-
formation exceeds this value and also the curve shows softening
except in a few tests where it hardens (corresponding to very high
quantities of fiber f =3%), which have not been included in the
analysis. The interval of fiber content, which has been managed to
determine R, is comprised of between 30 and 150 kg/m3. This provides
a sufficient minimum value so that R is always positive.

The study of the flexural behavior of SFRC usually focuses only on
the tensioned zone of the structural element without taking the

compressed zone into consideration. Nevertheless, the energy absorp-
tion capacity at compression that the inclusion of fiber in concrete
provides is not negligible. It can increase up to 45% in the segment
prior to the peak load and be almost three times greater in the post-peak
segment in average values with respect to the concrete without fiber
reinforcement [72]. The analysis that has been performed in this article
permits considering the effect of the fibers also in the compressive zone
and leads to the proposal of Table 5. In this manner, the complete
compressive and flexural response of structural SFRC elements is
completely defined upon relating f,R R,1k and fR,3k.

By means of Table 5 the value of the compressive strength necessary
to reach a certain flexural strength class may be estimated. It must be
taken into consideration that the value arising from the compressive
strength may have a variability as a consequence of the hypothesis
formulated during the calculation. It may also depend on the char-
acteristics of the fiber that is used. For example, if we wish to obtain a
SFRC defined as 3.0d class, Table 5 indicates that it would be necessary
to define a compressive strength of 54MPa on an average value. For
this case, the concrete would reach a R equal to 12MPa, 22% of its
compressive strength, with a strain equal to three times the maximum
peak strain. In the case of a 1.0a class, which corresponds to a concrete
in the minimum strength class, the segment of the post-peak compres-
sive curve would intercept the abscissas axis at a value slightly higher
than 3 cf , since its residual compression strength R is only 4MPa.

It has to be mentioned that the amount of data in the flexural da-
tabase is not uniformly distributed throughout the various possible
flexural classes. Actually, only 1% of the specimens belonged to 1.0a
class, as can be seen in Fig. 14, which plots the percentages of speci-
mens of each class in the database. This reveals that most of the results
are concentrated in the central classes, whereas there are not many data
in the borders. In particular, c classes, defined by =f 0.9R,3k , have
many results for all possible values of fR,1k, whereas e classes
( =f 1.3R,3k , which implies a strong tensile hardening) have only 5% of
the data. Moreover, the 1.0e, 10a and 10e corner classes do not have
any data inside. Obviously, this means that the RSM correlations ap-
plied on these regions are only extrapolations based on the rest of the
data and, thus, our predictions at these corners should be taken with
care. Reversely, the accuracy of the RSM correlations in the central
classes is quite good, since most of the 484 tests are concentrated there.

The RSM study on the compression/flexion database (Sections 2.3
and 3.1) is not only valid to build Table 5. It can also be very useful
when designing a SFRC based on its performance, which can be easily
understood with an example. Let us say that a 6.0b class concrete ( fR,1k
between 6.0MPa and 8.0MPa and fR,3k between 4.2MPa and 5.4MPa,
according to Table L.1 of Annex L, see Fig. 10) is needed to achieve a
definite structural strength and that we decided to use a hooked-end
steel fiber which geometrical parameters are: length = 35f mm
( = 1.17f ); diameter = 0.55mm; and aspect ratio = 65. Currently,

Fig. 8. Conversion factors for several cube sizes.

Fig. 9. Relationship between the ,R R responses and the f f,R R,1k ,3k factors.
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the only way to get the desired class is trial-and-error, that is, many
concretes have to be designed, mixed, hardened and tested so as to
determine the concrete grade and the volumetric fiber ratio appropriate
for such class. However, the information in this study allows to do this
process in only one step. To start with, Table 5 informs that we need to
prepare a base concrete with =f 48cf MPa, a C40 according to Table 4.
Its cube compressive strength can be estimated as =f 52cuf MPa using
the conversion factor derived in Section 3.2.2. Now we can use the

formulas derived by the RSM applied to the flexural database (Section
3.1) to calculate the fiber content. Concretely, we use Eq. (6) selecting
the appropriate coefficients of Table 2 to get the functions for the

Fig. 10. Performance classes for SFRC according to Annex L of the current draft of Eurocode 2 (in MPa).

Fig. 11. Illustration of the flexural strength classes as defined in Annex L of the
draft of the new EC2.

Table 5
Resistant classes of SFRC in accordance with their residual flexural and compressive strengths (in MPa).

fR,1k

Class 1.0 1.5 2.0 2.5 3.0 4.0 5.0 6.0 8.0 10.0 Analytical expression

a: fR,3k 0.5 0.8 1.0 1.3 1.5 2.0 2.5 3.0 4.0 5.0 =f f0.5R R,3k ,1k
f/R cf 4/22 5/25 6/28 7/30 8/32 10/36 11/40 13/43 17/47 20/51 f/R cf (12)/[(12)/ (14)]

b: fR,3k 0.7 1.1 1.4 1.8 2.1 2.8 3.5 4.2 5.6 7.0 =f f0.7R R,3k ,1k
f/R cf 6/31 7/33 8/36 9/38 10/40 11/43 13/46 15/48 19/53 22/56 f/R cf (12)/[(12)/ (14)]

c: fR,3k 0.9 1.4 1.8 2.3 2.7 3.6 4.5 5.4 7.2 9.0 =f f0.9R R,3k ,1k
f/R cf 8/40 9/42 10/44 11/45 11/47 13/50 15/52 17/54 20/58 24/60 f/R cf (12)/[(12)/ (14)]

d: fR,3k 1.1 1.7 2.2 2.8 3.3 4.4 5.5 6.6 8.8 11.0 =f f1.1R R,3k ,1k
f/R cf 10/48 11/50 11/52 12/53 13/54 15/56 17/58 19/60 22/63 26/65 f/R cf (12)/[(12)/ (14)]

e: fR,3k 1.3 2.0 2.6 3.3 3.9 5.2 6.5 7.8 10.4 13.0 =f f1.3R R,3k ,1k
f/R cf 11/57 12/59 13/60 14/61 15/62 17/63 19/65 20/66 24/68 28/69 f/R cf (12)/[(12)/ (14)]

Fig. 12. SFRC Strength classes in accordance with their residual flexural and
compressive strengths.
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residual flexural strengths:
= + + +f f6.260 0.06039 0.0171 0.0518 715.7R cuf f f,1k (17)

= + + + +f f8.87 0.07501 1.058 0.0562 655.3R cuf f f,3k (18)

where fcuf enters in MPa, the rest of the parameters are non-dimen-
sional, and the results are in MPa; note that there is no problem in using
Eq. (17) in spite that f is not significant; on the contrary, as stated
above, f is clearly significant for fR,3k. The only unknown of this
system of two-equations (Eqs. (17) and (18)) is f , and the corre-
sponding minimum solution is 0.81%, that is 63.6 kg/m3 of fibers (we
could get a 6.0b class using up to 66.7 kg/m3). With this fiber content,
the values of the parameters that permit building the constitutive model
in compression and tension (sketched in Fig. 13) for this particular
6.0b-class SFRC are: =f 48cf MPa ( =f 40cfk MPa), = 17R MPa (Eq.
(12); the characteristic value is given by Eq. (15) and is = 11Rk MPa),=f 6.0R,1k MPa and =f 5.1R,3k MPa.

4. Conclusions

This paper has studied the relationship that exists between the re-
sidual flexural strengths for different values of crack mouth opening
displacement ( =f w, 0.5R M,1k mm and =f w, 2.5R M,3k mm) and residual
compressive strength once the peak load has been surpassed ( R, de-
fined as the tension resisted when the strain is three times that reached
under the maximum load) in steel fiber-reinforced concrete (SFRC).

By means of a simple model in a technological format proposed by
Ruiz et al. [72] for the non-linear calculation of structural SFRC com-
pressive elements, the expression of R is calculated (deduced from a
data base created with uniaxial compression tests on SFRC cylindrical
specimens). Applying the Response Surface Methodology to a new da-
tabase created with three-point flexural tests on SFRC notched prisms,
values of R associated with resistant classes defined by Eurocode 2
draft (Table L.1 at Annex L) are calculated. In this manner, the me-
chanical response of a structural SFRC element is completely defined
when considering the compressive energy absorption capacity that the

Fig. 13. Illustration of the compressive/flexural strength classes as defined in Table 5.

Fig. 14. Distribution of the results in the flexural database thoughout the flexural classes defined in Table L.1.
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inclusion of fiber provides. The new Table 5 that is proposed permits
characterizing any SFRC and may be used for practical purposes of
analysis and design of the flexural structural elements sought. In ad-
dition, the results obtained from the mathematical-statistical results
performed are in line with that collected in the scientific literature
about the effect of the addition of fibers on the flexural response of
SFRC.

