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ABSTRACT 

This thesis describes a hydro-mechanical model for the free swelling behaviour of 

expansive bentonite, in both saturated and unsaturated states. Its formulation is 

based on the Barcelona expansive model, using the double porosity concept that it 

poses. The modifications introduced improve the capacity of the model to 

reproduce free swelling processes. 

First, a modification of the Barcelona expansive model to adapt it to the simulation 

of processes involving the free swelling of bentonite is proposed. An additional 

term has been introduced into the model. It is included in the interaction function 

that defines the plastic macrostructural strains induced by microstructural effects, 

and causes to increase its value. This term is defined as a function of the 

microstructural void ratio, and establishes a direct connection between the 

destructuration of the micro and macro structures of bentonite during free 

swelling processes. The free swelling model was used to analyse several free 

swelling tests and was found to yield satisfactory results. While there are still a 

number of aspects that need to be improved, the proposed formulation offers a 

unified approach to characterise the saturated and unsaturated behaviour of 

bentonites and the development of free swelling processes. 

The formulation proposed also includes a new approach to the calculation of the 

microstructural void ratio, as well as a new method to describe the kinetic mass 

exchange between micro and macrostructural water, considering that there may 

not be equilibrium between the two types of water. For that purpose, a constitutive 

model of the volumetric behaviour of bentonite aggregates is presented. The model 

is based on a state function to define the inter-aggregate (microstructural) void 

ratio and on a mass transfer function to calculate the mass exchange between 

macrostructural and microstructural water. Although both functions have been 

used previously for clay soils, their application beyond the range for which they 

were derived is proposed. To evaluate whether this extrapolation is valid, data on 

the swelling of individual bentonite aggregates are analysed. This novel aspect of 

this study is significant because it is not common to analyse microstructural data 

directly without introducing any hypothesis about the behaviour of the 
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macrostructure. Despite the lack of a more intensive validation, which can be 

conducted when more experimental data become available, the results obtained 

have been satisfactory. 

Subsequently, a method for overcoming the difficulties found when implementing 

non-linear constitutive models in some software is proposed. These difficulties 

derive from the impossibility of some computer codes to manage implicit 

relationships. Using the multiphysics capabilities of multiphysics partial 

differential equation solvers, a mixed method is formulated. The implementation of 

the Barcelona basic model is described to illustrate the application of the method, 

although the methodology is also applicable to other geomechanics models such as 

the Barcelona expansive model or the model presented in this thesis. Examples 

that demonstrate the scope of the proposed methodology are also presented. 

Finally, the proposed free swelling model, as implemented in a multiphysics partial 

differential equation solver software, is applied to simulate a perforation hole test, 

performed by B+Tech (Finland). Not only are large deformations expected but, 

given the high deviatoric stresses expected in certain zones of the domain, the 

bentonite in such zones will reach a softening regime. According to the 

experimental results, the material fails. Consequently, a simplifying strategy that 

identifies the main trends in the extrusion process is adopted. Considering the 

results obtained, a critical review of the model is presented. 
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RESUMEN 

Esta tesis describe un modelo hidro-mecánico para el comportamiento de 

hinchamiento libre de la bentonita expansiva, tanto en estado saturado como no 

saturado. Su formulación se basa en el Barcelona expansive model, usando el 

concepto de doble porosidad que presenta. Las modificaciones introducidas 

mejoran la capacidad del modelo para reproducir procesos de hinchamiento libre. 

En primer lugar, se propone una modificación del Barcelona expansive model para 

adaptarlo a la simulación de procesos que involucren el hinchamiento libre de la 

bentonita. Se introduce un término adicional en el modelo. Éste se incluye en la 

función de interacción que define la deformación plástica macroestructural 

inducida por efectos microestructurales, y hace que se incremente su valor. Este 

término se define como una función del índice de poros microestructural, y 

establece una conexión directa entre la desestructuración de la macro y 

microestructura de las bentonitas durante los procesos de hinchamiento libre. El 

modelo de hinchamiento libre se ha usado para analizar varios ensayos de 

hinchamiento libre, y se han obtenido resultados satisfactorios. Aunque todavía 

quedan algunos aspectos que necesitan ser mejorados, la formulación propuesta 

ofrece un planteamiento unificado para la caracterización del comportamiento 

saturado y no saturado de las bentonitas y el desarrollo de procesos de 

hinchamiento libre. 

La formulación propuesta también incluye un nuevo planteamiento para calcular el 

índice de poros microestructural, así como un nuevo método para describir la 

cinética del intercambio de masa entre agua micro y macroestructural, 

considerando que puede no haber equilibrio entre ambos tipos de agua. Para ello, 

se presenta un modelo constitutivo del comportamiento volumétrico de los 

agregados de bentonita. El modelo se basa en una función de estado para definir el 

índice de poros inter-agregado (microestructural), y en una función de 

transferencia de masa para calcular el intercambio entre agua macroestructural y 

microestructural. Aunque ambas funciones se han usado anteriormente para 

suelos arcillosos, se propone su aplicación más allá del alcance para el cual se 

formularon. Para evaluar si esta extrapolación es válida, se analizan datos del 
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hinchamiento de agregados individuales de bentonita. Este aspecto novedoso del 

estudio es significativo porque no es común analizar datos microestructurales 

directamente sin introducir ninguna hipótesis sobre el comportamiento de la 

macroestructura. A pesar de la falta de una validación más intensiva, que se podrá 

llevar a cabo cuando se disponga de más datos experimentales, los resultados 

obtenidos son satisfactorios. 

Posteriormente, se propone un método para superar las dificultades encontradas 

al implementar modelos constitutivos no lineales en ciertos softwares. Estas 

dificultades se derivan de que algunos códigos computacionales no son capaces de 

tratar con relaciones implícitas. Basándose en las capacidades multifísicas del 

software multifísico de resolución de ecuaciones diferenciales en derivadas 

parciales (multiphysics partial differential equations solvers), se formula un método 

mixto. La implementación del Barcelona basic model se describe para ilustrar la 

aplicación del método, pero no obstante la metodología también es de aplicación a 

otros modelos geomecánicos como el Barcelona expansive model o el modelo que 

se presenta en esta tesis. También se presentan ejemplos que demuestran el 

alcance de la metodología propuesta. 

Finalmente, el modelo de hinchamiento libre propuesto, implementado en un 

software multifísico de resolución de ecuaciones diferenciales en derivadas 

parciales, se aplica a la simulación de un ensayo de extrusión (perforation hole 

test), ensayado en laboratorio por B+Tech (Finlandia). Se esperan no solo grandes 

deformaciones, sino también, dadas las grandes tensiones desviadoras que se 

pueden desarrollar en ciertas zonas del dominio, que la bentonita en dichas zonas 

llegue a reblandecer. De acuerdo con los resultados experimentales, el material 

falla. En consecuencia, se adopta una estrategia simplificadora que identifica las 

tendencias principales de comportamiento en el proceso de extrusión. 

Considerando los resultados obtenidos, se presenta una revisión crítica del 

modelo. 
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CHAPTER 1   
INTRODUCTION 

Bentonite is made mainly of clay minerals, mostly montmorillonite, and other 

variable accessory minerals. It has relevant physical and chemical properties in 

a compacted state (swelling and thus sealing capacity, low hydraulic 

conductivity, sufficient thermal conductivity, plasticity, ion adsorption capacity; 

Astudillo, 2001, Villar et al., 2006; thixotropy; see, for instance, Ambrose and 

Loomis, 1933, Pusch, 1983, Birgersson et al., 2009) that make it suitable for its 

use in significant engineering applications. Namely, bentonites have been used 

as a barrier in municipal and industrial waste landfill liners (US EPA, 1993), in 

soil-bentonite or cement-bentonite slurry walls (US EPA, 1992), as a drilling 

fluid, in the form of slurry, during the construction of trenches and boreholes, 

and as part of watertight jointing systems (for instance, Masterflex 613, 

manufactured by BASF, or Waterstop RX101, manufactured by CETCO). They 

are also being considered for use in the long-term storage of spent nuclear fuel 

(see, for instance, Cui et al., 2002; Gens et al., 1998; Pusch, 1992; Pusch and 

Weston, 2012; Yong, 1999b) in different countries (Chegbeleh et al., 2008). In 

particular, some of them are planning the use of bentonites as buffer and/or 

backfill in their disposal concepts, as Spain (ENRESA, 2000), Sweden (SKB, 

2011) and Finland (Posiva, 2006, 2013b). Probably, the most advanced and 

detailed official disposal concept up to date is the KBS-3 concept, originally 

developed by the Swedish nuclear fuel and waste management administration, 

SKB, and later also adopted and developed by Posiva, the Finnish expert 

organisation responsible for the spent nuclear fuel repository, either in its 3H 

(horizontal deposition; see SKB, 1999) or 3V (vertical deposition; see Börgesson 

et al., 2005) form. In this concept, partially saturated Na-bentonite of the 

Wyoming type (called ‘MX-80’; see Karnland et al., 2005, and Dueck and Nilsson, 

2010) is considered. A reliable model of the behaviour of these bentonites is 

needed to assess the safety of the barrier performance. 

Important contributions to the modelling of bentonite behaviour have been 

made. Particularly relevant are the advancements presented at conferences 
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such as the 3rd International Conference on Expansive Soils held in 1973 in Haifa 

(Israel), the International Symposium on Soil Structure, held the same year in 

Stockholm (Sweden), and the workshop ‘Microstructural modelling of natural 

and artificially prepared clay soils with special emphasis on the use of clays for 

waste isolation’, which was held in 1998 in Lund (Sweden) (Issues 1 and 2 in 

volume 54 of Engineering Geology; Pusch, 1999; Yong, 1999a). At this last 

workshop, Alonso et al. (1999) presented the ‘Barcelona Expansive Model’ 

(BExM), which was based on the conceptual approach proposed by Gens and 

Alonso (1992). The model idealises the bentonite structure as having two levels, 

a macrostructure and a microstructure. The BExM uses the previously 

presented ‘Barcelona Basic Model’ (BBM; Alonso et al., 1990) as a basis and 

applies its equations to the modelling of the macrostructure.  

The BExM has proven to be a powerful tool for characterising the behaviour of 

bentonites under conditions of high confinement, in which the soil skeleton is 

highly structured (see, for instance, Lloret et al., 2003). This way, after 

demonstrating the power of conceptual models based on double porosity 

approaches, BExM can be considered the reference work for the modelling of 

bentonite mechanical behaviour. However, its application has not been analysed 

when the soil skeleton is destructured as a result of free swelling processes. 

The consideration of these processes has recently stirred up special interest in 

the field of the design of a nuclear spent fuel repository. Some authors have 

proposed models of sol-gel transition to describe the soil behaviour close to this 

extreme situation (Liu et al., 2009). At the present time, however, a constitutive 

model able to describe the entire swelling process of bentonite has not been 

developed yet. 

The purpose of this thesis is to present such a Hydro-Mechanical (HM) model of 

bentonites. The developed model aims to be able to reproduce the swelling 

behaviour of expansive bentonites from an initial unsaturated (with values of 

suction from some tens to hundreds of MPa) and well structured (both micro 

and macrostructurally) state, until the release of soil particles when they 
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become a sol, at the end of the swelling process. Given its proven capabilities, 

this model will use the BExM as a basis. 

The core of this thesis is structured in four parts. The first one, Chapter 2, 

presents a brief review of some of BExM’s basic concepts, and proposes a model 

based on it with the goal of expanding its original scope. Its application to the 

simulation of free swelling processes is analysed in several examples. In order 

to enhance the performance of the model, a better macroscopic characterisation 

of the microstructural behaviour of bentonite is aimed. With that purpose, 

Chapter 3 proposes a constitutive model for the volumetric behaviour of 

bentonite aggregates. In this chapter, the experimental results obtained by 

Montes-H (2005) and Montes-H et al. (2003a; 2003b) with environmental 

scanning electron microscopy are used to assess its range of applicability and 

limitations. In order to have a numerical tool available for the application of the 

presented model, Chapter 4 introduces its implementation in a finite element 

method software. As this is not straightforward, a strategy to implement 

geomechanical elastoplastic models in multiphysics partial differential equation 

solvers (MPDES) is presented. The implementation of the BBM is used to 

exemplify the application of the mentioned strategy. Finally, to illustrate the 

implementation of the presented model in MPDES and its performance, Chapter 

5 presents the simulation of a perforation hole test, and the numerical strategies 

used to achieve this objective.  

The first three mentioned parts (Chapters 2, 3 and 4) are written in the form of 

a scientific paper and have been or will be submitted to international peer-

reviewed journals listed in the Journal Citation Reports, Science edition 2012 

(Chapter 3 has already been published). Chapter 5 is adapted from a report 

prepared by the Geoenvironmental Group (UCLM) and B+Tech Oy for Saanio 

and Riekkola Oy (Navarro et al., 2013). The coauthors of these works are Prof. 
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Additionally, two brief appendices are included at the end of the document. 

Appendix A presents the basic equations of the BBM, while Appendix B presents 

the relationships needed for the hydraulic model. 
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2.0. Abstract 

This chapter proposes a model based on the Barcelona Expansive Model, 

adapted to the simulation of processes involving the free swelling of bentonite. 

An additional term has been introduced into the model. It is included in the 

interaction function that defines the plastic macrostructural strains induced by 

microstructural effects, and causes to increase its value. This term is defined as 

a function of the microstructural void ratio, and establishes a direct connection 

between the destructuration of the micro and macro structures of the 

bentonites during free swelling processes. The formulation proposed also 

includes a new approach to the calculation of the microstructural void ratio, as 

well as a new method to describe the kinetic mass exchange between micro and 

macrostructural water, considering that there may not be equilibrium between 

the two types of water. The modified model was used to analyse several free 

swelling tests and was found to yield satisfactory results. While there is still a 

number of aspects that needs to be improved, the proposed formulation offers a 

unified approach to characterise the saturated and unsaturated behaviour of 

bentonites and the development of free swelling processes. 

Keywords 

Constitutive relations; expansive soils; fabric/structure of soils 
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2.1. Introduction 

In view of the physical and chemical properties of bentonite clays, in several 

countries they have been considered for use as buffer and backfill materials in 

spent nuclear fuel repositories. Specifically, in the KBS-3 disposal concept 

(originally developed by the Swedish nuclear fuel and waste management 

administration, SKB, 1999, and also adopted by Posiva, 2006, the Finnish expert 

organisation responsible for the spent nuclear fuel repository), dry Na-

bentonite of the Wyoming type (called ‘MX-80’; see Karnland et al., 2005, and 

Dueck and Nilsson, 2010) is considered for placement around the high level 

radioactive waste (HLW) canisters in a highly compacted state. A reliable model 

of the behaviour of these bentonites is needed to assess the safety of the barrier 

performance. 

Among the important contributions made to obtain a model of this kind, the 

‘Barcelona Expansive Model’, BExM (Alonso et al., 1999), based on the 

conceptual approach proposed by Gens and Alonso (1992), is a reference work. 

The model is founded on the idealisation of the structure of bentonites by 

means of two structural levels, the macro and the micro structure. BExM has 

proved to be an effective tool for use in the characterisation of the behaviour of 

bentonites under conditions of high confinement (see, for example, Lloret et al., 

2003), in which the soil skeleton is highly structured. However, its application 

has not been analysed when the soil skeleton is destructured as a result of ‘free 

swelling’ (FS) processes. 

The consideration of these processes has recently stirred up special interest in 

the field of the design of a HLW repository, with emphasis on the 

characterisation of the FS associated with erosion (see, for instance, Birgersson 

et al., 2009; and Moreno et al., 2010). Some authors have proposed models of 

sol-gel transition to describe the soil behaviour close to this extreme situation 

(Liu et al., 2009). At the present time, however, a constitutive model able to 

describe the entire swelling process of bentonite from an initial unsaturated 

(with values of suction from some tens to hundreds of MPa) and well structured 
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(both micro and macrostructurally) state, until the release of soil particles when 

it becomes a sol has not been developed yet. 

This chapter proposes the use of BExM as a basic tool to obtain such a model. A 

brief review of some of its basic concepts will be presented, and a new 

formulation is proposed to define the microstructural volumetric behaviour. 

After that, an analysis of its application to the simulation of FS is presented. On 

the basis of this analysis, a modification in BExM is introduced to expand its 

scope, and it is illustrated in several examples. 

2.2. BExM and basic microstructure concepts 

In this section, just a few of the main characteristics of BExM will be reviewed. 

For more detailed information on this subject, see Gens and Alonso (1992), and 

Alonso et al. (1999), as well as the contributions of Sánchez et al. (2005), Alonso 

et al. (2011) and Gens et al. (2011). 

 

Figure 2.1. Distribution of incremental pore volume for two compacted bentonite samples at 
different dry densities. Adapted from Lloret et. al (2003). 
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As mentioned in the Introduction, BExM is founded on the idealisation of the 

structure of bentonites by means of two structural levels, macro and micro 

structure. The existence of two structural levels has been observed, since the 

seminal work of Collins and MacGown (1974) and Collins (1984), by a number 

of researchers on different types of compacted clays (see, for example, Pusch, 

1982; Romero et al., 1999; Pusch and Moreno, 2001; Lloret et al., 2003; Romero 

and Simms, 2008) (Fig. 2.1). The microstructural level is associated with both 

intersheet voids and intra-aggregate pores (see Fig. 2.2a, adapted from Pusch, 

1987). The sheet is understood to be ‘the smallest building of clay’, and a 

number of sheets held together form a ‘stack’ (Neretnieks et al., 2009). 

Agglomerations of stacks held more loosely together than the sheets in stacks 

will be considered to be ‘aggregates’. 

 

Figure 2.2. (a) Schematic particle arrangement in highly compacted Na-bentonite: 1, intra-
aggregate space; 2, interaggregate space; 3, aggregate. (b) State after swelling and saturation. 

Adapted from Pusch (1987). 

As in the case of the formulations derived from the work of Gens and Alonso 

(1992), here it was decided to forego the characterisation of the internal 

topology of the aggregates. Although it is reasonable to assume that at least two 

different hierarchical levels exist, interlamellar voids and interstack voids 

(following the notation in Neretnieks et al., 2009), only one macroscopic 
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variable, the microstructural void ratio em (em = volume of voids in the 

microstructure per volume of mineral), has been considered for the description 

of intra-aggregate porosity (microporosity). The aggregate has been adopted as 

the support scale (according to Pachepsky et al., 2006) of the microstructure, 

making an abstraction of its internal complexity. 

In accordance with Gens and Alonso (1992), it is assumed that the interior of 

the aggregates remains saturated. Also according to these authors, and to 

Hueckel (1992) and Quirk (1994), the microstructure deformation is assumed 

to be fully reversible and unaffected by the macrostructure deformation.  

Macrostructure deformation is due to the rearrangement of the granular-like 

skeleton formed by the aggregates. Therefore, the effect of the external loads 

(regardless of whether they are mechanical, environmental or geochemical) 

may be simulated using conventional frameworks for unsaturated soils (Lloret 

et al., 2003). Thus, the ‘Barcelona Basic Model’, BBM (Alonso et al., 1990), is 

used in BExM. 

 

Figure 2.3. Interaction functions between micro and macro porosity deformations. Adapted 
from Alonso (1998). 

However, when considering the deformation of the aggregates, it must be taken 

into account that phenomena such as the swelling of the aggregates (micro-

swelling) involve a ‘competition’ for macrostructural porosity. The aggregates 

can occlude the macropores to different extents (Mašín, 2013). In addition, 

provided their random arrangement (Quirk, 1994), each aggregate (micro-
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domain) swells in a different direction, and micro deformations induce macro 

deformations (see, for example, Villar and Lloret, 2001, and Cui et al., 2002). 

