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1 Department

of Mathematics,
University of Castilla-La Mancha, Spain
2 Department of Applied Mathematics and Computational Sciences,
University of Cantabria, Spain
3 Department of Civil Engineering,
University of Castilla-La Mancha, Spain
Abstract
Adding new corridors to a highway network represents a multicriteria decision
process in which a variety of social, environmental and economic factors must be
evaluated and weighted for a large number of corridor alternatives. This paper proposes a new bi-level continuous location model for expansion of a highway network
by adding several highway corridors within a geographical region. The upper level
problem determines the location of the highway corridors, taking into account the
budgetary and technological restrictions, while the lower level problem models the
users’ behavior in the located transport network (choices of route and transport
system). The proposed model takes into account the demand in the area served by
the new network highway corridors, the available budget and the user behaviour.
This model uses geographical information in order to estimate the length-dependent
costs (such as pavement and construction costs) and the cost of earth movement.
The proposed method is tested using the Standard Particle Swarm Optimization algorithm and applied to the Castilla-La Mancha geographic database. The previous
methodology has been extended to a multiobjective approach in order to handling
uncertainty in demand.

Keywords: Highway corridors location - Highway networks - Demand covering Heuristics.
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Introduction

Addition of new highways to an existing road network is a complex problem that involves
many factors (construction, environmental and user costs, political issues, etc). It belongs to the field of network expansion problems and investment decision-making, one
of the suggested topics of applications for this special issue of Computers and Operation
Research. Traffic network management problems involve optimal decisions about the improvement of a transportation system considering user’s behaviour. Notable examples
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of this type of problem are: Continuous Network Design Problem (CNDP), Toll Pricing
Problem, Signal Setting Problem , OD matrix Adjustment Problem (DAP) etc.
The framework for the formulation of this type of problems is bi-level programming.
The so-called lower-level problem is defined by a traffic assignment model and includes
user behaviour (the followers in a Stackelberg game) in a traffic network while the upperlevel problem models the decisions of the transport planner (the leader in a Staclkelberg
game). This is a hierarchical decision process which cannot be modelled by a bi-objective
approach in which the objectives of each follower and of the leader are placed in the same
level.
Traffic network design problems can be divided into two categories:
i) Enhancement capacity of sub/urban road networks. This problem is known as
the continuous network design problem (CNDP) [55]. CNDP assumes that the
topology of the network is fixed and that the intention is to establish an optimal
parametrization of the network for the existing demand. CNDP considers urban
networks in which congestion is present and that travel times are flow-dependent in
modelling mathematically the effect of congestion in the network.
ii) Design of the layout of suburban traffic networks, such as rural highway networks.
This problem deals with the building of new roads to improve existing road networks.
In this type of problem the topology of the network is modified and it is assumed
that congestion is negligible.
[54] and [21] propose also two bi-level programming models that solve with Particle
Swarm Optimization but for congested urban networks.
In this paper the problem of adding new highway corridors to an existing rural highway
network in a given geographical context is addressed. We have reviewed a large collection
of papers in the existing literature and the most common hypothesis is to consider that
congestion is negligible for this type of situation. (see references [26], [28], [30],[33],[34]).
A review of this topic is the work in [35].
Initially, we can classify the different approaches to solve the problem in two main
groups: the Discrete Network Design Problem (DNDP) and the Highway Alignment Optimization (HAO) problem (see [38]).
The DNDP consists of a macroscopic highway design, but the number of possible solutions in space is finite. A good example, can be seen in [14] who proposed a discrete
location approach to solve a wider range of problems. This model has been widely applied
to transportation, logistic, telecommunications and production-distribution systems. The
interested reader can consult the surveys of [44], [47] and [2]. These problems are formulated as multicommodity network flow problems and can deal with large networks, which
are generally modeled as graphs. Some interesting examples of techniques that have been
developed to solve the DNDP are the Branch-and-Bound (see [4] and [17]), the Modified
Quasi-Optimization heuristic (see [52]) and [13]), the Lagrangian Relaxation (see [20]) or
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heuristic algorithms such as Simulated Annealing, Genetic Algorithms, etc (see [15] and
[40]).
The HAO is a microscopic highway route design problem and a continuous location
model, whose input data are the highway endpoints. The inputs are used to calculate
the alignment that minimizes a certain combination of costs and requirements, such as
construction costs (right-of-way, pavement and earthwork costs), user costs (travel time,
vehicle operating and accident costs), environmental costs (noise, air pollution and wetland loss), design constraints (horizontal alignment, vertical alignment and cross-section)
and geographical constraints. The costs and constraints involved in HAO problems are
analyzed in detail in [32] and [35]. There are various studies dealing with HAO problems
and most of them are solved by means of genetic algorithms and the help of Geographic
Information Systems (GIS) ([28]; [27]; [26]; [23]; [24]). Authors have improved sequentially
these problems, for example, [29] added to previous work the maintenance costs, which
has been traditionally ignored in the past. [41] and [42] developed methods for locally
optimizing intersections within HAO problems. [25] considered the traffic demand in the
optimization problem. Although these models have acquired a high level of sophistication they all assume that the highway endpoints and the demand are already known. In
addition, due to the high computational cost they are unable to optimize large networks.
There are many mathematical models in the existing literature that have been developed for optimizing three-dimensional (3D) alignments (see, for example [8]; [22]; [33];
[24]; [34]; [30]; [7]; [31]; [36]; [35]; [37] and [38]), from which most of them deal with the
HAO problem.
Recently, [38] proposed a bi-level method that incorporates to the HAO problems
the demand, the route location and all the costs above mentioned. The problem of
this work is that it only locates optimally the connection of two highway corridors. [1]
proposes a demand-based approach to provide a set of potential corridors. The problem
is formulated as a continuous location model which seeks a set of optimal corridors with
respect to the demand of potential users while satisfying budget constraints. This work
is a microscopic problem that allows locating of a highway corridor without considering
the existing network.
In this paper we introduce a model that can be considered as a hybrid of DNDP
and HAO. As such, it shares advantages of both methods and allows us to dealt with
macroscopic highway design (a global view), considers demand and route choice, and
incorporates the different costs with the exception of the three-dimensional (3D) alignments. This should not be a problem, because our model must be considered as a previous
tool that supplies input to any of the HAO models described above that consider the 3D
alignments. More precisely, our method locates several possible corridors (defined by their
endpoints) to enlarge an existing network, taking into account the demand and the costs.
This method allows for a great flexibility in the definition of the costs involved in the
alignment. The GIS permits to measure specific costs in the study area which represent
the environmental and construction costs as a function of the geological characteristics
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of the terrain, the cost of land purchase, earth movement and/or the need to include
junctions or bridges. From these estimates the model works with a bivariate linear interpolation function and defines the costs as the curvilinear integral with respect to the
interpolated cost function.
Table 1 shows the basic differences between the DNDP, the HAO problem, a bi-level
problem solved in [38] and our Continuous Network Design Problem (CNDP∗ ).
Bi-level mathematical programming is difficult to solve owing, fundamentally, to bad
mathematical properties and huge size. A sign of this difficulty is the fact that various
methods have been developed for the simplest case of the bi-level linear problem (BLP).
An excellent review of the exact methods for solving mixed integer bi-level linear problems
based on enumeration and reformulation techniques is given in [51].
This has meant that the algorithms applied to real transport problems are heuristic
in nature. Very few exact methods for solving the bi-level models can be applied to real
large scale transport problems. [50], [56], [43], [18] and [19] propose optimization methods
for these bi-level models which have certain properties of local convergence.
Currently, one strategy for the application of exact methods in solving real bi-level
problems of large scale is to apply decomposition methods. [51] propose an approach
based on Benders decomposition method for mixed integer bi-level linear problems. [18]
and [19] apply a simplicial decomposition scheme to DAP.
In the CNDP∗ model developed, only the lower-level problem is known explicitly. This
necessitates the use of heuristic solution methods. Particle Swarm Optimization [39] is a
type of random search method applied successfully to a large number of problems. [54]
and [21] apply it to the CNDP and show numerically that it has significant convergence
properties. This paper adapts the Standard PSO to the model described and develops
parallelization techniques to accelerate convergence.
The rest of the paper is organized in the following way: Section 2 sets out in detail the
mathematical models constructed in order to approach the problem. Section 3 explains
the methods used for solving the models. In Section 4, computational experiments are
carried out on a real case study. Finally, the last section of the paper provides some
conclusions and future research.
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A continuous location model