Several specific conclusions can be drawn from the study:

• fcuf and f are statistically significant factors in all the flexural re-
sponses, average and characteristic. The former has more weight in
the proportionality limit and the latter has more effect on the re-
sidual flexural strengths, averages and characteristics.• The statistical significance of appears in the average responses and
characteristics of f f f, ,R R R,1m ,1k ,3m and fR,3k. However, f is only
significant when greater crack mouth opening displacements are
produced (in fR,3m and fR,3k for =w 2.5M mm).• With respect to the non-dimensional responses, for fLm and fLk only
the factor fcufm or fcuf k is significant respectively. The same occurs
with fR,3m and fR,3k where in addition to fcufm or fcuf k, the non-di-
mensional fiber length f is significant, thereby showing again the
importance of the compressive strength of the material as well as the
length of the fiber when there are large crack openings.• In all the responses, the factors that have statistical significance have
positive values, which shows their beneficial effects on the crack
parameters of the SFRC.• The methodology in the paper includes the derivation of a new
formula for the cube/cylinder conversion factor based in the size-
effect law of Bažant. It permits a continuous conversion of the
compressive strength for cubes of any size to the standard cylinder
strength.
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A B S T R A C T

The objective of this work is to study the influence of fiber content and loading rate on the dynamic mixed-mode
fracture of self-compacting concrete. Three amount of steel fibers, 0%, 0.2%, 0.4% and 0.6% in volume ratio,
were added to cast prismatic beams. Each beam was sawn at one quarter span to produce a half-depth notch.
Three-point bending tests were performed at four loading rates: two (2.2 µm/s and 2.2 mm/s) with a servo-
hydraulic machine; the other two (1.77m/s and 2.66m/s) through a drop-weight impact device. The latter ones
were also recorded with a high-speed video camera to follow the crack propagation process. Results show that
both the peak load and the crack inclination angle increase for faster loading rates. In addition, highly reinforced
beams exhibit profuse crack branching. As the fiber ratio increases, it is also observed that the main crack may
either bifurcate or abruptly change its path when it gets closer to the loading point. Numerical simulations based
on an eigensoftening approach in a meshfree framework were also carried out to reproduce the observed phe-
nomena.

1. Introduction

When structural elements are subjected to dynamic effects such as
seismic loads, impact or explosions, knowing how cracks may form and
grow under combined normal and tangential stresses is crucial for
structural integrity. In other words, the understanding on how dynamic
mixed-mode fracture initiates and propagates is pivotal. Compared to
concrete reinforced with rebars, fiber reinforced concrete (FRC) is
particularly adequate to resist dynamic actions due to its elevated
ductility and enhanced capacity to dissipate energy during fracture.
Indeed, FRC is more and more employed in civil engineering structures.
Moreover, the development and increased use of self-compacting con-
crete (SCC) reinforced with fibers emerge as new lines of study, the
fracture behavior of SCC in mixed-mode subjected to different loading
velocities is a particularly interesting and at the same time novel topic.
The current work is dedicated to this subject.

During the last three decades, the initiation and propagation of
mixed-mode cracks in plain concrete have been dealt with from both
experimental and numerical perspectives. The loading conditions
varied from quasi-static to dynamic, different specimen geometries
were also covered. Examples of experimental work under quasi-static

conditions are tests of Iosipescu type [1] over notched mortar and
concrete specimens by Arrea and Ingraffea [2], three-point bending
tests over beams with an offset notch from the mid section by John and
Shah [3] as well as Jenq and Shah [4], double-notched prismatic beams
by Bazant and Pfeiffer [5], three and four-point bending tests under
non-proportional loading by Galvez et al. [6]. The study on mixed-
mode fracture propagation in concrete reinforced with conventional
steel rebars was carried out by Carmona et al. [7]. They conducted an
extensive experimental campaign over notched prismatic beams with
three different sizes and reinforced with various amount of longitudinal
and transversal rebars. The notch was off-centered to facilitate the
formation of mixed-mode cracks. It was observed that the presence and
amount of rebars may arrest or modify the mixed-mode crack origi-
nated from the notch tip. Similar effect of the fibers is expected but
have not been explored in the literature. The influence of fiber content
over crack patterns is one of the objectives of the current work.

Nevertheless, as concrete is a material that undergoes damage and
fracture, the loading velocity influences its strength, failure mode and
the final crack patterns [8–13]. Such a response may depend on the
growth of micro-cracks related with loading velocity, the viscous be-
haviour of the material due to the water content through the so-called
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Steffan effect [14] or the structural inertia forces (such as the con-
tribution of crack propagation, inertia activated due to the hardening
and/or softening of the material, inertia due to bifurcation of cracks and
other inertia effects), which could modify the stress-strain state. The
first two ones are dominant at lower loading rates whereas the third one
is more important at high loading rates. Indeed, it has been shown that
concrete properties such as compression [15], tension [16,17] as well as
bending [18–20] are rate dependent. Consequently, the mechanical
properties at quasi-static state cannot be applied to structures when
dynamic effects are significant [21]. Characterization of these proper-
ties under dynamic loading conditions is a necessity. Examples of dy-
namic mixed-mode fracture in plain concrete were performed either
through a modified Charpy pendulum [4] or a drop-weight device [22].
The influence of loading velocity in compact tension specimens made of
plain concrete was studied by Ozbolt and coworkers [8]. The transition
from mode-I to mixed-mode failure at higher loading rates was ob-
served.

When fibers are added, the sewing capacity of the fibers for devel-
oped cracks [21,23] through the mechanism of pullout improves the
material toughness. In the meantime, dynamic fracture becomes more
complex. The dynamic fracture of FRC in mode I was studied by Zhang
et al. [24,25]. The first study on dynamic mixed-mode fracture in fiber-
reinforced concrete was carried out by Arslan [26] over notched com-
pact specimens employing a drop-weight tower. However, the influence
of the loading velocity on fracture patterns in FRC has not been ex-
plored so far.

In the present work, an experimental campaign was designed to
analyze the initiation and propagation of mixed-mode fracture in
prismatic beams under four different loading velocities. The beams
were made from self-compacting concrete (SCC) reinforced with of 0,
15, 30 or 45 kg/m3 steel fibers, which correspond to 0, 0.2, 0.4 and
0.6% in fiber volume ratio. They are denominated as H00, H15, H30
and H45, respectively. The specimens were loaded in a three-point
bending configuration at four different loading velocities, which covers
six orders of amplitude, from quasi-static to dynamic regime. A servo-
hydraulic testing machine and a drop-weight impact device were em-
ployed for such loadings, see Fig. 1.

A complementary numerical simulation has also been carried out.
The numerical method is based on an eigensoftening algorithm [27,28]
implemented in a meshfree framework. Amplified specific fracture en-
ergy is employed to capture the effect of fiber addition. As the

eigensoftening approach is analogous to the cohesive theory of fracture,
the intrinsic time parameter, defined by Camacho and Ortiz [29], en-
ables it to capture the dynamic effect with quasi-static material prop-
erties. The effect of loading velocity and fiber content on the crack
patterns are reproduced remarkably well.

The rest of the paper is organized as follows. The experimental
procedure is described next, whereas the results and discussion are
explained in Section 3. Complementary numerical simulations are
presented in Section 4. Relevant conclusions are drawn in Section 5.

2. Experimental procedure

2.1. Specimen fabrication

Four types of self-compacting concrete with the same matrix re-
inforced with different amount of steel fibers were designed and fab-
ricated. The constituent material used were type II/BL 32.5N normal
strength Portland cement, siliceous coarse aggregate of maximum size
of 6mm, two types of fine sand (silica and limestone) of maximum size
2mm. Superplasticizer additives were of those based on poly-
carboxylate MasterGlenium ACE 325 (commercial brand BASF). The
steel fibers with hooked-ends were of HE55/35 (commercial brand
ArcelorMittal), 35mm in length, 0.55mm in diameter (the aspect ratio
of 64). The tensile strength of the steel fibers was 1200 MPa. The mix
proportions of the base concrete and the fiber contents are given in
Tables 1 and 2, respectively. It bears emphasis that the mix proportions,
particularly the quantity of superplasticizer shown in Table 1, were
engineered to keep the same matrix composition for all four types of
concrete and at the same time to guarantee the material’s self-com-
pacting property even with maximum amount of fibers added (45 kg/
m3). Similar precautions were taken by Poveda et al. [30] and de la
Rosa et al. [31] for the designing of various types of self-compacting
concrete reinforced with steel fibers.

Due to the limited capacity of the concrete mixer, two batches, A
and B, for each concrete type were made. The specimens were covered
and demolded after 24 h and kept in the humid chamber at
97% ± 0.5% of relative humidity and 20oC ± +0.5oC of room
temperature.

Fig. 1. Servo-hydraulic machine and the drop-weight impact device employed for testing.
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2.2. Characterization tests for concrete at fresh and hardened states

Slump flow tests (following the norm UNE-EN12350-8:2011) were
carried out to monitor the consistency of fresh self-compacting concrete
and its unconfined flow potential. The measured values for dm, the
largest diameter of the circular spread for concrete to stop flowing, and
t500, the time required to reach 500 mm of slump flow, are listed in
Table 3. Independent tests were also performed to characterize the
mechanical properties of the hardened concrete. For instance, cylind-
rical specimens of dimension 100 mm × 200 mm (diameter× height)
were tested, according to ASTM C39 (analogous to UNE-EN 12390-
3:2009) standard, to obtain the compressive strength, fc, at 42 days.
From the same tests, the elastic modulus, E, Poission’s ratio, ν, were also
measured according to ASTM C49 (counterpart of UNE-EN
13412:2008). In addition, Brazilian tests were conducted over the same
type of cylinders to obtain the tensile strength, ft. The mean values and
the corresponding standard deviations are listed in Table 4.

Beams of dimension 400× 100×100 mm3

(length × width × height) with a precast notch at central section up
to half depth were tested under a three-point bending configuration at
the age of 46 days. A servo-hydraulic Instron machine with a load ca-
pacity of 250 kN and load cell of 25 kN were used for these tests at
position control. In particular, the specific fracture energy was mea-
sured for the base concrete, using beams with a half-depth central
notch, following the recommendations of RILEM TC 50-FMS and the
improvements proposed by Planas, Guinea and Elices [32–34]. The
flexural strength of fiber reinforced concrete was measured according
to the standard UNE-EN14651:2007+A1:2008 using prismatic beams
with central notches of 1/6 depth. The load-point displacements were
recorded using two inductive extensometers of LVDT (Linear Variable
Differential Transducer) type. The CMOD (Crack Mouth Opening Dis-
placement) was recorded using a resistive extensometer clip located at
the lower central surface of the beam. The measured flexural strength,
fL,fl, and corresponding residual strength, fRj, for H15, H30 and H45 are
given in Table 5, where fRj, j = 1, 2, 3, 4, represents the residual

strength for CMOD at 0.5, 1.5, 2.5 and 3.5 mm, respectively.
It needs to be pointed out that mechanical properties given in

Tables 4 and 5 are the same with those of Poveda et al. [30], since
characterization was performed over the same material made in dif-
ferent batches.

