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Chapter 1

Introduction to optimal design
problems: main results
1.1

Motivation to study optimal design problems

One of the basic engineering goal is to improve properties (in general) and responses
under diﬀerent eﬀects in structures, mechanical elements and materials, once they
have been sketched so as to be designed. It seems clear to think how in the aerospace
and the automobile industry, for example, that task has to be a never-ending performance since, in most cases, we are under the obligation to build something taking
into account diﬀerent and opposite features like stiﬀness, weight, shape, size and the
last but not the least, aesthetic aspects.
Such improvements, as pointed before, could go towards:
(1) Designing structures with adequate stiﬀness and strength by using a minimum
amount of material. In such a case, the objective would be determine where
to put the holes (void).
(2) Designing mechanisms made up of diﬀerent and known materials so as to
optimize a desired property in the resulting device. In such a case, the objective
would be to determine where both materials should be placed.
(3) Designing new materials of extreme or funny properties starting from known
materials. In such case, the objective would be to determine the microstructure.
Common to all three situations is the fact that the eﬃcient use of materials is crucial,
that is to say, only some optimized layouts would be the best in each case and
therefore, better than any other distribution considered. The way in which we have
to ﬁnd these optimized layouts is by means of writing properly the corresponding
optimal design problem in each case study. Therefore, along this report we will
understand the term optimal design problem as the problem consisting of designing,
in the best way possible, structures, mechanisms or new materials starting from given
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amounts of known materials. Such problems belong to a bigger class of problems
called optimal control1 problems.
As far as this doctoral thesis is concerned, we will start from only two materials,
both of them isotropic, IM 1 and IM 2 . So, in a rough way, the problem we would
like to solve consists of ﬁnding how to place ﬁxed amounts of two isotropic materials
with diﬀerent material properties in order to optimize a desired objective in a design
domain modelling a physical context. In such problems, the control, that is, what
we consider the design parameter, put IM 1 or IM 2 , typically belongs to a nonconvex set {IM 1 , IM 2 }. This is precisely what makes diﬃcult and, as the same
time, interesting the design problem because in most cases, it is not posible to
ﬁnd an optimal solution (ﬁnal design) in which the two initial materials are placed
separately. By contrast, what is observed (in general) is the fact that more details
made up of both materials (a composite material) appear in the ﬁnal design as the
mesh size increases, when the problem is treated numerically. The reason is due to
the absence of convexity of the set in which optimal solutions are looked for. Later
on, we will explain how to overcome this ill-posedness of the design problem.
Concerning the case study (1), one of the ﬁrst researchers treating these problems
was Michell in 1904. In his work ([37]), Michell set up optimality conditions for
load-carrying structures (in the context of elasticity) when small volumes of available
material are considered. Based on these conditions and his good mechanical intuition
he produced a large number of intricate minimum-weight frame structures in two
and three dimensions. One of the conditions ([51]) is that: ‘A more general class
of (optimal) frames . . . consist of those whose bars, . . . form curves of orthogonal
systems’. Although his work has been taken up and extended by other researchers,
the limitation of Michell’s method is that it only works for single loading cases, small
displacements and a limited number of geometries. Two of the Michell’s examples
are shown in Figure 1.1. Notice that all bars meet each other at right angles in both
of them.
In the seventies, the homogeneization theory for the calculation of eﬀective
properties of periodic composites was developed by applied mathematicians (e.g.
Benssousan, Lions and Papanicolau [15], Sanchez-Palencia [49], Murat ([40], [41],
Tartar ([58], [59]). Later, in 1988, Bendsøe and Kikuchi [12], starting out from homogeneization theory, were the ﬁrst to come up with a numerical and well-founded
way of optimizing the topology of general structures. Due to its background, the
method was called the homogeneization approach to topology optimization.
More recently, an alternative approach to topology optimization has arisen. This
new approach (developed by Bendsøe [8], Zhou and Rozvany [63], and Mlejnek
[38]), called power-law approach or SIMP approach (Solid Isotropic Material with
Penalization), has been applied successfully, up to date, to problems with multiple
constraints and multiple physics, some of them described in a general way in (1), (2)
and (3). We will comment later on some aspects of the two last techniques described
1

In the optimal design problems the control usually acts next to the highest order terms of the
state law.
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P

P

(a) Single load with two supports

(b) Single load with a circular support

Figure 1.1: Michell’s optimal layouts

previously.

1.1.1

The one-dimensional case

Contrary to what was to be expected, sometimes there exist optimal solutions in
the one-dimensional case, even though this does not occur in higher dimensional
situations. In such cases, it is posible to prove the existence of solutions despite lack
of convexity by using an ad-hoc method. Two examples which try to corroborate
the latter are: (i) the optimal design of a bar under a variable longitudinal load by
using ﬁxed amounts of two diﬀerent materials and (ii) the optimal shape of a bending
beam of variable thickness in which the mean value of the thickness is limited.
In (i), the diﬃculty arises from the fact that the set in which optimal solutions
are looked for is again non-convex. This does not keep us from proving that there
exist optimal solution for the 1-D case (see for example [6]). However, this is not
posible (in general) for situations in higher dimensions.
In (ii), the situation described corresponds rather to an optimal shape problem
and therefore not an optimal design problem itself, because the control (the thickness) is now allowed to vary in a continuous interval. In contrast to what happened
before, the trouble arises from the non-linearity produced by the control in the state
equation. Again, it is easy to check how in the 1-D case is posible to ﬁnd the optimal
solution for the design problem ([46]) but not in higher dimensions.

1.1.2

The non-existence in higher dimensions

As we noticed before, except for a few cases, it is well-known that optimal design
problems, in general, lack optimal solutions within the class of characteristic controls
(to put IM 1 or IM 2 ) [39]. This kind of problems are ill-posed in the sense that
one generally can ﬁnd a ﬁner and more detailed material distribution that is better
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than the coarser design. This phenomenon is called mesh-dependence. In onedimensional situations, we can sometimes prove the existence of solutions by using
an ad-hoc method but in higher dimensions, the non-convexity makes diﬃcult the
analysis of the problem even by using specialized techniques. Ways to circumvent
the ill-posedness problem (due to the non-convexity) are reviewed in [54] and can
be divided into two groups, namely relaxation methods and restriction methods.
Relaxation methods ([9]), which will be described in detail in Chapter 2, enlarge
the design set in which optimal solutions are looked for, in order to achieve existence
(but not uniqueness). We could say that such relaxation implies that now many more
materials take part in the problem, apart from the two initial ones. It follows that the
more general relaxation would consist of taking all materials that could be produced
by mixing two isotropic materials (it is known as the G-closure). Another possibility
would consist of considering only the laminate materials among all. Anyway, this
approach lets us convexify the design problem in a way when composite materials
are in a certain way taken into account; in other words, when posible variations of
the initial materials in a microscopic scale are allowed (composite materials).
Concerning to the use of these methods, experience tells us that large “grey
regions” appear in the ﬁnal design; on the one hand, pure regions where either IM 1
or IM 2 should be placed appear in the optimized layout but, on the other hand
regions where the best option is to place a composite material appear as well. This
is known as “grey regions”. From a practical point of view, these designs are not
desired because they make diﬃcult the manufacturing process but, by contrast, they
allow us to design the so-called functionally graded materials, that is to say, twocomponent composites characterized by a gradual variation from one of the materials
to another. This is precisely what we obtained in our ﬁnal designs in a microscopic
scale: a non-homogeneous composite material. Another inconvenience arising from
these methods is the fact that the ﬁnal design depends on the type of relaxation
used, that is, depends on the set of materials chosen in each case. In a way, the
latter conﬁrms us that in the absence of convexity, we can ﬁnd diﬀerent layouts, all
of them optimized, because the relaxation does not guarantee the uniqueness of the
solution.
Looking back at functionally graded materials (FGMs), it is interesting to notice
that they hold the key for applications requiring incompatible material performance.
For example, a metal/ceramic FGM used for thermal barrier coatings (to reduce
thermal stresses [43] in aerospace shuttles and crafts) has both the required mechanical properties, due to the metallic component at one surface, and the required
thermal properties, due to ceramic component at the opposite surface; the interface
is a graded region joining both materials. We can also ﬁnd numerous applications
for biomedical applications [47] (for bone and dental implants, for instance) and for
sensor and energy applications [36] (piezoelectric and thermoelectric devices and optical materials with graded refractive indices, for instance), among others. New and
creative applications of such materials are continuously being explored. In Figure
1.2 the microstructure of two graded composites are shown.
Restriction methods ([54]), which will be described in detail in Chapter 3, in-

1.1. Motivation to study optimal design problems

11

1 mm
B4C

20%Cu 40%Cu

60%Cu 80%Cu

Cu

(a) Micrograph of 6-layered B4 C/Cu
graded composite [31]

(b) Transition from CrNi alloy to zirconia
(PSZ) [25]

Figure 1.2: Two examples of FGMs

troduce extra constraints on design variables so as to ﬁnd optimized solutions over
the initial design space, {IM 1 , IM 2 }. The aim of these methods is to try to bound
the maxima oscillations of the design variables allowed, by introducing extra constraints, so that the maximum degree of perforation of the design is limited. In a
way, they penalized the “grey regions” forcing to convert them to one of the two
initial materials at the end of the optimization process. It is specially useful when we
are interested in designing optimized structures and mechanisms because we must
distinguish where the materials should be placed separately.
Up to date, we can ﬁnd numerous applications of the SIMP approach combined
with a restriction method. Later, we will comment on the necessity of this combination2 ([51]). Among others, we comment some of them brieﬂy: design and
manufacture of materials with negative Poisson’s ratio (see [28], [56] and Figure 1.3)
(the more you pull it, the thinner it gets), for example, for fasteners; design and
manufacture of materials with negative thermal-expansion coeﬃcient [55] (they expand when heated) in order to avoid distortion in large space antennas or damages in
bridges or railroad track under the presence of big thermal expansions); and design
of MicroElectroMechanical systems [53] (MEMSs, that is, microscopic mechanical
devices coupled with electronic circuits) for removing blood clots inside the human
body, and as hearing aids to be implanted in the ear, for instance.

2

Sometimes it is usually known as the topology optimization method. For more details, visit
http://www.topopt.dtu.dk
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Figure 1.3:
Material microstructure with negative Poisson’s ratio
tured by extrusion techniques at University of Michigan (John
http://msewww.engin.umich.edu/research/groups/halloran).