Bi-level mathematical programming consists of two nested optimization models, the socalled lower level or follower’s problem and the upper level or leader’s problem. The upper
level variables act as parameters of the objective function and/or the restrictions on the
lower level. This is the appropriate framework in this type of transport network design
problem. The upper level determines the location of the highway corridors, considering
budgetary and technological restrictions, while the lower level models users’ behaviour in
the located transport network (route and transport system choices, in this model).
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Output

Can generate realistic
3D alignments

Can work in continuous
search space
Can exploit massive amounts
of information in a GIS

Detailed total cost
Environmental impact summary

Spatial information of
the study area
Geometric data associated
with highway design
Optimized 3D highway
alignment

HAO Problem
Microscopic highway
network planning
Find actual highway
alignment that minimize
costs associated with
road construction
Highway endpoints

Gives a conceptual
network frame
Cannot consider detailed highway
Cannot reflect route choice
costs and constraints associated
behavior of the network drivers
with highway construction
for different highway alternatives
Has great computational
burden for a large network
Cannot generate realistic
3D alignments

Can deal with
large networks

Source: [35] and [38]

Disadvantage

Advantage

Conceptual road network
alignment
Network travel cost

Can reflect drivers‘ route
choice behavior from a
traffic assignment process

Travel demand
(i.e. OD matrix)

DNDP
Macroscopic highway
network planning
Find a network configuration
that minimizes network
travel cost (normally,
travel time cost)
Conceptual road network

Input

Objective

Scope

Has great computational
burden for a large network
Cannot generate realistic
3D alignments

[38] Problem
Our CNDP∗
Microscopic highway
Macroscopic highway
network planning
network planning
Find highway alternatives
Find new highway
that best improve the
corridors that best improve the
existing roadway (construction
existing roadway (construction
and travel time costs)
and travel time costs)
Two road network
Towns coordinates
corridors
Travel demand
Travel demand
(i.e. OD matrix)
(i.e. OD matrix)
Spatial information
Spatial information
of the study area
of the study area
Geometric data associated
with highway design
Optimized 3D highway
Several possible corridors
alignment
(defined by their endpoints)
Network travel cost
Network travel cost
Detailed total cost
Detailed total cost
Environmental impact summary Environmental impact summary
Can reflect drivers‘ route
Can reflect drivers‘ route
choice behavior from a
choice behavior from a
traffic assignment process
traffic assignment process
Can work in continuous
Can work in continuous
search space
search space
Can exploit massive amounts
Can exploit massive amounts
of information in a GIS
of information in a GIS
Can deal with
large networks
Can generate realistic
3D alignments
Gives a conceptual
network frame

Table 1: Comparison of DNDP, HAO, a problem solved in [38] and our CNDP∗

Schematically, the proposed model has the following structure:
[CNDP∗ ]
Minimize Z(u)
x, y
subject to:

K(x, y) ≤ B0
u = H(x, y),

(1)
(2)
(3)

where the objective function Z(u) is the total travel time of all users, which depends
on the vector u of travel times associates with the ODs, K(x, y) is the construction
+
−
+
−
+
cost function, which depends on the vectors x = (x−
1 , x1 , x2 , x2 , . . . , xn , xn ) and y =
(y1− , y1+ , y2− , y2+ , . . . , yn− , yn+ ), which contain the two endpoint coordinates of the n highway
corridors and define the new highway corridors. Superindices + and − are used to indicate
+
− −
the direction of the transport facility: flow goes from (x+
b
i , yi ) to (xi , yi ), with i = 1, ..., n
(new and existing highway network). B0 is the available budget and H(x, y) is the travel
time cost function.
The objective function (1) represents the network design criterion, and will be analysed
in subsection 2.1. Restriction (2) represents the budgetary limitations and is analyzed
in subsection 2.2. Finally, restriction (3) provides u, the transport costs (travel time) in
the new network, as a function of the routing decisions made by the users of the new
infrastructure. This relation is defined implicitly and is the result of applying several
optimization methods (see [12]). It corresponds to the lower level of the bi-level scheme,
and is described in subsection 2.3.
The resulting optimization model is a complex nonlinear problem.

2.1

Objective function

The model considers a transport system with three networks:
Na : The current highway network. It corresponds to the existing main road system.
Nb : The new transport network to be located. It corresponds to the set of new highways.
Nc : The network giving access to Na ∪ Nb . It consists of the secondary road network. It
is assumed that this network gives access to any point of network Na ∪ Nb .
On the other hand, the model considers that there exist places on the plane, called
centroids and denoted c ∈ O, from which the users begin (demand origin) and finish
(demand destination) their journeys. It is assumed that the coordinates of these points
(xc , yc ), c ∈ O are known.
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The distance between a centroid and an arbitrary point (x, y) of a highway corridor is
calculated using the Euclidean distance:
p
d = (x − xc )2 + (y − yc )2 .
(4)
A set of demand pairs w = (O, D) between centroids O, D ∈ O is considered. The
set of all these pairs is represented by W , and gw is the number of users who wish
to make a journey of type w ∈ W . The information contained in {gw }w∈W is called the
origin-destination demand matrix, which summarizes the mobility pattern of the potential
demand of the transport system. It is assumed that the origin-destination matrix is known
and fixed during the period under study and that all the travellers use the network of
minimum generalized travel time. This assumption does not mean that the demand is
held constant over the period of study (several years), but rather that we work with mean
values for this period.
The objective function (1) of the optimization model is defined by the design criteria.
The transport network design problems can be classified in two groups:
1. Competing networks. In this approach the new facilities compete with the existing
transport network. The aim sought is to capture the greatest possible demand,
which implies reducing the level of service in the existing network. One example of
this group is [45] who uses an optimization criteria for reducing congestion in the
traffic network.
2. Complementary networks. This approach considers the new facility as an expansion
of the existing network. The aim sought is to optimize the resulting joint network
by, for example, minimizing the total transport time in the whole transport system.
One example of this methodology is that followed in the advancement of the socalled combined trips such as park’n ride. To solve our problem of adding new
corridors to a highway network the most appropiate alternative is this approach, in
which the aim is to minimize the total transport time in the system.
Since we consider more appropiate the second group, we minimize the total transport
time in Na ∪ Nb ∪ Nc , that is:
X
Minimize Z(u) =
gw uw ,
(5)
w∈W

which is the objective function of our model, where uw are the travel times at Na ∪ Nb ∪
Nc , and {gw }ω∈W is the origin-destination demand matrix.