2.3. Tests at different loading rates

In order to study the fracture behavior of SCC with and without
fibers at different loading velocities, prismatic beams of
100 × 100mm2 in cross section, 400mm in length were fabricated. A
notch up to half depth, located at 1/4 of the span was sawn a few hours
before each beam was tested. The span was kept at 333mm for all the
beams tested, see Fig. 2. Four loading velocities, two lower ones using
the Servo-hydraulic Instron machine through position control, two
higher ones using the drop-weight device impact, were employed.

The two low loading rates were set at 2.2 µm/s (quasi-static) and
2.2 mm/s. Four tests were carried out for each concrete (at the age of 64
days) per loading rate. For the loading rate of 2.2 µm/s, the load-point
displacements were measured through LVDTs located at two sides of
the beam whereas the CMOD was obtained with a clip-on extensometer
collocated at the bottom of the beam, centered at the notch.

Regarding the impact tests, a drop-weight impact machine [35]
with a capacity of releasing a mass up to 316 kg at a height of 2.6m was
employed. In particular, a mass of 120.6 kg, was released from 160mm
and 360mm to produce an impact velocity of 1.77m/s and 2.66 m/s,
respectively. Four prismatic beams for each concrete (except H00B and
H30B for which only three beams) per velocity were tested. The age of
all the concrete varied from 64 to 71 days. The impact force between
the hammer and the beam was measured through a piezoelectric force
sensor whereas the reactions forces were obtained through force sensors
located at the two supports. The accelerations and displacements were
recorded through an accelerator attached at the hammer. In addition,
the impact tests were also captured using a high speed camera (FAS-
TCAM SA-Z 2100K-M-8Gb), which was controlled through a photo-
electric sensor with the trigger signal of the hammer. The camera has a
maximum velocity of 2.1 million fps (frames per second), a maximum
resolution of 1024 × 1024 pixels, two exposition times: 28 µs and
38 µs, are used. The tests were recorded at 25 thousand fps with a
resolution of 1024 × 840 pixels.

3. Results and discussion

In Fig. 3, typical crack patterns for the four types of concrete (in
columns), each loaded at four different loading velocities (in rows)
under three-point bending configurations are depicted. It is noteworthy

Table 1
Matrix composition of the base concrete (H00).

Component Quantity (kg/m3)

Cement 360
Coarse aggregate 530
Fine silica aggregate 200
Fine limestone aggregate 975
Water 222
Superplasticizer 6.4

Table 2
Fiber content of the designed SCC (H00, H15, H30 and H45), batches A and B.

Concrete ID Fiber content (kg/m3) Fiber volume ratio (%)

H00A/B 0 0.0
H15A/B 15 0.2
H30A/B 30 0.4
H45A/B 45 0.6

Table 3
Results of the slump-flow tests for the fresh SCC reinforced with fibers.

Concrete dm (mm) t500 (s)

H15A 590 1.8
H15B 600 1.7
H30A 500 2.0
H30B 485 3.6
H45A 600 1.6
H45B 540 1.9

Table 4
Mechanical properties for the plain and fiber-reinforced SCC: H00, H15, H30
and H45 (standard deviation in parentheses).

ρ E ν fc ft GF

[kg/m3] [GPa] – [MPa] [MPa] [N/m]

H00 2310 (30) 18.5 (1.2) 0.17 (0.01) 31.6 (0.7) 3.1 (0.2) 87 (10)
H15 2310 (10) 19.4 (0.6) 0.17 (0.01) 32.5 (0.3) – –
H30 2280 (20) 18.5 (0.5) 0.18 (0.01) 30.7 (0.7) – –
H45 2300 (20) 18.3 (0.2) 0.16 (0.01) 32.1 (1.1) – –

Table 5
Flexural and residual strengths of the fiber-reinforced SCC.

fL,fl fR1 fR2 fR3 fR4
[MPa] [MPa] [MPa] [MPa] [MPa]

H15 4.6 (0.2) 1.7 (0.7) 1.7 (0.7) 1.7 (0.7) 1.5 (0.6)
H30 4.8 (0.2) 3.9 (0.2) 3.9 (0.4) 3.6 (0.4) 3.1 (0.3)
H45 4.7 (0.2) 4.0 (0.3) 4.2 (0.4) 3.8 (0.5 3.5 (0.3)
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that the loading rates and fiber reinforcement had altered the crack
trajectory. Generally speaking, fiber addition facilitated the formation
of micro or macro branching and helped to stablize the unstable cracks.
In particular, for H45, more spread damage along the main cracks are
observed.

3.1. Fracture at low loading rates: 2.2 µm/s and 2.2 mm/s

Note that at the low loading velocities, the crack initiated from the
notch and propagated towards the top surface with an inclination angle
in a stable way, i.e., continuous external energy input is required for the
crack to grow. The trajectory is tortuous due to the presence of coarse
aggregates and steel fibers. Consequently, the crack initiation angle is
more difficult to estimate. Nevertheless, the main crack can be con-
sidered as a straight line, even though the presence of coarse aggregate
may make the crack deviate from its original path. The main inclination
angle with respect to the vertical direction varies from 20o to 40o. For
the case of H30 and H45 at loading velocity of 2.2mm/s, due to the
more frequent presence of fibers, crack bifurcation, sometimes spalling
of the top part, occured. From the visual inspection of the failed fracture
surface, predominant trans-granular of the aggregates and pullout of

the fibers are observed, see Fig. 4. Nonetheless, occasional smooth
surfaces where the aggregates got un-sticked are also perceivable. This
indicates the appearance of inter-granular failure at low loading rates.

3.2. Fracture at high loading rates: 1.77 m/s and 2.66 m/s

The first noticeable aspect under impact loading is that the cracks
are more inclined towards the loading point, which is a clear indication
of the dependence of the crack trajectory on the loading velocity. This
angle with respect to the vertical direction varies between 40o to 60o,
see Fig. 3. The main crack also initiated from the notch tip but propa-
gated more inclined towards the loading point. The failure is mainly
unstable evidenced by the trans-granular pattern of the fractured sur-
face, see Fig. 4. In other words, if we were able to stop the impact
hammer at certain instant of the crack growth, the crack would have
propagated without further external energy input. It is also observed
that the fibers failed mainly by pullout and occasionally by breakage.
The possibility of fiber breakage at higher loading rate together with
the trans-granular matrix failure would lead to rather brittle behaviour,
which demands for particular attention for structural element designed
to withstand dynamic loading [18].

400 mm

333.3 mm

83.3 mm

100 mm

100 mm

50 mm

Fig. 2. Geometry and dimensions of the SCC beams tested for mixed-mode fracture.

Fig. 3. Typical crack patterns for four types of SCC loaded at four different loading rates.
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At loading velocity of 2.66m/s, certain beams such as H00BP1 and
H15BP7 (Fig. 5), two simultaneous cracks were formulated, one started
from the notch tip, the other was flexural initiated from the bottom mid
section.

3.3. Stable or unstable crack propagation

For plain SCC, the crack originated at the notch tip N, see the sketch
in Fig. 6, the crack propagation may follow the straight line NP at low
loading rates (stable propagation) or NL at high loading rates (unstable
crack growth). As mentioned before, at lower loading rates, continuous
energy input is necessary for the crack to grow, which is the case of a
stable crack. By contrast, no further energy supply is required for the
continuous crack propagation at impact loading. When steel fibers are
added, the first bifurcation occurs at point A, whereas the second bi-
furcation occurs at point F. The positions of both A and F are dependent
on the amount of reinforcing fibers. Note that the bifurcation at point F
is due to the flexural stress state of the top part of the beam (dotted
rectangular in Fig. 6).

The structural inertia may change the mode-I failure at low loading
rates to a mixed-mode failure at high loading rates, which has been
demonstrated for plain concrete [3,12,13]. In the same way, it may also
modify the stress distribution at crack tip and lead to crack
branching [4,12,13]. This is due to the fact the inertia homogenizes the
material at impact zone. When the crack starts to propagate relatively
fast, the inertia forces at the crack tip tends to slow it down, conse-
quently, the modified stress state may lead the original crack to divide
into two inclined daughter cracks, results in crack branching. In other
words, the inertia forces are responsible for crack bifurcation at high
loading rates. Similar phenomenon has also been observed by Ozbolt
et al. [12] for plain concrete. When FRC material is concerned, the
reinforcing effect of steel fibers also modifies the local stress state and
causes crack to deviate or bifurcate, as can be seen in Figs. 3 and 5.

Depending on the notch location and its relative depth, material
properties and specimen size, the final failure may or may not occur at
the notch. For the particular test configuration and geometry, the notch
tip (the weak zone) and the central section (with maximum flexural
moment) are the two possible locations where crack may occur. Small
variations of the material property (presence of fibers or large ag-
gregates) or defect distribution may significantly influence the final

crack patterns in a critical configuration. Consequently, in configura-
tions more amenable to bifurcation, the final failure may appear arbi-
trarily in one or two of the two critical sections [22]. This is the case
observed for H15 in Figs. 3 and 5.

The crack trajectories at high loading rates are less tortuous than
those at low loading rates, its development is more rectilinear. In ad-
dition to the coarse aggregates, the fibers also influence the crack in-
itiation angle and trajectory tortuosity. From the quantitive observation
of the fracture surface, the dominant failure mechanism is fiber pullout.