1.2
1.2.1

manufacHalloran;

Scope of this doctoral thesis
Presentation of the design problem

At this point, we make more speciﬁc the problem we would like to address. We consider the design problem which consists of determining how to place ﬁxed amounts
of two isotropic materials with diﬀerent material properties, given by second-order
tensors αI3 and βI, 0 < α < β, so as to optimize a desired objective in a certain
subdomain, Ωopt , belonging to the whole design domain, Ω. Let us denote by (V P )
the problem

Minimize (or Maximize): I(χ) =
Φ(x) g(χ(x), u(x), ∇u(x)) dx,
Ω

subject to
−div(k(x)∇u(x)) = Q(x),
−k(x)∇u(x) · n = f (x),
u = u0 ,

in Ω,
on Γt ,

on Γ0 ,

k(x) = αχ(x) + β(1 − χ(x)),

1
χ(x) dx = V0 , 0 < V0 < 1,
|Ω| Ω

1, if x ∈ Ωopt ,
Φ(x) =
0,
else,
where the boundary of the design domain is ∂Ω = Γt ∪ Γ0 .
3

I = δij ei ⊗ ej is the second-order identity tensor.
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Physics
heat conduction
groundwater ﬂow
potential ﬂow
elastic torsion
pressurized membranes
electrostatics
magnetostatics
diﬀusion

Poisson’s equation
u
k
temperature
thermal conductivity
hydraulic head
permeability
potential function
1
stress function
shear modulus−1
lateral deﬂection
surface tension
voltage
permittivity
magnetic vector
medium’s response
diﬀusion constant moisture concentration

Q
heat generation
0
0
twist angle
lateral pressure
charge density
current density
production rate

Table 1.1: Meaning of diﬀerent components of Poisson’s equation.

Typically, the characteristic function χ, which is the design variable, indicates
where the α-material is to be placed and V0 is the relative volume fraction of the
α-material, which is given. Concerning the Φ function, in the cases that the objective function would measure a property in a global way (such as the dissipated
energy, for instance) then Φ ≡ 14 , because the subdomain Ωopt would be the same
as Ω. However, when the response would be given by the value of the state or the
gradient in the subdomain Ωopt (such as the mechanism design problem), it would
be necessary to specify this objective properly through the Φ function. IT IS IMPORTANT TO STRESS THAT WE ALLOW THE EXPLICIT DEPENDENCE OF
GRADIENTS OF THE STATE IN THE OBJECTIVE FUNCTION g .

Several physical phenomena can be described by the same form of the diﬀerential
equation when material properties are given by second-order tensors ([18]). Maybe
the most common case corresponds to the heat transfer context, where the solution
of the state equation is a scalar function, u = u(x1 , x2 ), which represents the temperature, k is the thermal conductivity and Q is the rate of internal heat generation
per unit volume.
By changing the meaning of the state u, the material property k, and the source
term of the equilibrium equation Q, and by using the appropriate boundary conditions in each case, we can describe diﬀerent phenomena in multiple physics contexts
such as groundwater ﬂow and plane incompressible irrotational ﬂow in ﬂuid mechanics, elastic torsion and pressurized membranes in solids mechanics, and also
situations in electrostatics and magnetostatics (see Table 1.1). Finally, we should
interpret the results depending on the physical situation.

1.2.2

Previous results

It is well-known that such problems lack optimal solutions within the class of characteristic functions, χ [39]. Homegeneization theory has been the main relaxation
tool to deﬁne and expand the range of admissible designs to incorporate composites
4

Since in all situations considered in Chapter 2 the objective function measures properties in a
global way, the function Φ is omitted in the problem formulation.
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as structural elements when the cost functional depends on the state u in a linear
way, with a great success both analytical and numerical. Some recent nice accounts
are [1] and [14]. In the context of elasticity5 , the ill-posedness of the 0/1 problem
(for the compliance case, also known as linear case) can be overcome by using the
so-called ranked layered materials or also known as laminates ([2]). Moreover, the
order of the layered materials used depends on the spatial dimension and on whether
the problem is a single load problem or a multiple load problem ([8]). We also know
that when the state equation collapses to a diﬀerential equation, like in conductivity, optimal microstructures are given by ﬁrst-order (rank-one) laminates ([48]),
whenever compliance functionals are considered. Except for a few important cases,
homogeneization theory does not work when there is an explicit dependence on ∇u.
Several recent books treat this perspective in an exhaustive way (see [1], [61]).
In this doctoral thesis, on the one hand, we expect to prove, via numerical
evidence, that the ill-posedness for a general quadratic functional on ∇u can be
overcome by using ﬁrst-order laminates somewhat special. As we will see later, this
same evidence holds for the compliance case. On the other hand, we expect to
support the fact that the topology optimization method works well when gradients
are considered in the objective function.

1.2.3

Description of main results by using a relaxation method

As we noticed before, the question is how to deal with gradients in the objective. We
will try to answer it, at least, when quadratic functionals in the ﬁeld are considered.
To be more speciﬁc, let us consider integrands of the form
g(x, χ(x), ∇u(x)) =

1
[aα χ(x) + aβ (1 − χ(x))] |∇u(x) − F (x)|2 ,
2

where aα and aβ are constant values and F is a target vector ﬁeld. We will also
take f ≡ 0 in (V P ) and for the present, we will take Φ ≡ 1, that is to say, when
we measure a property globally. In such cases, the design problem would show the
following format:

1
[aα χ(x) + aβ (1 − χ(x))] |∇u(x) − F (x)|2 dx,
Minimize (or Maximize): I(χ) =
2 Ω
subject to
−div((αχ(x) + β(1 − χ(x)))∇u(x)) = Q(x),
1
|Ω|

u = u0 ,


Ω

in Ω,

on ∂Ω,

χ(x) dx = V0 ,

χ(x) = {0, 1},

and for the moment, Ω ⊂ R2 .
5

In such a case the material properties are given by a fourth-order tensor and consequently, the
state equation is given by a partial diﬀerential equation.
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Such as the objective function g has been deﬁned, it could represent diﬀerent
ways to measure energy depending on the choice of the parameters aα and aβ . Therefore, the motivation for solving (V P ) would be to design macroscopic conducting
devices, made up of graded materials with desired energy properties under the action of the charge density Q and the value of the temperature u0 on the boundary.
As we pointed before, a general feature of this kind of problems is the lack of
optimal solutions within the class of characteristic functions, χ [39] (due to the nonconvexity in the admissible set of designs). It is precisely this binary structure of
the design problem that suggests us not to solve it directly because of two main reasons. The ﬁrst one is the fact that as ﬁner meshes are used, the number of material
distribution combinations increases in an astronomical way, making the direct optimization process infeasible; and the second is that there does not exist convergence
with mesh-reﬁnement in the successive optimized layouts (mesh-dependence). An
alternative to overcome this ill-posedness of the problem would consist of using a
relaxation method. In this case such relaxation, based on a recent perspective to
tackle the design problem, proceeds in two steps [45]: ﬁrst, the state law is included
in the cost functional by saying that if an admisible pair (χ, u) veriﬁes the state
equation, then the new cost functional is equal to the old one and otherwise, the
integrand takes the value +∞, (so as to forbid this situation). In this way, we get a
reformulated problem as a vector variational problem avoiding the nonlocal 6 nature
of the state law. This new reformulation itself forces us to introduce a new scalar
ﬁeld v and consequently, to consider now a vector problem in the pair (u, v) instead
of the previous version, which was purely scalar. The second step consists of relaxing
the reformulated problem. Since the reformulated one is a vector problem, the convexiﬁcation of the problem does not give the relaxation we are looking for (contrary
as what happens for scalar problems). By contrast, it is the quasiconvexiﬁcation [19]
which gives us the desired envelope. These two steps are discussed more in detailed
in Chapter 2.
For the general quadratic functional in 2-D we present, explicit formulae of the
relaxed integrands have been recently computed in [44]. The fact that in the relaxed
problem, the quasiconvexiﬁed integrand keeps taking the value +∞ in a certain
domain, makes diﬃcult the numerical treatment of the relaxed problem directly.
On the other hand, it would be interesting to develop a tool which allows us to
analyze in a systematic way this kind of design problems under this approach.
Looking back at the relaxation, such formulae also give us information about the
nature of optimal microstructures (since it is a relaxation, there are now optimal
solutions). For our case of a quadratic functional, we know that, at most, they are
given by second-order laminates. By contrast, if we examine the relaxed problem in
detail, which was rigorously establish in [4], then we conjecture that in many cases,
the relaxed problem renders itself to an alternative and easier formulation, making
6

The nonlocal eﬀect means that the pair (χ, u) is coupled when optimizing, that is, for all x ∈ Ω,
the value of χ(x) depends on all values u(z), with z ∈ Ω.
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the second-order laminates collapse to ﬁrst-order laminates, and we can also easily
explain the connection among the original problem (V P ), the relaxed one (QV P ),

and the new relaxation (V
P ) described in Conjecture 1, that is,

inf(V P ) = inf(V
P ) = min(QV P ).
All this analysis (contained in Chapter 2) allows us to arrive at one the main contributions of this thesis.
Conjecture 1 For all vectors ﬁelds F ∈ L2 (Ω) with div(F ) = 0 and Q ∈ H −1 (Ω),

the optimal design problem, (V P ), is equivalent to solving (V
P)
(a) Minimize (or Maximize) :

1
I(t) =
[aα t(x) + aβ (1 − t(x))] |∇u(x) − F (x)|2 dx,
2 Ω
subject to
−div((αt(x) + β(1 − t(x)))∇u(x)) = Q(x), in Ω,
u = u0 , on ∂Ω,

1
t(x) dx = V0 ,
|Ω| Ω

when

aβ
2β
,
≤
aα
α+β



0 ≤ t(x) ≤ 1,

aβ
α+β
and to
≥
aα
2α

(b) Minimize (or Maximize) :

  2
β aα t(x) + α2 aβ (1 − t(x))
1
I(t) =
|∇u(x) − F (x)|2 dx,
2 Ω
(βt(x) + α(1 − t(x)))2
subject to

−div

1
( α1 t(x)

+

1
β (1

− t(x)))
1
|Ω|

when

aβ
α+β
,
≥
aα
2α



∇u(x)

= Q(x),
u = u0 ,


Ω

in Ω,
on ∂Ω,

t(x) dx = V0 ,

0 ≤ t(x) ≤ 1,

aβ
2β
,
≤
aα
α+β

in the following sense:


(i) inf(VP) = min(V
P ), and there are optimal solutions for (V
P ).
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(ii) Let (ũ,t̃) be an optimal solution of (V
P ), then optimal structures for (VP) are
always locally ﬁrst-order laminates, with local volume fraction t̃(x) and layers
are aligned parallel in (a), and perpendicular in (b) to the optimal temperature7
gradient ∇ũ; that is, the direction of lamination, n, is given by: n ⊥ ∇ũ and
n  ∇ũ, respectively.
(iii) Minimizing sequences of temperature gradients for (VP) always converge strongly
to ∇u.
a
2β

In the cases such that α+β
≤ aαβ ≤ α+β
2α , (V P ) must be built by somehow mixing
both situations (a) and (b). Since the latter makes diﬃcult the numerical treatment
of the problem, such cases will not be addressed in this doctoral thesis. They could
however be handled in case its interest is recognized.
We see that the new formulation presents some advantages compared to the
original formulation. One the one hand, the new control t(x) is now constrained in
a continuous interval, eliminating in this way the troubles coming from the binary
nature of χ(x); but on the other hand, the fact that the state equation is non-linear
in the pair (t, ∇u) makes the design problem still non-convex (see [17], [58]); that
is to say, if tj  t and ∇uj  ∇u, being both {tj } and {∇uj } bounded sequences
of admissible controls and gradients, respectively, then we cannot ensure that the
inequality

I(t, ∇u) ≤ lim inf I(tj , ∇uj ),
n→+∞

holds, because tj ∇uj  t∇u is not true, in general. In such cases, we say that
the functional is not weak lower semicontinuous, lacking convexity properties. Yet,
since the form of the optimal design problem in Conjecture 1 comes from examining
optimality conditions (see Chapter 2), it turns out that there are optimal solutions
for it. And these in turn allow us to retrieve optimal microstructures for the original
problem.