2.2

Building the cost function

The mathematical modelling of the set of highway corridors, which defines the new transport network Nb and existing highway network Na , is carried out through a set of n
b = n+ñ
7
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Average value objtective function 5.3829
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Figure 1: Cost function for a highway: (a) triangularization of study region; (b) construction cost for each linear unit

segments (where n is the number of new highway corridors and ñ is the number of existing highway network), defined by their endpoints. We consider that the segment linking
endpoints is an approximation to the alignment it is intended to build. Thus, the model
seeks to locate these new endpoints for the new highway corridors and the upper level
variables are their coordinates (xi , yi ); i = 1, . . . n. The model adds n highway corridors.
In order to choose the best location for the new corridors, in addition to other factors,
we need to consider the cost of land, the cost of bridges, earth movement, environmental
cost and the type of soil in the different areas involved. In this section we explain how
to incorporate all these factors to build the total cost function. The costs involved in the
construction of a highway vary discontinuously with the terrain. Towns and cities, rivers,
roads, and mountains appear and must be taken into account. Geographic Information
Systems (GIS) provide the necessary information to estimate the construction costs of
a linear unit of road at each point (p, q) of the region of interest. In order to build the
unit function C(p, q), we consider a set of m points Pj = {(pj , qj )}m
j=1 covering regularly
the area of interest and with the help of these GIS we estimate the construction costs
per linear unit of highway at each point Cj = C(pj , qj ) j = 1, . . . , m. These costs are
the sum of the purchase of land, paving, earth movement, building junctions if there are
intersecting roads, and building bridges if there are rivers, etc. The cost function C(pj , qj ),
can incorporate information about especial or forbidden areas such as national parks, etc,
by assigning higher cost values to the corresponding points.
Next, we proceed as follows. First, a triangularization of the study region based on
the sample points Pj is done [see Figure 1(a)]. Next, to calculate the cost C(p, q) at an
arbitrary point (p, q),P
we express the point (p, q) as a linear convex combination of the
vertices, i.e, (p, q) = 3k=1 βk (pk , qk ) with βk ≥ 0 with k = 1, 2, 3 and β1 + β2 + β3 = 1
8

P
and assign to this interior point the cost C(p, q) = 3i=1 βk Ck , where Ck i = 1, 2, 3 are
the costs associated with the vertices of the corresponding triangle where the point (p, q)
is located.
+
In this paper, each highway corridor i is defined by a segment with endpoints (x+
i , yi )
−
and (x−
i , yi ) [see Figure 1(a)]. To refer to an arbitrary point on the corridor
 a parameter
+
−
+
−
λ is used, such that its coordinates are (1 − λ)xi + λxi , (1 − λ)yi + λyi . In this way
λ = 0 represents the corridor starting point, and λ = 1, the correspondingendpoint. Figu−
+
−
re 1(b) shows the function g(λ) = C (1 − λ)x+
with λ ∈ [0, 1]
i + λxi , (1 − λ)yi + λyi
which represents the construction cost for each linear unit at an arbitrary point of the
highway.
R1
The mean cost of the highway corridor is calculated by the integral 0 g(λ)dλ. Finally, the cost of a corridor can be evaluated by multiplying the total length by the mean
construction cost of each linear unit, which gives the following expression:

− + −
Ki (x+
i , xi , yi , yi )

q
+ 2
−
+ 2
(x−
=
i − xi ) + (yi − yi )
Z1
×

−
+
−
C((1 − λ)x+
i + λxi , (1 − λ)yi + λyi )dλ

(6)

0

Pn
+
− +
−
The total cost of the n corridors then becomes K(x, y) =
i=1 Ki (xi , xi , yi , yi )
+
−
+
− + − +
−
+
− +
where x = (x−
1 , x1 , x2 , x2 , . . . , xn , xn ) and y = (y1 , y1 , y2 , y2 , . . . , yn , yn ) are the vectors
of coordinates of the highways endpoints.
Once the cost function K(x, y) has been built, we can write the budgetary constraint,
which restricts the total cost of the located infrastructures, as:
K(x, y) ≤ B0 ,

(7)

where B0 is the available budget.
In conclusion, instead of using the GIS information directly in the model to evaluate the
cost function, it has been used to construct a 2D piecewise linear function for interpolating
the cost function. This has been done to reduce the computational burden.

2.3

Travel time

In this section the mechanisms for identifying the optimal route taken by a user and the
total travel time in the transport facility system with new added highway corridors, Na
∪ Nb ∪ Nc , are developed. The model considers that the users travel at a constant speed
v in Na ∪ Nb and at a speed w < v in the access network Nc . Figure 2 illustrates different
speeds considered in the proposed continuous model. In Na ∪Nb highways (black lines) the
speed is v, and in the rest (grey shadowed zone) that corresponds to the access network
9

Speed v
Speed w

Figure 2: Illustration of the different speeds considered in the proposed model

zone, the speed is w < v. The expanded highway network Na ∪ Nb is represented by the
set of segments. The access network Nc (roads) allows direct travel between two points
on the plane or input/exit at any point on the highways.
The travel time in network Na ∪Nb ∪Nc is the sum of the access time and the travel time
on the segments. The total travel time in the network is represented by u = ua + ub + uc ,
where ua is the travel time in network Na , ub is the travel time in network Nb and uc is
the travel time in network Nc . To evaluate the objective function (5) travel times u are
calculated for each OD pair and all users are routed through the minimum travel time
paths because we assume uncongested highways.
Figure 3 illustrates how the total travel time u is calculated for a simple example, in
which we have one origin city and three destination cities, three OD pairs w = {0 → 1, 0 →
2, 0 → 3}, and Na ∪Nb consists of highways modelled by two segments (corridors 1 and 2).
Figure 3 shows Na ∪ Nb ∪ Nc in its upper left graph and three study cases corresponding
to the minimum travel times u calculated for each of the three OD pairs. In case 1, the
minimum travel time of pair 0 → 1 is u1 = dw1 , where d1 is the travelled distance and w
5
the speed; in case 2, the minimum travel time of pair 0 → 2 is u2 = d2 +dw4 +d6 + d3 +d
,
v
where d1 to d5 are the travelled distances in the different services and w, v the associated
speeds, and, in case 3, the minimum travel time of pair 0 → 3 (end point of corridor 2 is
above destination city 3) is u3 = dw2 + dv7 , where d2 and d7 are the travelled distances in
the different services.
Therefore, a user to make a journey through Na ∪ Nb , must decide:
i) The entry/leaving points for each highway corridor.
ii) The set of highway corridors required to make the journey.
Decision i) consists of two subproblems, which are discussed in the following subsections.
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Figure 3: Ilustrative example

2.3.1

Entry/leaving point from a centroid to a highway corridor.