After impact, the crack rotates immediately and propagates towards
the loading point. The following sequence can be established: a pre-
crack starts from the notch tip in mode I, then it turns as the result of
mixed-mode loading (at point A in Fig. 6), but the crack propagates
approximately in a straight line and mainly in mode I, a second turn
may occur, see Fig. 6, at point F.

For mixed-mode fracture, Erdogan and Sih [36] derived a maximum
tension criterion, which is the same as that of the maximum cir-
cumferential stresses to predict the angle change when stress intensity
factor KII is present. In dynamic mixed-mode fracture, the first change
of the crack trajectory occurs under mixed-mode. The angle change can
be predicted by the criterion of Ramulu and Kobayashi [37], the same
by that of Erdogan and Sih [36]. After the first turn, the fracture pro-
pagates in predominantly mode I with negligible KII values.

As the increase of fiber content, the crack is going away from the
loading zone, see Fig. 5(a) for the crack pattern variation observed for
H00 and H45. In addition, as the compressive zone is approached, crack
bifurcation occurs. This is due to the flexural state of the top part. The
same phenomenon also happens at tests at lower loading velocities for
H30 and H45. This effect of crack bifurcation was also observed for
concrete reinforced with conventional rebars by Carmona et al. [7].

3.4. Load-displacement curves and DIF of peak load at different loading
rates

In Fig. 7(a), the reaction forces versus load-line displacement curves
are depicted for tests carried out at loading velocities of 2.2mm/s,
1.77 m/s and 2.66 m/s for plain concrete (H00) and fiber-reinforced
one (H45). Typical impact force and reaction loads versus load-line
displacement curves are given in Fig. 7(b), in which four H15 beams
were tested at impact velocity of 2.66 m/s.

Fig. 4. Perceivable inter-granular failure (red-circled) at 2.2 mm/s for H00 and H30 (top row) and predominant trans-granular failure at impact loading for H00 and
H15. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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The averaged peak reaction loads (corresponding standard devia-
tions are also marked out with error bars) for H00, H15, H30 and H45
at all four loading velocities are plotted in Fig. 8(a) and (b). The peak
impact loads at two higher loading velocities are given in Fig. 8(c). It is
observed that the peak load increases with the loading velocity. This is
also true, as a general trend, for H15 and H30. For tests carried out at
low loading rates, 2.2 µm/s and 2.2 mm/s, a slight increase of the peak
load is perceived, except for H30, hardly any difference is noted. For
tests performed at impact loading, 1.77m/s and 2.66m/s, similar ef-
fects are also observed, except for H30. The reason that H30 does not
follow the general trend is attributed to its internal pore size distribu-
tion, which will be explained in the next Section. Nevertheless,

significant increase of the peak loads from lower to higher loading rates
are observed for all four types of SCC.

The Dynamic Increase Factor (DIF) for peak load is the relation
between the maximum load under dynamic loading with respect to its
value at quasi-static conditions (for this case, at the loading velocity of
2.2 µm/s). In addition, the results obtained are compared with those by
Zhang et al. [25] for mode I dynamic loading in Fig. 8(d). Zhang
et al. [25] tested prismatic specimens of dimensions
150 × 150×700mm3 (500mm in span), with a centered notch of
25 mm in height. The concrete was reinforced with 64.5 kg/m3 hooked-
end steel fibers of 50mm in length, 67 in aspect ratio. The impact load
was exerted with the same conditions, i.e., by dropping a mass of

Fig. 5. Crack bifurcation observed for (a) H00, H45; and (b) H15, H30 at impact loading.
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120.6 kg from a height of 160mm and 360mm respectively.
The peak load is observed to increase with the loading velocity at

both mode I and mixed-mode conditions. However, the DIF values for
peak load are significantly higher at mixed-mode loading for all the
fiber contents and all the loading velocities. In addition, under the same
loading velocity, the DIF values increase with the increase of fiber
content with the exception of H45 when loaded at 1.77m/s.

It bears emphasis that the stress-strain response of any concrete
under tension is governed by the properties of its constitutive compo-
nents and the interface in between, which is also influenced by loading
rates. Even though both plain and fiber reinforced concrete are influ-
enced by the loading velocity, it is worth noting that the type of dy-
namic load and the loading device employed [38] may also play a role.
In general, both plain and fiber reinforced concretes are more resistant
under dynamic conditions than under static ones. The improvements
due to the fiber addition in energy absorption under impact depends on
the fiber type and its geometry. In addition, the matrix strength is im-
portant since at dynamic conditions, the higher the matrix strength, the
less effective are the fibers in dissipating energy.

3.5. Pore size distribution

The porosity of a material affects its physical properties and, sub-
sequently, its behavior in its surrounding environment. In order to
characterize this property, the mercury porosimetry analysis based on
the intrusion of mercury into the porous structure is often performed.
Since mercury does not wet most substances and will not spontaneously
penetrate pores by capillary action, it must be forced into the pores by
the application of external pressure. The required equilibrated pressure
is inversely proportional to the size of the pores, only slight pressure
being required to intrude mercury into large macropores, whereas
much greater pressures are required to force mercury into small pores.
Mercury porosimetry analysis is the progressive intrusion of mercury
into a porous structure under stringently controlled pressures. From the
pressure versus intrusion data, the instrument generates volume and
size distributions using the Washburn equation. Clearly, the more ac-
curate the pressure measurements, the more accurate the resulting pore
size data.

In the current study, a porosimeter with brand name Micromeritics’
AutoPore IV 9500 was used. In Fig. 9, the pore size distribution re-
presented by its accumulated surface area measured through a por-
osimeter are plotted for all four types of SCC. Three types of pores
according to the pore diameter size, mesopores (0.01–0.05 µm), mac-
ropores (0.05–10 µm) and air pores (large than 10 µm) are identified.
Note that, in spite of the efforts during the fabrication process, the
matrices were not exactly the same. In particular, the largest total
amount of pores (the sume of air pores, macro and meso pores) are
observed for H30, the second largest are noted for H45. It needs to be
pointed out that, during the first days of storage of H30 specimens, the
moisture chamber accidentally failed due to electricity cut-off. Conse-
quently, larger amount of pores formed in H30 specimens. Even though
not expected, this may partially explain the abnormal behavior in peak
load of H30.

Due to the presence of free water and its viscosity in the pores and
microcracks, there exists a cohesive force, or so-called Stephen ef-
fect [39], the amplitude of which is proportional with the strain rate. As
it is known, when a thin layer of viscous fluid confined between two
parallel plane surfaces which are moving away from each other, the
resulted viscous force is proportional to the opening velocity. In the
case of concrete, the pores and the viscous fluid within can be similarly
considered. This effect depends on the quantity of the free water as well
as the volume and size of the pores. This explains the influence of the
loading rates on concrete strength at low and intermediate loading
velocities [40]. Fig. 9 also indicates that the fiber content influences the

Fig. 6. Schematic sketch of the initiation and propagation of the mixed-mode
crack and the stress field at the crack tip (half beam depicted).

Fig. 7. (a) Reaction load versus load-point displacement (V2: 2.2 mm/s, V3: 1.77 m/s, V4: 2.66 m/s) (b) Typical impact force and reaction load versus load-point
displacement (shown for H15 impacted at velocity of 2.66m/s, four tests were carried out for each concrete at each loading velocity).
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porosity. In spite of the fact that all the efforts were made to maintain
the same matrix, it is noted that the porosity was influenced by the fiber
content. The same phenomenon was observed by Poveda et al. [30],
who employed the same material (except H60 is not used here) for

fatigue tests. They attributed the distortion effect of the fibers on the
matrix to the reduced fatigue life of the concrete reinforced with large
amount of fibers.

Fig. 8. Peak reaction load (with respective standard deviations) variation with respect to the fiber content for (a) low loading velocities: V1 (2.2 µm/s) and V2
(2.2 mm/s); (b) high loading velocities: V3 (1.77 m/s) and V4 (2.66 m/s). (c) Peak impact load for V3 and V4; (d) DIFs for peak reaction load under mixed-mode
loading compared to those at mode-I loading.

Fig. 9. Distribution of pores for H00, H15, H30 and H45.
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3.6. Estimation of the crack propagation velocity

In Fig. 10, an estimation of the crack propagation speed through
observation of the picture frames taken by a high speed camera for
specimens loaded at impact velocities is given. It needs to be pointed
out that since the crack initiation was identified through the naked eye,
the crack propagation velocities obtained can only be a rough estima-
tion and need to be verified through more advanced techniques such as
Digital Image Correlation. Nevertheless, we observe that the crack ve-
locities first reached a maximum (between 400 to 650m/s), they sub-
sequently decreased and a second peak velocity is also perceivable prior
to failure. Similar trend was identified by Mindess et al. [41] in flexural
specimens loaded with an impact hammer. Additionally, it is noted that
the maximum crack speed is about 23% to 38% of the Rayleigh wave
speed (approximately 1700m/s for all four types of SCC in the current
work). This confirms the observation of Curbach and Eibl [42] for plain

concrete, who claimed that the maximum unstable velocity vary be-
tween 500m/s and 700m/s (20% to 30% of the corresponding Ray-
leigh wave speed), as well as the measurement obtained using strain
gauges by Zhang et al. [25] for steel fiber reinforced concrete.