As we commented before, it is precisely the non-convexity of (V
P ) what makes

diﬃcult to prove the existence of optimal solutions but, in case (V P ) admits such
optimal solutions, they can be approximated by using the necessary conditions of
optimality. Therefore, a main part of this thesis is to show the validity of Conjecture
1 via numerical evidence and to conclude that we can ﬁnd easier formulations being
relaxations for the original problem. ALL OF OUR SIMULATIONS HAVE BEEN
PERFORMED BASED ON CONJECTURE 1.

It is also worthwhile to point out that the new state equation is not an eﬀective
equation, although it could seem, at least, in case (a). If it was like this, it would
mean that eﬀective properties would be isotropic ﬁrst-order laminates, but a ﬁrstorder laminate itself could never be an isotropic structure. In case we are interested
in obtaining the eﬀective tensor (also known as a homogeneized matrix) A∗ , this
7

In the context of heat conduction.
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would be given by ([1])
A∗ = tαI + (1 − t)βI −

t(1 − t)
(α − β)In ⊗ (α − β)In,
(1 − t)αIn · n

where A∗ is said to be a single lamination of the two phases α and β in proportions
t and 1 − t in the direction n (|n| = 1) explained in Conjecture 1.
A paradigmatic minimizing case corresponds to taking (aα , aβ ) ≡ (1, 1). In such
case the objective function measures the mean deviation of the temperature gradient
from a target vector ﬁeld. The pioneering work [60] addressed for the ﬁrst time this
particular case and one of the main achievements was to conclude that for F in a

dense Gδ , but unkwown set of L2 , the optimization problem, (V
P ), admits optimal
solutions and is equivalent to (V P ) in the sense explained in Conjecture 1. We have

not been able to show that (V
P ) has optimal solutions so far. This is essentially
Tartar’s result in [60] for such Gδ set as explained before but, for the particular case
F ≡ 0 (also div(F ) = 0) we provide numerical evidence that the zero ﬁeld belongs
to that Gδ set. In all experiments we have conducted the convergence was ﬁne and
the simulations stable and robust. Under these circumstances, we suspect that THE

INFIMA OF (V
P ) ARE, IN FACT, MINIMA.
We have obtained these optimality conditions for the pure quadratic case, that
is, when (aα , aβ ) ≡ (1, 1). It is important to notice that whatever values α, β take
on, we are always in situation (a) of Conjecture 1.

P ) are
Proposition 1 Given, f , u0 , α, β and V0 , optimality conditions8 for (V
given by
−div((αt(x) + β(1 − t(x)))∇u(x))
u
−div((αt(x) + β(1 − t(x)))∇p(x))
p
(β − α)∇u(x)∇p(x)
λ1 (x)t(x)
λ2 (x)(t(x)
− 1)

1
t(x) dx
|Ω| Ω

=
=
=
=
=
=
=

f (x), in Ω,
u0 , on ∂Ω,
−∆u(x), in Ω,
0, on ∂Ω,
λ1 (x) − λ2 (x) + λ3 ,
0, λ1 (x) ≥ 0, t(x) ≥ 0,
0, λ2 (x) ≥ 0, t(x) ≤ 1,

= V0 ,

where u is the state and p, the co-state.
The numerical algorithm used to discretize these optimality conditions works in a
simple way. Given an admisible control tk at iteration step k, we solve the state
equation to obtain the gradient ∇uk , and using both, we get ∇pk . Having in mind
that for intermediate controls (0 < tk < 1), λ1 = λ2 = 0, we choose as iterative
k ∇pk
sequence tk+1 = 1 − Gk (1 − tk ) to update the control, where Gk = (β−α)∇u
λ3
(notice that when Gk → 1, then tk+1 → tk ). We previously have to calculate the
8

When the target F is a free-divergence ﬁeld, then it vanishes in the optimality conditions.
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value of the multiplier λ3 , by using, for example, a bisection method, to ensure that
tk+1 is an admisible control at iteration step k + 1.
It is worthwhile emphasizing two aspects about the algorithm: the ﬁrst one is the
fact that even though it has not yet been proved that the iterative method ensures
existence of solutions, numerical results seem corroborate our suspicion about the
existence; and the second is concerned with the convergence of the iterative method.
The fact is that even though the design problem is a non-self-adjoint9 problem, it is
posible to prove that the term Gk maintains its sign. This makes the function used
to adjust the volume constraint have a continuous monotone decreasing dependence
on the multiplier λ3 , allowing us to determine it in a unique way and hence avoid
ill-convergence during the update scheme for the control.
We illustrate our approach through several numerical examples in the context
of dielectric materials. In all of them, the design domain is chosen to be the square
Ω = [0, 1] × [0, 1] which is subdivided into 20.000 triangular subdomains (a mesh of
100 × 100 nodes), the electric potencial on ∂Ω, u0 = 0, the values α = 1 and β = 2.
It is precisely in the case F = 0 when there exists a more practical purpose of
the optimal design: to avoid the so-called dielectric breakdown of graded materials
due to relatively large values of the local electric ﬁeld ([30]). One can ﬁnd some
applications in [42].
In the ﬁrst example the charge distribution is taken to be uniform in Ω, for
example, Q(x) = 1 (this case was treated in [34]). We have constrained the amount
of β (good dielectric) to be 40% of the design domain (it corresponds to taking
V0 = 0.6). We have used a graded scale to represent the optimal solution (see
Figure 1.1(a)) where white would correspond to the α-material and blue to the βmaterial. Therefore, intuition tells us that the material with higher conductivity
should be placed where the current ﬂux was also higher in order to minimize the
electric ﬁeld.
The graded areas in Figure 1.4(a) indicate the optimal volume fraction t(x)
while the curves are the iso-level lines of the optimal electric potential. As we can
see in Figure 1.4(b), optimal microstructures are ﬁrst-order laminates with volume
fraction t(x) for the α-material and the lamination direction n(x) being tangential
to the level lines, hence perpendicular to the electric ﬁeld. We have tried to indicate
this microstructural behaviour in the two points A and B in Figure 1.4(b).
By using the format for problem (V P ), it is easy to see how the compliance case
corresponds to taking (aα , aβ ) ≡ (α, β). In such a case the cost functional represents
the dissipated energy. In this second example we are interested in designing the
thermal device in which the dissipated energy is maximized. The corresponding
optimality conditions can be obtained in a similar way than the ones for the case
(aα , aβ ) ≡ (1, 1). Indeed, we can do it for the case we wish. Finally, if the numerical
results were robust and the iterative procedure enjoyed good convergence, then we
could assert, via numerical evidence, the practical validity of Conjecture 1.
Keeping the same input data as in Example 1, the optimal solution for the
9

A design problem is non-self adjoint whenever the objective function is not the compliance.
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(a) graded material
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Figure 1.4: Optimal solution of Example 1

compliance case taking V0 = 0.5 is shown in Figure 1.5. This simulation has been
obtained before in [1] and [23]. The optimal design corresponds to placing the worst
conductor (now in blue) along the edges, while the best one occupies the middle and
the corners. We can also see that there is only a small region of graded material
in the corners and in the middle zone. It is important to note that, judging from
the numerical result, the optimal solution for the compliance case is given by a
ﬁrst-order laminate with volume fraction t(x) for the α-material and the direction
of lamination n(x) being tangential to the level lines.
It would be interesting to check if the statement in Conjecture 1 could also be
extended to the three-dimensional case. By using the same procedure commented at
the beginning of the section, up to now, only the relaxation for the case (aα , aβ ) ≡
(1, 1) has been obtained for the 3-D case ([5]). Following the same steps, we think it
would not be diﬃcult to compute those formulae for the general quadratic functional
proposed in 2-D. At least, for the case (aα , aβ ) ≡ (1, 1) it is posible to extend all
previous results. In Figure 1.6, the 3-D version of the Example 1 is shown. A
half-section of the body is depicted in order to see the internal details. Now, green
would correspond to the α-material and pink to the β-material. Again, the regions
of graded properties are given by intermediate shades. In such zones, it is necessary
to know the direction of the laminates. The only diﬀerence is now that the direction
of lamination, n, is contained in the manifold of normal ∇u, that is,
∇u × n = (α + (β − α)t)∇u,
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Figure 1.5: Optimal solution of Example 2

so, at ﬁrst, we have inﬁnite possibilities, that is to say, ﬁrst-order laminates with
diﬀerent n but given the same functional value.
We can ﬁnd more examples in Chapter 2, all of them included in [21] for the
2-D case and in [20] for the 3-D case. It is not necessary to stress how much more
complex the computations in 3-D are compared to the 2-D case. We would like to
explore other situations in future works [3]. In particular, examples where the signs
for the coeﬃcients aα , aβ are diﬀerent and one of the two vanishes.

1.2.4

Description of main results by using a restriction method

Common to most restriction methods is that the design parameter (to place αmaterial or β-material) in each element, used to discretize the design domain, is
deﬁned as a design variable, so, in a way, these restrictions are added as extra constraints to the discretized problem. One of these, used here, is a ﬁltering technique
which modiﬁes the design sensitivity of an speciﬁc element based on a weighted
average of the element sensitivities in a ﬁxed neighborhood, see [54]. It must be
emphasized that even though it has not yet been proved that the ﬁlter ensures existence of solutions, we can ﬁnd numerous applications in which the ﬁlter has produced
mesh-independent designs.
Since, when restriction methods are used, the goal we seek is to design a structure
or a mechanism consisting of solid or void elements (or materials placed separately,
for the two-material problem), the trouble is how to solve the resulting discrete
problem, having in mind that as ﬁner meshes are used, the number of design variables
is larger and therefore, the number of material distribution combinations increases
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(a) Half-section

(b) Isosurfaces temperature

Figure 1.6: Optimal solution of the 3-D version of the Example 1

in an astronomical way. One popular way to tackle this diﬃculty is to convert the
discrete problem into a continuous one by allowing intermediate densities during
the optimization process. By penalization schemes, these intermediate densities are
then forced towards discrete 0/1 solutions at the end of the optimization process.
This continuous-variable scheme is the power-law approach to topology optimization, also called SIMP (Solid Isotropic Material with Penalization [8]), and for the
two-material problem, the model can be expressed as
k(x) = βρ(x)p + α(1 − ρ(x)p ),
where p is the penalty exponent and ρ, the new design variable, now continuous.
The volume constraint is now given by