This problem is illustrated in Figure 4. It can be seen that users who decide to enter
a transport facility have two possible optimal forms of entering the highway corridor
depending on the travel direction. These directions are shown by superindices + and − .
To determine the entry point (x+ , y + ) to the highway corridor we must solve the
following optimization problem:
√ + 2 + 2 √
(x −e) +(y −f )
(c−x+ )2 +(d−y + )2
Minimize
+
w
v
(8)
x+ , y + , λ
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Figure 4: Entry/leaving points from a centroid (e, f ) to a highway corridor

subject to :

x+ = λc + (1 − λ)a
y + = λd + (1 − λ)b
λ ∈ [0, 1].

(9)
(10)
(11)

The objective function (8) represents the total travel time from (e, f ) up to (c, d)
passing troughout the entry point (x+ , y + ). The first summand is the time taken from
the origin (e, f ) to the point entering the transport system and the second summand is the
time taken within the highway corridor to the endpoint (c, d). Note that the Euclidean
distance has been used. Replacing (9) and (10) into the objective function (8), this
problem converts into a one-dimensional optimization problem in λ, whose solution is:
+
λ+
∗ = max{0, min{1, λ }},

(12)

where
p

(v 2 − w2 ) ((c − a)(e − a) + (d − b)(f − b))
p
+
((c − a)2 + (d − b)2 ) (v 2 − w2 )
w|(c − a)(f − b) − (d − b)(e − a)|
p
+
.
((c − a)2 + (d − b)2 ) (v 2 − w2 )

λ+ =

(13)

This provides a closed formula for λ+
∗ , which when replaced into (9) and (10) provides
+
+
closed expression for x and y .
Similarly, the optimum value for the entry point when travelling in the other direction
is:
−
λ−
(14)
∗ = min{1, max{0, λ }},
12

where
λ

2.3.2

−

p
(v 2 − w2 ) ((a − c)(e − c) + (b − d)(f − d))
p
=
+
((a − c)2 + (b − d)2 ) (v 2 − w2 )
w|(a − c)(f − d) − (b − d)(e − c)|
p
.
+
((a − c)2 + (d − b)2 ) (v 2 − w2 )

(15)

Entry/leaving points between two highway corridors

To illustrate this, consider the example with two highways shown in Figure 5. The
intended journey is from point (a0 , b0 ) of one highway to point (c, d) of the other. Figure
5 illustrates the mathematical model, where Na ∪ Nb is formed by highway corridors
modelled in two segments. Users can enter or leave these infrastructures at any point. If
a user wishes to go from point (a0 , b0 ) to (c, d) using Na ∪ Nb he will cover a distance d1 on
the first highway at a speed v, he will leave it at the node (x0 , y 0 ) and will then travel at a
speed w for a distance d2 to the access node (x, y) of the second highway, completing the
journey by travelling a distance d3 on the second highway at a speed v. The total travel
time in the network is calculated using the expression:
u=

d1 + d3 d2
+ .
v
w

(16)

Users will take the minimum travel time and so they will choose transfer points (exit
3
+ dw2 taken on the journey is
and entry) (x0 , y 0 ) and (x, y) so that the total time d1 +d
v
minimized; that is,
√
√ 0 02 0 02 √
(x −a ) +(y −b )
(x−x0 )2 +(y−y 0 )2
(c−x)2 +(d−y)2
+
+
Minimize
v
w
v
(17)
x, y, x0 , y 0 , λ, λ0
subject to :

x = λc + (1 − λ)a
y = λd + (1 − λ)b
x0 = λ0 c0 + (1 − λ0 )a0
y 0 = λ0 d0 + (1 − λ0 )b0
λ, λ0 ∈ [0, 1].

(18)
(19)
(20)
(21)
(22)

Substituting the restrictions (18)-(21) associated with x, x0 , y, y 0 in the objective
function, problem (17) becomes a generic expression of the type:
Minimize f (λ, λ0 )
λ, λ0
subject to :

λ, λ0 ∈ [0, 1].
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Figure 5: Entry/leaving points two highway corridors

The aim of the following remarks is to express problem (23)-(24) in two variables as
an one dimensional optimization problem. Bellman’s optimality principle applied to this
problem states that the optimal path from (a0 , b0 ) to (c, d) is made up of optimal subpaths,
and so, if the exit point of the first highway (x0 , y 0 ) were known, the entry point to the
second highway (x, y) must be optimal. Thus if λ0 were known we could use the formula
(13) and (15) to obtain the optimal value λ as


((c − a)(x0 (λ0 ) − a) + (d − b)(y 0 (λ0 ) − b)
0
+
λ(λ ) = max 0, min 1,
((c − a)2 + (d − b)2 )
))
w|(c − a)(y 0 (λ0 ) − b) − (d − b)(x0 (λ0 ) − a)|
p
+
,
(25)
((c − a)2 + (d − b)2 ) (v 2 − w2 )
where
x0 (λ0 ) = λ0 c0 + (1 − λ0 )a0
y 0 (λ0 ) = λ0 d0 + (1 − λ0 )b0 .

(26)
(27)

Replacing (25) into the one dimensional problem (23)-(24) the problem to be solved
becomes:
Minimize g(λ0 ) = f (λ(λ0 ), λ0 )
(28)
λ0
subject to :
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λ0 ∈ [0, 1].

(29)