This coupling gives rise to a complex array of behavioural trends which, in 

compacted bentonites used for HLW barriers, are adequately described by 

BExM (see Lloret et al., 2003). To achieve this description, the model introduces 

two interaction functions (Alonso et al., 1999): fC when microstructural 

compression is produced (em decreases), and fS for microstructural swelling (em 

increases, see Fig. 2.3). The value of both functions depends on the degree of 

openness of the macrostructure relative to the applied stress state (Sánchez et 

al., 2005), and is determined by the ratio p/pO in isotropic stress states, where p 

is the net mean stress (p = pTOT – PG, with pTOT being the mean stress and PG is 

the gas pressure) and pO is the net mean yield stress at the current suction (see 

Fig. 2.4). If deviatoric stress exists, the openness is determined by pR / pO 

(Sánchez et al., 2005), where the reference stress pR is defined in Fig. 2.4. Once fα 

is defined (α=’C’ if dem<0, and, α=’S’ if dem >0, with dem being the increment of the 

microstructural void ratio), the macrostructural plastic volumetric strains 

induced by microstructural effects, dεMV,mp, can be expressed as: 

(2.1) mVα

p

mMV,  dfd   

where dεmV is the microstructural volumetric strain and is supposed to be 

elastic. Therefore, it is assumed that irreversible macrostructural plastic strains 

are induced whenever microstructural deformations occur. In some 

formulations of BExM, another strategy is adopted taking into consideration the 

existence of two yield surfaces, between which strains in the microstructure 

may occur without macrostructural yield (see, for example, Alonso et al., 1999).  

Functions fα are constitutive terms. To define them, Alonso et al. (1999), 

Sánchez et al. (2005) and Gens at el. (2011) considered not only different 

parameters but also different ‘shapes’ when working with different soils. 

Different ways of defining dεmV were also considered. Sánchez et al. (2005) take 

into account both exponential and logarithmic laws to define dεmV in terms of 

the variation of microstructural effective stress. In this thesis, it is proposed that 
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em be determined by means of a one-to-one model based on the formulation of 

Zhang et al. (1995): 

 (2.2) 









ATMmmOm

1Ln
111

Pkee
  

where km is a micro deformability parameter and emO is the microstructural void 

ratio when the swelling pressure π is equal to 0, that is, when only the 

atmospheric pressure PATM is applied. The analyses used by Zhang et al. (1995) 

to derive Equation 2.2 were conducted with bentonites in which em had high 

values, that is, greater than 1. This cast some doubt on the validity of this 

equation in compacted bentonites, in which the microstructural void ratio may 

be substantially lower. 

 

Figure 2.4. (a) Representation of the “loading-collapse” yield surface in the p-s space. (b) Yield 
surface in the p-q space, and definition of the reference pressure pR. 

 This issue is analysed in Chapter 3 of this thesis. The results are synthesised in 

Fig. 2.5, where model and experimental results of the swelling of individual 

bentonite aggregates are compared. The experimental results were obtained by 
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Montes-H et al. (2003b) through the combined application of environmental 

scanning electron microscopy (ESEM) and digital image analysis. Model results 

were obtained by solving the mass-balance equation for a saturated individual 

aggregate (Navarro and Alonso, 2001):  

 (2.3)  
m

m
m

m 1


c
e

dt

de
  

where ρm is the microstructural water density. In accordance with Tournassat 

and Appelo (2011), it was assumed to be equal to that of free water. The term cm 

is the mass exchange between the aggregates and the ESEM chamber. As in 

other phase change processes (see, for instance, de Groot and Mazur, 1984), it 

was supposed to depend on the difference between the chemical potential of the 

(microstructural) water inside the aggregates, µm, and the chemical potential of 

the water vapour in the ESEM chamber, µB (‘boundary’ chemical potential): 

 (2.4)    RHTRT LnVOB    

where µVO(T) is the reference chemical potential of water vapour over a flat 

surface of pure water at absolute temperature T, R is the universal gas constant, 

and RH is the chamber relative humidity. In this thesis, the swelling pressure is 

interpreted as the pressure exerted when swelling in pure water, that is, when 

all the vapour pressure is set by the clay skeleton. Therefore, µm may be 

calculated as (Karnland et al., 2005): 

 (2.5)    


 






 p
WMM

p
p
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where pIE is the vapour pressure set by the ions of the microstructural water, pV 

is the vapour pressure set by pure water, and WMM is the water molar mass. 

Thus, the ‘thermodynamic force’ µB-µm can be expressed as: 

 (2.6) 
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If the ‘modified swelling pressure’ π* and the ‘boundary swelling pressure’ πB, 

defined as: 
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are introduced, Equation 2.6 may be written as follows:  

 (2.8)  B

W

mB 


  WMM
 

 

Figure 2.5. Variation of the aggregates void ratio in the tests carried out by Montes-H et al. 
(2003). Numbers in the legend correspond to relative humidity values. “T” indicates 

experimental data, and “M”, model results. 

The structure of this equation is identical to the one presented by Navarro and 

Alonso (2001) and Alonso and Navarro (2005) when they defined the difference 

between the chemical potential of macrostructural water, µM, and µm when 

analysing the saturated secondary compression of different clays. These authors 

proposed a non-linear formulation for cm: 

 (2.9)  B
B
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where H and C are constitutive parameters. H defines the transfer coefficient at 

the end of the mass exchange process (π*= πB), and C synthesises the way in 

which the mass transfer term changes as π* approaches πB. In the secondary 

compression processes analysed by Navarro and Alonso (2001) and Alonso and 

Navarro (2005), the difference between π* and πB is usually of hundreds of 

kilopascals and not tens (or even hundreds) of megapascals, which is what 

occurs at the start of a swelling test in ‘dry’-compacted bentonites as those 

carried out by Montes-H et al. (2003b). Moreover, also the absolute value of the 

chemical potentials was considerably higher. However, using Equations 2.2 and 

2.9 to integrate the initial value problem defined by Equation 2.3, the highly 

satisfactory fits plotted in Fig. 2.5 were obtained. This gives confidence to both 

the use of Equation 2.2 in a wide range of values of microstructural void ratio 

and the application of Equation 2.9 under a high swelling pressure. Therefore, 

Equations 2.2 and 2.9 have been used to characterise the volumetric behaviour 

of the microstructure in this chapter. 

In general conditions, the boundary chemical potential that determines the 

mass exchange between aggregates and macrostructure will be the chemical 

potential of macrostructural water, µM, which, in accordance with Edlefsen and 

Anderson (1943), can be defined as: 

 (2.10)   M

W

VOM Ln xTRs
WMM

T 


  

where s is the macrostructural water matric suction (s = PG – PL, with PL being 

the pressure of the macrostructural liquid), and xM is the mole fraction of the 

macropore water (xM = nM / nL, where nM is the number of moles of 

macrostructural water, and nL is the total number of moles of macrostructural 

liquid: water plus dissolved salts). The difference between the chemical 

potential of the water in the macropores and the water in the micropores may 

be determined as: 

 (2.11) 
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If the boundary swelling pressure is defined as: 

(2.12) M
W

B Ln xTR
WMM

sp 










   

Equation 2.11 may be written as:  

 (2.13)  B

W

m 


  WMM
M  

This last expression is analogous to Equation 2.8. Equations 2.7a and 2.12 define 

a general way to apply Equation 2.9. The three of them (Equations 2.7a, 2.9 and 

2.12) define an alternative framework to the one set out by other authors (see 

Gens et al., 2011, and Alonso et al., 2011, for example) to model the transitory 

processes caused by the mass exchange between macrostructural and 

microstructural water. 

2.3. Free swelling model 

Although Equations 2.2 and 2.9 represent a different formulation from the one 

usually applied using BExM (see Lloret et al., 2003; Sánchez et al., 2005; Alonso 

et al., 2011; Gens et al.; 2011), they do not change its basic principles. Therefore, 

they do not make BExM more suitable to solve the FS simulation problems 

described below. 

In keeping with Sánchez et al. (2005), a low ratio pR/pO indicates a dense 

packing of the material (low macrostructural porosity). It is to be expected that, 

under these conditions, microstructural swelling will strongly affect the global 

arrangement of clay aggregates, inducing large macrostructural plastic strains. 

So, higher values of fS correspond to lower values of pR/pO (see Fig. 2.3). In 

accordance with Equation 2.1, the swelling (negative volumetric strains 

following the Soil Mechanics signs convention) of the microstructure gives rise 

to plastic volumetric deformations of the macrostructure that are also negative. 

Therefore, according to the hardening law (Alonso et al., 2011): 
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(2.14) 
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there would be a decrease in the saturated pre-consolidation stress pO*, that is, a 

macrostructural softening. In Equation 2.14, e is the total void ratio (e = total 

volume of voids in the soil per volume of mineral), λ(0) is the stiffness 

parameter for changes in constitutive mean stress p for virgin states at zero 

suctions, κ is the elastic modulus for changes in p, and dεMVp is the increment of 

the macrostructural plastic volumetric strain. 

However, if pR/pO is equal to 1, fS (Equation 2.1) will reach its minimum value. If 

that value is considered to be negative (as qualitatively illustrated in Fig. 2.3), 

then the micropores will be assumed to invade the macropores, reducing the 

macrostructural porosity and giving rise to macrostructural hardening. This 

progressive clogging of the macrostructural porosity when the swelling 

deformation is restricted was suggested by Pusch and Hökmark (1990), and 

observed by Komine and Ogata (1994) by using environmental scanning 

electron microscopy. Nevertheless, under FS conditions, the swelling can 

continue. Then, sheets separate mostly into individual sheets for sodium 

dominated clays (Pusch and Yong, 2006; Neretnieks et al., 2009). If bentonite 

gels are formed, this will give rise to the formation of cardhouse-like structures 

in which edge-to-face interactions come into play (Pusch, 1982; Birgersson et 

al., 2009). This causes the destructuring of the aggregates contained in the 

compacted bentonite, also leading to the destructuring and a large increase in 

the volume of the macrostructure. This process was observed by Pusch (1987) 

when studying a Wyoming bentonite using a high voltage electron microscope. 

As can be seen in the qualitative illustration shown in Fig. 2.2, in relative terms 

the percentage of microstructural porosity decreases. While there is an increase 

in macrostructural pores, their maximum size was found to be smaller. This was 

also observed in a study on the swelling of bentonites under constant load 

conditions (Lloret and Villar, 2007). Ye et al. (2009), in a study of the evolution 

of the microstructure of a Na-bentonite subject to suction changes under 

unconfined conditions, also corroborated that macroporosity underwent a 

greater increase than microporosity.  
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The increase in macroporosity may be as pronounced as depicted in Fig. 2.6. 

This figure was obtained by identifying the internal water as defined by Pusch et 

al. (1990) with microporosity, and by assuming that the definition of the 

macropores given by Bourg et al. (2006) is equivalent to the one put forth in this 

chapter. With this definition, em values similar to those identified by Romero et 

al. (2011) are obtained. While the tests performed by the latter authors showed 

that eM had a tendency to increase, it did not rise sharply. A greater increase in 

eM was, however, reported by Bourg et al. (2006), who considered higher em 

values than those found by Romero et al. (2011). These increments in value are 

substantially higher in the tests carried out by Pusch et al. (1990). This 

behaviour is difficult to reproduce with BExM. 

 

Figure 2.6. Variation of the macroscopic (eM) and microscopic (em) void ratio in several 
processes of free swelling. 

For illustrative purposes, let’s assume that a conventional FS test is performed. 

There will be an axisymmetric stress state with almost null vertical stress. At 

the start of the test, pR will be low. However, the increase in radial stress as a 

consequence of the radial restraint that opposes swelling will cause pR to grow. 

Moreover, since pO will be higher than pR, fS will lead to macrostructural 
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softening and to the gradual decrease of pO. As pO approaches the value of pR 

(higher pR/pO ratio), fS will become less important (see Fig. 2.3). Therefore, the 

macrostructural deformation rate will tend to decrease. Nevertheless, if, as it 

was found to occur in the tests analysed in the next section, pR achieves a value 

that is equal to pO, macrostructural yielding will take place, thus increasing the 

dilatant behaviour and the softening introduced by fS until pO becomes equal to 

pR. This leads to an increase in soil swelling. However, as it is also seen in the 

next section, the dilatant behaviour of the bentonite macrostructure is not 

usually important enough to explain the type of behaviour shown in Fig. 2.6. 

It is advisable to modify the formulation of the interaction function fS to 

introduce the effect exerted by the swelling of the aggregates on the 

macrostructure under FS conditions. The interaction function should not only 

characterise the reorganisation that takes place in the macrostructure when the 

swelling of the aggregates is hindered by the packing density p/pO. It should 

also allow for the modelling of the destructuring of the macrostructure when 

the aggregates become destructured under FS conditions. If the reorganisation 

imposed by packing and the destructuring during FS are assumed to be two 

different active plastic mechanisms, the additive formulation can be used (Rizzi 

et al., 1996; Sánchez et al., 2005): 

(2.15) 
  mV21mV2mV1

p

m2MV,

p

m1MV,

p

mMV,  dffdfdfddd 
 

where dεMV,m1p is the macrostructural plastic volumetric strain caused by 

macrostructural packing (modelled by the interaction function fS illustrated in 

Fig. 2.3, introduced by Alonso et al., 1994, in BExM), and dεMV,m2p is the plastic 

volumetric strain induced by aggregate destructuring in the macrostructure. 

Hence, from an operational point of view, the modification proposed in this 

chapter consists ‘simply’ of adding the term f2 to the conventional value of fS 

(designated by f1 in the new notation). 

Since the increase in em marks the progressive destructuring of both the 

microstructure and the macrostructure, f2 is proposed to be defined in terms of 

em. As a preliminary approach, the linear law defined in Fig. 2.7 was suggested. 
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In this figure, emFS indicates the value of em at which the destructuring of the 

macro is assumed to begin, and emR is that at which the destructuring trend is 

the greatest and equal to f2M. This linear law is probably an over-simplification. 

It should be interpreted as a preliminary approach to the trend. As can be 

surmised from Fig. 2.6, the shape of f2 will be more complicated. However, the 

linear model is a useful tool for analysing the extent to which the modification 

proposed with the introduction of f2 will allow for the consistent simulation of 

FS processes using BExM. Similarly, a linear law was also assumed as a 

preliminary approach to f1 (see Fig. 2.7a). 

 

Figure 2.7. (a) Function f1. (b) Function f2. 

2.4. Examples of application 

To study the effect of the proposed BExM modification, which has been called 

FSM (Free Swelling Model), the first step was to analyse three FS tests carried 

out in the laboratories of B+TECH Oy in Helsinki, Finland, using natural 

bentonite MX-80 samples that had been hydrated with de-ionised water (see 

Sane et al., 2013).  

Dueck and Nilsson (2010) present a detailed description of the material. The 

general configuration of the tests is described in Fig. 2.8. The initial height of the 

sample was 15.85 mm in test T1, 8.80 mm in test T2 and 40.00 mm in test T3. In 
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all three tests, the sample diameter was 50 mm, which remained constant 

during the test. In tests T1 and T2, the initial gravimetric water content and 

initial dry density were the same, with values of 10 % and 1.6 g/cm3 

respectively. In test T3, the gravimetric water content was 17 % and the initial 

dry density was 1.73 g/cm3. In keeping with Kiviranta and Kumpulainen (2011), 

the particle density was 2.78 g/cm3. The experimental results are plotted in 

Figs. 2.9a, b and c. These test data served as a reference for a comparison of the 

simulations carried out with the following stress-strain models: FSM, BExM(e) 

(using Equation 2.2 and assuming an instantaneous equilibrium between macro 

and micro water: µm=µM), BExM(k) (which will be discussed later), and BBM. 

The mechanical parameters included in Table 2.1 were used. With the exception 

of αsp, these parameters (related to the basic formulation of BBM, see Appendix 

A) were obtained by B+TECH in tests independent from those analysed here 

(Toprak et al., 2013). According to B+TECH tests, αsp should be assigned a value 

of -0.145. Nevertheless, a better fit was obtained using a value of 0, which is 

consistent with the values identified by several authors (Kristensson and 

Akesson, 2008; Chen and Ledesma, 2009; Jacinto, 2010) for other MX-80 

bentonites. 

Parameter Value 

k 0.1 

κio 0.05 

αi (1/kPa) -3.010-6 

κSo 0.25 

αSp 0 

αSS (1/kPa) 0 

ν, Poisson’s ratio 0.35 

pC (kPa) 10 

λ(0) 0.15 

r 0.8 

β (1/kPa) 2.010-5 

pO* (kPa) 10400 

M 1.07 

Table 2.1. Mechanical parameters used in the simulations shown in Figs. 2.9 to 2.13. Please see 
Appendix A for the definition of the parameters. 
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Figure 2.8. General configuration of the tests carried out by B+TECH and Dvinskikh et al. 
(2009). 

In the three simulations, the same conventional advective (Darcy) formulation 

proposed by Pollock (1986) was used for the modelling of macrostructural 

water flow. So, the macrostructural water seepage qM [L3/T] was calculated as: 

(2.16) 

 zP
k




  gWL

W

MM
M 




q

 

where kM, is the isotropic intrinsic permeability of the macrostructural liquid, κM 

is the macrostructural relative permeability, ∇ is the gradient differential 

operator, PL is the pressure of the macrostructural liquid, g is the gravity 

constant, z is the vertical coordinate, and µW and ρW are, respectively, the 

dynamic viscosity and the density of water. Both the dynamic viscosity and the 

density of the macrostructural liquid are assumed equal to those of water. The 

vapour flow was not considered and isothermal conditions were assumed. 

Experimental water content data obtained by B+TECH in separate tests were 

employed to fit a van Genuchten (1980) retention curve, with parameters 

α=3.7410-5 kPa-1 and m=0.45 being identified. The relationship n = 1/(1-m) 
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was assumed. The relative permeability was modelled by using the Brooks and 

Corey (1964) and Burdine (1953) formulation with an exponent value of 3, 

obtained in several infiltration tests on homogeneous compacted bentonite 

(Gens et al., 2011). The intrinsic permeability was modelled using the 

relationship and mean parameters proposed by Liu et al. (2011) for a natural 

bentonite MX-80 in distilled water. See the Appendix B for the equations of the 

retention curve, relative permeability and intrinsic permeability. 

The microstructural volumetric behaviour was modelled by using Equations 2.2 

and 2.9. In Equation 2.2, emO=21 and km=6.6 were considered. The value of km 

was taken from the analysis of the tests carried out by Montes-H et al. (2003b) 

(see Fig. 2.5). Moreover, the definition of emO took into account the findings of 

Zhang et al. (1995) for a Wyoming bentonite in almost fresh water (electrolyte 

concentration of 10-4 M). In Equation 2.9, which defines the model of the 

kinetics of the mass exchange between macro and microstructure, the 

parameters C (=0.4) and H (=1.510-8) were also determined after the analysis 

of the results obtained by Montes-H et al. (2003b) (Fig. 2.5). 

The maximum void ratio described by Equation 2.2 was assumed to have a 

value close to the one in which the destructuring capacity of the microstructure 

was the highest. Hence it was considered that emR = emO. On the other hand, emFS 

= 2.7 was adopted. This value was obtained by assuming a sheet thickness of 1 

nm, and by taking into account that, according to Low (1987), a change occurs in 

the distribution of the microstructural water when the average separation 

between sheets is equal to 2.7 nm. 