4. Complementary numerical simulation

In order to reproduce the experimental results, an eigensoftening
approach [27] to fracture implemented in a meshfree framework was
chosen. The method was proposed by Navas et al. [27] as an extension
of the eigenerosion approach by Pandolfi et al. [43,44] to quasi-brittle
fracture. The fundamental difference from the latter is the fact that the
eigensoftening algorithm is based on a strength criterion for the crack
initiation and a cohesive or softening law to govern the crack propa-
gation until the formation of a stress-free crack. It was validated against
experimental tests for the dynamic mode-I fracture in high strength
concrete. The application to study the dynamic mixed-mode fracture of
steel fiber reinforced concrete was also reported by Yu et al. [28]. It
needs to be pointed out that when cohesive theory of fracture is em-
ployed, thanks to the intrinsic time scale tch, defined by Camacho and
Ortiz [29], dynamic effects are being captured with static material
properties when inertia effects play a dominant role. This has been
demonstrated in the work of Ruiz et al. [45], Ruiz et al. [46] for plain
concrete, Yu et al. [47] for advanced ceramics, Yu et al. [48] for con-
crete with steel rebars. This parameter is defined as

=t
ρcw

f2
,ch

c

t (1)

where c, the longitudinal wave speed, wc is the critical crack opening
displacement. Since the eigensoftening approach is analogous to the
cohesive theory of fracture, it is also sensitive to strain rate effects
through the parameter, tch. Indeed, this has been demonstrated in a

Fig. 10. Estimated crack propagation velocity for H00, H15, H30 and H45. Red and blue curves represent tests at loading velocity V3 (1.77m/s) and V4 (2.66m/s),
respectively. The time interval between two consecutive frames is 40 μ s. (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

Fig. 11. Modeled damage pattern in the central section for beams impacted at
0.881, 1.77 and 2.66 m/s in mode I, where χ is the damage variable (0.0 for
intact, 1.0 for completely failed material points).
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previous study where the eigensoftening approach was described for
the first time [27]. It was observed that, with higher impact velocity,
more material points are being damaged instead of the same material
points are damaged more severely, see Fig. 11. In addition, the per-
centage of the fracture energy expenditure with respect to the total
energy within the beam decreases with impact velocity, whereas the
portion of the kinetic energy increases significantly.

The comparison of the numerical and experimental crack patterns
for the impact velocity of 1.77m/s and 2.66m/s is demonstrated in
Fig. 12. Remarkable similarity is observed. It is noteworthy that the
numerical model is able to capture both the influence of the loading
velocity and the fiber content on the final crack patterns. In addition,
only by varying the specific fracture energy, the numerical model is
able to properly distinguish either two main cracks or only one is to
grow. Nevertheless, for the case of H00, experimental observations
show one and two main cracks for the loading at 1.77m/s and 2.66m/
s, respectively, whereas the numerical model predicted two simulta-
neous crack propagation for both velocities. This shows that our nu-
merical model still needs to be improved in order to capture such
subtlety observed experimentally.

5. Conclusions

We have studied the dynamic mixed-mode fracture of self-com-
pacting concrete reinforced with steel fibers. Three-point bending tests
over beams with a notch at 1/4 span were carried out at loading ve-
locities that cover six orders of amplitude (from µm/s to m/s), from
quasi-static to impact conditions. The main conclusions can be drawn
are as follows:

• Depending on the loading velocity and fiber content, the mixed-
mode fracture propagation can be stable or unstable. They propa-
gate at different angles. Abrupt changes in the propagation trajec-
tory show that a stable crack turns to be unstable once the specimen
stores sufficient energy to break the specimen.

• As the fiber content increases, bifurcation of the main crack tra-
jectory may occur at the upper compressive zone, near the impact
zone. Unstable new cracks may also form.

• The fracture can be trans-granular or sometimes inter-granular at
low loading rates, even for the case of concrete with reinforced steel
fibers.

• The peak load increases with the increase of loading velocity and
fiber content. This trend is not followed for the concrete reinforced

with 30 kg/m3 of steel fibers due to higher pore surface areas pre-
sent in this particular batch.

• The dynamic tests shown that the maximum reactions significantly
increase at impact loading, but the variation with respect to the fiber
content is modest.

• The dynamic increase factor for the peak loads at mixed-mode
conditions are significantly higher than those at mode I.

• Numerical simulations based on the eigensoftening algorithm im-
plemented in a meshfree framework faithfully reproduce the main
experimental observations.
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Part III

General discussion





General discussion
This doctoral thesis has been carried out using the format called compendium of scientific
articles. Thus, each one of them includes a detailed discussion of the meaning of the results.
However, this part of the document is devoted to a more general discussion about the most
relevant results achieved during the investigation.

Article no 1. Proportioning of self–compacting steel–fiber reinforced concrete
mixes based on target plastic viscosity and compressive strength: Mix–design
procedure & experimental validation

The need to produce self–compacting steel–fiber reinforced concrete (SCSFRC) based on
performance, and the lack of methods that integrate design parameters that take into account
both fresh and hardened state properties suggest the development of a methodology based
on the rheological behavior of the material and its compressive strength. SCSFRC can be
considered as a bi–phase system in which the heterogeneous solid phase (granular particles
and steel fibers) are suspended in a homogeneous viscous fluid phase (cement paste) [10].
With the measurement of the plastic viscosity of the cement paste, the value of which
depends on the superplasticizer–cement and water–cement ratios, the latter derived from the
target compressive strength, and applying a micromechanical constituent model in stages it
is possible to estimate the value of the effective plastic viscosity of SCSFRC. The results
obtained with this model show a good correlation with experimental measures available in
the scientific literature [5, 10]. The design methodology developed uses the equation of
Krieger and Dougherty [48], which allows to determine the value of the plastic viscosity
of self–compacting concrete (SCC) by applying it in stages from the measure of the plastic
viscosity of the cement paste (which it can be measured with rheometers or viscometers [12]),
and incorporates in a simplified way the Ghambari et al. model [10] to estimate the effect
of inclusion of the steel fiber in the increase of the plastic viscosity of the concrete.

The method can be used in the range of concretes of normal and high strength (from
30 to 80 MPa). The maximum fiber content for which it has been validated is 1%, less
than 1.8% reached by Grünewald [5], higher than 0.75% obtained by Khayat et al. [7] and
equal to the maximum achieved by Ferrara et al. [6] with their respective methodologies.
It should be noted that the proposed method respects the limits of the quantities of raw
materials recommended for SCC set by the Spanish Cement Institute and its Applications
(IECA) [49], which is not fulfilled in all cases by concrete designed by Grünewald [5]. In any
case, most structural applications of concrete reinforced with steel fibers require fiber content
less than 1%, so the methodology is able to provide concretes with sufficient reinforcement.
As for the geometric characteristics of the fiber, it is necessary to limit the maximum aspect
ratio value to 85 in order to meet the fiber stiffness hypothesis [10].

The methodology has been programmed and automated in Matlab code [50], obtaining
simple design charts and data files with the different possible dosages of the designed con-
crete. Besides, the entire development of the process is linear: it does not contain loops,
which avoids trial and error tests. Once the materials have been characterized, and the way
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of interacting with them is known, the methodology always provides satisfactory results,
fulfilling the criteria of fluidity, filling capacity, passing capacity and resistance to segrega-
tion as has been proven in the experimental results obtained through technological tests
such as slump–flow test [43] and the L box text [44]. Similarly, the compressive strength
tests [45, 46] performed on 100 mm–edged cubic specimens shows values close to the target
strength within the acceptable dispersion range (± 10%).

It should be noted that the boundary conditions used in the programming of the method
correspond to the typical range of quantities of raw materials for SCC since no document
contemplates this aspect concerning SCSFRC. As the purpose of the research is the design
of concrete that can be manufactured not only in laboratory but also at the industrial level,
as mentioned we are going to stick to documents that have a guarantee, but also at least a
recommendation or guideline, such as those provided by the Spanish Cement Institute and its
Applications, IECA [49], and the European Federation of National Associations Representing
Producers and Applicators of Specialist Building Products for Concrete, EFNARC [51]. The
inclusion of rigid fiber in SCC influences the content of coarse aggregate, fine aggregate, and
powder material. Regarding the first, and involving the second, it is necessary to decrease
its content for a double reason: to reduce the probability of interaction with the fiber, which
increases friction that results in loss of workability, and to have a greater volume of fine
aggregate capable of creating a sufficient amount of mortar to wrap the surface area provided
by the fiber and facilitate fluidity. Concerning powder, a higher content is necessary so that
the volume of paste in the system can give cohesion and fluidity to the whole concrete. Thus,
the limits established by IECA [49] are more suitable to consider as boundary conditions in
the SCSFRC design.

Due to the versatility of the proposed method and the physical foundations underlying,
several future lines of research can be envisioned. A first line would be to investigate the
optimal values of the ranges of raw materials of SCSFRC, as well as the incorporation of
some parameter that takes into account the joint effect of the fibrous–granular skeleton. The
second line of research would be to treat the yield stress of SCSFRC through a microme-
chanical model, as has been done with the plastic viscosity. However, taking into account
that this parameter is more challenging to determine. Yield stress allows establishing the
properties of the fluidity of the material. Another line of research would be the possibility
of achieving compressive strength values greater than 80 MPa by incorporating mineral ad-
ditions (micro–silica, nano–silica, ground granulated blast slag furnace, etc.) by adding new
terms from the Krieger and Dougherty equation to the methodology. Finally, it would be
possible to explore the adaptation of the flexible fiber model through a constitutive equation
according to this type of reinforcement.

Article no 2. Determination of the plastic viscosity of superplasticized cement
pastes through capillary viscometers

Article submitted and pending review.