1
ρ(x) dx = V0 , 0 ≤ ρ(x) ≤ 1.
|Ω| Ω
By selecting the value of the power, p, large enough (usually larger than 3, (see [13])),
elements with intermediate densities become ineﬃcient (when a volume constraint
is present) and are thus forced towards zero or one.
If the SIMP model is used without being combined with the restriction method
we have chosen, (the ﬁltering technique, in this case), since the power p penalizes the
design variables forcing towards 0/1 solutions, we arrive again at designs depending
of the mesh used, as it happened in the original design problem. For this reason
we have to add the ﬁlter in order to limit the minimum scale of the solution, by
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selecting the ﬁltering parameter in an appropriate way (many times the choice of this
parameter is motivated by technological reasons and facilities in the manufacturing
process in the ﬁnal design).
The discretized SIMP optimization problem combined with the ﬁltering technique can be written as
N

gΦ (ρ, U),

Minimize (or Maximize): I(ρ) =
e=1

subject to

K(ρp )U = F,
N

V (ρ) =

ρ e ve = V 0 ,
e=1

0 ≤ ρ ≤ 1,
low-pass ﬁlter,
where gΦ denotes the discrete version of the objective function containing all information of the Φ function; U and F are the global displacement and force vectors,
respectively, K is the global stiﬀness matrix, V (ρ) is the material volume function
and ve the element volume. Since we work with the discrete problem, it is interesting
to notice that the presence of the gradients in the objective function is included in
the state U when formulae to approximate the derivatives are used. We will prove
via numerical evidence, how this approach to topology optimization is still valid to
address situations in case the objective function would depend on the derivatives of
the state and at the same time, on the design variables.
The implementation of the topology optimization problem is straightforward and
follows the usual procedure outlined in the references on topology optimization, see
[52]. The standard procedure is to consider the design problem as an optimization
problem only in the design variable ρ. The displacement ﬁeld is regarded as a function of these design variables through the equilibrium equation. We begin by taking
an initial design which satisﬁes the volume constraint, e.g., homogenous distribution of material. Next we compute the displacement ﬁeld by using FE analysis (in
this case, we have used square elements with Q4 interpolation of displacements and
element-wise constant densities),
KU = F.
Later we have to ﬁnd the derivatives of the objective function with respect to the
design variables by using the adjoint method, (it is called sensitivity analysis),
∂gΦ
∂K
∂I
=
U + PT
U,
∂ρe
∂ρe
∂ρe
where
KP = −

∂gΦ
.
∂U
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For the compliance case we can use an optimality criteria method10 to solve the optimization problem but when we consider non-self-adjoint problems like the mechanisms design problems, sensitivities may take both positive and negative values,
resulting in ill-convergence of the simple optimality criteria approach. In such cases
the best convergence is obtained using a mathematical programming algorithm like
MMA (method of moving asymptotes ) [57].
We illustrate the topology optimization approach with two numerical examples
of mechanisms. In the ﬁrst of them, in the context of heat conduction, the design
domain is a square, isolated (f = 0) except for a small sink (u0 = 0) in the middle
of the left side and for an inward horizontal heat ﬂux in the middle of the opposite
side. The material properties take the values β = 1 (good conductor) and α = 0.001
(bad conductor or insulator). We look for the design which maximizes the heat
ﬂux in the direction marked in the design domain (Figure 1.7) over small centered
areas. In such a case, as Φ = 1 inside of this objective area11 (and zero outside), the
objective function would be, gΦ (ρ, u) = (k(ρ)ux1 )out 12 . The optimized design for
uy = 0

fin

?
(k u )

o

u=0

x out

max: heat flux

u =0
y

Figure 1.7: Design domain of Example 4

V0 = 0.25 is shown in Figure 1.8(a). In Figure 1.8(b) the arrows represent the heat
ﬂux ﬁeld and the intermediate shades are showing how the temperature is changing
through the optimized design (dark zones are corresponding to higher temperature
values). Concerning the second example, now in the context of elastic torsion, the
aim is to produce a maximum warp mechanism. The objective function consists of
maximizing the diﬀerence between the vertical displacements of the points A and B
in the design domain (a cross-section of a square rod) in Figure 1.9. The diﬀerence in
displacements can be measured as the gradient of the vertical displacement function,
w between the two points.
The optimized design for V0 = 0.15 and the vertical displacement function, also
called warping function are shown in Figure 1.10(a) and 1.10(b), respectively. We
10

An iterative method based on optimality conditions.
In mechanism problems the objective function or response is usually located in a small area.
12
The pair of variables (x1 , x2 ) appearing in the text correspond to the pair (x, y) in the pictures.
11
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Figure 1.8: Optimized solution of Example 4
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Figure 1.9: Design domain of Example 5
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can see how the maximum warping cross-section is obtained for an open cross-section
with the material distributed as far away from the center axis as possible.
φ=0
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B
1.5
1
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φ=0

φ=0

0
−0.5
−1
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−1.5
−2
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φ=0

(a) Optimized design

(b) Warping function

Figure 1.10: Optimized solution of Example 5

A good criteria to convince us that the algorithms are working correctly in mechanism problems consists of observing if the objective function does not sensitively
change when the amount of material decreases (we make smaller the value V0 ). The
reason is very simple: since the objective is usually measured in a small area, the
best design in that objective area can be obtained whatever the volume fraction we
choose (not being too small). It has been checked out in the numerical examples.
When more than the necessary amount of material is used, then it normally says
that there is an excess of material.
More examples in diﬀerent physical situations can be found in Chapter 3, all of
them included in [22].

1.2.5

Comparison of both methods

Since we know that the lack of optimal solutions in the design problem is connected
to the appearance of a somewhat special composite material (graded material), relaxation methods try to obtain the real solution by incorporating in its formulation
such underlying microstructural behaviour. Since we also know that such solutions
could make diﬃcult the manufacturing of the ﬁnal designs, in case we are interested
in designing mechanisms or structures, a restriction method (instead of a relaxation
method) removing such graded areas is required.
Although we have used a relaxation method to solve the design problem (see
Chapter 2) when the objective function measures properties in a global way (including all the domain), we could also use it to measure properties in localized areas like
in the mechanism problems by deﬁning the function Φ properly. We can ﬁnd one
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example in [34]. It would be not diﬃcult to obtain the new optimality conditions,
now in the presence of Φ. What could be more critical would be to check if the
new term Gk keeps its sign, as we remarked in Chapter 2 for the pure quadratic
case. If it was like that, then we would use again an optimality criteria; otherwise a
mathematical programming algorithm like MMA would be required.
By using a restriction method to solve the design problem (see Chapter 3), it is
very easy to determine the analytic expression of the objective function by hand,
when the response is located in a small area like in the two previous examples. It
is even more immediate to do that when we measure a global response whenever
compliant functionals are considered. By contrast, it would be more tedious to do
the same for the pure quadratic case (Example 1), ﬁrst because we had to obtain
the expression for the objective and second, for all necessary derivatives involving
in the sensitive analysis. Likewise, it is posible to do it.

1.3

Contributions and Final Remarks

In this doctoral thesis we have worked with the design problem consisting of determining the best way to mix two isotropic materials, with diﬀerent material properties, given by second-order tensors, so as to optimize a desired objective in the
presence of gradients. It is well-known that the lack of convexity of this kind of
problems makes the design problem be ill-posed, in general, and diﬃcult the numerical treatment. We have addressed the problem by using two diﬀerent methods. By
using a relaxation method based on the computation of the quasiconvexiﬁcation, we
have proved via numerical evidence that the ill-posedness for a general quadratic
functional on ∇u can be overcome by using ﬁrst-order laminates somewhat special
(the compliance case is also included as a particular case). By using a restriction
method (a ﬁltering technique combined with the power law approach, also known as
SIMP), we have also veriﬁed numerically that such approach also works well when
gradients are considered in the objective function.
All in all, the two main contributions of this doctoral thesis are:
(1) EASIER RELAXATIONS FOR A GENERAL QUADRATIC FUNCTIONAL
ON ∇u OBTAINED BY EXPLORING OPTIMALITY CRITERIA FOR A SUITABLE REFORMULATION AND RELAXATION OF THE PROBLEM. NUMERICAL EVIDENCE (IN 2-D AND 3-D) THAT THE ILL-POSEDNESS OF
THE PROBLEM CAN BE OVERCOME BY USING FIRST-ORDER LAMINATES COMING FROM THE ANALYSIS OF THESE SIMPLIFIED VERSIONS.

(2) SOME EXAMPLES SUPPORT THAT THE TOPOLOGY OPTIMIZATION
METHOD ALSO WORKS WELL WHEN GRADIENTS ARE CONSIDERED
IN THE OBJECTIVE FUNCTION.

We would like to address more complicate situations. Future works could be
directed towards:
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• Solving the design problem in the case (a) of Conjecture 1 when aα aβ ≤ 0,
that is, when the coeﬃcients have diﬀerent signs or one of the two vanishes.
• Solving the design problem when we have to mix both situations (a) and (b),
in case its interest is recognized.
• Proving Conjecture 1 in a rigorous way. In such a case, it would be a theorem.
• Tackling situations in which the state equation was given by the p-laplacian,
with p > 2. In such cases we are working with non-linear materials.
• Trying to extend the same ideas to the elasticity context, taking into account
that, in this case, expressions for the quasiconvexiﬁed problem cannot be obtained in an analytic way.
• Addressing more realistic situations with more complicated constraints.

Chapter 2

Solving the design problem by a
relaxation method
2.1

Presentation of the design problem

We consider the design problem which consists of determining where to place ﬁxed
amounts of two isotropic materials with diﬀerent material properties, given by the
second-order tensors αI1 and βI, 0 < α < β, so as to optimize a desired objective
in the design domain Ω. Let us denote by (V P ) the problem

g(x, χ(x), u(x), ∇u(x)) dx,
Minimize (or Maximize): I(χ) =
Ω

subject to
−div(k(x)∇u(x)) = Q(x),
−k(x)∇u(x) · n = f (x),
u = u0 ,

in Ω,
on Γt ,

on Γ0 ,

k(x) = αχ(x) + β(1 − χ(x)),

1
χ(x) dx = V0 , 0 < V0 < 1,
|Ω| Ω
where the boundary of the design domain is ∂Ω = Γt ∪ Γ0 .
Typically, the characteristic function χ, which is the design variable, indicates
where the α-material is to be placed and V0 is the relative volume fraction of the
α-material, which is given. IT IS WORTHWHILE EMPHASIZING THAT WE ALLOW THE EXPLICIT DEPENDENCE OF GRADIENTS OF THE STATE IN THE
OBJECTIVE FUNCTION g .