A value of 1 was assigned to f1M. This value is similar to the one used by Sánchez 

et al. (2005) and Gens et al. (2011) for different clays. Finally, as far as 

parameters are concerned, f2M was considered, as a preliminary approach, to be 

equal to f1M.  
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Figure 2.9. Experimental (grey points) and model results (BBM, grey dashed line; BExM(e), 
black dashed line; BExM(k), grey solid line; FSM, black solid line) of the tests carried out by 

B+TECH. (a) Test 1, (b) Test 2, (c) Test 3. 
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The formulation described above was implemented in a simple finite difference 

numerical solver (FSW1D: Free SWelling 1D) programmed on an Excel 

Spreadsheet by using the macro programming language Visual Basic for 

Applications. Once the code was validated, the experimental results were 

compared with the output of the models in Figs. 2.9a, b and c. The most 

important thing to point out is that, although many of the parameters used are 

‘tentative’ (that is, they were not obtained through direct experimentation with 

the modelled bentonites), the fit of the models is satisfactory. This fit must be 

interpreted with caution. Nevertheless, it shows that the parameters used are 

feasible, and that it is consistent to derive conclusions from the comparison of 

the results of the models. 

Figure 2.9a shows that, as it would be expected, the results obtained with BBM 

are improved with the models that explicitly introduce the expansive character 

of bentonite. However, the results of FSM do not seem to offer any advantages 

with regard to those obtained with BExM(e). Figures 2.9b and c reveal the 

sensitivity of the results obtained with BExM(e) to the size of the samples. If the 

sample is short (Fig. 2.9b), its average water content will increase faster. For 

this reason, by assuming equilibrium between macro and microstructural 

water, the chemical potential of the sample will increase rapidly. There will be a 

rapid increment in the microstructural void ratio and an oversized swelling. If 

the sample is longer (Fig. 2.9c), the modelled hydration is slower. When FSM is 

used, this high sensitivity to the sample height is not observed, and the results 

are consistent with the test data in all cases.  

This behaviour is even more evident in Fig. 2.10, which presents the results 

found in the second example of the application of the model, an analysis of tests 

performed by Dvinskikh et al. (2009). They used nuclear magnetic resonance 

imaging to characterise the spatial distribution of the clay particles during the 

swelling of pellets made of purified Na-ion exchanged MX-80 bentonite in 

deionised water. The test scheme was similar to the one shown in Fig. 2.8. The 

samples had an initial height of 3 mm and a diameter of 8 mm. The initial 

gravimetric water content was 23 %, and the initial dry density, 1.8 g/cm3. 
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Figure 2.10. Experimental (grey points) and model results (BBM, grey dashed line; BExM(e), 
black dashed line; BExM(k), grey solid line; FSM, black solid line) of the test carried out by 

Dvinskikh et al (2009). 
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Figures 2.9a, b and c show that, by introducing the kinetics of the macro-micro 

water mass exchange into the model, it becomes more consistent as compared 

to BExM(e), and it is less sensitive to sample size. The kinetics of the process is 

no longer controlled only by the saturation of the microstructure and, in the 

short term, swelling does not become oversized. However, the problems are far 

from being completely solved, since in the long term BExM(k) still does not 

accurately reflect the real behaviour. 

 

Figure 2.11. Computed paths followed by a point close to the sample top in the test carried out 
by Dvinskikh et al. (2009). (a) s-p path, (b) p-q path. 
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To avoid numerical problems the softening process was blocked when the mean 

stress was close to zero (p = 0.002 kPa was adopted as lower bound). 

 

Figure 2.12. (a) Evolution of the computed values of pO, pO
* and pR in the sample top in the test 

carried out by Dvinskikh et al. (2009). (b) Detail of the pR paths. 
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Path ‘A-B-C-D’ was also included in Fig. 2.12a, where the evolution of the 

computed values of pO, pO* and pR in the sample top was represented. The paths 

followed by pO in both models are almost the same (they are overlapped in Fig. 

2.12a). The same occurs to pO*, which, from point ‘B’, corresponding to full 

saturation, follows the same path as pO. The yield surface is reached (point ‘C’) 

before achieving emFS (point ‘E’ in Figs. 2.12b and 2.13). Therefore, the paths 

followed by pR when using BExM(k) and FSM coincide almost perfectly. The only 

difference is that the plastic macrostructural strains induced by f2 cause the 

softening process to progress at a faster rate when FSM rather than BExM(k) is 

used (Fig. 2.12b), reaching point ‘D’ earlier. 

Figure 2.13 illustrates the computed evolution of the microstructural and 

macrostructural void ratios in the sample top. As the same formulation was 

used to define em (Equation 2.2), the paths followed by em are almost identical 

(Fig. 2.13a). In keeping with the definition of em, the macrostructural void ratio 

eM is defined as the volume of voids in the macrostructure per volume of 

mineral. When ‘C’ was reached, the bentonite was already saturated (point ‘B’). 

Consequently, there was no evidence of macrostructural strains associated with 

changes in suction (see Fig. 2.13b). Moreover, since it had yielded, f1 will be 

equal to 0. Thus, if BExM(k) is used, from yielding all the deformations will be 

associated with macrostructural dilatance. As it can be seen in Fig. 2.13b, these 

deformations are lower than those caused by the microstructure and they are 

not strong enough to reproduce the swelling of the sample (Fig. 2.10). Hence, 

the dilatant strains introduced by the macrostructural model over the course of 

the softening stage ‘C-D’ are not able to reproduce the deformations caused by 

the destructuring of the macrostructure in an FS process throughout this stage. 

These deformations are able to be reproduced if f2 is introduced. In this case, as 

can be seen in Fig. 2.13b, the macrostructural strains simulated with FSM are 

much higher. 
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Figure 2.13. Computed evolution of (a) em and (b) eM in the sample top in the test carried out 
by Dvinskikh et al. (2009). 
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bentonites. It was found advisable to include in the model a description of the 

kinetics of the water mass exchange process between the macrostructure and 

the microstructure in the bentonite. In this way, it was possible to obtain 

simulations whose evolution is not only controlled by the advancing 

macrostructural saturation front.  

However, while considering the water mass exchange kinetics improves the 

ability of BExM to describe FS processes, the model does not accurately 

reproduce the strains that the macrostructure destructuration introduces over 

the course of the softening process following macrostructural yielding. The 

inclusion of a term that increases the interaction function that defines the 

plastic macrostructural strains induced by microstructural effects (see Equation 

2.15) is proposed to solve this problem. This term, which has been called ‘f2’, has 

been defined as a function of the microstructural void ratio, em (see Fig. 2.7a). 

Hence, the model includes the experimental observation that the 

macrostructural destructuring becomes more intense when the microstructural 

void ratio is higher. This modification to the BExM has substantially improved 

its capacity to reproduce the FS processes analysed (see Figs. 2.9 and 2.10).  

The formulation put forth here should be revised as knowledge is gained on its 

application through experience. For instance, the shape of f2 will certainly need 

improvement. It is also likely that even the functional dependence between f2 

and em will have to be modified. Another aspect that should be addressed is how 

to relate macrostructure destructuration with potential soil particle release 

when the bentonite becomes a sol (soil structure failure). However, by 

introducing minor modifications to the conventional formulation of BExM, FSM 

model is an easy-to-use tool to model bentonite free swelling. 
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3.0. Abstract 

A constitutive model of the volumetric behaviour of bentonite aggregates is 

proposed. The model is based on a state function to define the inter-aggregate 

(microstructural) void ratio and on a mass transfer function to calculate the 

mass exchange between macrostructural and microstructural water. Although 

both functions have been used previously for clay soils, their application beyond 

the range for which they were derived is proposed. To evaluate whether this 

extrapolation is valid, data on the swelling of individual bentonite aggregates 

are analysed. This novel aspect of this study is significant because it is not 

common to analyse microstructural data directly without introducing any 

hypothesis about the behaviour of the macrostructure. Despite the lack of a 

more intensive validation, which will be conducted when more experimental 

data become available, the results obtained have been satisfactory. 

Keywords 

Bentonite aggregates; double porosity model; microstructure; water mass 

exchange 
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3.1. Introduction 

Expansive bentonite is a clay soil with significant engineering applications, 

especially in the construction of municipal and industrial waste landfill liners 

(US EPA, 1993) and barriers for the storage of spent nuclear fuel (see, for 

instance, Chegbeleh et al., 2008; Cui et al., 2002; Gens et al., 1998; Pusch, 1992; 

Pusch and Weston, 2012; Yong, 1999b). Important contributions to the 

modelling of the bentonite behaviour have been made. Particularly relevant are 

the advancements presented at important conferences, such as the 3rd 

International Conference on Expansive Soils held in 1973 in Haifa (Israel), the 

International Symposium on Soil Structure, held the same year in Stockholm 

(Sweden), and the workshop ‘Microstructural modelling of natural and 

artificially prepared clay soils with special emphasis on the use of clays for 

waste isolation’, which was held in 1998 in Lund (Sweden) (Issues 1 and 2 in 

volume 54 of Engineering Geology; Pusch, 1999; Yong, 1999a). At this last 

workshop, Alonso et al. (1999) presented the ‘Barcelona Expansive Model’ 

(BExM), which was based on the conceptual approach proposed by Gens and 

Alonso (1992). The model is based on the idealisation of the bentonite structure 

as having two structural levels, a macrostructure and a microstructure. BExM 

has proven to be a powerful tool for characterising the behaviour of bentonites 

(see, for instance, Lloret et al., 2003), thereby demonstrating the power of 

conceptual models based on double porosity approaches. 

It is therefore of great interest that progress is made in the macroscopic 

characterisation of the microstructure behaviour of bentonite. This is not a 

simple task because it is not easy to obtain isolated information about 

microstructure behaviour, i.e., information about the microstructure that is not 

coupled to macrostructural processes. Data on bentonite aggregate 

deformability available from Montes-H (2005), Montes-H et al. (2003a; 2003b; 

2005a; 2005b), Farulla et al. (2010), and Romero et al. (2011) are consequently 

very useful. In those studies, environmental scanning electron microscopy 

(ESEM) was combined with digital image analysis to identify individual 

bentonite aggregates, characterising their area variation as a function of 

environmental relative humidity. 
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ESEM images are sensitive to working conditions. Particularly, when monitoring 

microstructural changes along drying and wetting paths with varying gas 

pressures (as done by Montes-H and co-workers), it is important to maintain a 

constant working distance (Romero and Simms, 2008). However, if the ESEM 

images are obtained carefully, they provide information that is valuable for 

understanding the behaviour of soil microstructure (Romero and Simms, 2008). 

In the following sections, a constitutive model for the volumetric behaviour of 

bentonite aggregates is proposed, and the experimental results obtained by 

Montes-H (2005) and Montes-H et al. (2003a; 2003b) are used to assess its 

range of applicability and limitations. 

3.2. Aggregate concept and aggregate deformability 

A bimodal pore size distribution is evidenced in compacted bentonite from 

mercury intrusion porosimetry (MIP) tests (Alonso et al., 1987; Collins, 1984; 

Collins and McGown, 1974; Pusch, 1982) (Fig. 2.1, see section 2.2). The 

predominant smaller pore sizes are in the vicinity of 10 nm and correspond to 

pores inside clay aggregates. The predominant larger pore sizes of the MIP-

bimodal distribution depend on the dry density, which depends of the 

compaction load (e.g., 10 µm for dry density ρd=1.8 g/cm3 and 40 µm for dry 

density ρd=1.5 g/cm3) (Lloret et al., 2003; Romero, 1999; Romero et al., 1999). 

Despite the pore size distribution being a continuum, a boundary between the 

two pore families, that is, between the intra-aggregate porosity and inter-

aggregate porosity, has been identified at approximately 100 nm by different 

authors (Romero and Simms, 2008; Lloret et al., 2003; Romero, 1999). Pores 

smaller than this size do not appear to be affected by the level of the compaction 

load (Montes-Hernandez et al., 2006; Lloret et al., 2003; Romero, 1999). As 

other authors have done (see, for example, Romero and Simms, 2008; Lloret et 

al., 2003; Pusch and Moreno, 2001; Romero, 1999; Romero et al., 1999; Pusch, 

1982) and as proposed by Gens and Alonso (1992), the bimodal pore size 

distribution of the soil is idealised in this study using a double porosity model. 
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Macroporosity is associated with the inter-aggregate pores. The soil 

deformation is due to the rearrangement of the granular-like skeleton formed 

by the aggregates. Therefore, its behaviour may be described by ‘conventional’ 

models for the unsaturated soil mechanics (Lloret et al., 2003), as the Barcelona 

Basic Model (Alonso et al., 1990). 

The microstructural level is associated with intra-aggregate porosity due to 

inter-sheet voids as well as interstack voids. One sheet is ‘the smallest building 

of clay’. A montmorillonite sheet has a 2:1 structure and is formed by an 

octahedral aluminium oxide layer sandwiched between two tetrahedral silicon 

oxide layers (see van Olphen, 1977). The sheets are approximately 1 nm thick 

and are typically between 50 and 300 nm long in the other directions 

(Neretnieks et al., 2009). A number of sheets held together mostly face to face is 

known as a ‘stack’ (Figs. 3.1a and b). When sodium is the dominant counterion, 

the stacks consist of one sheet or a few sheets (Cadene et al., 2005). When 

calcium dominates, the stacks typically consist of 5 to 15 sheets or more (Pusch 

and Yong, 2006). Aggregates are formed by the agglomeration of stacks that are 

held together more loosely than the sheets in stacks.  

As Fig. 3.1c shows, the stacks are not necessarily arranged in a parallel mode 

inside the aggregates. In addition, heterogeneities can be produced in the 

interior of the stacks, as shown in Figs. 3.1a and b. Therefore, the interior of the 

aggregates has a complex topology that is difficult to characterise. It is 

reasonable to expect two hierarchical levels, interlamellar and interstack voids 

using the notation in Neretnieks et al. (2009). However, as with the 

formulations derived by Gens and Alonso (1992), the approach taken in this 

thesis does not characterise that topology. Only one macroscopic variable, the 

microstructural void ratio em (em=volume of voids in the microstructure per 

volume of clay mineral), is used in this study to describe the intra-aggregate 

porosity (microporosity). The aggregate is treated as a microstructure support 

scale (in the sense proposed by Pachepsky et al., 2006), thus abstracting its 

internal complexity.  
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Figure 3.1. (a) Sheets defining heterogeneity in the interior of a stack. (b) Arrangement of 
sheets forming a stack. (c) Arrangement of stacks in a compacted bentonite. Adapted from 

Neretnieks et al. (2009). 

This abstraction approach is not new because it is already implicit in the 

concept of the ‘average separation’ or ‘mean distance’ between sheets, λ* (see, 

for example, Bourg et al., 2006; Karnland et al., 2005; Zhang et al., 1995), which 

is related to em according to the following equation: 

(3.1) S

e


 

m

 

where δS is the sheet thickness, which is approximately 1 nm. In Equation 3.1, λ* 

corresponds to a real physical magnitude (the ‘true’ distance between sheets) 

only if the aggregates are formed by parallel stacks with only one sheet per 

stack. This can be assumed to be true of Na bentonite when the aggregate has a 

very open structure and both λ* and em have large values. However, for ‘dry’ 
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clays, where λ* can be as small as 0.3–0.5 nm (Pusch and Yong, 2006), λ * must 

be considered an estimate of the average distance between sheets. 

In the past, several equations have been proposed for estimating the value of λ*. 

In this thesis, the equation proposed by Low and co-workers (see Low, 1979, 

1980, 1987; Low and Margheim, 1979) has been adopted. According to Zhang et 

al. (1995), the equation can be formulated as follows: 

(3.2) 
)exp(1

ATM



 kb

P  

where π is the swelling pressure, PATM is the reference atmospheric pressure, 

and b and k are model parameters. Using Equation 3.1, Equation 3.2 can be 

rewritten as a function of em as follows: 

(3.3) 
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where the microstructural deformability parameter k introduced in Equation 

3.2 is maintained but the b parameter has been replaced by emO, which is the 

microstructural void ratio when π = 0 (that is, when only the atmospheric 

pressure is applied). 

Equation 3.2 was proposed for the gels of oriented clay particles (Zhang et al., 

1995) in which λ* had values larger than 1 nm, that is, microstructural void 

ratios greater than 1. Therefore, its validity must be questioned for lower values 

of em when the aggregates maintain a high level of internal structure. 

Data obtained by Montes-H et al. (2003b) can be used to examine this issue. In 

their experiments, the initial humidity of the bentonite was 10.8%. Assuming 

that virtually all of the water was in the micropores, it follows that the initial 

microstructural void ratio em-ini was equal to 0.29, which was far below the 

range of values suggested by Zhang et al. (1995). It is interesting to note that 

0.29 is close to the reference intra-aggregate void ratio that was identified by 

Romero et al. (2011) for several soils. This void ratio is associated with a 

situation in which the macropores are completely empty even though the 

micropores remain saturated. 
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The surface area variations determined by Montes-H et al. (2003b) in individual 

MX 80 bentonite aggregates were examined using digital analysis of images 

obtained from ESEM. In the tests, the RH increased from 2.5% to the values 

indicated in Table 3.1. It is interesting to note that after each swelling step, the 

individual aggregate identified in each test was subjected to a shrinkage 

process, returning to an RH of 2.5%. A new swelling step was applied 

afterwards. In all cases, fully reversible behaviour was observed, with the same 

initial surface area always being recovered at an RH=2.5%. This result agrees 

with the proposals of other researchers (see, for example, Gens and Alonso, 

1992; Hueckel, 1992; Quirk, 1994), and also supports the validity of expressions 

such as Equation 3.3, in which only one-to-one expressions of em are considered. 

RHini (%) RHend (%) πend (MPa) Send (%) em-end 

2.5 55 78 6.79 0.310 

2.5 60 67 9.01 0.316 

2.5 65 56 9.91 0.319 

2.5 70 46 11.51 0.324 

2.5 75 37 12.32 0.326 

2.5 80 29 13.43 0.329 

2.5 85 21 15.21 0.334 

2.5 90 14 20.99 0.351 

Table 3.1. Relative Humidity RH, swelling pressure πend, swelling strain Send and microstructural 
void ratio em-end at the end of each of the swelling steps in the test conducted by Montes-H et al. 

(2003b). 

To correlate RH to π, and thus to be able to use Equation 3.3, the chemical 

potential of the (microstructural) water inside the aggregate µm can be 

calculated in the following manner, according to Edlefsen and Anderson (1943): 

(3.4) 
   RHTRT LnVOm 

 

where µVO(T) is the chemical potential of water vapour over a flat surface of 

pure water at an absolute temperature T, and R is the universal gas constant. 

However, according to Karnland et al. (2005), µm can also be defined as follows: 

(3.5) 
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where the reference pressure pO is the vapour pressure set by pure water (that 

is, the pressure of water vapour in equilibrium with free pure water), pC is the 

vapour pressure set by the clay (that is, the change from pO induced by clay 

particles), pIE is the vapour pressure set by the ions (the change from pO caused 

by the presence of ions), WMM is the water molecular mass, σ is the mean net 

stress applied to the soil, and ρW is the water density. Several authors have 

shown that the density of interlayer water on clay sheets may be higher than 

that of free water. However, in this thesis, as suggested by Tournassat and 

Appelo (2011), both densities are assumed to be equal for modelling purposes. 

In the ESEM chamber, σ was zero. Based on the water activity values given by 

Montes-H et al. (2003b), it can be assumed that pIEpO in the tests. Keeping 

these simplifications in mind, as well as the fact that under low salinity 

conditions it is common to define the swelling pressure π as follows:  

(3.6) 
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and therefore: 

(3.7) 
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which yields the following equation: 

(3.8) 
 RH

WMM

TR
LnW 

 

Therefore, for an RH of 2.5% and an initial temperature of 50ºC, π was 

approximately 551 MPa. This is a very high value, as can be observed in Fig. 3.2, 

which shows the results from many ‘conventional’ swelling pressure tests 

(isochoric tests usually carried out in adapted oedometers). From the dry 

density and mean distance between sheets data provided by these tests, it was 

not possible to differentiate between macro and micro void ratio values. 