Article no 3. Model for the compressive stress–strain relationship of steel–fiber
reinforced concrete for non–linear structural analysis

The discussion of this article is included next together with that of article 4.
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Article no 4. Study of the compression behavior of steel–fiber reinforced concrete
by means of the Response Surface Methodology

The study of compressive behavior of steel–fiber reinforced concrete (SFRC) is a major issue
since it governs, to a large extent, the mechanical response of the material. The main effect
that causes the inclusion of the steel fiber is observed once the maximum load is reached, at
which time there is an increase in the energy absorption capacity during the deformation of
the material that provides a gain in ductility. Despite such behavior being widely described
in the scientific literature, no design code includes a model that reflects it. This results
in a remarkable waste of the capacity of the compressed material. A set of experimental
data with results of uniaxial compression tests on cylindrical specimens of SFRC (150 × 300
mm2, diameter × height) has been collected through a bibliographic search. The Response
Surface Methodology (RSM) [52] has been applied using the statistical–mathematics software
Minitab [53] to analyze the relationships between the mechanical compressive parameters
(strength, fcf , modulus of elasticity, E, strain under maximum load, εcf volumetric deforma-
tion work in the branches before and after the peak load, W1f and W2f , respectively), unre-
inforced matrix parameters (compressive strength, fc0, maximum aggregate size, dm), fiber
parameters (volumetric fiber ratio, φf , length, `f , diameter, df , aspect ratio, λ, λ = `f/df )
and the ratio between fiber and aggregate sizes, `f/dm. The study has been done for vari-
ables with dimensions and dimensionless (dividing each response of the concrete with fibers
by its corresponding without fiber reinforcementand considering only as factors φf , λ and
`∗

f = `f/`0, `0 = 30 mm), in this last case to see the effect of the factors on the increase
or decrease of the response and to be able to select those that are significant and use them
in a model that describes the compressive behavior of SFRC. The results indicate that φf

is a statistically significant factor for all responses with dimensions, as well as fc0, which is
also except for W2f . As for the responses and dimensionless factors, only φf has statistical
significance.

A model has been developed that describes the uniaxial compressive behavior of SFRC,
which takes into account the gain in ductility and energy absorption capacity provided by
the steel fiber. The model consists of two tension–strain curves. The first is similar to the
one collected by Eurocode 2 for plain concrete, which departs of the origin of coordinates and
reaches the maximum stress value. The second curve is an inverted vertical axis parabola
that from the maximum stress point intercepts the axis of abscissa, and has been calculated
so that the energy consumption after the peak load is equal to the value of that same energy
calculated according to the data collected in the database. This softening branch is defined
by a parameter called non–dimensional compressive residual strength, σ∗

R, which is the non–
dimensional residual compressive strength corresponding to a deformation equal to three
times the deformation under maximum stress (ε∗ = 3).

The model has also been analyzed using RSM considering as factors φf , λ and `∗
f . In

the light of the results, it is found that φf is statistically significant in all the responses
and λ is also statistically significant for ε◦

c , W ◦
2 and σ∗

R (considering that ε◦
c = ε/εcf and

W ◦
2 = W2f/W1). This indicates that φf and λ control the energy absorption capacity and

ductility in the post–cracking compression phase in SFRC.
The mathematical–statistical analysis performed shows the actual effect of the selected

parameters on the different responses of the compression behavior of SFRC. In all cases,
the conclusions drawn refer to polynomial adjustment models of grade one since when using
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polynomials of higher grade, the pernicious effect of multicollinearity appears may lead to
not correctly identifying the factors that are statistically significant as well as giving incorrect
coefficients values.

Through this research, a technological model of uniaxial compressive behavior for SFRC
has been derived. This model can be used for the non–linear calculation of structural ele-
ments and could be included in the structural design codes. Besides, the following future
lines of research may be raised. Firstly, to complete the database with experimental results
in which other types of steel fiber (straight, with hooked–ends and several folds, etc.) and to
perform the same study through RSM. A similar analysis of different geometries and sizes
of specimens (cylindrical and cubic) of SFRC is also recommended and to apply Fracture
Mechanics concepts to study the effect of shape and scale. Finally, it is proposed to validate
the developed model using numerical methods.

Article no 5. Relationship between residual flexural strength and compression
strength in steel–fiber reinforced concrete within the new Eurocode 2 regulatory
framework

The proposed classification for steel–fiber reinforced concrete (SFRC) in Annex L of the next
Eurocode 2 according to its residual flexural strength for different crack mouth opening dis-
placements is incomplete if its purpose is to define the flexural behavior of the material. This
is because it does not take into account the contribution of the area under compression stress
of the structural element that, as it has been demonstrated, manifests a considerable energy
absorption capacity and has residual resistance once the concrete has cracked. Through
this concept, previously defined, and through the collection of a set of experimental data
with results of three–point bending tests on prismatic specimens with central notch of SFRC
(150 × 150× 550 mm3, width × height × length), a relationship has been established between
both residual compressive and flexural strengths using the Response Surface Methodology
with linear polynomial adjustment models.

Mathematical–statistical analysis has been performed for mean and characteristic values
of the selected responses. From it, it is proven that the compressive strength of the SFRC,
fcuf , and the fiber volume fraction, φf , significantly influence the flexural strengths and the
residual flexural strengths for crack mouth opening displacement values equal to 0.5 and 2.5
mm. In addition, it is observed that fcuf has a more significant influence on the flexural
strength in the limit of proportionality and φf on the residual flexural strength. Once the
value of the opening of the mouth of the crack begins to increase, the aspect ratio of the
steel fiber, λ, acquires statistical significance. In contrast, the length of the fiber, considered
in a dimensionless way through `∗

f (= `f/`0, `0 = 30 mm), is only statistically significant for
residual flexural strength for crack opening equal to 2.5 mm. It can be concluded that fcuf

and φf are the parameters that contribute most to the flexural strength response of SFRC,
and when it begins to have substantial crack opening values, the parameters related to the
geometry of the fiber come into play, firstly λ and then `∗

f .
The same analysis was performed with dimensionless parameters. To do this, the re-

sponses and the only factor that has dimensions, fcuf , have been divided by the residual
flexural strength value for crack mouth opening equal to 0.5 mm, fR,1. This strategy has
been followed for a twofold reason: first, to carry out a dimensionless study of the variables,
which is more analytically sound. Secondly, that parameter has been selected to do the
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dimensionalization to follow the definition of the strength classes established in Annex L of
Eurocode 2. The results indicate that it has only statistical significance f ∗

cuf (= fcuf/fR,1) in
the dimensional flexural strengths. In the dimensionless residual flexural strength for crack
mouth opening equal to 2.5 mm, in addition to f ∗

cuf , the factor `∗
f is also statistically signifi-

cant. This makes sense since, as previously seen in responses with dimensions, the length of
the fiber is an essential parameter when it comes to high values of the crack opening. It is
important to note that, in all responses, the factors that have statistical significance acquire
positive values reflecting the positive contribution.

An interesting aspect carried out in this study is the deduction of a new formula for con-
verting the compressive strength of cubic specimens of any size to the compressive strength
of the standard cylinder (150 × 300 mm2, diameter × height). The expression obtained by
del Viso et al. [54] and deduced from the size effect law of Bažant [55] has been used, which
takes into account the internal length (characteristic length, `ch), the external length and
the shape of the specimen in the compressive strength of concrete. This formulation is based
on concepts of Fracture Mechanics, and its incorporation into the analysis of the complete
flexural behavior of SFRC is a novel aspect from the point of view of structural concrete
technology. Thus, the value of the residual compressive strength (calculated on cylindrical
specimens of dimensions 150 × 300 mm2, diameter × height) has been calculated in the flex-
ural database tests (with values of compressive strength on 150 mm–edged cubic specimens)
and again applying the Response Surface Methodology, a relationship between the residual
flexural strength values for different crack mouth opening displacements and the residual
compressive strength has been obtained.

The results are in line with the scientific literature [56] regarding the contribution that
steel fibers have in the flexural behavior of SFRC. Besides, through the study that has been
carried out, the compressive and flexural behavior of the SFRC would be fully character-
ized for practical purposes to be used in the design and analysis of structural elements, so
that it could be incorporated into any design and analysis structural code. However, the
databases only include results of concrete with hooked–end steel fibers and a single fold, so
extrapolation to other types of fibers could be done with caution.

The richness of the results obtained by this work suggests some future lines of research, as
to apply the Response Surface Methodology to new databases elaborated with information
about other types of steel fibers (straight, with hooked–ends and several folds, etc.). The
second line of research would be aimed at finding relationships between compressive and
tensile strengths, as well as their linkage with the study of shear in SFRC based on experi-
mental results available in the scientific literature. It would also be of interest to perform an
analysis of the flexural behavior of the SFRC not only in terms of residual resistances but
also in terms of ductility and energy absorption capacity of the material, which implies the
use of Fracture Mechanics concepts. Finally, it is proposed to validate the relationships ob-
tained together with the compression behavior model for SFRC developed through numerical
methods.

Article no 6. Dynamic mixed–mode fracture in SCC reinforced with steel fibers:
an experimental study

The onset, growth, and propagation of cracking in concrete as a result of the dynamic stresses
to which a structure may be subjected is particularly important from its safety. The stresses
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produced by these effects combine normal and tangential components that give rise to a
mixed–mode of fracture in the material. The incorporation of steel fibers into concrete has
been found to be very suitable for dynamic loads as a result of their ability to dissipate
energy during the fracture process and the increase in ductility they bring to the material.
The development of concrete based on performance with self–compacting properties requires
characterizing its behavior in mixed–mode of fracture under dynamic actions, particularly
when it comes to this highly fragile way.

The experimental three–point bending tests campaign on prismatic specimens of SCSFRC
with an eccentric notch (covering six orders of magnitude in terms of the loading rate,
from the quasi–static regime to impact conditions) has resulted in productive results and
information. Depending on the loading rate and the fiber content, it is observed how cracking
propagates at different angles with respect to the plane of the notch. This mixed–mode
propagation of cracking can be stable or unstable. It is checked how stable crack paths
change to unstable crack paths when the specimen has accumulated enough energy that can
break it. It should also be noted that as the fiber content increases, the bifurcation of the
path of the main crack occurs, which may originate in the compressed area of the specimen
near the point of impact, with the consequent formation of new unstable cracks.