2.3.3

Highway corridors required to make the journey

To address problem ii) the so-called strategy graph has been developed, with the purpose
of calculating the optimal route for a specified user of network Na ∪ Nb ∪ Nc . This graph
is created for each origin of the OD matrix and contains, as nodes, one origin centroid
O, all the destination centroids for origin O and all the highway corridors by duplicated,
one for each direction. The links model the different choices that a user can make. A
link joining nodes Ap1 and Aq2 implies that a traveller would use highway corridor A1 in
the direction indicated by p ∈ {+, −} and would leave it to continue the journey by
highway corridor A2 in the direction q ∈ {+, −}. The links joining the two directions
−
(A+
1 → A1 ) of a single highway corridor have been omitted, since these links never form
part of the optimal user strategy. The strategy graph is thus a complete graph in which
links joining the same highway corridor in opposite directions have been removed. The
direct links between centroids represent routing in roads that are not highways in the
expanded network Na ∪ Nb . A path in the strategy graph defines the set and the order
in which the different elements in the network must be used.
To illustrate the concept of strategy graph, consider the graph in Figure 6 for the
−
two-highway case and a demand pair w = (O,D). The path O→ A+
1 → A2 → D means
that after entering highway corridor A1 in the direction +, and having travelled along the
section, the users choose to leave it and enter highway corridor A2 in the specific direction
−, going next to the destination centroid D. This path defines which highway corridors
are used, in which direction and in which order so as to complete the journey O-D.
The links of the strategy graph are divided into three types (see Figure 6), depending
on how the costs are calculated:
were dOD
1. Links between centroids. The travel time of this type of link is: tOD = dOD
w
is the Euclidean distance between centroids. Figure 6 shows one link (O→D) of this
type and w is the link speed. It is denoted by tOD and is illustrated in Figure 7(a).
2. Links adjacent to centroids. The cost of this type of link (travel time) is the travel
time from the centroid to the entry/exit point. The optimal point of this entry
−
is calculated by one of the values λ+
∗ , λ∗ (see (12) and (14)). Note that we are
calculating the optimal strategy from the fixed origin O, and that entries to all
highway corridors in both directions have been calculated in subsection 2.3.1.
The number of entries from centroid O is 2b
n (the highway can be used in anyone of
the two directions), where n
b is the number of transport highway corridors in network
Na ∪ Nb . By NI = {1, ..., 2b
n} the set of these entries are indicated and by t(O,i) ,
∀i ∈ NI the travel time required to entering the highway corridor are indicated.
Likewise, the formula developed in subsection 2.3.1 allows us the calculation of the
exit point and the exit travel time from a highway corridor to a destination D. It is
denoted by trD and is illustrated in Figure 7(b). The difference with respect to the
previous case is that this cost involves the time used within the highway corridor
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Figure 6: Strategy graph for two highway corridors showing its different link types

and also the time from there to destination D. Figure 6 shows eight links of this
+
−
−
+
+
−
−
type (O → A+
1 , O → A2 , O → A1 , O → A2 , A1 → D, A2 → D, A1 → D, A2 →
D).
3. Links between highway corridors. In this case, the costs from the entry to the first
highway corridor to the entry into the second are considered. It is denoted by trs and
is illustrated in Figure 7(c) trs = dv1 + dw2 . These costs are calculated approximately
by solving the one dimensional optimization problem defined by (28)-(29). In this
paper, the method based on a parabolic interpolation has been considered (see, for
example, [3] and a detailed description of this method in [6]). Figure 6 shows four
+
−
−
+
+
−
−
links of this type (A+
1 → A2 , A1 → A2 , A1 → A2 , A1 → A2 ).
Figure 8 shows Dijkstra’s algorithm applied to the strategy graph.
This algorithm works with two node sets. The set of nodes U contains in each iteration
those nodes r where the partial minimal path from the origin node O has been determined.
For node r ∈ U , u(r) is the value of the travel time associated with the minimal path
from O to r. For the complementary node set N − U , the minimal path through nodes
in U is known, and h(s) with s ∈ N − U includes this value.
In Step 2 a new node r ∈ N − U is determined for which the minimal path has been
found. In Step 3 the transit labels h(s) adjacent to node r are updated.
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Figure 7: Cases of link cost in the strategy graph

The computational cost involved in applying Dijkstra’s algorithm to the strategy graph
is largely due to the computation of the link weightings, as in most of the links the problem
of the optimization must be solved (28)-(29). This algorithm has the characteristic that
the weight (travel time) is calculated when it is used. When the set of shortest paths to
the destinations W is obtained (that is W ⊂ U ) the algorithm stops. Possibly some of
the links have not been considered and so the CPU time required to calculate these costs
is saved.
In the case of congested networks, the algorithm described can be extended to flowdependent speeds v. The equilibrium traffic assignment models assume that travel times
are independent of flow through the so-called link travel-time functions [19]. [5] describes
a fixed point iteration process to solve this kind of model. In this approach, firstly a load
for network demand is performed (network loading) from fixed link travel times and then
new travel times are calculated for the new flows. This process is then iterated until a
fixed point type solution is reached. This approach is applicable to the model described;
firstly network loading would be performed as described for the uncongested case. In the
second stage the average flows are calculated on this flow pattern and by a link travel
time (for example from the Bureau of Public Roads (BPR) functions, [53] the new travel
time in the highway section and thus the new average travel speeds v in each highway
with which to restart the procedure until a set convergence is reached. Note that in the
case of congestion the speed on each highway is different.

2.4

A multiobjective approach to handling uncertainty in demand

The CNDP∗ problem is seen in the context of strategic planning. The estimated OD
demand matrix may be inaccurate and affected by many factors not accounted for in
the planning process. In the context of strategic planning it may be more suitable to
consider a variety of scenarios and even a variety of different estimation techniques. This
approach would lead to working with multiple OD demand matrices, where the goal is to
17

Figure 8: Modified Dijkstra Algorithm
Step 1. Initialization.
U = {O}.
Let V = {d ∈ O | (O, D) ∈ W }; NI = {1, ..., 2b
n} and N = NI ∪ V .
Let u(O) = 0, x(O) = xO , y(O) = yO , where (xO , yO ) is the UTM coordinates of O ∈ O.
Calculate tOs and let (x(s), y(s)) be the optimal entrance from origin O to highway s for all
s ∈ NI ; and for all s ∈ N − {O} compute.

h(s) =

tOs
dOs
w

s ∈ NI
s∈V

where dOs is the euclidean distance between origin O and destination s.
Let p(s) = 0 for all s.
Step 2. Expand U .
Let
h(r) = minimizes∈U
/ h(s)
r = Arg minimizes∈U
/ h(s)
Take U = U ∪ {r} and u(r) = h(r). If V ⊆ U , Stop.
Step 3. Update labels.
If r ∈ V go to Step 2, otherwise r ∈ NI and for all s ∈
/ U ∪{r̄}, where r̄ is the same highway corridor
r but in the opposite direction to the original r. Calculate trs . Update h(s) ← min{h(s), u(r)+trs }
If h(s) = u(r) + trs take p(s) = r. Moreover if s ∈ NI then update the entry to s taking
x(s) = x̃ and y(s) = ỹ. Let (x̃, ỹ) be its optimal entry. Go to Step 2.
Exit: the minimum path cost through the transport facility system from the origin O to all the
destination centroids, and this information is contained in the vector of variable u. The optimal
strategy for the pair (O, D) ∈ W is
D ← p(D) ← p(p(D)) ← p(p(p(D))) ← . . . ← O

find a robust expansion of the highway network, i.e. one that is suited to the majority
of scenarios defined by the set of OD matrices. Let Zj be the total travel time in the
network for the OD matrix j, and Zj (u) means that this value depends on the travel time
vector u in the expanded network. The multiobjective extension of the CNDP∗ problem
is formulated as follows:
[MO-CNDP∗ ]
→
−
Minimize Z (u) = (Z1 (u), · · · , Zk (u))
(30)
x, y
18

subject to:

K(x, y) ≤ B0
u = H(x, y),

(31)
(32)

The MO-CNDP∗ problem gives a set of nondominated solutions as the basis of a
multicriteria decision analysis incorporating other factors not taken into account by the
model. The result of the process would lead to a solution that could actually be put into
effect.