However, the total void ratio values obtained indicate that for swelling pressure 

values as high as 551 MPa (much higher than the experimental values shown in 
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Fig. 3.2), it seems reasonable to assume void ratio values as low as 0.29 (lower 

than the majority of the data in the figure). The consistency of this 

microstructural void ratio value is even more evident if the validity of the basic 

hypothesis used to derive it is considered, i.e., that practically all of the existing 

water in the soil at the beginning of the test was contained inside the 

aggregates. For this purpose, it is useful to express the relative humidity in 

terms of an ‘equivalent environmental suction’ sENV. This yields an equation 

similar to Equation 3.8, with sENV instead of π (see Romero, 1999, for example). 

According to the model for the suction-water content relationship proposed by 

Romero (1999), when this suction is larger than 2 MPa, a large proportion of the 

water is in intra-aggregate pores, and becomes fundamentally intrastack water 

(as illustrated in Fig. 3.1) when suction is larger than 160 MPa. Therefore, it is 

reasonable to assume that at 551 MPa, the water is microstructural water. 

 

Figure 3.2. Compilation of void ratios associated with swelling pressure tests carried out for 
several bentonite samples. Data for MX-80 from Borgesson et al. (1996), Dueck et al. (2010), 
Karnland et al. (2005, 2006, 2011), Man and Martino (2009), Rautioaho and Korkiala-Tanttu 

(2009) and Swedish Nuclear Power Inspectorate (2005). 

It should be indicated that the concept of ‘swelling pressure’ is often used to 

refer to different processes. When this term refers to the results of swelling 

pressure tests (for example, the standard ASTM D4546-08 (ASTM, 2008)), it has 



3. Volumetric deformability and water mass exchange of bentonite aggregates 

 
 

40 

a mechanistic meaning, depending on the test conditions. The swelling pressure 

is the response to a boundary condition, and depends also on the initial 

conditions of the bentonite, and on the deformability of its macrostructure. 

However, when authors such as Low and co-workers (see, for example, Zhang et 

al., 1995, and references therein) use this concept, it has a thermodynamic 

meaning that is directly related to the chemical potential of microstructural 

water. It is also the case of this chapter. Moreover, it is worth to stress that, in 

accordance with Equations 5 and 6, the swelling pressure was not interpreted 

as the pressure exerted by the aggregates when swelling occurs in any kind of 

condition. Rather, it was interpreted as the pressure exerted when the 

aggregates swell in pure water, that is, when all the vapour pressure is set by 

the clay skeleton. 

 

Figure 3.3. Data points (x1, y1) (see Equation 3.11) obtained from the tests conducted by 
Montes-H et al. (2003b). 

In Table 3.1, Equation 3.8 was used to define the final value of the swelling 

pressure of the aggregates πend in the tests carried out by Montes-H et al. 

(2003b). Moreover, Table 3.1 also includes the microstructural void ratio values 
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at the end of each of the swelling steps, em-end. These values were derived from 

the swelling strain Send, defined as the relative difference ratio between the 

aggregate surface area A at the start, Aini, and at the end, Aend, of the tests: 

(3.9) 
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To obtain the values of em-end included in Table 3.1, it was assumed that em-ini = 

0.29. Consequently, if Equation 3.3 is valid, the following linear relationship 

must be satisfied: 

(3.10) 
1

ATM

endini-m

mO

ini-m

end-m

ini-m
1 1Ln xBA

Pk

e

e

e

e

e
y 







 


 

where, for convenience, the ratio em-ini  em-end is denoted as y1, the expression 

Ln(πend  PATM) is identified as x1, and the parameters em-ini  emO and em-ini  k, 

obtained respectively from emO and k (model parameters defined after Equation 

3.3), are designed by the constants A and B. In accordance with this notation, the 

points (x1, y1) derived from Table 3.1 have been plotted in Fig. 3.3. The linear fit 

is very satisfactory, with a squared Pearson coefficient value of 0.96. Therefore, 

it is reasonable to accept Equation 3.3 as a valid constitutive equation for 

approximating the volumetric deformability of aggregates, even for very low 

values of microstructural porosity. 

3.3. Mass exchange between macropores and 

aggregates 

The previous section analyses how the microstructural void ratio varies when, 

after the RH was increased, the aggregate reached equilibrium and its surface 

area remains constant. However, when the RH in the ESEM chamber increases, a 

transient process occurs before reaching equilibrium, as observed in Figs. 3.4a 

and b. As the RH increases, the chemical potential of the aggregate boundary 

becomes larger (Equation 3.4), while the chemical potential in the interior of the 

aggregate remains unchanged. This produces an imbalance that leads to a 
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transient process in which a water mass exchange, cm, from the aggregate 

boundary to the intra-aggregate porosity (from the macropores to the 

micropores) is registered. This causes em to increase (i.e., swelling occurs) until 

the chemical potential of the aggregate equals that of the chamber. If a classical 

linear approach is used (de Groot and Mazur, 1984), the water mass exchange of 

water may be determined from the following equation: 

(3.11)  mMm  c  

 

a) 

  

b) 

  

Figure 3.4. Test data (T) and model values (M) from swelling tests conducted by Montes-H 
(2003b), varying the RH from 2.5% to the values indicated in the figure legends (a) 55%, 60%, 

65% and 70%; (b) 75%, 80%, 85% and 90%. 
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where α is a phenomenological transfer coefficient and µM is the chemical 

potential of the water in the aggregate boundary, that is, in the macrostructural 

voids.  

According to Edlefsen and Anderson (1943), it may be computed as: 

(3.12) 

  M

W

VOM Ln xTRs
WMM
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where s is the macrostructural water matric suction, and, assuming a dilute 

solution, xM is the mole fraction of the macropore water (xM = nM/
nL, where nM 

is the number of moles of macrostructural water, and nL is the total number of 

moles of macrostructural liquid: water plus dissolved salts). 

The formulation in Equation 3.11 is similar to the linear relationship used by 

Gens et al. (2011), which is written in terms of the total water potential. Navarro 

and Alonso (2001) and Alonso and Navarro (2005) adopted a non-linear 

formulation, treating chemical potentials as thermodynamic forces, in analysing 

the secondary compression of a number of clays. The value of α was not taken as 

constant but rather assumed to increase as the ratio µM/µm increased. On a 

completely different scale, Ferrage et al. (2007) also identified transient water 

mass exchange processes in which the kinetics depended on the imbalance. 

These researchers analysed the dehydration occurring at the crystal scale for 

water located exclusively in the interlayer of a Ca montmorillonite. Their data 

are plotted in Fig. 3.5, where the time required to reach 90% of the equilibrium 

value t90 is shown for the relative abundance of bihydrated (%2W) and 

dehydrated layers (%0W), as well as for the layer thickness of monohydrated 

(LT1W) and bihydrated (LT2W) layers. In all cases, at the initial equilibrium 

conditions the temperature was 25ºC and the relative humidity was 60–65%. 

The temperatures identified as ‘boundary temperatures’ in Fig 3.5 were 

imposed until a new equilibrium was reached. The amount of water absorbed in 

the smectite interlayer was determined using X-ray diffraction profile 

modelling. The reference value defined by the saturation pressure of water 

vapour over a flat surface of pure water increased with increasing temperature. 

Consequently, the relative humidity decreased, and µM became smaller than µm, 
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giving rise to a flow towards the macrostructure and to dehydration of the 

microstructure. For larger temperature differences, the ratio µm/ µM was larger, 

and the flow was faster (lower t90), as shown in Fig 3.5. Although the scale of the 

interlamellar water phenomenon makes it difficult to identify patterns that 

characterise processes at the aggregate level, it raised the consideration of using 

the formulation proposed by Alonso and Navarro (2005). However, those 

authors proposed the formulation to model secondary compression processes, 

in which the differences between µM and µm are far inferior to the ones 

produced in the swelling processes considered here. Therefore, the validity of 

the formulation was assessed by analysing the transient processes shown in 

Figs. 3.4a and b. 

 

Figure 3.5. Time t90 required to reach 90% of the equilibrium value for the relative abundance 
of bihydrated (%2W) and dehydrated layers (%0W), as well as for the layer thickness of 

monohydrated (LT1W) and bihydrated layers (LT2W). 

The variation of π was determined using Equation 3.8, the evolution of em/emini 

was calculated using Equation 3.9 taking the current aggregate surface area A 

instead of its final value Aend. The evolution of A was experimentally determined 

by Montes-H et al. (2003b). 
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Since the variations in em are a consequence of the hydration process, when 

applying the mass-balance equation proposed by Navarro and Alonso (2001) to 

an individual aggregate, the time derivative of the microstructural void ratio is 

given by the following equation: 

(3.13) 
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Thus, applying Equation 3.9 not only to Send but also for any value S ( [A-

Aini]/Aini) it is obtained: 
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Figure 3.6. Data points (x2, y2) (see Equation 3.16) obtained from the data published by Montes-
H et al. (2003b). 
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(3.15) 
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where the constant β is equal to α·WMM·(ρW)-1, and Equation 3.7 has been used 

to transform µm into π. The value of πB can be determined from µM and may be 

interpreted as the water pressure potential that the boundary imposes on the 

aggregate. H and C are constitutive parameters. H defines the water mass 

transfer at the end of the process (π = πB), and C defines the way in which the 

mass transfer term changes as π approaches πB. 

Therefore, if Alonso and Navarro’s (2005) model can be applied to aggregates, it 

is obtained, by introducing Equation 3.14 in Equation 3.15, that the following 

linear relationship will be satisfied: 

(3.16)
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For notational convenience, as done with x1 and y1 in Equation 3.10, the 

variables x2 and y2 have been defined in Equation 3.16, as well as the parameter 

D (note that the true model parameters are H and C). The pairs (x2, y2) obtained 

from the experimental data of Montes-H et al. (2003b) are shown in Fig 3.6. The 

linear correlation is very good (squared Pearson coefficient of 0.98). The values 

of C and D are shown in Table 3.2. These values are consistent with those 

identified for other clays by Navarro and Alonso (2001) and by Alonso and 

Navarro (2005). Hence, the results support the validity of the formulation 

defined by Equation 3.15. 

For the values of C and D in Table 3.2, the agreement between the numerical 

simulation results (i.e., the numerical time integration of S, from Equations 3.14 

and 3.15, using the explicit Euler method) and the test values shown in Figs. 

3.4a and b is satisfactory. It must be emphasised that the formulation proposed 

in Equation 3.3 was used to obtain the value of π that was used in the 

calculation of the (x2, y2) points in Fig. 3.6 and in the time integration of S. 



HM elastoplastic model of expansive bentonite behaviour in FS conditions 

 
 

47 

Consequently, the fits shown in Figs. 3.4a and b encourage confidence not only 

in the water mass exchange term proposed in Equation 3.15, but also in the 

state function defined by Equation 3.3. 

RHend (%) C D 

55 0.367 -20.04 

60 0.389 -19.58 

65 0.410 -18.98 

70 0.423 -18.81 

75 0.435 -18.55 

80 0.448 -18.45 

85 0.464 -18.22 

90 0.491 -17.96 

Table 3.2. Parameters C and D in Equation 3.16 identified from the test conducted by Montes-H 
et al. (2003b). 

When implementing the model defined by Equations 3.3 and 3.15 in a general 

bentonite constitutive model such as BExM, it will be considered that there may 

not be chemical equilibrium between macro and microstructural water. This 

way, the mass exchange will be modelled through Equation 3.15, and Equation 

3.3 will be used to compute π from em. As a result, a new state variable, em , is 

introduced in the analysis, and a new mass balance equation should be 

considered. That is, microstructural and macrostructural water mass balance 

equations should be set apart since equilibrium is not assumed between both 

types of water. Several authors have introduced approaches of such kind (see 

Alonso et al., 2011, and Gens et al., 2011), although they have implemented 

formulations different from that stated in Equations 3.3 and 3.15. The FEM 

numerical model which incorporates, together with the BExM, Equations 3.3 

and 3.15 in a multiphysics environment, will be described in the next chapter. 

3.4. Conclusions 

A model for double porosity in bentonite has been developed using an 

approximation in which aggregates are treated as support scale, avoiding the 

characterisation of their complex internal topology. The level of structuring in 

aggregates as a whole is characterised by the microstructural void ratio em. 
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Equation 3.3, a one-to-one model based on the formulation by Zhang et al. 

(1995), is proposed for use in defining this macroscopic variable. Although this 

formulation was originally proposed for gels of oriented clay particles in which 

the void ratios were considerably larger than those usually found in compacted 

bentonite aggregates, the analysis of the data obtained from Montes-H et al. 

(2003b) for individual bentonite aggregates has shown the formulation to be 

valid even for very small microstructural porosity values. Experimental results 

obtained by Montes-H et al. (2003b) have also been used to assess the validity 

of using Equation 3.15 (Alonso and Navarro, 2005) to determine the rate of 

water mass exchange produced between macropores and inter-aggregate pores 

when there is no chemical potential equilibrium between macro- and 

microstructural water. A satisfactory fit to the transient processes analysed has 

been obtained. Again data from Montes-H et al. (2003b), directly associated 

with aggregates (i.e., not segregated from macrostructural information 

according to some hypothesis concerning macrostructural behaviour), was used 

in this analysis. The results obtained encourage confidence in the use of 

Equations 3.3 and 3.15 as a constitutive framework for defining the volumetric 

deformability and mass exchange of soil microstructures. 

However, without underestimating the importance of the results obtained, 

caution is advised concerning the range of applicability of this constitutive 

framework. It would be useful to improve the range of its validity by analysing a 

larger number of experimental results. Unfortunately, the data needed for this 

type of analysis are currently very scarce, which is why more tests such as those 

conducted by Montes-H (2005) and Montes-H et al. (2003a; 2003b; 2005a; 

2005b) are needed. This is particularly true if tomographic techniques are used 

to obtain 3D data of the volumetric behaviour of bentonite aggregates. 
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4.0. Abstract 

Using multiphysics computer codes has become an interesting way to solve 

systems of partial differential equations. However, these codes do not always 

allow for the free introduction of implicitly defined state functions when 

automatic differentiation is used to compute the iteration matrix. This makes it 

considerably more difficult to solve geomechanical problems using non-linear 

constitutive models. This chapter proposes a method for overcoming this 

difficulty based on multiphysics capabilities. The implementation of the well-

known Barcelona Basic Model is described to illustrate the application of the 

method. Examples that demonstrate the scope of the proposed methodology are 

also presented. 

Keywords 

Soil mechanics; critical state model; partial differential equations solver; 

multiphysics environment; mixed method. 
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4.1. Introduction 

In recent years, the application of numerical methods, particularly the finite 

element method (FEM), for solving boundary problems in soil mechanics has 

grown considerably, as illustrated by the high quality and large number of 

published papers on the subject. Among the noteworthy contributions to this 

area of research are those by Potts and Gens (1985), Potts and Zdravkovic 

(1999), Vaunat et al. (2000), Sloan et al. (2001), Sheng et al. (2000), Sheng et al. 

(2003a), Sheng et al. (2003b), Sheng et al. (2008), Borja (2004), Gens and Potts 

(1988), Solowski and Gallipoli (2010a, b) and Solowski and Sloan (2012). The 

algorithms they propose have been implemented both in FEM codes developed 

primarily for research purposes (see Olivella et al., 1996; Navarro and Alonso 

2000) and in commercial FEM software (see, among others, ABAQUS, 2008; 

Brinkgreve et al., 2008; ANSYS, 2011), which include modules that facilitate the 

simulation of the behaviour of a large number of geotechnical structures (e.g., 

embankments and cuts, earth dams, retaining walls, slopes, tunnels and 

foundations).  

An interesting approach to the numerical solution of geotechnical problems is 

the use of multiphysics partial differential equation solvers (MPDES) (Keyes et 

al., 2013). With this class of solvers, the user defines the governing equations 

and models for the behaviour of the system. The code takes automatic control of 

assembling and solving the system of equations without it being necessary to 

redefine the memory storage structures or to implement the algorithms for its 

solution. The user focuses on the physics of the problem, which allows for the 

coupling of almost any physical or chemical process that could be described 

through partial differential equations (PDEs). This coupling ability is one of the 

main advantages of MPDES. In addition, some MPDES include specific stress-

strain models for geomaterials in their libraries. COMSOL Multiphysics (CM) 

(COMSOL, 2011a), MPDES used as a reference in this work, does. Although built-

in models are of great use, ideally users would be able to implement any desired 

stress-strain model. In principle, MPDES interfaces are adapted to so. Their 

structure enables to define different constitutive models. However, an 

important difficulty arises when non-linear models are used. In solving non-
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linear problems, it is convenient to use all available computing capacity. 

Notably, for the highest accuracy in the evaluation of the iteration matrix, it is 

interesting to compute the derivatives of all terms in the PDEs by automatic 

differentiation. This method of evaluating derivatives has experienced a rapid 

advance, becoming an efficient tool in computing technology (Corliss et al., 

2002; Griewank and Walther, 2008). Several MPDES have included automatic 

differentiation modules (Pawloski et al., 2011; Palacios et al., 2013; Bischof et 

al., 2008; Martins and Hwang, 2012). Some of them, as CM, differentiate all 

expressions that contribute to the iteration matrix symbolically (Gobbert et al., 

2009). In such case, if there are variables defined through implicit relationships, 

their derivatives cannot be calculated. Thus, the iteration matrix cannot be 

defined, and the program fails to solve the problem. Therefore, elastoplastic 

models cannot be freely implemented because they contain an implicit coupling 

between the stresses, plastic strains, and plastic variable increments. It is not 

possible either to implement simple models for non-linear elasticity, because 

both the volumetric and shear moduli are functions of stresses that must be 

calculated. This inability implies a very important limitation for the use of 

MPDES such as CM in the analysis of geomechanical boundary value problems. 

This chapter proposes a strategy for solving this problem using the multiphysics 

concept. A mixed method (see, for instance, Malkus and Hughes, 1978) is 

proposed that identifies the stresses and plastic variables as main unknowns of 

the model. In this manner, users can freely introduce models with implicit 

couplings among the variables. To illustrate the application of the method, the 

Barcelona Basic Model (BBM) (Alonso et al., 1990), a reference critical state 

model in unsaturated soil mechanics, has been implemented and analysed. 

4.2. Formulation of the problem 

To simplify the description of the methodology when analysing the mechanical 

behaviour of unsaturated soils, a soil consisting of a soil skeleton, water and air 

(three species) is considered in three phases: solid, liquid and gas. The presence 

of solids dissolved in the water is not considered, whereas the presence of 
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dissolved air is considered according to Henry’s law. The gas is formed by a 

mixture of dry air and water vapour. The presence of vapour mixed with air in 

the gas phase is considered in accordance with the psychometric law. Because 

of this consideration, and assuming a displacement finite element approach, the 

solid displacements u, liquid pressure PL and gas pressure PG are the ‘main 

unknowns’ (state or primary variables) of the problem, and the mass balance of 

the species (soil, water and gas) and the equilibrium equation are the PDEs to 

solve. Isothermal conditions are assumed. Thus, no enthalpy balance is solved, 

and the temperature remains constant. The mass-balance equations 

implemented in the solver have been described in detail by Navarro and Alonso 

(2000) and Alonso et al. (2012a). 

The equation for global linear momentum balance (the equilibrium equation) is 

formulated in terms of the total stress tensor σTOT as follows: 

(4.1) 
0kσ  gTOT  

where ‘·’ is the divergence operator, ρ is the average soil density, g is the 

gravitational acceleration, and k is a unit vector in the direction of gravity. The 

total stress tensor σTOT is different from the constitutive stress σ used in the 

constitutive model. In this work, σ is assumed equal to the net stress (σ = σTOT-

PG·m, where m is the vector form of the Kronecker delta), and the mechanical 

behaviour of the soil is described by the pair of net stress and suction s=PG-PL 

(Houlsby, 1997). Thus, using the notation of Solowski and Gallipoli (2010a), the 

general constitutive relation is obtained as follows: 

(4.2)   sel,plelσelel  εεεDεDσ ddddd  

 

where Del is the elastic matrix, and dεel,σ is the elastic strain associated with 

changes in the constitutive stresses. This latter term is the difference between 

the strain dε (obtained by differentiation of u) and the sum of the plastic strain 

dεpl and elastic strain due to suction changes dεel,s.  