It is well-known that such problems lack optimal solutions within the class of
characteristic functions [39]. This kind of problems are ill-posed in the sense that
1

I = δij ei ⊗ ej is the second-order identity tensor.
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one generally can ﬁnd a ﬁner and more detailed material distribution that is better
than the coarser design. This phenomenon is called mesh-dependence. Ways to
circumvent the ill-posedness problem are reviewed in [54] and can be divided into
two groups, namely relaxation methods and restriction methods. Relaxation methods, which are the aim of this chapter, expand the design space by introducing an
inﬁnitely ﬁne microstructure as material properties in every element of the structure, see [9] for details. Using this approach leads to structures with large “grey
regions” (0 < χ < 1), which are very diﬃcult to manufacture but, by contrast,
they allow us to design graded materials, that is to say, two-component composites
characterized by a gradual variation from the α-material to the β-material. On the
other hand, restriction methods, which will be described in Chapter 3, introduce extra constraints on design variables so as to ﬁnd optimized solutions over the initial
design space. It is specially useful when we are interested in designing optimized
structures and mechanisms because we must distinguish where the materials should
be placed separately.

2.2

Introduction to relaxation methods

As we noticed before, more details appear in the design as the mesh size increases. It
follows from these variations in the design variables that there does not exist optimal
solutions for this kind of design problems in general. In a general way, relaxation
means an enlargement of the design set in which optimal solutions are sought, in
order to achieve existence.
Up to date, there exist two relaxation methods. The ﬁrst one, called the homogeneization approach to topology optimization, expands the design space by introducing an inﬁnitely microstructure in every element of the structure and using
the homogenized properties of that particular microstructure (determined by the
“unit cell”) as material properties of that element (see [9] for details). The second
relaxation method is the so-called free material approach to topology optimization
([10], [11]). Here, all materials with symmetric and positive-semideﬁnite tensors are
allowed to take part in the problem. Common to both methods is the fact that
the ﬁnal designs result in structures with large regions of perforated microstructures
or composite materials. Although the optimized designs are not easily manufacturable, these approaches could be useful in case we are interested in designing
optimal graded materials.
Today we know that when the objective function is the compliance, the illposedness of the 0/1 problem can be overcome by using the so-called ranked layered
materials or laminates ([2]). In such a case, when the cost functional does not
explicitly depend on derivatives of the state u, it has been carried out by means
of the Homogeneization theory, with a great success both analytical and numerical.
More recently, quadratic functionals on ∇u have been explored ([24], [34], [60])
trying to extend the ideas of Homogeneization and H-convergence to treat this more
general situation. In this chapter we expect to prove, via numerical evidence, that
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the 0/1 problem for a general quadratic functional on ∇u can be overcome by using
ﬁrst-order laminates.

2.3

How to deal with gradients in the objective

Homegeneization theory has been the main relaxation tool to deﬁne and expand the
range of admissible designs to incorporate composites as structural elements. Except
for a few important cases, it does not work when there is an explicit dependence on
∇u. Several recent books treat this perspective in an exhaustive way (see [1], [61]).
In this chapter we will work with a general quadratic functional on ∇u. Let us
consider integrands of the form
g(x, χ(x), ∇u(x)) =

1
a(χ(x)) |∇u(x) − F (x)|2 ,
2

where the coeﬃcient a is given by
a(χ(x)) = aα χ(x) + aβ (1 − χ(x)),
and F is a target vector ﬁeld. We will also take f ≡ 0 in (V P ) and for the present,
we are concerned about the minimum. In such cases, the design problem would be

1
a(χ(x)) |∇u(x) − F (x)|2 dx,
Minimize: I(χ) =
2 Ω
subject to
−div((αχ(x) + β(1 − χ(x)))∇u(x)) = Q(x),
1
|Ω|

2.3.1

u = u0 ,


Ω

in Ω,

on ∂Ω,

χ(x) dx = V0 ,

0 < V0 < 1.

A ﬁrst relaxation for the pure quadratic case: Tartar’s result

The pioneering work [60] addressed for the ﬁrst time this optimal design problem
when (aα , aβ ) ≡ (1, 1). One of the main achievements was to conclude that for F in

P ),
a dense, but unkwown, Gδ set of L2 , the optimization problem, (V

1
Minimize: I(t) =
|∇u(x) − F (x)|2 dx,
2 Ω
subject to
−div((αt(x) + β(1 − t(x)))∇u(x)) = Q(x), in Ω,
u = u0 , on ∂Ω,

1
t(x) dx = V0 ,
|Ω| Ω
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where the function t(x) is now constrained by
0 ≤ t(x) ≤ 1,
admits optimal solutions. Moreover, if the pair (ũ, t̃) is an optimal solution for

(V
P ), optimal structures for (V P ) are locally ﬁrst-order laminates with local volume
fraction t̃(x); the temperature gradient (in the context of heat transfer), ∇u, is
parallel to the layers, and all minimizing sequences of temperature gradients converge
strongly in L2 . It is worthwhile emphasizing that such a result is not only valid for
Ω ⊂ R2 but also for Ω ⊂ R3 , being Ω a simply-connected regular domain.
For the particular case F ≡ 0 (or more generally div(F ) = 0), we provide some
numerical evidence based on our approach that these ﬁelds belong to that Gδ set.
Therefore, our approach focuses on obtaining and solving optimality conditions for


(V
P ) when F ≡ 0. We have not been able to show rigorously that (V
P ) has optimal
solutions. This is essentially Tartar’s result in [60] for such Gδ set as explained before
but, for that particular case (F ≡ 0) the numerical evidence makes us believe that
the zero ﬁeld belongs to that Gδ set. In all experiments we have conducted the
convergence was ﬁne and the simulations stable and robust, as we will see later.

Under these circumstances, we suspect that the inﬁma of (V
P ) are, in fact, minima.
We concentrate on the two-dimensional case ﬁrst but, as we will show later, the
numerical results obtained in 3-D make us think that it is also possible to extend
our conjecture to the three-dimensional case.
Conjecture 2 For all vectors ﬁelds F ∈ L2 (Ω) with div(F ) = 0 and Q ∈ H −1 (Ω),

the optimal design problem, (V P ), is equivalent to solving (V
P)

1
M inimize : I(t) =
|∇u(x) − F (x)|2 dx,
2 Ω
subject to
−div((αt(x) + β(1 − t(x)))∇u(x)) = Q(x), in Ω,
u = u0 , on ∂Ω,

1
t(x) dx = V0 ,
|Ω| Ω
where the function t(x) is now constrained by
0 ≤ t(x) ≤ 1,
in the following sense:


(i) inf(VP) = min(V
P ) and there are optimal solutions for (V
P ).

(ii) Let (ũ,t̃) be an optimal solution of (V
P ), then optimal structures for (VP) are
always locally ﬁrst-order laminates, with local volume fraction t̃(x) and layers
are aligned parallel to the optimal temperature gradient ∇ũ: the direction of
the lamination, n, is always perpendicular to the underlying vector ﬁeld,
n = (β − α)T ∇ũ.
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(iii) Minimizing sequences of temperature gradients for (VP) always converge strongly
to ∇u.
Later, we will try to prove how this conjecture is also valid for a general quadratic
functional on ∇u (always taking div(F ) = 0) with general coeﬃcients aα and aβ .

2.3.2

Relaxation via quaxiconvexiﬁcation

There exists another recent perspective to tackle the design problem. The idea is
based on introducing a suitable potencial to reformulate the problem as a variational
vector problem and afterwards, relax the reformulated problem, by computing the
explicit quasiconvexiﬁcation. For the general quadratic functional in 2-D we present,
explicit formulae of the relaxed integrands have been recently computed in [44]. For
the 3-D case with (aα , aβ ) ≡ (1, 1), it has also been done in [5]. In all of these
cases, the relaxed integrands take the value +∞ in a certain domain. This is a real
diﬃculty for the numerical treatment of the relaxed problem. On the other hand,
we also think it could be interesting to develop a tool which allows us to analyze in
a systematic way this kind of design problems under this approach.
In the two following sections we brieﬂy explain the reformulation of the design
problem, all the information that we can obtain through the computation of the
quaxiconvexiﬁcation and how this relaxation can be connected to Tartar’s result
([60]). All ideas and techniques used there are based on fundamental concepts of
the Calculus of Variations ([19]).

2.4

Reformulation of the problem

Without loss of generality and for simplicity, we begin by taking F = 0, Q = 0 and
(aα , aβ ) ≡ (1, 1) in (V P ). Our approach starts out by rewriting the state equation
to avoid the nonlocal nature of it. To do that, a suitable potential is introduced as
a new independent ﬁeld.
Under the hypothesis of simple connectedness of Ω, there exists a potential v ∈
H 1 (Ω) such that
div((αχ(x) + β(1 − χ(x)))∇u(x)) = 0,

in Ω

is equivalent to
(αχ(x) + β(1 − χ(x)))∇u(x) + T ∇v(x) = 0,

in Ω

where T is the counterclockwise π/2-rotation in the plane. If we collect both u and
v in a single vector ﬁeld U = (u, v), it is not hard to realize that our initial optimal
design problem is equivalent to the variational reformulation (V P )([45]),

1
Minimize: I(U ) =
W (∇U (x)) dx, U : Ω → R2 , U ∈ H −1 (Ω),
2 Ω
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subject to

U (1) = u0 , on ∂Ω,

1
V (∇U (x)) dx = V0 ,
|Ω| Ω

where the densities, W and V , are deﬁned by
 (1) 2
|A | , if A ∈ Λα ∪ Λβ ,
W (A) =
+∞,
otherwise,

if A ∈ Λα ,
 1,
0,
if A ∈ Λβ ,
V (A) =

+∞, otherwise,
Λγ denotes the two-dimensional subspace of matrices


Λγ = A ∈ M2×2 : γA(1) + T A(2) = 0 ,
and A(i) is the i-th row of A. Since it is equivalent to our original design problem,
this new vector variational problem does not admit optimal solutions either. In such
cases, however, its relaxation usually provides all the information needed to understand and approximate the optimal behavior. In this case, the relaxation amounts
to the computation of the quaxiconvexiﬁcation of W by using Young measures [45].
Under integral restrictions, this relaxation is constructed in a more elaborate way.
The relaxed problem, denoted by (QV P ), can be expressed as

1
ϕ(∇U (x), t(x)) dx,
Minimize: I(U ) =
2 Ω
subject to
1
|Ω|

U (1) = u0 ,


Ω

t(x) dx = V0 ,

on ∂Ω,
0 ≤ t(x) ≤ 1,

where the constrained quasiconvexiﬁcation above, ϕ, is explicitly given by ([45])



1

β 2 |A(1) |2 + |A(2) |2 − (αt + β(2 − t)) det A , if (A, t) ∈ B,
ϕ(A, t) =
tβ(β − α)
 +∞,
otherwise,
and B is the set



B = (A, t) ∈ M2×2 × [0, 1] : ψ(A, t) ≤ 0 ,

with
ψ(A, t) = αβ(β(1 − t) + αt)|A(1) |2 + (α(1 − t) + βt)|A(2) |2
−(t(1 − t)(β − α)2 + 2αβ) det A.
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On the other hand, if we put
g(A) = α2 β 2 |A(1) |4 + |A(2) |4 + (α2 + 6αβ + β 2 )det(A)2
−2αβ|A(1) |2 |A(2) |2 − 2αβ(α + β)|A(1) |2 det(A) − 2(α + β)|A(2) |2 det(A),
r1 (A) =