3

Application of Particle Swarm Optimization to bilevel continuous location model

Particle Swarm Optimization (PSO, [39]) is a kind of random search algorithm that is
based on the metaphors of social interaction and communications. PSO has been shown
to be effective in solving difficult and complex optimization problems in a wide range of
fields. In this paper, PSO is selected to generate an optimal network of highway corridors.
Firstly, the optimization problem (1)-(3) is reformulated as the unconstrained optimization problem, by the expression:
Minimize Z(H(x, y)) + ρ max{0, (K(x, y) − B0 )}2
x, y

(33)

where ρ > 0 is a high weight value, x and y define the endpoint coordinates of the highway
corridors and Z(H(x, y)) is described in subsections 2.1 and 2.3.
To simplify the notation, we denote the 4b
n dimensional vector of decision variables by
−
+
− + −
+ −
X = (x+
1 , x1 , · · · , xn , xn , y1 , y1 , · · · , yn , yn )

(34)

where n
b = n + ñ (n is the number of new highway corridors and ñ is the number of
existing highway networks), and the penalty function by
F (X ) = Z(H(X )) + ρ max{0, (K(X ) − B0 )}2

(35)

where K(X ) takes into account only n new highway corridors for construction cost.
The choice of the PSO method has been based on the following three key features of
the model:
- Unconstrained nonlinear optimization and derivative-free methods. Problem (33) is
an unconstrained nonlinear optimization model. Obtaining closed formulae for the
derivatives of functions Z(H(X )) is impossible because they are implicitly defined,
or they do not exist and so any choice of a resolution method should be made from
among the existing unconstrained nonlinear optimization derivative-free methods.
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- Computational cost. The computational cost of evaluating the budget constraint
K(X ) (based on evaluating the two-variable interpolation function) and calculating
total travel time for all OD pairs u = H(X ) is high, and this should be borne in
mind and parallel computing strategies should be sought.
- The model presents multiple local optima.
PSO method uses collaboration among a population of simple search agents called
particles (potential solutions) to find optima in some search space. In this paper, the
Standard PSO 20111 is applied, but includes parallel computing for the particle performance.
In every iteration, each particle is updated by following two “best” values. The first,
the so-called previous best, is achieved by self experience (Step 3) and the second, the
so-called best previous best, through the experience of a subset of particles (Step 4). The
set of particles that informs a particle is called its neighbourhood. After finding these two
values, the velocity and the position of particles will be updated in Step 5.
The convergence of the PSO algorithmn depends on its initialization. The initial corridors are generated randomly assuming an uniform distribution inside the search space.
The complete computational procedure of the Standard PSO algorithm for solving
CNDP∗ model is summarized in Figure 9. The only modification is that this version
includes parallel computing in Step 2 (Evaluation). In this step, the objective function is
evaluated and it is the major computational cost. Therefore, the CPU time is improved
meaningfully.

3.1

Multiobjective Particle Swarm Optimization

[11] present a proposal, called Multiobjective Particle Swarm Optimization (MOPSO),
which allows the PSO algorithm to be able to deal with multiobjective optimization
problems.
To describe briefly MOPSO, we will introduce the basic concepts for multiobjective
optimization.
Let
Fj (X ) = Zj (H(X )) + ρ max{0, (K(X ) − B0 )}2 ,
(39)
be the penalty function for the OD matrix j, we define the multiobjective penalty function
such as
F~ (X ) = (F1 (X ), · · · , Fk (X ))
For two vectors a, b ∈ lRk , we say that a ≤ b if aj ≤ bj for j = 1, · · · , k and that a
dominates b in lRk (denoted by a ≺ b) if a ≤ b and a 6= b.
1

SPSO 2011 has been put on line at the Particle Swarm Central [49].
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Figure 9: Standard PSO Algorithm for CNDP∗
Step 1. Initialization. Initialize the parameters: number of iterations (N ), number of particles (S), learning factor (c),
inertia weight (w) and the average number of “informants” (K). These parameters should be determined according
1
to the variables of the problem. [10] suggests the values S = 40, ω = 2 log(2)
' 0.721, c = 1/2 + log(2) ' 1.193 and
K = 3.
Initializate population with random positions and velocities.

0
vij

0
Xij
= Rand(Xjmin , Xjmax ),

0
0
= Rand Xjmin − Xij
, Xjmax − Xij
,

where Rand(Xjmin , Xjmax ) is a random number in [Xjmin , Xjmax ] drawn according to the uniform distribution. The
parameters Xjmin and Xjmax are respectively lower and upper bounds of the decision variables. The subindex i is
associated with the ith particle and the subindex j with the jth dimension of the decision variable. Let Ni0 be the
set of neighbours of the particle i at time t = 0. Let Fei = +∞ and t = 1.
Step 2. Evaluation (parallel computing). Evaluate the penalty function (35) for each particle i. That is,


Fit−1 = F Xit−1 with i = 1, · · · , S.

(36)

Step 3. Find the previous best. Find the previous best value for each particle i. If the current value Fit−1 of particle i is
better than its previous optimal value in history, then set the current previous optimum pt−1
= Xit−1 as the new
i
previous best value of particle i.
Step 4. Find the best previous best in the neighbourhood.
Update the best of the best positions found up to now by informants
n
o
as follows: Let i0 = Arg minimize F (pt−1
)
,
if
F (pt−1
) is less than the current value Fei , then Fei = F (pt−1
) and
s
i0
i0
s∈Nit−1

lit−1 = pt−1
.
i0
. Let Gt−1
= Xit−1 +
Step 5. Update the velocity and position. If lit−1 6= pt−1
then set ct−1
= c; otherwise ct−1
= 3c
i
i
i
i
4

 t−1 t−1
−2Xit−1
+li
pi
t−1
t−1
t−1
and let Xei
be a random point in the hyper-sphere with centre Gi
and radius
ci
·
3
kGt−1
− Xit−1 k.
i
Step 5.1. Update the particle velocity for each particle i according to the following equation
vit = w · vit−1 + Xeit−1 − Xit−1 .

(37)

Step 5.2. Update the particle’s position
Xit = Xit−1 + vit .

(38)

Step 6 Stopping criterion. If the number of iterations hold t = N , Stop; otherwise continue. If the current iteration is
unsuccessful (no improvement of the best known fitness value), define new neighbourhoods Nit (refer the reader to
[9] for a description of the adaptive random topology); otherwise Nit = Nit−1 . Let t = t + 1 and go back to Step 2.
Exit: the vector liN0 −1 of the coordinates of the optimal highway corridor and its optimal value Z ∗ = Z(liN0 −1 ).