Introducing the definition for the plastic potential and the hardening law, the 

following relation is obtained (Ledesma et al., 1995): 
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(4.3) dsdd  sep,ep,ε DεDσ  

where Dep,ε is a 66 (three-dimensional problem) matrix defined as follows: 

(4.4) 
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εVpl being the plastic volumetric strain, ‘T’ the transpose operator, and F the 

yield function, defined in the BBM model as: 

(4.5) F= q2 – M 2 (p + k·s) (pO – p) 

where p is the constitutive mean stress (=1/3·mT·σ), q is the deviatoric stress, 

and M and k are model parameters. The preconsolidation pressure pO* in 

Equation 4.4 is the model hardening parameter, defined in Fig. 4.1, where the 

‘hardening direction’ g is also defined. For simplicity, in this work, g is taken as 

normal to F in the s=constant plane, but it is simple to adapt the formulation to 

introduce another flow rule. The variation of pO* with respect to εVpl constitutes 

the hardening law, which is formulated according to the expression: 

(4.6)    
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e being the void ratio, κ the elastic modulus for changes in constitutive stresses, 

and λ(0) the stiffness parameter for changes in p for virgin states at zero 

suction. In Equation 4.6, pO is the net mean yield stress at the current suction 

(see curve LC in Fig. 4.1), defined in the BBM as: 

(4.7) 
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where pC is a reference stress, and the stiffness function λ varies with the 

suction s according to: 

(4.8)    rsr  )·exp()1(0 b  
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r and β being soil material parameters. 

In Equation 4.3, Dep,s is a 61 array defined as: 

(4.9) 
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where, if the BBM is applied, the 61 array b is defined as: 

(4.10)  
mb

sP 


ATM

s

3

1 

 

κs being the elastic modulus for changes in suction, and PATM the atmospheric 

pressure (assumed to be 100 kPa here). 

 

Figure 4.1. General form of the yield function. CSL is the critical state line. 

By incorporating Equations 4.4, 4.5 and 4.9 into Equation 4.6, the equation can 

be rewritten as follows (Solowski and Gallipoli, 2010a): 
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(4.11) dsHddp sε

O*  εH  

where the vector Hε (61) and scalar H s are defined: 

(4.12) 
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Therefore, if both a ‘generalised’ (or ‘enhanced’, in keeping with the notation of 

Solowski and Gallipoli, 2010a) strain vector εenh=(ε, s), which includes strain 

and suction, and an ‘enhanced’ stress vector σenh=(σ, pO*), which includes the 

constitutive stress and the hardening parameter, are defined, the following 

equation is obtained: 

(4.14) 
enhenh

ep

sε

sep,ep,ε

Oenh *),( εD
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DD
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ds
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H
dpdd 


















 

Consequently, using this notation and the proposed formulation, at each time 

step of the plastic path, the integration of Equation 4.14 must be performed 

such that the increment δσenh=(δσ, δpO*) satisfies the equation: 

(4.15) 
  0*,*, OO  ssppF σσ  

Sheng (2011), Solowski and Gallipoli (2010a, b) and Vaunat et al. (2000) have 

described diverse strategies for solving this problem, focusing on their 

application to the BBM. Here, only yield by contact with the LC surface is 

considered (Alonso et al., 1990) (see Fig. 4.1). Therefore, the problem is 

simplified considerably, with most of the difficulty focused on the selection of an 

explicit or implicit method (Solowski and Gallipoli, 2010a). 
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However, as noted in the Introduction, the use of MPDES as CM involves other 

types of problems. The coefficients of Depenh (see Equations 4.14, 4.4, 4.5, 4.6, 

4.9, 4.10 and 4.13 and Fig. 4.1) are functions of ε (through e), s, σ and pO*. 

Therefore, the evolution of σenh depends on the value of σenh. The use of 

elastoplastic models, in which the material behaviour is path dependent, 

introduces variables that are implicitly defined. If symbolic derivatives are 

computed, the program is not capable of managing this dependence, and fails. 

This situation also occurs in the elastic regime if a non-linear elasticity model is 

employed. In these models, the bulk modulus K is typically defined as: 

(4.16) )1( ep
K






 

Whether the shear modulus G is assumed constant, or whether it is calculated 

as: 

(4.17) 
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(ν being the Poisson’s ratio, assumed constant in this case), Del becomes 

dependent on σ through p in Equation 4.16. Therefore, as in the plastic regime, 

there is an implicit relation between Depenh and σenh, also leading the program to 

fail. 

4.3. Solution strategy 

The differentiation with respect to σenh is needed to calculate Depenh. For that 

purpose, σenh (vector grouping the state functions defined through implicit 

functions) can be identified as a new main unknown, so the logic of the 

computer algebra can differentiate with respect to it. Nevertheless, since new 

degrees of freedom are being introduced, new equations must be defined for 

them to be solved. Making use of the multiphysics capability of MPDES, a new 

balance equation can be defined: 
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(4.18) 
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If the ‘stress flow’ Jσ is restricted to zero, the fulfilment of Equation 4.18 is 

equivalent to the fulfilment of Equation 4.14. Consequently, when imposing 

Jσ0, Equation 4.18 defines an alternative way of introducing, through a PDE, 

the fulfillment of the initial value problem associated with Equation 4.14. 

This strategy may be valid for any MPDES. In particular, regarding to CM, it is 

valid for any of its versions, even for the earlier ones. However, the latest 

versions of CM enable the direct definition of the initial value problem. The 

program includes the possibility of solving a distributed ordinary differential 

equation (DODE). This way, Equation 4.14 can be directly introduced as a DODE 

to obtain the equations that make the system independent. 

 

Figure 4.2. Scheme of the proposed calculation procedure. 

Regardless of whether Equation 4.18 with Jσ0 is used(general approach) or 

Equation 4.14 is introduced as a DODE in CM, it is important to note that the 

initial value problem defined is totally different from that obtained at each 

Gauss point when applying a classical displacement FEM. In such an approach, 

the solution to the initial value problem, defined by Equation 4.14, allows the 

enhanced stress to be obtained ‘locally’ (see, for instance, Crisfield, 1991, 1997) 

at each Gauss point and time step (Vaunat et al., 2000; Solowski and Gallipoli, 

2010a, b; Sheng, 2011). However, when introducing Equation 4.18 with Jσ0, or 

Equation 4.14 implemented as a DODE, σenh is considered a main unknown. This 

way, a mixed method is being adopted (see, for example, Cervera et al., 2010), 
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and as occurs with increments of displacements, liquid pressure and gas 

pressure (see Fig. 4.2), σenh should be determined in each node by solving the 

‘global’ (Crisfield, 1991, 1997) boundary value problem associated with each 

time increment. 

To that end, the mass balance equations were solved as it is conventionally done 

in other FEM models (see, for example, Navarro and Alonso, 2000; Alonso et al., 

2012a). In contrast, to solve the equilibrium equation, a non-conventional 

procedure was performed. In the weak formulation (application of the principle 

of virtual work, Zienkiewicz et al., 2005) Equation 4.14 was not integrated to 

obtain the stress values in the Gauss points. Instead, the stress values included 

in the vector X ({PL , PG, u, σenh }), which defines the global unknowns of the 

system, were utilised (grey box in the centre of Fig. 4.2). Equation 4.14 as a 

DODE, or Equation 4.18 with Jσ0 as a PDE, ensure consistency among the 

values of σenh included in X and the values of εenh deduced from the values of u, 

PL and PG that are also included in X. By applying these equations, the 

calculation procedure indicated by the grey boxes located on the right side of 

Fig. 4.2 was followed. From the vector X´ (time derivative of X) the associated 

values of ε´enh were obtained. With these values and Depenh, the conjugate value 

of the enhanced stress rate σ´enh-ε was estimated. This value was compared with 

σ´enh in X´. Along with the residuals associated with the mass-balance and 

equilibrium equations, the difference σ´enh  σ´enh-ε defines the residual vector f. 

In each time step, the value of X (which includes σenh) was determined globally 

such that f would be approximately zero. 

4.4. Calculation procedure 

As it was indicated in the Introduction, CM is the MPDES used as a reference in 

this work, and it was used to carry out the validation exercises presented in the 

next section. Among the different options available in CM for the approximation 

of time derivatives, a fully implicit backward difference scheme was employed. 

The IDA module (COMSOL, 2011b) developed by the Lawrence Livermore 

National Laboratory was used (see Hindmarsh et al., 2005, and references 
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therein). In this module, the approximation order ranges from one (linear) to 

five, with the order q differentiation formula given by the expression 

(4.19) 




q

t
0i

inn,inn ´ XX 
 

where X´n and Xn are the computed approximations to X and its time derivative, 

respectively, at time n (tn ) and where Δnt is the n-th step size (Δnt=tntn-1). The 

coefficients αn,i are uniquely determinate by the order q and the history of the 

step sizes. At the end of each time step, IDA analyses the convergence level 

attained and a new time step size and approximation order are automatically 

defined. 

After the time discretisation, the resultant system f(X)=0 was solved via a 

damped Newton procedure. The procedure was described in detail by Deuflhard 

(1974) and COMSOL (2011b) and is summarised in Figs. 4.3 and 4.4. In Fig. 4.3, 

the scalar definition ‘f’ of f is assumed to graphically describe the principal 

magnitudes that are involved in the damped Newton method. In Fig. 4.4, the 

iterative process followed is outlined. The ‘i’ sub-indices refer to the variations 

in the damping factor within each Newton iteration. The variation sequence has 

been taken according to the one predefined in COMSOL (2011b), beginning from 

(as it is indicated in Fig. 4.3) an initial value equal to one. 

 

Figure 4.3. Principal magnitudes of the damped Newton method. 
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The iteration matrix J of Fig. 4.4 is equal to the system Jacobian. There are 

various strategies to define its updating. In this work, the Jacobian was updated 

in each iteration of Newton’s method (second box of Fig. 4.4). Each iteration was 

solved using the PARDISO solver (COMSOL, 2011b; Schenk and Gartner, 2004). 

 

Figure 4.4. Scheme of the iterative damped Newton procedure adopted in the CM model to 
solve each time step. 

It is important to emphasise that, although the analytic computation of J 

introduces the ‘cost’ of including additional variables (those in σenh) in the 

global solving of the problem, it provides a very important calculation power. 

The ‘true’ Jacobian computed by using the automatic derivatives defined by the 

computer algebra preserves the quadratic rate of asymptotic convergence of the 

iterative solution. In addition, it is done automatically when modifying the 

physics of the analysis. If, for instance, the enthalpy flow or the consideration of 

transport of chemical species were introduced in the model, the derivatives of 
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the terms included in the corresponding balance equations would be 

automatically calculated, keeping the convergence rate. 

The norm ‘NORM1’ in Fig. 4.4 was calculated as: 

(4.20) 
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where M is the number of main unknowns, Nj is the number of degrees of 

freedom in the unknown j, |Ei,j| is the absolute value of the E’s component 

associated with the i-th degree of freedom of the j-th unknown and Wi, j is a 

weighting factor. The ‘error’ vector E is graphically defined in Fig. 4.3. To define 

Wi, j the following expression was adopted (COMSOL, 2011b): 

(4.21) 













 



jN

j

X
N

,XW
1i

ji,

j

ji,ji, MAX


 

where αj is a constant assumed equal to 0.1 (COMSOL, 2011b). NORM1(E) can be 

understood as a relative error. The iterative process is considered successfully 

solved when NORM1(E) is lower than the tolerance TOL1 with a damping factor 

equal to one (Fig. 4.4). 

To accept that the time step has been correctly solved, an additional control is 

performed on E. It is accepted that X is the solution to the time step if 

NORM2(E)<1 (COMSOL, 2011b) (see Fig. 4.5), having defined the norm NORM2 

as: 

(4.22) 
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Provided that Aj was taken as an absolute tolerance for the unknown j, the 

convergence is attained when E is below it in a weighted fashion. 
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Figure 4.5. Scheme for solving a time step. 

When these conditions are not satisfied the step size is reduced (see Fig. 4.5). 

The step size is also reduced when the iterative process of Fig. 4.4 reaches a 

maximum number of iterations. If the calculation step is not solved after a 

certain number of reductions in step size, the program stops the calculation 

process. 

To conclude this section, it is interesting to point out that spatial discretisation 

in CM is accomplished by applying a FEM with Lagrange multipliers (Babuška, 

1973; see also COMSOL, 2008, 2011b). This point is important because this 

approach provides stability when applying a mixed method, as described by 

Babuška and Gatica (2003). Thus, such instabilities as those described by 

Cervera et al. (2010) were not experienced in the analyses performed with this 

approach, even in the solution of complex problems, such as the deep geological 

storage of CO2 in the supercritical phase (Alonso et al., 2012a; Alonso et al., 

2012b), in which the propagation of a CO2 front was analysed within a porous 

rock for which shear bands were produced with considerable strain localisation. 
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4.5. Validation exercises 

 

Figure 4.6. Deformation and suction paths of the validation exercises. (a) Exercise 1. (b) 
Exercise 2 

Although the previously described procedure was validated before applying it 

to the analysis of deep geological CO2 reservoirs (Alonso et al., 2012a), the 

critical state model used in these studies was quite complex (see Navarro et al., 
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2010) and of limited applicability to the field of soil mechanics. Thus, the 

decision was made to analyse the applicability of the proposed method in the 

case of the BBM. 

As a validation exercise, various tests also simulated by Solowski and Gallipoli 

(2010b) have been analysed. Axisymmetric conditions were assumed. The 

enhanced strain increment vector has been defined in terms of strains 

invariants Δεenh = ( ΔεV, ΔεS, Δs), where ΔεV is the increment of volumetric strain 

and ΔεS is the increment of shear strain. The net stress increment vector is 

defined in terms of triaxial stress states, i.e., in terms of the stress invariants (Δp, 

Δq). 

 

 

Table 4.1. Model parameters, adopted from Solowski and Gallipoli (2006, 2010b). 

In the first exercise, two isotropic compression paths (ΔεS0) under variable 

suction were simulated (see Fig. 4.6a). In the second, three oedometric loading 

paths (ΔεS  2/3· ΔεV) under variable suction were analysed (Fig. 4.6b). The 

parameters in Table 4.1, taken from Solowski and Gallipoli (2006, 2010b), were 

used in all analyses. 

A ‘reference solution’ (reference evolution of p, q and pO* upon varying εV, εS and 

s) was obtained so that the solution attained with the proposed methodology 

could be validated against it. To do so, Equation 4.14 was integrated using an 

explicit Euler integration scheme. To run this calculation, a simple solver was 

programmed using the macro language Visual Basic for Applications of the Excel 

Spreadsheet (© Microsoft). The solution was considered accurate when the p 

and q values obtained with a twofold number of computation sub-increments 

differ by only 10-5 kPa. It has been proven that, in all of the analysed cases, these 

reference solutions are indistinguishable from the reference solutions adopted 

by Solowski and Gallipoli (2010b). 

When carrying out the simulations with CM, equivalent boundary value 

problems were solved. The analysis of air mass balance was not activated, and it 

λ(0) κ r β (kPa-1) pC (kPa) κs G (MPa) M k 

0.2 0.02 0.75 0.01 10 0.008 20 0.5 0.6 
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was assumed that the gas pressure is maintained at the atmospheric pressure. 

At any point in time, all points of the domain were allowed to have the value of 

PL deduced from the value of s. Consequently, the simulations carried out are a 

purely mechanical uncoupled analysis focused on the applicability of the 

proposed procedure. 

A cylindrical 2-dimensional axisymmetric domain was used. It would have 

sufficed to use only a single linear finite element. However, to highlight the 

“global” character of the problem, and with the aim of preventing X from being 

reduced to σenh (see Fig. 4.2), a finite element mesh was analysed with four 

quadratic-Lagrangian elements of rectangular shape. In this manner, the 

displacements of the internal nodes were also unknowns to be solved. 

In the first validation (Fig. 4.6a), an isotropic initial stress state corresponding 

to a mean net stress of 15 kPa and an initial value of the hardening parameter of 

50 kPa were assumed. As can be observed in Fig. 4.7, the CM simulation 

overlaps with the reference solution. 

 

Figure 4.7. Validation exercise 1, Fig. 4.6a: Isotropic loading at variable suction. 
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Figure 4.8. Validation exercise 2, Fig. 6b: Oedometric loading at variable suction. (a) Heavily 
overconsolidated soil. (b) Slightly overconsolidated soil. 

The CM solution also overlaps with the reference solution in the tests 

represented in Fig. 4.6b, which corresponds to the second validation exercise. 

Three possible suction changes, -50, 0 and 100 kPa, were considered. The initial 
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hardening parameter was assumed to be equal to 200 kPa. In the first test (Fig. 

4.8a), highly overconsolidated conditions were adopted, given that an initial 

mean net stress of 5 kPa was taken. In the second test (Fig. 4.8b), the behaviour 

of a slightly overconsolidated soil was simulated, given that the initial mean 

stress was assumed to be equal to 200 kPa. In this test, the stress path yielded 

on the wet side of the plastic surface, whereas the yielding occurred on the dry 

side when starting from the highly overconsolidated condition. Therefore, with 

respect to Fig. 4.7 (isotropic path), Figs. 4.8a, b indicate that the proposed 

procedure correctly simulates not only deviatoric paths but also paths on which 

hardening (Fig. 4.8b, wet side) and softening occur (Fig. 4.8a, dry side). The 

correct simulation of softening is always an important test for an elastoplastic 

model. 

Test Δs (kPa) Solowski and 

Gallipoli (2010b) 

CM 

Isotropic loading -50 0.0034 0.0050 

100 0.0042 0.0046 

Oedometric loading. Heavily 

overconsolidated 

-50 0.0470 0.0048 

0 0.0070 0.0032 

100 0.0048 0.0046 

Oedometric loading. Slightly 

overconsolidated 

-50 0.0463 0.0027 

0 0.0044 0.0033 

100 0.0040 0.0031 

Table 4.2. RRMSE associated with the simulations performed by Solowski and Gallipoli (2010b) 
and the simulations performed with CM. 

To obtain a better comparison between the results obtained with CM and the 

reference solution, the ‘distance’ between both solutions was determined via 

the relative root mean square error (RRMSE), calculated as 

(4.23) 
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where NCS is the number of computational steps used in the simulations with 

CM, yCM are the values obtained with CM, and yR are the values of the reference 

solution. In Fig. 4.7, the variable y corresponds with the values of the mean net 
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stress, whereas in Figs. 4.8a and b, y corresponds to the values of the deviatoric 

strain. The RRMSE values provided in Table 4.2 were obtained from the results 

depicted in Figs. 4.8a, b. The table also includes an estimation of the best RRMSE 

values obtained by Solowski and Gallipoli (2010b) by utilising different 

integration methods. The results obtained with CM are comparable with those 

obtained by Solowski and Gallipoli (2010b). 

The previous CM solutions were obtained with low computation requirements. 

First, a rather unrestrictive absolute tolerance (see Equation 4.22) of 0.1 kPa for 

p, q and pO*, and a relative tolerance TOL1 (Figs. 4.4 and 4.5) of 10-3 were 

chosen. In addition, both the strain and the suction increments for each 

computational step were allowed to be up to 10% of the total increments 

defined in Figs. 4.6a, b. Figures 4.9a, b and c show the variation of RRMSE when 

reducing the ratio ‘maximum step load / total load’. The variation of RRMSE is 

less than 0.48% when the reducing the mentioned ratio from 10 % to 0.01 %.It 

provides a quantitative estimate of the overall convergence quality of the 

proposed model. 