1
1
+
αβ|A(1) |2 − |A(2) |2 − g(A) ,
2 2(β − α) det(A)

r2 (A) =




1
1
+
αβ|A(1) |2 − |A(2) |2 + g(A) ,
2 2(β − α) det(A)

(2.1)

and take the matrices


zt
αT
 zt

Aα,t =

wi
,
Aβ,i =
 βT wi 
wj,t
,
Aβ,j,t =
βT wj,t





1
βA(1) + T A(2) ,
t(β − α)


−1
wi =
βA(1) + T A(2) ,
(1 − ri (A))(β − α)


−rj (A)
wj,t =
βA(1) + T A(2) ,
t(1 − ri (A))(β − α)
,

zt =

where i = j and ﬁnally put
si,j =

(1 − ri (A))[t(1 − rj (A)) − (1 − t)rj (A)]
,
t(1 − rj (A)) − (1 − ri (A))rj (A)

there are two second-order laminates supported in three matrices which are optimal
microstructures. Namely, the two laminates


1 − si,j − t
t
(2.2)
νi,j = si,j δAβ,i + (1 − si,j )
δA +
δAβ,j,t ,
1 − si,j α,t
1 − si,j
for i = j, where
det(Aα,t − Aβ,j,t ) = 0,

det Aβ,i −

1 − si,j − t
t
Aα,i +
Aβ,j,t
1 − si,j
1 − si,j


= 0,

are optimal, and so are any convex combination of these two ([45]). All this information will be important for our analysis of the relaxed problem to conclude the
nature of optimal microstructures.
The equivalence of (V P ) and (QV P ), and in particular the fact that (QV P ) is
the relaxation of (V P ), has been shown in [4], and in [7] when the volume constraint
is not enforced.
Our analysis consists of exploring the variational problem
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Minimize:

1
2


ϕ(∇U (x), t(x)) dx,
Ω

subject to
ψ(∇U (x), t(x)) ≤ 0,
1
|Ω|

U (1) = u0 ,


Ω

on ∂Ω,

t(x) dx = V0 ,

0 ≤ t(x) ≤ 1,

where ϕ and ψ are given by
ϕ(A, t) =



1
β 2 |A(1) |2 + |A(2) |2 − (αt + β(2 − t)) det A ,
tβ(β − α)

ψ(A, t) = αβ(β(1 − t) + αt)|A(1) |2 + (α(1 − t) + βt)|A(2) |2
−(t(1 − t)(β − α)2 + 2αβ) det A.
Since this problem is a relaxation of the original optimal design problem, we know
that there are optimal solutions.
It is not hard to realize how these formulae are modiﬁed when the target vector
ﬁeld F in the cost functional is not the zero ﬁeld. Since
a|∇u − F | = a|∇u|2 − 2aF ∇u + a|F |2 ,
and noting that the second term is linear in ∇u, the expression of the new quaxiconvexiﬁcation ϕ is obtained just by adding to the above expression the term
−2A(1) · F (x) + |F (x)|2 .
The optimal microstructures are the same.
Likewise, it is not diﬃcult to see what happens when the right-hand side Q in
the equilibrium equation is not identically zero. Let the function Z(x) be a speciﬁc
solution of the Poisson’s equation
−Z(x) = Q(x),

in Ω.

If Λγ,x denotes the two-dimensional subspace of matrices deﬁned by


Λγ,x = C ∈ M2×2 : γC (1) + T (C (2) + T ∇Z(x)) = 0 = Λγ + Yx ,



0
,
T ∇Z(x)
then we only have a translation depending on the subspaces Λγ . Since we know that
relaxed integrands are translation invariant, the new quasiconvexiﬁcation we have
to consider is now
ϕ(C − Yx , t), if ψ(C − Yx , t) ≤ 0.

where

Yx =

Again, optimal microstructures are the same.
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2.5

Analysis of the relaxed problem

We want to understand optimal solutions for the problem

1
ϕ(∇U (x), t(x)) dx,
Minimize:
2 Ω
subject to
ψ(∇U (x), t(x)) ≤ 0,

1
|Ω|


Ω

U (1) = u0 ,
t(x) dx = V0 ,

on ∂Ω,
0 ≤ t(x) ≤ 1.

This vector variational problem is convex (in the vectorial sense and taking into
account the additional variable t) and regular in the sense that it admits optimal
solutions since it is a relaxation. Moreover all functions involve are quadratic in
the vector gradient variable, and smooth. It is however a rather subtle problem to
analyze.
One possibility is to look at optimality conditions introducing several multipliers
to keep record of restrictions. This makes the problem more complicated precisely
because of all the restrictions we have to enforce. Instead of this approach, we make
the following simple but relevant observation. It is an elementary fact which tells a
lot about the relationship between, ϕ, ψ and the quadratic cost |A(1) |2 .
Lemma 1 For each i = 1, 2 and for ﬁxed t, the optimal solution of the quadratic,
mathematical programming problem
M inimize in A(i) :

ϕ(A, t)

subject to ψ(A, t) ≤ 0 occurs precisely when
(αt + β(1 − t))A(1) + T A(2) = 0.
In addition, the two second-order laminates in (2.2) collapse to an only ﬁrst-order
laminate,
ν = tδAα,t + (1 − t)δAβ,2,t ,
because t = r2 (A) in (2.1), and the normal is perpendicular to the underlying vector
ﬁeld
n = (β − α)T A(1) .
The optimal value in both cases, i = 1, 2, is |A(1) |2 .
Proof:
Consider the problem

min ϕ(A(1) , A(2) , t)
A(1)
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subject to

ψ(A(1) , A(2) , t) ≤ 0.

We can easily check that both ϕ and ψ are convex functions of A(1) , so that the
problem has optimal solutions and they can be found by using the standard KarushKuhn-Tucker conditions,
∂ψ
∂ϕ
+ p (1) = 0, pψ = 0, p ≥ 0, ψ ≤ 0,
(1)
∂A
∂A
After some algebra we ﬁnd that optimal matrices must verify that A(1) ⊥ A(2) , that
is to say,
(2.3)
s(t)A(1) + T A(2) = 0.
In such a case, s(t) is given by s(t) = αt + β(1 − t), and ϕ attains the value |A(1) |2 .
We can, alternatively, look at the problem from a geometric point of view and
realize that, keeping ﬁxed (A(2) , t), we look for the minimum value of the paraboloid
of circular section ϕ(·, A(2) , t) subject to the constraint of belonging to the circle
ψ(·, A(2) , t) ≤ 0. In that case, it is not diﬃcult to show that the vertex of ϕ is out of
the region ψ(·, A(2) , t) ≤ 0, so that the minimun is reached at the boundary in the
line joining the center of the circle with the vertex of the paraboloid, that is, when
(2.3) holds (see Figure 2.1).

C

V

ϕ(A,t)
V
C

ψ (A,t) = 0

Figure 2.1: Graphic solution


Although we have not been able to prove rigorously that (V
P ) has optimal solutions

(the non-convexity of (V
P ) makes diﬃcult such analysis), this lemma is the explanation of Conjecture 2. Numerical results seem to indicate that it does have (as we
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will see later). However, the relaxation via quasiconvexiﬁcation can be connected
with Tartar’s result ([60]) through the following lemma.
Lemma 2 The equalities

inf(V P ) = inf(V
P ) = min(QVP )
hold.
Proof:
It is very easy to see that
and


inf(V P ) ≥ inf(V
P ),

inf(V
P ) ≥ min(QVP ),

by comparing the diﬀerent, but equivalent, design problems involved in each case.
In both cases, the value of the inﬁmum is lower or equal because we make bigger
the set in which optimal solutions are sought.
Since, by using the relaxation theorem in [4],
inf(V P ) = min(QVP ),
then we arrive at


inf(V P ) = inf(V
P ) = min(QVP ).

As a matter of a fact, if we believe that
exploit optimality conditions for this problem
a standard way, to see the behaviour of those

2.6


(V
P ) has optimal solutions, we can
which are more easily handled and in
simulations.

Optimality conditions for Tartar’s relaxation


As we commented before, the non-convexity of (V
P ) makes diﬃcult a formal proof

of the existence of optimal solutions but, in case (V P ) admits such optimal solutions,
they can be approximated by using the necessary conditions of optimality.

P ) are
Proposition 2 Given, Q, u0 , α, β and V0 , optimality conditions for (V
given by
−div((αt(x) + β(1 − t(x)))∇u(x))
u
−div((αt(x) + β(1 − t(x)))∇p(x))
p
(β − α)∇u(x)∇p(x)
λ1 (x)t(x)
λ2 (x)(t(x)
− 1)

1
t(x) dx
|Ω| Ω

=
=
=
=
=
=
=

Q(x), in Ω,
u0 , on ∂Ω,
−∆u(x), in Ω,
0, on ∂Ω,
λ1 (x) − λ2 (x) + λ3 ,
0, λ1 (x) ≥ 0, t(x) ≥ 0,
0, λ2 (x) ≥ 0, t(x) ≤ 1,

= V0 .
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Before developing an iterative procedure to solve the non-linear resulting system
in a general way, it is worthwhile pointing out that in some particular cases, and
judging from the input data, it is possible not only to predict how the solutions are,
but also to point out some qualitative aspects about the optimized designs. In the
following subsections some observations about this are made.

2.6.1

Some particular cases

There exist, at least, two cases in which we can advance some qualitative aspects
about the solution: the case Q ≡ 0 and when the ratio (β/α) is kept constant.
Concerning the case Q ≡ 0, we make the following observation.
Lemma 3 If Q ≡ 0, then there exist classic solutions for the design problem. On
the other hand, the homogeneous ﬁrst-order laminate satisfying the volume constraint
would also be another optimized solution.
Proof:
It is not hard to realize that in case the volume constraint is not considered, the
minimum value of the cost functional would correspond to taking the harmonic
function. Taking Q ≡ 0 in the design problem, the equilibrium equation would be
the harmonic one in case
αχ(x) + β(1 − χ(x)) = γ,
being γ the constant γ = αV0 + β(1 − V0 ), since the χ function veriﬁes the volume
constraint

1
χ(x) dx = V0 .
|Ω| Ω
In such a case the optimal solution would be given by a homogeneous ﬁrst-order
laminate.
We will now prove how to obtain a classical optimal solution. The idea is to
ﬁnd a partition Ω = Ωα ∪ Ωβ , with |Ωα | = V0 |Ω| in such a way the function u was
harmonic in Ω. As we can see in Figure 2.2, both sides of the interface the function
u is harmonic, so that we have to ﬁnd the condition for u in the interface Γ, so that
u is harmonic in all of Ω.
By using the weak formulation, we rewrite the state equation as

Ω

(αχ(x) + β(1 − χ(x)))∇u∇v dx = 0,

v = 0, in ∂Ω.
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Splitting the integral into two parts



Ω

(αχ(x) + β(1 − χ(x)))∇u∇v dx = α

div(v∇u) dx + β
Ωα

div(v∇u) dx



=α
∂Ωα

Γ

∇u∇v dx

Ωβ



v

Ωβ



=α



∇u∇v dx + β

Ωα



=α



v∇u · n dx + β

∂u
dx − β
∂n


v
Γ

∂Ωβ

v∇u · (−n) dx

∂u
dx = (α − β)
∂n


v
Γ

∂u
dx = 0,
∂n

we arrive at
∂u
= 0,
∂n

in Γ.