We say that a vector X ∈ lR4n is a nondominated solution with respect to the search
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space lR4n , if there does not exist another X 0 ∈ lR4n such that F~ (X 0 ) ≺ F~ (X ). At the
opposite, X is said to be dominated , if there exists X 0 ∈ lR4n such that F~ (X 0 ) ≺ F~ (X ).
We say that a vector of decision variables X ∗ ∈ lR4n is Pareto optimal if it is nondominated with respect to lR4n . The Pareto optimal set P ∗ is defined by:
P ∗ = {X ∈ lR4n |X is Pareto optimal }
and the Pareto front FP ∗ is defined by:
n
o
k
∗
~
∗
FP = F (X ) ∈ lR |X ∈ P
The goal is to discover solutions that are not dominated by any other in the search space.
MOPSO explores Pareto dominance concepts in order to update the velocity. Based
on this concept each particle could have different leaders. This set of leaders is stored
in a repository, which contains the best nondominated solutions found. The velocity is
updated as follows:
vit = w · vit−1 + c1 · Rand(0, 1)(pt−1
− Xit−1 ) + c2 · Rand(0, 1)(rit−1 − Xit−1 ).
i

(40)

where rit−1 is a particle from the repository, chosen as a guide to particle i, Rand(0, 1) is a
random number and c1 and c2 are parameters which indicate how much each component
influences velocity. To udpate the previous best, Pareto dominance is applied to the
current position Xit−1 and pt−1
i . If neither of them is dominated by the other, then it
is randomly selected. The external repository consists of an archive controller and a
grid. The first element decides whether a certain solution is added or not based on
Pareto dominance, and the grid produces well-distributed Pareto fronts. At the end of
the algorithm, the solutions in the repository are the final output.

4

Numerical results

In this section a set of numerical experiments are carried out with the aim of determining the suitability of the proposed models and analyzing the obtained solutions. The
numerical experiments aim at the following goals:
i) Comparison of the CNDP∗ and DNDP methods. A case study has been performed
in order to test the feasibility of the proposed methodology in real problems. In
subsection 4.3, a numerical experiment illustrates the advantages of the proposed
CNDP∗ versus the DNDP model by comparing both solutions obtained in the case
study. This section also assesses the applicability of the multiobjective extension
MO-CNDP∗ to the case study.
ii) Analysis of the computational cost. In subsection 4.2 the performance of the parallel
computing of Standard PSO and MOPSO are analyzed.
22

Castilla-La Mancha Region
Existing highway corridors

Cabanillas
El Casar del Campo

Guadalajara

Alovera
Azuqueca
de Henares

Talavera

Illescas
Seseña
Yuncos
Anover
Fuensalida
del Tajo Ocaña
Bargas
Olias del
Rey

Torrijos
Puebla de
Montalbán

Cuenca
Tarancón

Toledo
Mora

Sonseca

Corral de
Almaguer
Villacañas

Quintanar de
Motilla del Palancar
la Orden
Mota del
Madridejos
Cuervo
Campo
Villafranca de Criptana
Consuegra
San
Pedroñeras
Clemente Quintanar del Rey
Pedro
Herencia Alcazar de Muñoz
Tarazona de
San Juan
Villarrubia
Socuéllamos
la Mancha
de los ojos
Villarrobledo
Argamasilla
La Roda
Malagón
Tomelloso
de Alba
Daimiel
Los Yébenes

Ciudad Real
Almadén

Almodóvar
del campo

Miguelturra
Bolaños
Almagro
de Cva

Argamasilla
de Cva

Moral
de Cva

Manzanares
Membrilla
La Solana

Valdepeñas

Albacete

Almansa

Villanueva de los
Infantes

Puertollano

Caudete

Tobarra
Hellín

Figure 10: Castilla-La Mancha test problem

4.1

Description of the numerical test

The 67 towns with the highest populations in the region of Castilla-La Mancha (Spain)
are considered. Figure 10 shows the 67 towns and the existing highway corridors in the
region of Castilla-La Mancha. In the numerical tests the set of existing highways have
been modelled by 8 segments.
The input of the problem2 consists of: (a) the coordinates UTM of the 67 towns considered, (b) two origin-destination matrices (c) existing highway endpoints and (d) data
construction costs to be used in the cost function (6). In the study case a realistic analysis
of the incurred costs is developed.
The first OD matrix consists of 1, 626 OD pairs and has been estimated by the INE
(National Institute of Statistics) based on surveys. The second OD matrix consists of
2

The test problem is put on line in http://bit.ly/Xaq61f
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2, 211 OD pairs and it has been adjusted using the following gravity model (see [48])
gω ∝ PO · PD · exp(−βdOD )
where the demand gω in the pair ω = (O, D) is proportional to population PO at the
origin O and to the population PD at the destination D and dOD is the distance from O
to D. The parameter β ensures a certain level of demand is met.
Table 2 shows the parameters of Standard PSO and MOPSO algorithms used in the
numerical experiments.
Table 2: Parameters used by Standard PSO and MOPSO algorithms
Algorithm
Standard PSO
MOPSO

ω
0.721
0.730

S
40
40

c
1.193
-

c1
1.496

c2
K
3
1.496 -

The MOPSO algorithm uses other parameters such as the repository size, set at 40,
the number of grids for each dimension, set at 10, the leader section pressure parameter,
set at 4, and the extra (to be deleted) repository member selection pressure, set at 2.
The penalty parameter ρ should be chosen to be sufficiently large that the solution
obtained satisfies the constraint K(X ) ≤ B0 . Theorem 8.2 in [12], allows an analysis to
be performed of the local sensitivity of the objective function to ρ. A value that is too low
would lead to solutions whose construction costs would significantly exceed the available
budget B0 . A priori it is not possible to choose a value of ρ that is too high as this would
cause problems of convergence in the algorithms. A heuristic rule to determine ρ is based
on homogenising the magnitudes used in the measuring of the transport and highway
building costs. In this application we have measured the budget K(X ) in equivalent
kilometres which can be built to an average construction cost.
The cost of an hour of transport is of the order of magnitude of 101 Euros while for
the construction of a kilometre of highway it is 106 Euros. The total cost is of the order
of 10Z + 106 K(X ) Euros. If we insist, for example, that building an extra 1 kilometres
has a penalty of 100 times the equivalent cost in hours of travel, this would lead to an
objective function F = 10Z + 102 106 max{0, K(X ) − B0 }2 . Finally, dividing the previous
expression by 10, we obtain the value for ρ = 107 which was taken in all the trials for
problems (33) and (39).
The Standard PSO, MOPSO and objective function (33) have been codified in MATLAB ([46], [49]) and all trials have been carried out with a Pentium computer with Intel(R)
Core(TM) Quad CPU Q9550 2.83 GHz and 4 GB of RAM.
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4.2

Analysis of the computational cost

In this subsection the computational cost of Standard PSO and MOPSO algorithms versus
strategies of parallel computing is analysed. This is a key issue in the applicability of the
proposed methodology. Note that for each evaluation of the objective function and for
each OD demand pair dozens of one-dimensional problems are solved in order to find the
optimal strategy travel and associated travel time u. Moreover, the number of evaluations
of the objective function is N · S, where S is the number of particles and N the number
of iterations. The result is a intensive computational task.
In this numerical experiment the Standard PSO and MOPSO algorithms uses the
parameter S = 40 and n = 2 new highway corridors are added to the ñ = 8 existing
highway corridors.
The experiment consists of carrying out one main iteration of Standard PSO and
MOPSO using 1, 2, 3 and 4 microprocessors. Table 3 shows the obtained CPU time.
Table 3: CPU time (in seconds) to carry out one main iteration
Microprocessors
1
2
3
4

Standard PSO MOPSO
5, 890
8, 988
4, 050
4, 614
3, 770
3, 511
4, 017
3, 757

The numerical results shows that the parallelization strategy saves around 30% CPU
time for SPSO and around 60% CPU time for MOPSO.
The computational cost to evaluate K(X ) is around 13% of the total CPU to evaluate
the objective function. The main cost is the computation of H(X ).