This allows assuming that the steps adopted when modelling can be not 

necessarily of small size. This issue is of great importance to the proposed 

mixed formulation. By introducing σenh in X, the number of unknowns N in the 

system increases considerably. In accordance with Press et al. (1992), the CPU 

consumption for a direct solver such as PARDISO (COMSOL, 2011b; Schenk and 

Gartner, 2004) can be approximated by N3. Therefore, increasing N implies 

significant increases in the computational cost. This increased cost is one of the 

main drawbacks of mixed methods (Cervera et al., 2010). Given that the cost of 

solving each time step will be greater with the proposed formulation, reducing 

the number of time steps without significantly reducing the quality of the 

solution is of great interest. 
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Figure 4.9. Variation of the RRMSE with the ratio “maximum step load / total load”, (a) isotropic 
loading; (b) oedometric loading for heavily overconsolidated soil; (c) oedometric loading for 

slightly overconsolidated soil. 
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4.6. Coupled problems 

When analysing coupled problems in which PL and PG are also main unknowns, 

the numerical performance is controlled not only by the mechanical problem, 

but also by the convergence of the mass balance. It will be of interest to know to 

what extent the use of the mixed formulation proposed herein modifies the 

number of time steps to solve. The general study of this question is beyond the 

scope of this research. However, an inspection exercise was performed by 

analysing a swelling pressure test. 

The coupling between hydraulic and mechanical behaviour makes the swelling 

pressure test a valuable problem for this type of analysis. Therefore, a bentonite 

swelling pressure test was selected as an inspection example. 

 λ(0) κ r β 

(MPa-1) 

pC 

(MPa) 

κs ν M k pO* 

(MPa) 

Elastic - 0.035 - - - 0.05 0.3 - - - 

Elastoplastic 0.15 0.035 0.8 2·10-2 0.01 0.05 0.3 1 0.1 5 

Table 4.3. Bentonite mechanical parameters. 

The saturation of a bentonite cylindrical sample with a radius of 15 cm and a 

height of 20 cm was simulated assuming axisymmetric conditions. A simple 16-

element mesh was used. Quadratic Lagrangian elements of rectangular shape 

were adopted. Initially, the bentonite had a suction of 40 MPa (initial degree of 

saturation 60.2%), a void ratio of 0.68 and a dry density of 1.655 g/cm3. It was 

subjected to a saturation boundary condition (PL=PATM) applied at its top edge 

(vertical coordinate z=20 cm). Both vertical and radial deformations were 

restrained. A period of 11.6 days was simulated (minimum final degree of 

saturation equal to approximately one). The BBM was used as the mechanical 

constitutive model with the parameters listed in Table 4.3. A van Genuchten 

(1980) retention curve was adopted, and the van Genuchten (1980) – Mualem 

(1976) formulation was assumed for the relative permeability. The intrinsic 

permeability K in square meters was computed by using the formulation 

presented by Liu et al. (2011): 
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(4.24)   3

2

1

1
·10

kk

kk
kk

n

n
K




 

where n is the porosity, and kk1, kk2 and kk3 are material parameters. The 

hydraulic parameters are provided in Table 4.4. 

α (kPa-1) m kk1 kk2 kk3 

3.74×10-5 0.45 -18 6 2 

Table 4.4. Bentonite hydraulic parameters. α and m correspond to the Van Genuchten (1980) 
formulation, and the rest to that of Liu et al. (2011) (see Appendix B). 

Before solving the coupled problem, two uncoupled simulations were 

performed. In the first, which was only mechanical, an isotropic swelling 

pressure test εV=εS=0 with Δs=39.9 MPa was simulated. The reference solution 

was compared with the CM solution to verify the quality of the mechanical 

solution. As shown in Fig. 4.10, the fit is similar to those shown in Figs. 4.7 and 

4.8. In the simulations, a constant gas pressure equal to the atmospheric 

pressure was assumed. This hypothesis was also maintained when simulating 

water flow. 

 

Figure 4.10. Isotropic swelling pressure test. 
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Figure 4.11. Number of time steps and step size when simulating the swelling pressure test. 
White dots, hydraulic process only. Grey dots, elastic coupled process. Black line, elastoplastic 

coupled process. 

In the second uncoupled simulation, only the flow problem was analysed, 

assuming a non-deformable medium. As in the mechanical problem and coupled 

simulations, an absolute tolerance (Equation 4.22) of 0.1 kPa was taken for PL, 

equal to the one adopted for the stresses and pO*. For all the state variables, the 

relative tolerance TOL1 (see Figs. 4.4 and 4.5) was equal to 10-3. The uncoupled 

resolution of the flow problem can be used as a reference of the numerical 

solution process, characterised by the number of time steps and their step size 

(Fig. 4.11). This reference was compared with the results obtained for a coupled 

simulation when assuming both a non-linear elastic mechanical behaviour and 
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elastoplastic behaviour for bentonite (see the parameters in Table 4.3). As can 

be observed in Fig. 4.11, the elastic coupled solution is similar to that of the 

uncoupled flow problem in terms of time stepping. By having limited the 

maximum step size to 1000 s, the results of both simulations overlap when this 

maximum value has been reached. The coupled elastoplastic simulation has 

similar dynamics until the yield occurs (after the 947th time increment when 

assuming an initial preconsolidation net stress of 5 MPa). From this point, the 

large demand of the plasticity calculation causes the calculation process to slow 

down. Thus, the numerical performance appears to be complicated not by the 

application of a mixed formulation but rather by the complexity of the stress-

strain behaviour. 

4.7. Conclusions 

Although the analysis has been centred on the application of COMSOL 

Multiphysics (CM), it has been shown that the use of multiphysics capabilities 

enables the free implementation of advanced soil mechanic models, beyond 

built-in models, in Multiphysics Partial Differential Solvers (MPDES) that use 

symbolic derivatives. The exercises performed here have focused on the well-

known Barcelona Basic Model (BBM) (Alonso et al., 1990). However, the results 

are applicable to other elastoplastic models. 

The constitutive formulation, represented in Equation 4.14, is introduced, using 

the multiphysics capacity of MPDES, as a differential equation (Equation 4.18) 

assuming a zero ‘stressflow’, or as a distributed ordinary differential equation. 

Then, the constitutive stresses (net stresses in the adopted formulation) and 

preconsolidation pressure become main unknowns in the model. A mixed 

method was formulated (Figs. 4.2, 4.4 and 4.5). Although these methods 

typically exhibit stability problems (Cervera et al., 2010), the CM algorithmics 

(based on the application of the finite element method with Lagrange 

multipliers) and its computational stepping guarantee an efficient and accurate 

solution for the processes analysed. An important aspect of this efficiency is the 

automatic differentiation. It makes it possible to obtain derivatives defining a 
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Jacobian that preserves the quadratic rate of the asymptotic convergence of the 

iterative solution scheme. 

The performed validation exercises indicate that the results obtained with the 

proposed procedure are of comparable quality to those obtained by utilising 

integration methods typically employed in classical displacement finite element 

approaches (see Figs. 4.7, 4.8 and 4.10, and Table 4.2). 

Notwithstanding, as occurs when mixed methods are used, the consideration of 

stresses and the plastic parameters as main unknowns implies a marked 

increase in computational cost. A loss of ‘computational efficiency’ will occur. 

Future studies should determine whether this loss is compensated by the gain 

in ‘conceptual efficiency’ implied by having advanced geomechanical models 

(BBM is a good example) implemented in a multiphysics environment. In 

problems with well-defined physics, the loss might be greater than the gain. 

However, the same will not occur in the analysis of problems for which it is 

important to be able to activate (or deactivate) new physics with agility in the 

conceptual model of the system. 
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CHAPTER 5   
MODELLING OF THE PERFORATION HOLE 
TEST 

Navarro, V.1, Yustres, Á.1, Asensio, L.1; Pintado, X.2. Adesola, F.2 

1. Geoenvironmental Group, Civil Engineering Department, University of 

Castilla-La Mancha, Spain 

2. B+Tech Oy, Helsinki, Finland 

 

This chapter is adapted from a report produced by the Geoenvironmental Group 

(UCLM) and B+Tech Oy for Saanio and Riekkola Oy (Navarro et al., 2013). 

5.0. Abstract 

This chapter is divided into two parts. The first part (sections 1 and 2) is an 

introduction to the KBS-3H concept and the MPT (Multi-purpose test), and a 

description of the perforation hole tests developed by B+TECH from the end of 

June to the first days of September of 2012. 

In the second part (sections 3 and 4) the simulation of the perforation hole tests 

is described. An elastoplastic model based on the Cam-Clay model (Schofield 

and Wroth, 1968) for unsaturated soils has been used (Alonso et al., 1990). Not 

only are large deformations expected but, given the high deviatoric stresses 

expected in certain zones of the domain, the bentonite in such zones will reach a 

softening regime. According to the experimental results, the material fails. 

Consequently, a simplifying strategy that identifies the main trends in the 

extrusion process is adopted.  

Considering the results obtained, a critical review of the model is presented. The 

limitations of the model are discussed, and some improvement measures are 

proposed. 
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5.1. Introduction 

As described by several authors (see, for example, Börgesson et al., 2005; SKB, 

2012a), the KBS-3H nuclear waste repository is an alternative to KBS-3V, where 

the canisters with the nuclear waste are emplaced in the horizontal position in 

each deposition drift. However, the technology involved in this type of 

repository is different than the configuration of the vertical deposition holes. 

The copper canisters are assembled together with bentonite rings and a 

perforated titanium shell that holds both elements (see Fig. 5.1). A design gap of 

42.5 mm between the rock and this prefabricated Supercontainer is expected, 

although a gap of up to 48 mm can be reached within the specified tolerances 

(Pintado and Adesola, 2013). 

 

Figure 5.1.  The buffer and the canister are placed in a perforated titanium shell (cylinder) 
forming a Supercontainer in the KBS-3H design (SKB, 1999). The top plates are not perforated 

in the new design (SKB, 2012a). 

SKB and Posiva are planning a KBS-3H demonstration test in the Äspo Hard 

Rock Laboratory. This test is called the Multi Purpose Test (MPT, see Fig. 5.2) 

(SKB, 2012b; Posiva, 2013a). The main purpose of this test is to check the 

installation of the distance blocks and the Supercontainer, but it will also be 

instrumented to measure the swelling pressure development and the hydration 
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process. The MPT will be conducted under ambient conditions and is 

considered to be an isothermal test. 

 

Figure 5.2. Scheme of the Multi Purpose Test (SKB, 2012b). 

The behaviour of the complex system perforation-shell-gap is an important 

issue, and this work concerns the simulation of a single perforation hole. The 

SKB study on the design of the Supercontainer shell was conducted by 

Börgesson et al. (2005).  

5.2. Experimental setup 

 

Figure 5.3. Cell test dimensions (mm) (from Pintado and Adesola, 2013). 
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B+Tech Oy developed two perforation hole tests to evaluate the swelling 

behaviour of bentonite through the shell holes and the posterior 

homogenisation. 

Two different cells were used for this purpose. Both have a lower cylindrical cell 

(see Fig. 5.3 for dimensions) in which a compacted bentonite sample 350 mm 

high and 125 mm in diameter is placed. A steel ring 6 mm thick and with a 100 

mm inner diameter that simulates the Supercontainer shell holes is located 

between the lower cell and an empty cylinder that is 48 mm high (Fig. 5.3). This 

part simulates the gap between the Supercontainer and the host rock. In the 

first test setup, a transparent upper cell is assembled to visualise the swelling 

behaviour of bentonite through the simulated shell hole. In the second test 

configuration, an instrumented steel cell is used. Both the radial and axial 

stresses in the gap are monitored. Furthermore, in this cell, the radial stresses 

under the steel ring are also registered at three locations (two at 309 mm, 

sensors S1-1 and S1-2, and one at 106 mm, sensor S2-1, from the bottom of the 

cell; see Fig. 5.4). 

 

  

Figure 5.4. Sensor positions (Pintado and Adesola, 2013). (a) Axial sensors in the swelling area; 
(b) radial sensors in the swelling area; (c) radial sensors in the compacted block area. 

A continuous supply of water is maintained in the simulated gap, and the total 

water inflow is also registered. During the first seven days, the water supply 

was provided through the lateral valve (see Fig. 5.3), and then it was supplied 

through the deairing upper valve. The swelling process in these cells has been 

continuously monitored for 1826 hours (76 days). 

b) c) a) 
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5.3. Parameters and constitutive modelling 

The model presented in this thesis, a modification of the Barcelona Expansive 

Model, called FSM (Free Swelling Model), has been used as the constitutive 

model for the simulation. 

 

Figure 5.5. Cracks reported by Pintado and Adesola (2013). 

Before the description of the model and the parameters used, it is important to 

state the complexity of the simulation of the bentonite extrusion. The image in 

Fig. 5.5, obtained by Pintado and Adesola (2013) using the transparent cell 

described in the preceding section, clearly shows the presence of tension cracks 

in the extruded bentonite. Although the FSM is very complete, it cannot model 

the presence and the development of tension cracks. The use of a fracture 

mechanics model together with the unsaturated and expansive behaviour of 

bentonite is beyond the scope of this thesis. Not only the modelling task but also 

the design of the experiment would require a significant additional effort. For 

this reason, the presence of tension cracks was treated in an approximate 

manner in this chapter. The value of the deviatoric strain in the FSM is used as 



5. Modelling of the perforation hole test 

 
 

80 

an indirect cracking indicator. In this case, high deviatoric strain values point to 

the formation of cracking zones. 

Because of both the modelling limitations and the limited amount of 

experimental information, the simulation should be considered as an exercise 

for the determination of the main trends of the extrusion process and not as a 

deterministic quantification, which is even truer if the uncertainty associated 

with the parameters used is considered. 

With the exception of the net mean yield stress for saturated conditions p0*, the 

mechanical reference parameters included in Table 5.1 (related to the basic 

formulation of the BBM, see Appendix A) were obtained by B+TECH in tests that 

are completely independent from those analysed here (Toprak et al., 2013). The 

value of p0* was obtained by considering the estimation of the vertical stress for 

the initial dry density of 1.889 g/cm3 according to Alonso et al. (2011). This 

estimation must be considered carefully because the method proposed by 

Alonso et al. (2011) was developed for soils with an initial water content lower 

than 10.2% (the initial water content of the samples tested).  

Parameter Value 

k 0.1 

κio 0.05 

αi (1/kPa) -3.010-6 

κSo 0.25 

αSp -0.145 

αSS (1/kPa) 0 

pREF (kPa) 10 

ν, Poisson’s ratio 0.35 

pC (kPa) 10 

λ(0) 0.15 

r 0.8 

β (1/kPa) 2.010-5 

p0* (kPa) 32165 

M 1.07 

Table 5.1. BBM-mechanical reference parameters (adopted from Toprak et al., 2013). See 
Appendix A for the definitions of the parameters. 

The reference parameters for water flow are shown in Table 5.2. The 

conventional advective (Darcy) formulation proposed by Pollock (1986) was 
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used for the modelling of the macrostructural water flow (see Appendix B). The 

vapour flow was not considered, and isothermal conditions were assumed. The 

van Genuchten (1980) formulation of the retention curve was used (see 

Appendix B). After adopting SrMAX=1 and Srmin=0, parameters α =3.74·10-5 kPa-1 

and m = 0.45 were identified using the experimental water content data 

obtained by B+TECH in a separate test (Pintado et al., 2013b). The relative 

permeability was modelled using the Brooks and Corey (1964) and Burdine 

(1953) formulation with an exponent value of 3, obtained in several infiltration 

tests on homogeneous compacted bentonite (Gens et al., 2011). The intrinsic 

permeability KM was modelled using the relationship and the parameters 

proposed by Liu et al. (2011) for a natural MX-80 bentonite in distilled water 

(see Appendix B).  

Hydraulic parameter Value Source 

µ (kPa·s) 9.9410-7 Batchelor, 1967 

Srmin 0 UCLM * 

SrMAX 1 UCLM * 

a (1/kPa) 3.7410-5 UCLM * 

m 0.45 UCLM * 

kk1 -19.1 Liu et al., 2011 

kk2 6 Liu et al., 2011 

kk3 2 Liu et al., 2011 

*: Parameters fitted by using the experimental data from B+TECH (Pintado et al., 2013b). 

Table 5.2. Flow reference parameters. 

The microstructural volumetric behaviour was modelled using Equations 2.2 

and 2.9 (see Chapter 2 for further reference). 

In Equation 2.2, emO = 40 and km = 8 were assumed. These values were derived 

from the experimental data obtained by Zhang et al. (1995) for a Wyoming 

bentonite in almost fresh water (electrolyte concentration of 10-4 M). For 

Equation 2.9 (which defines the model of the kinetics of the mass exchange 
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between the macrostructure and the microstructure), the parameters C (=0.4) 

and H (=1.5·10-8 s-1·kPa-1) were determined (see Chapter 3). 

As described in Chapter 2, the maximum microstructural void ratio described by 

Equation 2.2 was assumed to have a value close to the void ratio in which the 

destructuring capacity of the microstructure was higher (then emR = emO), and 

emFS = 2.7 is adopted. A value of 1 was assigned to the maximum value of f1 and 

f2, f1M and f2M. 

The reference parameters for the microstructural level are shown in Table 5.3. 

These parameters, together with those shown in Tables 5.1 and 5.2, define the 

“reference bentonite”. This material is most likely very similar to the bentonite 

used in the tests, although some parameters may differ. If the aim of the 

simulation were the exact reproduction of the observed behaviour, this 

difference would not be overcome. However, the simulation is oriented towards 

the identification of the main trends of the bentonite behaviour during the 

extrusion process, as previously stated. This issue is explained in more detail in 

the next section. Consequently, the use of the “reference bentonite” for this 

purpose is an efficient option, which is confirmed by the results that are 

presented in Section 5.4.4. 

Parameter Value 

C 0.4 

H (s-1·kPa-1) 1.510-8 

emO 40 

km 8 

emMIN 0.867 

emFS 2.7 

emR 40 

f1M 1 

f2M 1 

Table 5.3. Microstructural reference parameters. 
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5.4. Simulation of the problem 

5.4.1. Numerical model 

To conduct the numerical simulation, the multiphysics partial differential 

equation solver COMSOL-Multiphysics (CM) (COMSOL, 2011b) was used. Given 

the complexity of the problem, this solver was selected for its flexibility when 

defining equations, domains and boundary conditions. The user focuses on the 

physics of the problem, which allows the coupling of practically any physical or 

chemical process that could be described through a partial differential equation. 

This is, without any doubt, the major advantage of CM. However, its major 

drawback is the inability to conduct an equation-based implementation of time-

dependent models with variables defined by means of implicit functions. 

Therefore, elasto-plastic models cannot be implemented straightforwardly, as 

discussed in Chapter 4. However, as proposed in that chapter, a mixed method 

(Babuška and Gatica, 2003) that includes the stresses and the plastic variables 

as main unknowns is used to implement the formulation of the FSM into CM. 

5.4.2. Simulation of contact, geometry and material. 

Numerical strategies 

The simulation of the perforation hole tests introduces an additional problem: 

the polygonal shape of the contour of the swelling area (see Fig. 5.3) 

complicates the definition of the mechanical boundary conditions. To overcome 

this difficulty, the CM tool called “contact pairs” (COMSOL, 2011b) was used. 

This module defines boundaries for parts that may come into contact but cannot 

penetrate each other. The contact algorithm implemented in CM requires a 

formulation of the equilibrium equation in terms of the total stresses and not in 

terms of incremental stresses, as is typical in soil mechanics. Due to the 

versatility of CM, this modification of the classical formulation for soil 

mechanics can be performed easily.  