This result can be found in [33]. Such condition tells us that the interface Γ has to
be perpendicular to the iso-level lines of u. The ﬁnal position of Γ is determined
by taking into account the volume fraction V0 . It is not hard to understand that
depending on the solution u, we could have inﬁnite admissible classic solutions for
the design problem (for example in the presence of symmetries in the input data
u0 ).

Ωβ

u = cte

β
n

∇u

α
Γ

Ωα

Figure 2.2: Classic solution

Next, we make a short observation about what happens if we maintain the ratio
(β/α) constant in the design problem.
Observation 1 For a given ﬁxed ratio (β/α) = r, the optimized solution is the
same.
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Proof:
It is very easy to check that if we take αi and ri for i = 1, 2, optimality conditions
for both cases are equivalent except for a scale factor.

2.6.2

Case without volume constraint

If the volume constraint is not considered, the design problem (P) is now,

1
|∇u(x)|2 dx,
Minimize: I(χ) =
2 Ω
subject to
−div((αχ(x) + β(1 − χ(x)))∇u(x)) = Q(x),
u = u0 ,

in Ω,

on ∂Ω.

On the one hand, Tartar’r result [60] goes on being valid and, on the other hand,
using the same arguments than before, we arrive at the relaxed problem ([7]), later
at the problem in terms of t(x), (P ), and ﬁnally at a similar result shown in Lemma
2. For this new case where the volume constraint is missing, optimality conditions

for (P ) are obtained easily from the ones for (V
P ).
Observation 2 Removing the volume constraint in the previous optimality conditions, (we make zero the parameter λ3 ), we retrieve optimality conditions for the
problem (P ).
When the volume constraint is not considered, there exist, at least, two cases in
which the solution can be predicted: the case Q ≡ 0 and the case ∇u0 ≡ 0. Some
comments about these two cases are made.
Lemma 4 If Q ≡ 0, then any homogeneous ﬁrst-order laminate is an optimized
solution. In particular, the classic solutions corresponding to either pure phase,
α-phase and β-phase, are also admissible.
Proof:
As we noticed before, in the absence of constraints, the minimum value of the cost
functional corresponds to taking the harmonic function. When we make Q ≡ 0 in
the design problem, the equilibrium equation would be the harmonic one in case
αχ(x) + β(1 − χ(x)) = γ,
being γ a constant for all x ∈ Ω. In other words, we have an inﬁnite number of
admissible solutions depending on the value of the characteristic function χ, being
constant in all the domain. In particular, χ = 0 (β-phase) and χ = 1 (α-phase) are
two admissible solutions for the design problem without volume constraint.
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Lemma 5 [32] If ∇u0 = 0, then the optimal solution corresponds to placing the
β-phase in all the domain.
Proof:
What we have to prove is that the cost inequality


2
|∇u(x)| dx ≤
|∇v(x)|2 dx,
Ω

Ω

is satisﬁed, with u and v verifying
−βu(x) = Q(x), in Ω,
u = 0, on ∂Ω,
and

−div((αχ(x) + β(1 − χ(x)))∇v(x)) = Q(x), in Ω,
v = 0, on ∂Ω,

respectively (for simplicity, we have taken both u and v equal to zero along the
boundary).
By using their respective weak formulations (and having in mind that α < β)



1
1
2
|∇u(x)| dx =
Q(x)u(x) dx =
(αχ(x) + β(1 − χ(x)))∇u(x)∇v(x) dx
β Ω
β Ω
Ω
 
≤

Ω



α
χ(x) + (1 − χ(x)) |∇u(x)∇v(x)| dx =
|∇u(x)∇v(x)| dx
β
Ω



+
Ωα



α
− 1 |∇u(x)∇v(x)| dx ≤
|∇u(x)∇v(x)| dx.
β
Ω

Finally, by Cauchy’s inequality



Ω

we arrive at

|∇u(x)∇v(x)| dx ≤

Ω

Ω

2

2

|∇u(x)| dx

|∇u(x)| dx ≤


Ω

 1 
2
Ω

2

|∇v(x)| dx

1
2

,

|∇v(x)|2 dx.

As before, we make a brief remark when we keep the ratio (β/α) ﬁxed in the design
problem.
Observation 3 In the case without volume constraint, for a given ﬁxed ratio (β/α),
the optimized solution is also the same.
All these comments have been checked out by our numerical experiments.
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2.7

Extension to other quadratic functionals


The design problem (V
P ) is now
Minimize: I(χ) =

1
2


Ω

a(χ(x)) |∇u(x) − F (x)|2 dx,

subject to
−div((αχ(x) + β(1 − χ(x)))∇u(x)) = Q(x),
1
|Ω|

u = u0 ,


Ω

in Ω,

on ∂Ω,

χ(x) dx = V0 ,

0 < V0 < 1,

with
a(χ(x)) = aα χ(x) + aβ (1 − χ(x)),
and F such as div(F ) = 0. A relaxation (QVP ) for this more general situation (for
simplicity, (F, Q) ≡ (0, 0)) would be ([44]):

1
ϕ(∇U (x), t(x)) dx,
Minimize:
2 Ω
subject to
ψ(∇U (x), t(x)) ≤ 0,
1
|Ω|
where

U (1) = u0 ,


Ω

t(x) dx = V0 ,

on ∂Ω,
0 ≤ t(x) ≤ 1,

ψ(A, t) = αβ(β(1 − t) + αt)|A(1) |2 + (α(1 − t) + βt)|A(2) |2



















ϕ(A, t) =

−(t(1 − t)(β − α)2 + 2αβ) det A,

 a
h
β
2 (1) 2
(2) 2
β
det A,
|A
|
+
|A
|
−
2β
det
A
+
tβ(β − α)2
β
if h ≥ 0, ψ(A, t) ≤ 0,


 a
−h
α
2 (1) 2
(2) 2
α
det A,
|A
|
+
|A
|
−
2α
det
A
+

2

(1 − t)α(β − α)
α








if h ≤ 0, ψ(A, t) ≤ 0,







+∞,
else,
h = βaα − αaβ .

By using the same arguments as in Section 2.5, we can make the following relevant
observation.
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Lemma 6 For each i = 1, 2 and for ﬁxed t, the optimal solution of the quadratic,
mathematical programming problem
M inimize in A(i) :

ϕ(A, t)

subject to ψ(A, t) ≤ 0 occurs precisely when
s(t)A(1) + T A(2) = 0,
with




αt + β(1 − t),



s(t) =







1
1
αt

+

1
β (1

− t)

if

aβ
2β
≤
,
aα
α+β

, if

aβ
α+β
.
≥
aα
2α

In addition, the associated optimal structures are ﬁrst-order laminates with volume fraction t and layers aligned parallel and perpendicular to A(1) in each case,
respectively. The optimal value in both cases is
(aα t + aβ (1 − t))|A(1) − F (x)|2 ,
and

(β 2 aα t + α2 aβ (1 − t)) (1)
|A − F (x)|2 ,
(βt + α(1 − t))2

respectively.
Proof:
We have to distinguish two cases depending of the function h (h = h(aα , aβ )). We
begin by considering the problem
min ϕ(A(1) , A(2) , t)
A(1)

subject to
ψ(A(1) , A(2) , t) ≤ 0.
a

In case h ≥ 0, then aαβ ≤ αβ . We can easily check that both ϕ and ψ are convex
functions of A(1) , so that the problem has optimal solutions and they can be found
by using the standard Karush-Kuhn-Tucker conditions,
∂ψ
∂ϕ
+ p (1) = 0, pψ = 0, p ≥ 0, ψ ≤ 0.
(1)
∂A
∂A
After some algebra we ﬁnd that optimal matrices must verify
s(t)A(1) + T A(2) = 0,
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with



(aα t + aβ (1 − t))|A(1) − F (x)|2 ,



ϕ=

if s(t) = αt + β(1 − t),

(β 2 aα t + α2 aβ (1 − t)) (1)


|A − F (x)|2 , if s(t) =


(βt + α(1 − t))2

1
1
αt

+

1
β (1

− t)

.

Depending on the values of aα and aβ the integrand ϕ changes its expression. The
integrand would take the ﬁrst expression when 2
(aα t + aβ (1 − t)) ≤

(β 2 aα t + α2 aβ (1 − t))
.
(α(1 − t) + βt)2

After some algebra, we arrive at
aβ
α + β + (β − α)t
(= w(t)).
≤
aα
2α + (β − α)t
Since the function w(t) is monotone decreasing (w (t) < 0), in particular when
t ∈ [0, 1], then we must ask for
aβ
β
2β
≤ .
≤ min w(t) = w(1) =
aα 0≤t≤1
α+β
α
a

The second case would occur when h ≤ 0. On the one hand, aαβ ≥ αβ , but, on
the other hand, by repeating the same steps than before, we arrive at the same
a
2β
≤ αβ and consequently, in such a case there does not exist any
expression, aαβ ≤ α+β
condition about the ratio

aβ
aα .

Therefore, s(t) = αt + β(1 − t) if

aβ
aα

≤

≥

α+β
2α .

2β
α+β .

On the other hand, if h ≥ 0,
(aα t + aβ (1 − t)) ≥
when

If h ≤ 0, then

(β 2 aα t + α2 aβ (1 − t))
,
(α(1 − t) + βt)2

aβ
β
α+β
β
≥
≤ .
≥ max w(t) = w(0) =
α
aα 0≤t≤1
2α
α
aβ
aα

≥

β
α

≥

α+β
2α .

Therefore, s(t) =

1

1
t+ β1 (1−t)
α

if

aβ
aα

The expressions for the direction of lamination can be easily obtained by looking
at the formulae computed in [45].