4.3

A case study

In this section the results with CNDP∗ and DNDP test problems employing a new realistic
cost function with CNDP∗ are compared. The two approaches have been used to minimize
the total travel time by adding new highway corridors to the existing road network in
Castilla-La Mancha. The budget B0 allows us to expand the existing network around
with 200 km of new highways.
For the DNDP we have considered that highways between populations centres with
no more about 30 km apart can be built. This network contains 2, 154 possible arcs
and the result is a large scale mixed linear programming model with 111, 098 equations
and 8, 645, 971 variables. The DNDP has been solved using branch-and-cut algorithms
(performed in CPLEX 11 and integrated in GAMS 22.8).
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Figure 11: Triangularization of the study region

For the CNDP∗ we have assessed the construction costs on set of m = 9, 728 points in
the region of Castilla-La Mancha, which represents a hundred million euros (due to rivers,
mountains, soil types, etc.) They have been obtained after a costly evaluation process due
to the difficulties in getting such a huge amount of information. Based on them, a linear
interpolation function is used to derive the cost at any point. First a triangularization of
the study region is carried out, generating 19, 325 triangles as shown in Figure 11. From
these data the piecewise linear interpolation function is obtained via the expression (6)
of subsection 2.2.
The computational cost is about 8 hours in the DNDP with a relative gap less than
3.5% and about 93 hours for the CNDP∗ with parallel computing and using 4 cores
(microprocessors).
Figure 12 compares the solution obtained with both approaches. CNDP∗ solution
Figure 12(a) has thicknesses of the highway corridors proportional to flow.
The DNDP model locates 14 links small corridors for the given budget. The disadvantage of this solution is that it has a lot of disconnected components. The building
of new highways is a very costly investment which must, in general, be done corridor by
corridor. In highway network planning a very small number of corridors are analysed
simultaneously. Solutions such as that found by the DNDP in the example suggest action
26

Castilla-La Mancha Region

Castilla-La Mancha Region
CNDP *

6

4.55

x 10

DNDP budget 200 Km

6

4.55

x 10

Guadalajara

Cuenca
Talavera

4.4

4.45

Coordinates Y UTM

Coordinates Y UTM

4.45

Toledo

Cuenca
Talavera
Toledo

4.4

Alcazar de
San Juan

4.35

4.35

Alcazar de
San Juan
4.3

Ciudad Real

4.3

Albacete

Puertollano

3

3.5

4.5

5

5.5

Coordinates X UTM

6

4.2
7 5 3
x 10

6.5

Valdepeñas

New highway corridors
Existing highway corridors
Existing road network

4.25

New highway corridors
Existing highway corridors
4

Albacete

Ciudad Real
Puertollano

Valdepeñas

4.25

4.2

Guadalajara

4.5

4.5

3.5

4

4.5

5

5.5

Coordinates X UTM

6

6.5

(b)

(a)

Figure 12: Illustrative comparing between DNDP and CNDP∗

in 14 highway sections. This solution can provide information to the planner about flows
in the study region but it does not completely define the corridor/s to be covered by the
new highways in the same way as CNDP∗ (see Figure 12). The solution obtained with
CNDP∗ Figure 12(a) captures the routes used by each O-D pair on the new expanded
road network. The CNDP∗ model Figure 12(a) obtains 2 large corridors.
In conclusion, although DNDP uses a realistic routing mechanism and has the possibility of making fine adjustments to the speeds (link by link), the solution given by this
method is unable to identify the corridors which would enhance the current network. The
CNDP∗ , on the other hand, is based on many simplifications but it properly identifies the
newly added corridors and estimates the redistribution of traffic flows.
The MO-CNDP∗ model allows uncertainty in demand to be addressed, working simultaneously with several OD demand matrices. The MO-CNDP∗ model is illustrated in the
case study using two OD matrices. Figure 13 shows the Pareto front obtained from the
MOPSO with N = 220 iterations. The algorithm shows a behaviour which appears to
converge to the optimal Pareto front but the results obtained with the CNDP∗ suggest
the MOPSO algorithm should perform even more iterations.
Figure 14 shows two nondominant solutions (solution 1 and solution 2 shown in Figure
13) obtained with the MOPSO. The best solution with respect to the OD matrix estimated
by the INE (Z1 ) agrees with the solution from the CNDP∗ .
In conclusion, the MO-CNDP∗ enriches the solution of the CNDP∗ problem, finding
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Figure 13: Pareto front obtained using MOPSO

a set of nondominated solutions. The price to be paid is a higher computational cost
which, in the case of using a largest number of OD matrices, would make it unviable. In
these cases the real problem could be addressed using the CNDP∗ for the expected OD
matrix (interpreted as the synthesis of the set of OD matrices). This scheme, due to the
fact that in the CNDP∗ model the flows are linear with respect to demand, is a stochastic
programming approach which seeks to minimize total expected travel time.

5

Conclusions and future research

In this paper a bi-level continuous location model (CNDP∗ ) is proposed to expand an
existing highway network. The upper level problem locates the highway alignments on a
continuos space and the lower level computes the user’s reaction by means of an implicit
function which combines a unidimensional optimization method and a specialized form of
shortest path algorithms.
The model locates a set of new highways with the aim of minimizing the total traveltime cost to satisfy all the origin-destination demand pairs in the study region while a
given budget is satisfied. This goal may be of great concern from the user’s viewpoint.
The cost function based on 2D-interpolation makes the problem highly flexible and
allows a very accurate consideration of many factors such as land boundaries, environmentally sensitive regions, and topographic data. A second advantage with respect to DNDP
is that the obtained solution is a complete set of alignments rather than a disjointed set of
sections of several alignments. This has been illustrated in the numerical tests in section
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Figure 14: Nondominated solutions obtained by MOPSO

4.
The method presented here is particularly suitable for initial screening of the expansion
of a highway network. The output from the model is aimed at producing the inputs
necessary for the Highway Alignment Optimization stage such as the endpoints of a set of
optimal alignments and the distibution of traffic flows in the expanded highway network.
The resulting bi-level model is complex and has required the development of a heuristic
methodology for its solution. The complexity of the model severely limits the search
algorithms that can be employed. The proposed PSO algorithm includes three main
features: i) to take into account discountinous cost functions, ii) to search global solutions
and iii) to allow for parallel computing.
The model is also tested in the region of Castilla-La Mancha (Spain) with heterogeneous land-use and mountainous terrain. The results demonstrate the convergence to a
good solution. Moreover, the parallelization of Standard PSO allows the application of
the proposed methods to real world problems.
The proposed methodology has been extended to a multiobjective scheme in order to
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address uncertainty in the OD matrix. A MOPSO was used to solve the problem and
it was found that it is a procedure with a high computational cost. Future research will
address the speeding up of the convergence of the MOPSO through the incorporation of
new hybridization strategies such as that given by the Nelder-Mead method [16].
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