To define the moment when the pairs come into contact, CM uses an intensive 

search technique, which makes the method unsuitable for problems in which 

the swelling process occurs before the contact is attained. The computational 

time spent in that case is excessive. 
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Figure 5.6. (a) Reduced geometry. (b) Modified reduced geometry. Dimensions in mm. See Fig. 
5.3 for the original test geometry. 

To reduce the computational cost, the geometry of the problem was reduced. 

The swelling pressure was simulated in a domain ten times smaller than the real 

geometry (see Fig. 5.6a). Moreover, when the parameters in Table 5.1 were used 

in the simulations, even in free swelling conditions (before contact between the 

bentonite and the steel ring), the bentonite yielded in the softening regime. 

When the simulated swelling process reached the steel ring, the numerical 

calculation failed. On the one hand, there was strain-softening behaviour, and on 

the other hand, the heave caused by the swelling of the lower part of the sample 

increased the contact force. These combined phenomena caused the bentonite 
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in the vicinity of the steel ring to fail. This process is even more difficult to 

model if the microcollapses induced by gravity are considered. However, in the 

simplified model used in this chapter, gravity has been disregarded. 

The development of constitutive models and computational modules able to 

handle this condition is beyond the scope of this chapter. The interest in the 

simulation of the test is focused on understanding the physics of the process, 

disregarding computational issues and any contribution to the constitutive 

modelling of the cracking/failing soils. As a result, a “working bentonite” is 

adopted in this chapter. This material shares most of the parameter values of 

the “reference bentonite” (see Tables 5.1, 5.2 and 5.3) but allows the simulation 

of the perforation hole test to avoid the numerical issues discussed above. For 

the “working material”, the parameters κio and λ(0) were assigned the values 

shown in Table 5.4 while retaining the rest of the parameters (see Tables 5.1, 

5.2 and 5.3). 

Parameter Value 

κio 0.6 

λ(0) 1.8 

Table 5.4. ‘Working bentonite’: parameters that differ from those in Table 5.1. 

An additional assumption is made. The yielding induced by the microstructure 

swelling (see Equation 2.15) causes the bentonite to enter a softening regime 

before it reaches the cell top. Therefore, when the sample contacts the top, a 

process similar to the one described below the steel ring is developed. However, 

in the cell top, the contact pressure is lower, and an approximated approach was 

adopted to improve the simulation capacity. When the consistency equation is 

no longer fulfilled, a nonlinear elastic constitutive model is assigned to the 

material. This approach helps to further reduce the localisation problems 

associated with softening. Reduced elastic moduli are taken (see Fig. 5.7). This 

reduction is proportional to the deviation of the stress state with respect to the 

original yield surface from which the softening regime had started. Therefore, 

the softening behaviour is included in the conceptual model using an 

equivalent damage model. 
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The use of contact pairs in CM resulted in an excessive computational time even 

when the simplified simulation with a reduced geometry and the “working 

bentonite” was used. A change in the modelling strategy was proposed. The 

“contact pairs” were replaced by “gap elements” or “companion elements” 

(CE). The CE are non-linear elastic elements placed in the gap existing between 

the soil and the walls of the cylinder used in the test (void space in Fig. 5.8). The 

bulk modulus of the CE is increased with the reduction of its void ratio, 

preventing the penetration of the bentonite into the cell walls. The use of this 

type of element can be understood as a strategy of following the bentonite free 

surface (surface Γ, Fig. 5.8) before the fulfilment of the mechanical boundary 

conditions imposed by the test cell. Given the ability of CM to define different 

physics for different domains and given that the solution of the water flow 

problem is not required in the void space, it was assumed that the condition 

PL=PATM was fulfilled in the CE. The presence of the microstructural level in 

these elements was also neglected. 

 

Figure 5.7. Bulk modulus reduction. See Figs. 2.4 and 4.1 for the definition of stress magnitudes. 

An Arbitrary Lagrangian-Eulerian (ALE) formulation (Hughes et al., 1981; 

COMSOL, 2011b) was used to consider the large bentonite displacements, both 

in this case and in the case of the “contact pairs” simulation. Furthermore, the 
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geometric nonlinearity (second order theory) of the problem was also 

included. 

 

Figure 5.8. Mesh used for the bentonite (green) and companion elements (void space, purple) 
domains. Γ denotes the contact surface between both domains. 

An automatic remeshing algorithm implemented in CM was used to facilitate 

the adaptation of Γ to the geometry of the cell walls. After any remeshing 

operation, the mesh size criteria were maintained at the initial values defined at 

the start of the simulation. However, the regularity of the mesh was improved 

while preserving the ratio of side lengths of the triangular elements below a 

Γ 

Bentonite 

void 

space 
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given predefined value. Furthermore, excessive changes in the volumes of 

elements were prevented. Several attempts were required before a trade-off 

between an equilibrated mesh and an acceptable computational burden was 

obtained. The mesh quality parameters used were those shown in Table 5.5. 

Quality indicator Description Minimum 

value 

mod1.minop1(qual_spatial) Minimum value of the mesh 

element quality, measure of the 

regularity of the element shapes 

0.2 

mod1.ale.relVolMin Minimum value of the relative 

element volume with respect to its 

original volume 

0.2 

-mod1.maxop1(mod1.ale.relVol) Negative of the maximum value of 

the relative element volume with 

respect to its original volume 

-2 

Table 5.5. CM mesh quality indicators and their minimum value used for remeshing. 

Nevertheless, the simulation with CE also had additional convergence problems. 

To simulate the vertical swelling under the steel ring, a significant increment in 

the bulk modulus should be imposed on the CE with the reduction of the void 

ratio. However, this technique caused an over-rigidisation of the CE located 

above the steel ring, preventing the swelling to the upper cylinder (see Fig. 5.3). 

When the compression of the CE was ignored, the model was acceptable (see 

Fig. 5.9). However, this solution was against the original aim of the CE: to 

facilitate the application of the displacement boundary conditions in the 

bentonite sample. Although several attempts were made using different types of 

CE, we considered that this approach showed a lack of consistency and was not 

sufficiently robust, and, as a result, another approach was explored.  

The possibility of programming functions in CM was employed, and the contact 

pressure CP defined in Figs. 5.10 and 5.11 was introduced in the formulation as 

a boundary condition. CP is supposed to be normal to Γ (the shear interaction is 

not considered), and it is a function of the distance d to the cell walls defined in 

Fig. 5.11. This contact model is similar to a non-linear spring model. To facilitate 

the simulation, the steel ring was defined with filleted corners. Two laws for 

defining CP were considered (Fig. 5.11): an exponential law and a parabolic-
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hyperbolic law. Both laws were computed with parameters CP1 (taken as 12000 

kPa), which defines the contact pressure when d equals 0, and CP2, which 

defines the maximum contact pressure. A certain degree of penetration and a 

certain contact pressure before d is 0 (the threshold of contact) were admitted 

because d should be considered as a measure of the degree of interaction rather 

than the physical magnitude of the distance between the bentonite and the steel. 

 

Figure 5.9. Simplified simulation results on the total void ratio and the deformed mesh using a 
contact model based on CE. 
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Figure 5.10. Contact pressure zones and definition of distance d within zones. The areas of the 
zones are not to scale. Note that the steel ring corners are filleted. 

To evaluate the new contact model, a modified simplified simulation was 

used. The modified reduced geometry defined in Fig. 5.6b was adopted (the 

vertical distance from the steel ring to the top of the cell was 1.2 mm instead of 

4.8 mm in the reduced geometry), and the “working bentonite” was used 

(Table 5.4). The results depicted in Fig. 5.12 prove the good performance of the 

contact model. 

However, when the bentonite swelling reached a significant magnitude (i.e., a 

situation close to that shown in Fig 5.12), the remeshing caused considerable 

problems. The algorithm maps the variables from the “old” to the “new” 

geometry by means of spatial interpolation techniques. The development of 

mapping algorithms is a research field in its own right (see, for example, Lee 

and Bathe, 1994; Gadala and Wang, 1998; Zhu et al., 1998, Ehlers et al., 2000). 

The variable interpolation must be especially careful in high gradient regions, 

for example, the stresses and the strains in the vicinity of the steel ring (see Fig. 
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5.12). The remeshing algorithm included in CM did not produce equilibrated 

stress fields, thus causing convergence problems. 

 

 

Figure 5.11. Definition of the contact pressure CP as a function of distance d. 

The use of the adaptive remeshing included in CM was attempted. 

Nevertheless, a significant increment in the computational cost was observed 

(to obtain the results depicted in Fig. 5.12 in a HP Z-800 workstation computer, 

the CPU time increased from 45 minutes to two days). Therefore, a different 

approach was required. 
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Figure 5.12. Net mean stress obtained when using a modified reduced geometry (see Fig. 5.6) 
and the working bentonite parameters. 

5.4.3. Lagrangian formulation 

To avoid remeshing problems, a new approach was attempted, and an adapted 

(user programmed) full Lagrangian formulation was employed. By default, 

CM applies a Lagrangian formulation to solve the equilibrium equation. 

Consequently, CM could solve the equilibrium equation in a Lagrangian frame if 

the ALE formulation was maintained. However, to control all of the applied 

algorithms, the option “moving mesh” (which controls the automatic use of the 

ALE formulation in CM) was deactivated. Therefore, the rotation of the normal 

vector to the surface Γ during the swelling process must be considered in the 

Lagrangian formulation. Using the versatility of CM, the weak formulation of the 

equilibrium equation was modified by adding the contact pressure vector CP, 

which can be formulated as follows: 

p (kPa) 
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(5.1) CP = CP·n = CP·(F·N / ||F·N||) 

where n is the normal vector to the updated configuration of Γ, N is the normal 

to the original configuration (vertical direction), F is the deformation gradient 

tensor, ||x|| denotes the norm of x, and CP is obtained from Figs. 5.10 and 5.11. 

The value of CP is corrected depending on the volumetric strain in the element. 

This effect has also been introduced in the mass balance equation by means of 

the Jacobian determinant J (defined as the determinant of F). If the mass-

conservative concept (Celia et al., 1990) is introduced in the spatial 

discretisation of the mass-balance equation (see Huyakorn and Pinder, 1983, for 

instance), the following expression can be obtained by following the Bubnov-

Galerkin procedure (Navarro and Alonso, 2000): 

(5.2) 
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where D is the domain of analysis, the vector Nf identifies the shape functions of 

the flow problem, the superscript ‘t’ indicates the transpose operator, m is the 

mass content per unit volume, r is a source term, j is the mass flow rate vector, 

and j* defines the Neumann boundary condition in the boundary D2. If the 

domain deformation is considered, the weak formulation must be computed as 

(5.3)    
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In Equation 5.3, the transport term j should be expressed as F-1·j (where the 

superscript ‘-1’ indicates the inverse operator). The difference between both 

expressions is only relevant in the swelling area (Fig. 5.3), where the bentonite 

deformation is higher. However, in this area, the bentonite is almost saturated. 

Therefore, j is very low, and both expressions are equivalent.  
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Figure 5.13. Simplified simulation results on the deviatoric strain when using a Lagrangian 
formulation. 

It is well known that one of the main problems of Lagrangian formulations is the 

elements that become inverted, that is, elements in which J takes negative 

values. By again taking advantage of the versatility of CM, warning conditions 

were implemented, and a module was programmed to progressively reduce the 

weight of the elements with a low value of J in the overall balance and 

equilibrium equations. However, in all of the cases that were analysed, this 

problem did not occur. When the formulation described above was applied to 

the solution of the simplified simulation, the results shown in Fig. 5.13 were 

obtained. The minimum value of J during the complete calculation was 0.8 (20 

% of the maximum volumetric strain). Once this modelling approach was 

considered feasible and acceptable, the simulation of the perforation hole test in 

the real geometry was performed. 
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5.4.4. Simulation results 

 

Figure 5.14. Mesh used in the simulation. 
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Figure 5.15. Vertical stress at 568 hours. 



HM elastoplastic model of expansive bentonite behaviour in FS conditions 

 
 

97 

 

Figure 5.16. Radial stress at 568 hours. 
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The simulation of the swelling process in the perforation hole tests was 

performed using a Lagrangian formulation, a contact model defined by the 

exponential form of CP (Figs. 5.10 and 5.11), and the “working bentonite” 

defined in Table 5.4 to approximate the material behaviour. The FE mesh in Fig. 

5.14, which is associated with the ‘true’ geometry (Fig. 5.3), was used. The 

results shown in Figs. 5.15 (vertical stress) and 5.16 (radial stress) were 

obtained. The minimum value of J during the simulation process was 0.83 (17 % 

of the maximum volumetric strain) (Fig. 5.17). 

 

Figure 5.17. Jacobian determinant J at 568 hours. 
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Figure 5.18. Comparison of the experimental and simulated vertical displacements. 

 

Figure 5.19. Softened area (brown) at 568 hours. 
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The evolution of the vertical displacement measured in the transparent cell and 

the values obtained in the model are plotted in Fig. 5.18. If we consider that the 

observed data were retrieved manually by reading a visual scale attached to the 

transparent cell and that the simulated material was the “working bentonite” 

(that is, a complete experimental program for the characterisation of the actual 

bentonite in the samples was not carried out), the fit can be considered 

acceptable. 

 

Figure 5.20. Total void ratio at 568 hours. 
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Figure 5.21. Experimental (averaged values at the end of the test for the steel and first 
transparent cell tests) and simulated water content variation in the sample axis. The simulated 

results at the time of contact with the cell top (166.6 hours) and at the final simulation time 
(567.8 hours) are depicted. 

 

Figure 5.22. Experimental (averaged values at the end of the test for the steel and first 
transparent cell tests) and simulated dry density variation in the sample axis. The simulated 
results at the time of contact with the cell top (166.6 hours) and at the final simulation time 

(567.8 hours) are depicted. 
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Figure 5.23. Experimental and simulated radial stress evolution at sensors S1_1 and S2_1. 

However, as shown in Figs. 5.15, 5.16 and 5.17, the model cannot satisfactorily 

reproduce the complete filling of the swelling area (Fig. 5.3) because the 

simulation encounters convergence problems before reaching that point. The 

total test periods in each of the two tests conducted by Pintado and Adesola 

were 1488 and 1826 hours. However, the numerical simulation diverged after 

568 hours of modelled time, even when using the working bentonite and the 

damage equivalent model. At that moment, a large part of the top of the sample 

was in the softening regime (Fig. 5.19). The void ratios were so high (Fig. 5.20) 

that the validity of the constitutive model used is challenged. If the numerical 

simulation is to be continued further in time, the parameters in Table 5.4 must 

be additionally altered. When this approach is followed, the model can become 

unrepresentative of the real physics of the problem because the parameters in 

Table 5.4 are a compromise between the numerical simulation capacity and the 

model of the underlying physics of the extrusion process. It was verified that 

before a relevant part of the sample reaches softening, the overall behaviour is 

similar regardless of the type of bentonite (reference or working) that is used in 

the model. Furthermore, as shown in Figs. 5.18, 5.21, 5.22, 5.23, and 5.24, the 

0

200

400

600

800

1000

1200

1400

1600

0 100 200 300 400 500 600

ra
d

ia
l s

tr
e
s
s
 (

k
P

a
)

t (h)

S1_1 experimental

S2_1 experimental

S1_1 COMSOL

S2_1 COMSOL



HM elastoplastic model of expansive bentonite behaviour in FS conditions 

 
 

103 

results obtained after 568 hours of simulation allows the characterisation of the 

main trends of the extrusion. Consequently, these results were used as a basis 

for discussion. Nevertheless, a further advance in the resolution of the 

simulation is advisable. 

 

Figure 5.24. Deviatoric strain at t = 586 hours. 

When the experimental and numerical values of the dry density and the water 

content in the sample axis at the end of the test are compared, a reasonable fit is 

obtained (Figs. 5.21 and 5.20). It is very illustrative that the results obtained at 

the time of contact with the cell top are more similar to the experimental results 

at the end of the test than the results at the final simulation time. This highlights 

the limitations of the model for the simulation of the bentonite behaviour in the 

swelling area (Fig. 5.3). In this zone, it is likely that the bentonite will be 

completely softened. In addition, the effect of swelling is propagated below the 

steel ring as it was measured in the tests. The small variation of the water 
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content and the dry density of the experimental results in the bottom of the 

sample, together with the small increment of the radial stress in the S2_1 sensor 

(that is reproduced by the model, Fig. 5.23), point to a limited advance of the 

saturation front. Consequently, the swelling seems to be due to the local effects 

of the microstructure rather than to the suction reduction in the 

macrostructure. 

 

Figure 5.25. Displacement field at (a) 28 hours, (b) 167 hours (contact with the cell top) and 
(c) 568 hours (end of simulation). 

 

When the experimental and numerical results are compared, it should be taken 

into account that the parameters for this simulation were those of the “working 

bentonite”, which were not necessarily the same as those for the tested 

materials. Even in this case, there is a good correlation between the zone of 

higher deviatoric strain (Fig. 5.24) and the location of the cracks reported by 
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Pintado and Adesola. Fig. 5.25 (displacement field) is of special interest because 

it is possible to identify a band (shown in Fig. 5.25 as A-A’) that divides the 

geometry into two zones of different types of displacements. The zone below 

the A-A’ line presents low swelling and even the lack of swelling. The steel ring 

creates an arching effect that causes the confinement of the material in that 

zone. The behaviour of that material is similar to the behaviour of a swelling 

pressure test rather than a free swelling test. However, the material above the 

A-A’ line swells considerably, and, in later stages, it will fill the swelling area. 

5.5. Conclusions 

The analysis performed shows the difficulty involved in simulating bentonite 

extrusion. The softening of the material modelled occurs while the heave caused 

by the swelling of the lower part of the sample increases the deviatoric stress, 

which leads to problems in the modelling and in the numerical simulation. It 

would be interesting to check the use of constitutive models adapted specifically 

to this type of process. In addition, it would be convenient to conduct numerical 

simulations with a higher computational cost (based, for instance, on massive 

meshes using very powerful computers), which is less complex. Nevertheless, 

the comprehensive revision of the numerical strategies accomplished in this 

chapter and the power of the constitutive model used (FSM) show that it would 

not be an easy task to significantly improve the analysis. 

All aspects seem to show that the behaviour displayed in Figs. 5.18 to 5.24 

describes the main processes occurring through the extrusion process. In 

particular, Fig. 5.19 shows the softening of the bentonite, and Fig. 5.20 shows 

the high void ratio reached, which may mean that the soil constitutive models 

used are near their limit of application. Figure 5.24 is an estimation of the 

cracking development. Figure 5.25 describes the potential development of 

arching effects. Bearing in mind that, for modelling convenience, the bentonite 

used in the model (‘working bentonite’, see Table 5.4) is more deformable than 

real bentonite, it is not easy to extrapolate the development of arching effects in 
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the real system.  It is suggested that a further simulation and experimental effort 

be made to improve the knowledge of the system. 

In this sense, we must note the advisability of performing tests that last for a 

longer time because the present simulations finished when the material in the 

swelling area (Fig. 5.3) was still far from full homogenisation. Testing with 

different diameters for the steel ring would also be advisable for the study of 

arching effects. 
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CHAPTER 6   
CONCLUSIONS AND FUTURE RESEARCH 
WORK 

The model presented in this thesis, based on the Barcelona Expansive Model 

(BExM) with some modifications introduced to its conventional formulation, has 

been found to be a useful tool to model free swelling processes in expansive 

bentonites. The tests that have been studied use bentonite of the Wyoming type 

(MX-80). 

It is advisable to include a description of the kinetics of the water mass 

exchange process between the macrostructure and the microstructure in the 

bentonite. This way, it was possible to obtain simulation results whose 

evolution is not only controlled by the advancing macrostructural saturation.  