The results indicate that the maximum value of the load increases as the loading rate and
fiber content increases. This sensitivity may be related to changes in the cracking processes
experienced at different loading rates, as is the case in mode I of fracture [57]. Only one
of the concrete batches (with 30 kg/m3 of steel fiber) does not follow this trend. After
an assessment of the pore content of the material by mercury intrusion porosimetry, this
concrete is found to have a larger surface area of pores. The reason is due to an incidence
in the curing during the first days in the humid chamber as a result of an electrical power
supply failure, which explains the unusual behavior of this concrete batch. The dynamic
amplification factor (DIF) of the peak load, defined as the ratio of the maximum dynamic
load value to its corresponding quasi–static maximum value, is significantly higher in mixed–
mode than in mode I of fracture.

From the post–mortem analysis of the specimens it is observed that most of the fibers fail
by pulling–out and that the rupture of the aggregates can be transgranular (through coarse
aggregates) and, in some cases, intergranular (in the coarse aggregate–matrix interface) at
low loading rates, regardless of the fiber content in the concrete. This fact may be related to
the properties of aggregates and the matrix–aggregate interface [58] as well as the geometric
characteristics and fiber content.

Impact tests have been recorded with a high–speed camera; from the captured frames,
a simple routine has been created in Matlab code to measure the path of the cracking to
estimate the rate of propagation of the crack. To determine the instant at which the crack
starts, the Digital Image Correlation technique (DIC) has been used, also in Matlab, using
which the moment at which a significant variation of the specimen deformation field occurs is
set. From that frame, the crack length is measured over the trace of the crack on the image.
This procedure is poorly refined since it involves the identification of the visual cracking.
Besides, the surface of the specimens has not been treated for analysis by DIC, so in some
cases, no digital reading of the specimens has been obtained. However, some information of
interest may be extracted. It is observed how the cracking velocity increases until reaching
a maximum value between 400–650 m/s and then decreases and reaches a second peak of
velocity before failure. These results coincide with those obtained by Mindess et al. [59]. The
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maximum cracking propagation velocity measured is between 23% and 38% of the Rayleigh
wave velocity, the value of which is approximately 1700 m/s in the concretes of this research.
This is also consistent with the results of Curbach et al. [60] for plain concrete, which
establishes maximum values of unstable velocity between 500–700 m/s, which correspond to
a range between 20% and 30% of the Rayleigh wave velocity. Finally, Zhang et al. [61] also
measure similar values, with strain gauges, for the velocity of cracking propagation in mode
I of fracture in SFRC.

Among the possible future lines of research, it is worth mentioning the study of the
field of stresses and strains, as well as the determination of the velocity of propagation of
cracks in mixed–mode of fracture employing the Digital Image Correlation technique. This
could also allow establishing a sequence of images in which, simultaneously, the values of
stress, strain, and velocity of cracking propagation can be contemplated at every moment
with respect to the impact–displacement and reaction–displacement curves. The second line
of research would aim at the study of dynamic mixed–mode of fracture in high strength
SCSFRC, through an experimental campaign to that carried out in this thesis, in which the
effect of inclusion of other types of steel fiber could also be analyzed (straight, hooked–ends
with several folds), as well as the proposed Digital Image Correlation study.
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Part IV

Conclusions





Contributions and future work
In this doctoral thesis, a new methodology of concrete design by performance has been
presented, in particular for self–compacting steel–fiber reinforced concrete (SCSFRC). The
method is based on the rheological behavior and the compressive strength of the material.
The plastic viscosity of the cement paste is the most important design parameter of the
method, and the study of its measurement has been approached from different measuring
instruments. The incorporation of steel fiber as a discontinuous reinforcement of concrete
implies an increase in the energy absorption capacity and ductility when it is compressed.
Besides, this behavior is part of its complete flexural response. However, none of these as-
pects are taken into account in the current analysis and structural design codes. Taking into
account the influence of the loading rate on the strength of the material, the dynamic mixed–
mode of fracture in SCSFRC has been studied in the analysis of the cracking initiation and
propagation. The research has focused on an integral point of view, covering the design of
the material, the study of its behavior in a fluid state, and its mechanical characterization
in a quasi–static and dynamic regime. The contributions made in each topic, as well as the
proposals of future lines of research to fulfill the objective of expanding the work initiated
in this doctoral thesis, are highlighted.

The first topic of the thesis is the development of a new SCSFRC design methodology that
takes into account the mechanical properties in the fluid and the solid-state of the material.
SCSFRC can be treated as a suspension of granular particles and fibers in a homogeneous
viscous fluid, which is the cement paste. From the measurement of the plastic viscosity
of the cement paste, whose value depends mainly on the water–cement ratio and this, in
turn, is determined by the compressive strength of the concrete, it is possible to apply a
micromechanical constitutive model that takes into account the characteristics of aggregates
and steel fibers with which to estimate the value of the effective plastic viscosity of SCSFRC.
The method has been programmed analytically, providing practical and straightforward
design charts, as well as data files with the possible compositions of the concrete to be
designed. This methodology, having a physical foundation, has a linear character in its
development, avoiding trial and error tests once the raw materials are characterized, which
always gives rise to self–compacting concrete.

The characteristics of the method developed open numerous future lines of research such
as the determination of the optimal ranges of raw materials that are part of the SCSFRC,
the incorporation of new design parameters related to the fibrous–granular skeleton, the
possibility of studying the yield stress of SCSFRC using a micromechanical model similar
to that applied to the effective plastic viscosity, the extension of the method for the design
of ultra–high performance concrete and the analysis of constitutive equations that allow the
inclusion of flexible fiber in self–compacting concrete.

The second topic covered in the thesis is the measure of the plastic viscosity of the cement
paste from different instruments. Rheological parameters depend on many factors, including
the geometric characteristics of the measuring device. By approximating the non–Newtonian
rheological behavior of cement paste using the Bingham model, it is possible to determine its
value using capillary viscometers, such as the Marsh funnel or the Cannon–Fenske viscome-
ter. The former is more used in suspensions like drilling muds, for which numerous models
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have been developed, while the latter is mainly used in the chemical industry.

The third topic studied is the compressive behavior of steel–fiber reinforced concrete
(SFRC). Compressive strength is one of the design parameters of the proposed method for
proportioning SCSFRC from which the water–cement ratio that determines the plastic vis-
cosity of the cement paste is derived. The main effect produced by the inclusion of steel fiber
in the compressive behavior of concrete is seen once the peak load has been overcome with
the appearance of a softening branch caused by the energy absorption capacity and ductility
gain of the material. The statistical–mathematical Response Surface Methodology has been
applied to a database elaborated with experimental results of uniaxial compression tests in
cylindrical specimens of SFRC to analyze the relationships between compressive strength,
modulus of elasticity, deformation under maximum load and volumetric deformation work in
the previous and posterior brach to the peak load with respect to the compressive strength
of the matrix without reinforcement, the maximum aggregate size, the volumetric fiber ratio,
the fiber length, the diameter of the fiber, the aspect ratio of the fiber and the relationship
between fiber length and maximum aggregate size. This analysis has been carried out in the
responses and the factors (with dimensions and dimensionless).

The results show that the fiber volume fraction and the compressive strength of the
matrix without reinforcement are the statistically significant parameters in the responses
with dimensions (except for the volumetric deformation work after the peak load in which
the compressive strength of the matrix does not influence). In contrast, in the dimensionless
responses, only the fiber volume fraction has statistical significance.

A new model has been developed in a technological format that describes the uniaxial
compressive behavior of SFRC that takes into account the increase in energy absorption
capacity and ductility provided by the steel fiber. The model is characterized by a softening
branch in the stress–strain non–dimensional curve (it is dimensionalized by dividing stress
by the compressive strength and the strain by the deformation at the peak of stress, in
SFRC) calculated so that the energy consumption in this section is equal to the value of
the same calculated according to the database. This curve defines a new parameter called
non–dimensional residual compression strength, which is equivalent to the non–dimensional
strength corresponding to a deformation equal to three times the strain under maximum
stress. The model has also been analyzed using the Response Surface Methodology, confirm-
ing that both the fiber volume fraction and the aspect ratio govern the energy absorption
capacity and compressive ductility once the SFRC has cracked. This model can be used for
the non–linear calculation of structural elements and could be included in any analysis and
design code of structures.

Among the lines of future research, it is proposed to complete the database with exper-
imental results in which other types of steel fiber are used, analyzing the data using the
Response Surface Methodology. Also, it would be convenient to study the results of different
geometries and sizes of SFRC specimens and apply Fracture Mechanics concepts to study
the effect of shape and size. Finally, the validation of the model developed using numerical
methods is proposed.

The fourth topic investigated in the thesis is about the flexural behavior of SFRC. The
draft of the next Eurocode 2 classifies the material according to the residual flexural strength
for crack mouth opening displacements equal to 0.5 and 2.5 mm. However, it does not take
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into account the capacity of the compressed zone of the structural element, which, as we have
seen, is considerable. The Response Surface Methodology has been applied to a database
created with experimental results of three–point bending tests in prismatic specimens of
SFRC to study the correlation between flexural strength and residual flexural strengths with
compressive strength, fiber volume fraction, fiber length and fiber aspect ratio. The analysis
has also been performed on responses and factors, with dimensions and dimensionless.