However, while the consideration of water mass exchange kinetics improves the 

ability of BExM to describe free swelling processes, it does not accurately 

simulate the strains that the macrostructure destructuration introduces. The 

inclusion of an additional term in the interaction function for the plastic 

macrostructural strains induced by microstructural effects (see Equation 2.15) 

is proposed to solve this problem. This term, called ‘f2’, has been defined as a 

function of the microstructural void ratio, em (see Fig. 2.7a). Hence, the model 

includes the experimental observation that the macrostructural destructuring 

becomes more intense when the microstructural void ratio is higher.  

This modification to the BExM has substantially improved its capacity to 

reproduce the free swelling processes analysed (see Figs. 2.9 and 2.10).  

In the presented model, aggregates are treated as a support scale, avoiding the 

characterisation of their complex internal topology. The level of structuring in 

aggregates as a whole is characterised by the microstructural void ratio. 

A model for the behaviour of aggregates has been developed. Equation 3.3, 

based on the formulation presented by Zhang et al. (1995), is proposed to define 

em.  
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Although this formulation was originally proposed for gels of oriented clay 

particles in which the void ratios were considerably larger than those usually 

found in compacted bentonite, the analysis of the data obtained from Montes-H 

et al. (2003b) for individual bentonite aggregates has shown the formulation to 

be valid even for very small microstructural porosity values.  

The experimental results obtained by Montes-H et al. (2003b) have also been 

used to assess the validity of the use of Equation 3.15 (Alonso and Navarro, 

2005) to determine the rate of water mass exchange produced between 

macropores and inter-aggregate pores when there is no chemical potential 

equilibrium between macro- and microstructural water. A satisfactory fit to the 

transient processes analysed has been obtained.  

The results obtained encourage confidence in the use of Equations 3.3 and 3.15 

as a constitutive framework for defining the volumetric deformability and mass 

exchange of soil microstructure. 

The implementation of the model into a multiphysics partial differential 

equations solver (MPDES) has been reviewed. Although the analysis has been 

centred on the application of COMSOL Multiphysics (CM), it has been showed 

that the use of multiphysics capabilities enables the free implementation of 

advanced soil mechanic models. The validation exercises have focused on the 

well-known Barcelona Basic Model (BBM) (Alonso et al., 1990). However, the 

results are applicable to other elastoplastic models, such as the one presented in 

this thesis. 

When the constitutive formulation is introduced as a differential equation, the 

constitutive stresses (net stresses in the adopted formulation) and the 

preconsolidation pressure become main unknowns in the model. A mixed 

method is formulated (Figs. 4.2, 4.4 and 4.5). 

Although these methods typically exhibit stability problems (Cervera et al., 

2010), the CM algorithmics (based on the application of the finite element 

method with Lagrange multipliers) and its computational stepping guarantee an 

efficient and accurate solution for the processes analysed. An important aspect 
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of this efficiency is the automatic analytic differentiation, which yields a 

Jacobian that preserves the quadratic rate of the asymptotic convergence of the 

iterative solution scheme. 

The performed validation exercises indicate that the results obtained with the 

proposed procedure are of comparable quality to those obtained with 

integration methods typically employed in classical displacement finite element 

approaches (see Figs. 4.7, 4.8 and 4.10, and Table 4.2). 

After illustrating the implementation of elastoplastic models into CM, the 

application of the model presented in this thesis as implemented into CM has 

been demonstrated. This has been done by simulating a perforation hole test, 

where the bentonite sample, after swelling, extrudes through the centre void of 

a steel ring.  

All aspects seem to show that the behaviour displayed in Figs. 5.18 to 5.24 

describes the main processes occurring through the extrusion process. In 

particular, they show the softening of the bentonite and the high void ratio 

reached, which may mean that the soil constitutive models used are near their 

limit of application. They also show an estimation of the cracking development.  

The formulation put forth in this thesis should be revised as knowledge is 

gained on its application through experience. For instance, the shape of f2 will 

certainly need improvement. It is also likely that even the functional 

dependence between f2 and em has to be modified. 

Another aspect that should be addressed is how to relate macrostructure 

destructuration with potential soil particle release when the bentonite becomes 

a sol (soil structure failure). 

In addition, caution is advised concerning the range of applicability of the 

constitutive model of the aggregates. It would be useful to analyse a larger 

number of experimental results. Unfortunately, the data needed for this type of 

analysis are currently very scarce, which is why more tests such as those 

conducted by Montes-H (2005) and Montes-H et al. (2003a; 2003b; 2005a; 

2005b) would be needed. Tomographic techniques obtaining 3D data of the 
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volumetric behaviour of bentonite aggregates would be particularly useful for 

this purpose. 

Regarding the computational method, when mixed methods are used, the 

consideration of stresses and the plastic parameters as main unknowns implies 

a marked increase in computational cost. A loss of computational efficiency 

occurs. Future studies should determine whether this loss is compensated by 

the gain in conceptual efficiency implied by having advanced geomechanical 

models implemented in a multiphysics environment, which will depend on the 

analysed problem. 

The analysis performed in the simulation of the perforation hole test shows the 

difficulty involved in simulating bentonite extrusion. The softening of the 

material modelled occurs while the heave caused by the swelling of the lower 

part of the sample increases the deviatoric stress, which leads to problems in 

the modelling and in the numerical simulation. It would be interesting to check 

the use of constitutive models adapted specifically to this type of process. An 

alternative would be to conduct numerical simulations with a higher 

computational cost (based, for instance, on massive meshes using very powerful 

computers), which is less complex. Nevertheless, the comprehensive revision of 

the numerical strategies accomplished in Chapter 5 and the power of the 

constitutive model used show that it would not be an easy task to significantly 

improve the analysis. 

In this sense, it would be advisable to perform tests that last for a longer time 

because the present simulations finished when the material in the swelling area 

(Fig. 5.3) was still far from full homogenisation. Testing with different diameters 

for the steel ring would also be advisable for the study of arching effects. In this 

regard, the softening of the bentonite reaching large void ratios should be 

studied in more detail, as it could affect the development of such effects. 

This work addresses the modelling of the free swelling behaviour of bentonites 

in pure water. For future works, it will be of interest to account for the influence 

of different water salinities, containing sodium and calcium ions, on the swelling 

of bentonites. The salinity of the inflow water can affect both the velocity and 
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the total amount of swelling of a bentonite sample (see Sane et al., 2013). 

Besides, the salts present in the water can induce chemical effects in the 

bentonite, leading to further differences in the swelling behaviour. Thus, these 

chemical effects can play a major role in the design of a spent nuclear fuel 

repository. The model including them could be tested against free swelling tests 

in which water of different ion concentrations is added to the bentonite sample. 

Another aspect relevant to the design of the repository is the evaluation of the 

potential erosion caused by water flowing through fractures. It would be 

particularly interesting to expand the model presented in this thesis to obtain a 

unified MX-80 bentonite free swelling and erosion model, as both phenomena 

will influence each other and thus will function in a coupled manner. The unified 

model could be tested against data from pin hole erosion tests, usual tests when 

evaluating erosion rates for earthfill dams, which have already been performed 

for bentonites by B+Tech (Sane et al., 2013). In such tests, water is circulated 

through an inner channel created inside a soil sample, and the amount of eroded 

mass is measured. Other interesting works with experimental work on MX-80 

bentonite erosion are the ones presented by Pintado et al. (2013a) and Sandén 

and Börgesson (2008). 





113 

CONCLUSIONES Y FUTURAS LÍNEAS DE 
INVESTIGACIÓN 

El modelo que se presenta en esta tesis, basado en el Barcelona Expansive 

Model (BExM) con algunas modificaciones introducidas a su formulación 

convencional, ha resultado ser una herramienta útil para modelar procesos de 

hinchamiento libre en bentonitas expansivas. Los ensayos que se han estudiado 

usan bentonita de tipo Wyoming (MX-80). 

Es recomendable incluir la descripción de la cinética del proceso de intercambio 

de agua entre macroestructura y microestructura en la bentonita. De esta forma 

ha sido posible simular resultados cuya evolución no está controlada sólo por el 

avance de la saturación macroestructural. 

No obstante, mientras la consideración de la cinética del intercambio de agua 

mejora la capacidad del BExM para describir procesos de hinchamiento libre, no 

hace que se simulen con exactitud las deformaciones introducidas por la 

desestructuración de la macroestructura. Para solucionar este problema, se 

propone incluir un término adicional en la función de interacción que se usa 

para calcular la deformación plástica macroestructural inducida por efectos 

microestructurales (ver Ecuación 2.15). Este término, llamado “f2”, se ha 

definido como una función del índice de poros microestructural, em (ver Fig. 

2.7a). Por tanto, el modelo incluye lo que se observa experimentalmente: la 

desestructuración de la macroestructura se hace más intensa cuando el índice 

de poros microestructural es mayor. 

Esta modificación del BExM ha mejorado sustancialmente su capacidad para 

reproducir los procesos de hinchamiento libre analizados (ver Figs. 2.9 y 2.10). 

En el modelo que se presenta, los agregados se tratan como escala de análisis 

(support scale), evitando la caracterización de su compleja topología interna. El 

nivel de estructuración de los agregados en conjunto lo caracteriza el índice de 

poros microestructural. 
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Se ha desarrollado un modelo para el comportamiento de los agregados. Se 

propone la Ecuación 3.3, basada en la formulación presentada por Zhang et al. 

(1995), para definir em. 

A pesar de que esta formulación fue propuesta originalmente para geles de 

partículas de arcilla orientadas, en los que los índices de poros eran 

considerablemente mayores que los que se encuentran normalmente en 

bentonitas compactadas, el análisis de los datos de Montes-H et al. (2003b) para 

agregados individuales de bentonita ha demostrado que la formulación es válida 

incluso para índices de poros microestructurales muy pequeños. 

Los resultados experimentales obtenidos por Montes-H et al. (2003b) también 

se han utilizado para evaluar la validez de la Ecuación 3.15 (Alonso y Navarro, 

2005) para determinar la tasa de intercambio de masa de agua que se produce 

entre macroporos y poros inter-agregados cuando no hay equilibrio de 

potencial químico entre agua macro y microestructural. Se ha obtenido un 

ajuste satisfactorio para los procesos transitorios analizados. 

Los resultados obtenidos aportan confianza al uso de las Ecuaciones 3.3 y 3.15 

como marco constitutivo para definir la deformabilidad volumétrica y el 

intercambio de masa de la microestructura del suelo. 

Se ha analizado la implementación de este modelo en un software multifísico de 

resolución de ecuaciones diferenciales en derivadas parciales (multiphysics 

partial differential equations solver, MPDES). A pesar de que el análisis se ha 

centrado en la aplicación de COMSOL Multiphysics (CM), se ha demostrado que 

el uso de las capacidades multifísicas permite la libre implementación de 

modelos avanzados de mecánica de suelos. Los ejercicios de validación se han 

concentrado en el conocido Barcelona Basic Model (BBM) (Alonso et al., 1990). 

Sin embargo, los resultados son aplicables a otros modelos elastoplásticos, 

como el que se presenta en esta tesis. 

Cuando la formulación constitutiva se introduce como una ecuación diferencial, 

las tensiones constitutivas (tensiones netas en la formulación adoptada) y la 



HM elastoplastic model of expansive bentonite behaviour in FS conditions 

 
 

115 

presión de preconsolidación se convierten en nuevas variables de estado del 

modelo. Se formula un método mixto (Figs. 4.2, 4.4 y 4.5). 

Aunque estos métodos típicamente muestran problemas de estabilidad (Cervera 

et al., 2010), la algoritmia de CM (basada en la aplicación del método de los 

elementos finitos con multiplicadores de Lagrange) y su forma de determinar 

los pasos de tiempo de cálculo garantizan una solución eficiente y precisa para 

los procesos analizados. Un aspecto importante de esta eficiencia es la 

diferenciación analítica automática, que da lugar a un jacobiano que preserva la 

tasa cuadrática de convergencia asintótica de la resolución iterativa.  

Los ejercicios de validación llevados a cabo indican que los resultados obtenidos 

con el procedimiento propuesto son de una calidad comparable a la que se 

obtiene con los métodos empleados típicamente en planteamientos clásicos de 

elementos finitos para desplazamientos (ver Figs. 4.7, 4.8, 4.10 y Tabla 4.2). 

Tras ilustrar la implementación de modelos elastoplásticos en CM, se ha 

mostrado la aplicación del modelo que se presenta en esta tesis implementado 

en CM. Se ha simulado un ensayo de extrusión (perforation hole test) en el que la 

muestra de bentonita, después de hinchar, se extruye a través de un anillo de 

acero. 

Todos los aspectos parecen mostrar que el comportamiento que se observa en 

las Figs. 5.18 a 5.24 describe los principales procesos que ocurren a lo largo de 

la extrusión. En particular, muestran el reblandecimiento de la bentonita y los 

altos índices de poros que se alcanzan, lo que puede significar que los modelos 

constitutivos usados están cerca de su límite de aplicación. También muestran 

una estimación del desarrollo de grietas. 

La formulación presentada en esta tesis debería revisarse según se gane 

conocimiento y experiencia sobre su aplicación. Por ejemplo, la forma de f2 sin 

duda necesitará mejorarse. También es probable que incluso la dependencia 

funcional entre f2 y em tenga que modificarse. 
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Otro aspecto que debería ser tratado es cómo relacionar la desestructuración de 

la macroestructura con la potencial liberación de partículas cuando la bentonita 

se convierte en un sol (fallo de la estructura del suelo). 

Además, se recomienda ser cauto con el rango de aplicabilidad del modelo 

constitutivo de los agregados. Sería útil analizar un mayor número de resultados 

experimentales. Desgraciadamente, los datos que se necesitan para este tipo de 

análisis son actualmente muy escasos, y por esta razón serían necesarios más 

ensayos como los llevados a cabo por Montes-H (2005) y Montes-H et al. 

(2003a; 2003b; 2005a; 2005b). Serían particularmente útiles para este 

propósito técnicas tomográficas que obtengan datos tridimensionales del 

comportamiento volumétrico de agregados de bentonita. 

En cuando al método computacional, cuando se usan métodos mixtos, la 

inclusión de las tensiones y los parámetros plásticos como variables de estado 

adicionales implica un marcado incremento del coste computacional, 

perdiéndose eficiencia. Estudios futuros deberán determinar si esta pérdida se 

compensa con la ganancia en eficiencia computacional que implica tener 

modelos geomecánicos avanzados implementados en un entorno multifísico. 

Esto dependerá del problema analizado. 

El análisis realizado en la simulación del ensayo perforation hole test muestra la 

dificultad que implica simular la extrusión de la bentonita. El material modelado 

reblandece, a la vez que el levantamiento causado por el hinchamiento de la 

parte inferior de la muestra incrementa la tensión desviadora. Esto conlleva 

problemas en la modelización y en la simulación numérica. Sería interesante 

probar el uso de modelos constitutivos adaptados específicamente a este tipo de 

procesos. Una alternativa sería llevar a cabo simulaciones numéricas con un 

mayor coste computacional (basadas, por ejemplo, en mallas masivas usando 

ordenadores muy potentes), lo que sería menos complejo. No obstante, la 

exhaustiva revisión de estrategias numéricas seguida en el Capítulo 5 y la 

potencia del modelo constitutivo usado muestran que no sería fácil mejorar 

significativamente el análisis realizado. 
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En este sentido, sería recomendable realizar ensayos de laboratorio más largos, 

ya que la simulación actual acaba cuando el material en el área de hinchamiento 

(Fig. 5.3) está todavía lejos de una homogeneización completa. También sería 

recomendable ensayar con anillos de acero de diferentes diámetros para 

estudiar el efecto arco. Con respecto a esto, el reblandecimiento de la bentonita 

al alcanzar índices de poros altos debería estudiarse más detalladamente, ya 

que podría afectar al desarrollo de dicho efecto. 

Este trabajo trata el modelo del comportamiento en hinchamiento libre de las 

bentonitas con agua purificada. Para futuros trabajos, será de interés tener en 

cuenta la influencia de distintas salinidades del agua, conteniendo iones de 

sodio y calcio, en el hinchamiento de las bentonitas. La salinidad del agua 

entrante puede afectar tanto a la velocidad como a la cantidad total de 

hinchamiento de una muestra de bentonita (ver Sane et al., 2013). Por otro lado, 

las sales presentes en el agua pueden inducir efectos químicos en la bentonita, 

provocando diferencias adicionales en su comportamiento. Por tanto, estos 

efectos químicos pueden jugar un importante papel en el diseño de un 

repositorio de combustible nuclear gastado. El modelo que los incluya podría 

ser validado comparándolo con ensayos de hinchamiento libre en los que agua 

con diferentes concentraciones iónicas se añada a la muestra de bentonita. 

Otro aspecto relevante para el diseño del repositorio es la evaluación de la 

potencial erosión causada por el flujo de agua a través de fracturas. Será 

especialmente interesante expandir el modelo presentado en esta tesis para 

obtener un modelo unificado del hinchamiento libre y la erosión de la bentonita 

MX-80, ya que estos fenómenos se afectan el uno al otro y por tanto funcionan 

de forma acoplada. El modelo unificado podría validarse usando datos de 

ensayos de erosión tipo pin hole, ensayo usual para la evaluación de tasas de 

erosión en presas de materiales sueltos, que ya han sido realizados con 

bentonitas por parte de B+Tech (Sane et al., 2013). En estos ensayos, se circula 

agua a través de un canal interno creado en el interior de la muestra de suelo, y 

se mide la cantidad de masa erosionada. Otros trabajos interesantes con 

resultados experimentales sobre erosión en MX-80 son los presentados por 

Pintado et al. (2013a) y Sandén y Börgesson (2008). 
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APPENDIX A 

Formulation of the BBM 

The formulation of the BBM used in this thesis is the same as the one presented 

by Alonso et al. (2011), with the exception of the expression used to define the 

elastic stiffness for changes in suction, κS, which has been adopted from 

Hoffmann et al. (2007).  
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where: 

k defines the increase in cohesion with suction, 

F is the yield function, 

q is the von Mises stress, 

M is the slope of the critical state line, 

pC is a reference stress, 

λ(s
) is the slope of the virgin compression curve at a macrostructural 

suction s, 
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λ(0) is the slope of the virgin compression curve for saturated conditions, 

κi (s) is the elastic stiffness for changes in the net mean stress evaluated 

at a macrostructural suction s, 

κS(s,p
) is the elastic stiffness for changes in suction evaluated at a 

macrostructural suction s and a net mean stress p, 

r and β are material parameters, 

κio and αi are material parameters, 

κSo, αSp, pREF and αSS are material parameters. 
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APPENDIX B 

Formulation of the hydraulic model 

A classical formulation presented by van Genuchten (1980) has been used for 

the retention curve: 

(B.1) 
min

min

SrSr

SrSr
Se

MAX 


  

(B.2)    mn
sSe



 ·1   

Where: 

Se is the effective saturation, 

s is the macrostructural suction, 

Srmin is the minimum degree of saturation, 

SrMAX is the maximum degree of saturation, 

a and m are material parameters, 

n is assumed equal to 1/(1-m). 

The relative permeability was modelled by using the Brooks and Corey (1964) 

and Burdine (1953) formulation: 

(B.3) bSe  

Where: 

κ is the relative permeability, 

b is a material parameter. 
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For the intrinsic permeability, the formulation presented by Liu et al. (2011) for 

a natural MX-80 bentonite in distilled water has been introduced. 

(B.4) 
3

2
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kk

kk
kkK




  

Where: 

K is the intrinsic permeability (m2), 

ϕ is the macrostructural porosity, 

kk1, kk2 and kk3 are material parameters. 

Finally, the expression for the hydraulic conductivity is the following: 

(B.5) 
w

w gK
k



 ···
  

Where: 

k is the hydraulic conductivity (m/s), 

ρw is the density of water (kg/m3), 

g is the gravitational acceleration (m/s2), 

µw is the dynamic viscosity of water (Pa·s). 



 

 