The results show that both compressive strength and fiber volume fraction are the factors
with the most significant influence on dimensioned responses. As the crack opening increases,
the geometric parameters of the fiber begin to have statistical significance, which coincides
with the scientific literature. Regarding the dimensionless responses, the same conclusions
can be drawn as to the results obtained. From the effect law size of Bažant a conversion
factor of the compressive strength of cubic specimens of any size to the compressive strength
of the cylinder of dimensions 150 × 300 mm2 (diameter × height) has been obtained. The
residual compressive strength value for bending database tests has also been calculated, and
by applying the Response Surface Methodology again, a relationship between the residual
flexural strength values for differents crack mouth opening displacement (0.5 mm and 2.5
mm) and residual compressive strength has been obtained. Thus, the classification proposed
by Eurocode 2 for the flexural behavior of SFRC would be completed with the inclusion of
the capacity of the compressed zone of the material.

The proposed future research lines are the application of the Response Surface Method-
ology to new databases that contain information on other types of steel fibers. Also, the
search for relationships between compressive and tensile strengths, and the analysis of the
shear in SFRC through experimental results available in the scientific literature. Regarding
Fracture Mechanics, it would be interesting to study the flexural behavior of the SFRC in
terms of ductility and energy absorption capacity of the material. Finally, it is proposed
to validate the obtained relationships and the compression behavior model of the SFRC
through numerical methods.

Finally, the design of a self–compacting steel–fiber reinforced concrete requires knowing
its behavior in the face of dynamic loads that can produce a mixed–mode of fracture, which
manifests a high fragility. Concrete, with and without fiber reinforcement, is a material
sensitive to the loading rate, so an experimental campaign has been conducted covering six
orders of magnitude in that parameter, from the quasi–static regime to impact loads with a
drop–weight machine.

Results show the propagation of the main crack at different angles in relation to the
plane of the notch, which may be stable or unstable, depending on the loading rate and
fiber content. When the fiber content increases, the main path of the crack forks in the
vicinity of the compressed area, resulting in unstable branching. The maximum value of the
load is enhanced by increasing the loading rate and fiber content, which is associated with
changes in cracking processes at the different loading regimes. It is found that the dynamic
amplification factor of the load peak (or the ratio between the maximum dynamic load value
concerning its corresponding quasi–static maximum value) is found to be significantly higher
in mixed–mode than in mode I of fracture. In the post–mortem analysis of the specimens, it
can be seen that most of the fibers fail due pull–out and that the breakage of the aggregates
is predominantly transgranular. However, intergranularity in the rupture occurs at low
loading rates, regardless of the fiber content of the concrete. From the visual analysis of
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the images of the propagation of the main crack, it can be seen that its velocity increases
until it reaches a maximum value in the range of 400–650 m/s, and then it decreases and to
reach the second peak of velocity prior to failure. The maximum crack propagation velocity
measured is between 23% and 38% of the Rayleigh wave velocity that is consistent with the
results obtained in plain concrete, which correspond to a range between 20% and 30% of the
Rayleigh wave velocity, and are close to those measured with strain gauges for the velocity
of crack propagation in mode I of fracture in SFRC.

Future research lines include, first of all, the analysis of the stress and strain fields and the
calculation of the crack propagation velocity in mixed–mode of dynamic fracture of SCSFRC
with the Digital Image Correlation technique. Secondly, the possibility of establishing a
sequence of images and graphics that reflect the values of stress, strain, and velocity of crack
propagation over time concerning their corresponding impact–displacement and reaction–
displacement curves. Finally, the study of dynamic mixed–mode of fracture in high strength
SCSFRC through an experimental campaign similar to that carried out in this thesis which
also analyses the effect of the inclusion of other types of steel fiber and the use of the
technique of Digital Image Correlation.

Other published works and merits

This doctoral thesis has been developed in the form of compendium of articles, included in
indexed scientific journals. All are published at the date of deposit of the same. Besides, the
work developed has been presented in a series of conferences that have given rise to different
publications. Moreover, the research work carried out has allowed the development of two
projects for private companies related to the design of SCSFRC (Fatigue in compression of
SCSFRC, Construcciones Sarrión; Design and characterization of SCSFRC for the Horindus
Project, Property and Infrastructure Management). Finally, the prize obtained in a research
conference for young scientists is included.

Conferences

• L.C. de Almeida, Á. de la Rosa, G. Ruiz, E. Poveda, X.X. Zhang and M. Tarifa.
Fractura dinámica en modo mixto de hormigón autocompactante reforzado con fibras
de acero. Anales de Mecánica de la Fractura, 34:242–249, 2017.

• Á. de la Rosa, M. Marques, G. Ruiz and E. Poveda. Comportamiento a compresión del
hormigón reforzado con fibras de acero. Anales de Mecánica de la Fractura, 35:530–534,
2018.

• Á. de la Rosa, E. Poveda, G. Ruiz and H. Cifuentes. Aproximación experimental de
los parámetros reológicos y de la curva de flujo en suspensiones cement́ıcias mediante
el embudo de Marsh. Anales de Mecánica de la Fractura, 35:615–620, 2018.

• G. Ruiz, Á. de la Rosa and E. Poveda. Relación entre las resistencias residuales a
flexión y a compresión del hormigón reforzado con fibras de acero dentro del marco
normativo del Eurocódigo 2. Anales de Mecánica de la Fractura, 36:124–128, 2019.
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• G. Ruiz, Á. de la Rosa and E. Poveda. Study of the relationship between residual
flexural and compressive strengths in steel fiber–reinforced concrete by means of the
Response Surface Methodology. FraMCoS–10, 2019. DOI 10.21012/FC10.233355.

• G. Ruiz, Á. de la Rosa, L.C. Almeida, E. Poveda, X.X. Zhang, M. Tarifa, Z. Wu
and R.C. Yu. Dynamic mixed–mode fracture of self–compacting steel–fiber reinforced
concrete. FraMCoS–10, 2019. DOI 10.21012/FC10.233361.

• Á. de la Rosa, E. Poveda, G. Ruiz and H. Cifuentes. Novel mix design methodology
for self–compacting steel–fiber reinforced concrete based on rheological and mechanical
concepts. In: Mechtcherine V., Khayat K., Secrieru E. (eds). Rheology and Processing
of Construction Materials. RheoCon 2019, SCC 2019. RILEM Bookseries, 23:11–18,
2020. DOI 10.1007/978–3–030–22566–7–2.

• Á. de la Rosa, E. Poveda, H. Cifuentes and G. Ruiz. Nueva metodoloǵıa de diseño
de hormigón autocompactante reforzado con fibras de acero. Hormigón y Acero. VII
Congreso Internacional de Estructuras, ACHE 2017. 68:330–331, 2017.

• Á. de la Rosa, E. Poveda, H. Cifuentes and G. Ruiz. Dosificación de hormigón au-
tocompactante reforzado con fibras de acero basado en el estudio de la reoloǵıa de
la pasta. In: Universitat Politècnica de València (ed.) HAC 2018. V Congreso
Iberoamericano de hormigón autocompactable y hormigones especiales. 33–44, 2018.
DOI 10.4995/HAC2018.2018.5645.

Other merits

• Prize ‘II Jornadas de Jóvenes Cient́ıficos en Materiales de Construcción’ for the research
work entitled ‘Nueva metodoloǵıa de diseño de hormigón autocompactante reforzado
con fibras de acero basada en modelos reológicos’, conference held in Madrid, 2019
and organised by Instituto Eduardo Torroja de Ciencias de la Construcción (CSIC),
Instituto de Cerámica y Vidrio (CSIC) and Universidad Carlos III (Madrid).
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[39] J. Ožbolt, A. Sharma, and H.W. Reinhardt. Dynamic fracture of concrete – Compact
tension specimen. International Journal of Solids and Structures, 48:1534–1543, 2011.
doi: https://doi.org/10.1016/j.ijsolstr.2011.01.033.

[40] P. Soroushian, H. Elyamany, A. Tlili, and K. Ostowari. Mixed–mode fracture properties
of concrete reinforced with low volume fractions of steel and polypropylene fibers. Ce-
ment and Concrete Composites, 20(1):67–78, 1998. doi: https://doi.org/10.1016/S0958-
9465(97)87390-8.

[41] A. Carpinteri and R. Brighenti. Fracture behaviour of plain and fiber–reinforced con-
crete with different water content under mixed mode loading. Materials and Design,
31:2032–2042, 2010. doi: https://doi.org/10.1016/j.matdes.2009.10.021.

[42] A. Arslan. Mixed–mode fracture performance of fibre reinforced concrete un-
der impact loading. Materials and Structures, 28:473–478, 1995. doi:
https://doi.org/10.1007/BF02473167.

[43] EN 12350–8:2010, Testing fresh concrete – Part 8: Self–compacting concrete – Slump–
flow test. CEN–European Committee for Standardization, Brussels, Belgium, 2010.

[44] EN 12350–10:2010. Testing fresh concrete – Part 10: Self–compacting concrete – L box
test. CEN–European Committee for Standardization, Brussels, Belgium, 2010.

[45] EN 12390–3. Testing hardened concrete – Part 3: Compressive strength of test speci-
mens. CEN–European Committee for Standardization, Brussels, Belgium, 2009.

[46] Standard Test Method for Compressive Strength of Cylindrical Concrete Specimens.
ASTM–American Society for Testing and Materials, West Conshohocken, Pennsylvania,
USA, 1991.

[47] X.X. Zhang, G. Ruiz, and R.C. Yu. A new drop–weight impact machine for
studying fracture processes in structural concrete. Strain, 46:252–257, 2010. doi:
https://doi.org/10.1111/j.1475-1305.2008.00574.x.

[48] I.M. Krieger and T.J. Dougherty. A mechanism for non–newtonian flow in
suspensions of rigid spheres. Journal of Rheology, 3(1):137–152, 1959. doi:
https://doi.org/10.1122/1.548848.
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