Regarding problem (V
P ) as the continuous version of the original design problem
(VP), in which the function χ(x) is replaced by the continuous function t(x), we
make the following statement.
2

The equality only takes place for t = 0 and t = 1.
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Lemma 7 The equalities

inf(V P ) = inf(V
P ) = min(QVP )
hold.
It is straight-forward to prove this lemma by using the same arguments as the ones
in Lemma 2. As before, Lemma 6 explains the form of Conjecture 1 (in this chapter,
Conjecture 3 and 4).
Conjecture 3 For all vectors ﬁelds F ∈ L2 (Ω) with div(F ) = 0 and Q ∈ H −1 (Ω),

the optimal design problem, (V P ), is equivalent to solving (V
P)
(a)
1
I(t) =
2

M inimize :


Ω

[aα t(x) + aβ (1 − t(x))] |∇u(x) − F (x)|2 dx,

subject to
−div((αt(x) + β(1 − t(x)))∇u(x)) = Q(x), in Ω,
u = u0 , on ∂Ω,

1
t(x) dx = V0 ,
|Ω| Ω
0 ≤ t(x) ≤ 1,
when

aβ
2β
, and to
≤
aα
α+β

(b)
M inimize :

1
I(t) =
2

 
Ω

β 2 aα t(x) + α2 aβ (1 − t(x))
(βt(x) + α(1 − t(x)))2



|∇u(x) − F (x)|2 dx,

subject to

−div

1
( α1 t(x)

+

1
β (1

− t(x)))
1
|Ω|

∇u(x)

u = u0 ,


Ω

= Q(x),

t(x) dx = V0 ,

0 ≤ t(x) ≤ 1,
when

aβ
α+β
,
≥
aα
2α

in the sense explained in the statement of Conjecture 2.

in Ω,
on ∂Ω,
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As usual, since (V
P ) is a non-convex problem, we cannot ensure existence of solu
tions. However, if (V
P ) admits such optimal solutions and we believe it so, they can
be approximated by using the necessary conditions of optimality. Conversely, stability and robustness of optimality conditions is typically taken as a clear indication
of the existence of solutions. These can be obtained in a similar way than the ones
for the case (aα , aβ ) ≡ (1, 1). Finally, if the numerical results were robust and the
iterative procedure enjoyed good convergence, then we could aﬃrm, via numerical
evidence, the validity of Conjecture 3.
a
2β

≤ aαβ ≤ α+β
In the cases such as α+β
2α , (V P ) problem must be built by somehow
mixing both situations (a) and (b). Since the latter makes diﬃcult the numerical
treatment of the problem, such cases will not be addressed here. They could however
be handled in case its interest is recognized. Nevertheless, the following observation
gives us a track about how we should address the problem.
aβ
α+β
2β
≤
, then
≤
α+β
aα
2α

αt + β(1 − t), if t ∈ [0, min{t0 , 1}],



s(t) =
1


, if t ∈ [max{0, t0 }, 1],
 1
1
α t + β (1 − t)

Observation 4 If



with

aβ
aα



α + β − 2α

.
t0 =
aβ
(β − α)
−1
aα
Proof:
The value t0 is obtained when the equality
(aα t0 + aβ (1 − t0 )) =

(β 2 aα t0 + α2 aβ (1 − t0 ))
(α(1 − t0 ) + βt0 )2

holds.
By playing with the minus signs in the cost integral, we can also consider the problem

1
Maximize: I(χ) =
[aα χ(x) + aβ (1 − χ(x))] |∇u(x) − F (x)|2 dx,
2 Ω
subject to
−div((αχ(x) + β(1 − χ(x)))∇u(x)) = Q(x),
1
|Ω|
with F such as div(F ) = 0.

u = u0 ,


Ω

on ∂Ω,

χ(x) dx = V0 ,

0 < V0 < 1,

in Ω,
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Observation 5 The equalities

sup(V P ) = sup(V
P ) = max(QVP )
hold.
It is easy to realize that we can again ﬁnd partial relaxations for the original problem (when maximizing) by changing the condition about the ratio (aβ /aα ) in the
relations before.
Conjecture 4 For all vectors ﬁelds F ∈ L2 (Ω) with div(F ) = 0 and Q ∈ H −1 (Ω),

the optimal design problem, (V P ), is equivalent to solving (V
P)
(a)
M aximize :

1
I(t) =
2


Ω

[aα t(x) + aβ (1 − t(x))] |∇u(x) − F (x)|2 dx,

subject to
−div((αt(x) + β(1 − t(x)))∇u(x)) = Q(x), in Ω,
u = u0 , on ∂Ω,

1
t(x) dx = V0 ,
|Ω| Ω
0 ≤ t(x) ≤ 1,
when

aβ
α+β
, and to
≥
aα
2α

(b)
M aximize :
subject to

1
I(t) =
2

 
Ω


−div

β 2 aα t(x) + α2 aβ (1 − t(x))
(βt(x) + α(1 − t(x)))2

1
( α1 t(x)

+

1
β (1

− t(x)))
1
|Ω|

∇u(x)

|∇u(x) − F (x)|2 dx,

= Q(x),
u = u0 ,


Ω



in Ω,
on ∂Ω,

t(x) dx = V0 ,

0 ≤ t(x) ≤ 1,
aβ
2β
,
≤
aα
α+β
in the sense explained in the statement of Conjecture 2.
when

In order to clarify the latter, we show in the following table (see Table 2.1) partial
relaxations corresponding to some examples, depending on the choice of aα and aβ .
To simplify, only the parameters cost and equation referring to the coeﬃcients
accompanying the quadratic term in the cost integrand and to the gradient of the
state in the state equation, respectively, are shown.
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aβ

Input
aα

1

1

1

β

α

β
α

aβ
aα

Minimizing
cost
equation
1

Maximizing
cost
equation

αt + β(1 − t)

β 2 t+α2 (1−t)
(α(1−t)+βt)2

1
t+ β1 (1−t)
α

1

1
t+ β1 (1−t)
α

1

αt + β(1 − t)

−β

α

- αβ

αt − β(1 − t)

αt + β(1 − t)

αβ(βt−α(1−t))
(α(1−t)+βt)2

0

α

0

αt

αt + β(1 − t)

αβ 2 t
(α(1−t)+βt)2

β

0

+∞

α2 β(1−t)
(α(1−t)+βt)2

1

β(1 − t)

1
t+ β1 (1−t)
α

1

1
t+ β1 (1−t)
α

αt + β(1 − t)
1

1
t+ β1 (1−t)
α

1

1
t+ β1 (1−t)
α

αt + β(1 − t)

Table 2.1: Diﬀerent partial relaxations depending on the choice of aα and aβ .

2.7.1

The compliance case

By using this approach, it is also possible to tackle the compliance case as the particular situation when the parameters aα and aβ take the values α and β, respectively.
In such a case
a(χ(x)) = αχ(x) + β(1 − χ(x)).
Having in mind that



(αχ + β(1 − χ))|∇u|2 dx =
f u dx +
Ω

Ω

it is easy to see that


Minimize:
Ω

∂Ω

u0 (αχ + β(1 − χ))∇u · n dS,

(αχ + β(1 − χ))|∇u|2 dx

is equivalent to


f u dx.

Minimize:
Ω

For this case it is known that the optimal solution is given by ﬁrst-order laminates
([48]). Based on our conjecture, these ﬁrst-order laminates have locally volume
fraction t with orientation of layers parallel to ∇u.

2.7.2

The 3-D case

We can extend all previous results to the three-dimensional case. Up to now, only
the formulae for the case (aα , aβ ) ≡ (1, 1) have been obtained ([5]), but, following
the same steps, it would not be diﬃcult to compute those formulae for the general
quadratic functional. Again, optimal solutions are given by ﬁrst-order laminates.
The only diﬀerence is now that the direction of lamination, n, is contained in the
manifold of normal ∇u, that is,
∇u × n = (α + (β − α)t)∇u,
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so, at ﬁrst, we have inﬁnite possibilities, that is to say, ﬁrst-order laminates with
diﬀerent n but given the same functional value.

2.8

Numerical approach

The numerical algorithm used to solve the non-linear resulting system works in a
simple way: given an admisible control tk at iteration step k, we solve the state
equation to obtain the gradient ∇uk , and using both, we get the gradient of the costate ∇pk . Having in mind that for intermediate controls (0 < tk < 1), λ1 = λ2 = 0,
and hence
(β − α)∇uk ∇pk
= 1,
λ3
we choose as iterative sequence tk+1 = 1 − Gk (1 − tk ) to update the control, where
k ∇pk
(notice that when Gk → 1, then tk+1 → tk ). We previously
Gk = (β−α)∇u
λ3
have to calculate the value of the multiplier λ3 , by using, for example, a bisection
method, to ensure that tk+1 is an admisible control at iteration step k + 1. The
general iteration scheme used for obtaining all numerical results presented in this
chapter has the following form:
START At iteration k, take an admisible control tk , such as 0 < tk < 1, and
V0 |Ω|.



t
Ω k

dΩ =

Step 1: Given tk , obtain ∇uk , by solving the state equation,
−div((αtk + β(1 − tk ))∇uk ) = Q, in Ω,
uk = u0 , on ∂Ω.
Step 2: Get ∇pk , by solving the self-adjoint state equation,
−div((αtk + β(1 − tk ))∇pk )
pk

= −div(∇uk ),
= 0, on ∂Ω.

in Ω,

Step 3: Compute the Lagrange multiplier, λ3 ,

(1 − Gk (1 − tk )) dΩ
.
λ3 = Ω
V0 |Ω|
Step 4: Update tk+1 ,

k
1 − 1−t

2 ,




tk+1 =
1 − Gk (1 − tk ),





k)
1 − 1+(1−t
,
2
Step 5: Ensure
3.



t
Ω k+1

if Gk (1 − tk ) ≤
if

1−tk
2

if

1+(1−tk )
2

1−tk
2 ,

≤ Gk (1 − tk ) ≤

1+(1−tk )
,
2

≤ Gk (1 − tk ).

dΩ = V0 |Ω|. If the volume constraint is not veriﬁed, go to Step
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Step 6: Stopping criteria: |tk+1 −tk | ≤ tol. If it is not veriﬁed, go to Step 1(k → k +1).
END

We have solved both the state equation and the self-adjoint one (Steps 1 and 2)
by minimizing their associated energy functional and we have approximated them
by using piecewise linear basis functions and ﬁnite diﬀerences.
By using the ﬁx-point type update scheme for the control (Step 4), each design
variable is updated independently of the update of the other design variables, except
for the rescaling (Step 5) that has to take place to satisfy the volume constraint ([14]).
Moreover, this adjustment process lets the control converge in a more gradual way,
ensuring that at iteration step k + 1, 0 < tk+1 < 1.
Finally, by using optimality conditions and some algebra, it is not
 hard to realize
that the function used to adjust the volume constraint, g(λ3 ) = Ω tk+1 (λ3 ) dΩ −
V0 |Ω|, has a continuous monotone decreasing dependence on the Lagrange multiplier,
λ3 , so we can use the bisection method to determine when the function becomes zero
(see Figure 2.3). To prove that analytically, all we have to do is to check that
g(λ 3 )

λ3

Figure 2.3: Volume adjustment using the bisection method


Ω

∇u∇p dx > 0,

so as to maintain the sign in the term Gk and hence, to avoid ill-convergence during
the update scheme for the control. By using, again, weak formulations for the state
equation and the self-adjoint one, we arrive at


∇u∇p dx = − p div(∇u) dx
Ω

=−

Ω

Ω




p u dx =

Ω

(αt(x) + β(1 − t(x)))|∇p|2 dx > 0.

2.9. Numerical Examples

2.9
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Several physical phenomena can be described by the same form of the diﬀerential
equation that explains conduction in heat transfer ([18]). In this section, we will
consider examples ([21]) in the context of heat conduction and dielectric materials,
too.

2.9.1

2-D examples

We begin by illustrating our approach through some 2-D numerical examples corresponding to taking (aα , aβ ) ≡ (1, 1) so as to prove, via numerical evidence, Conjecture 2, that is to say, we will show simulations for the pure quadratic case on ∇u.
In all of them, the design domain is chosen to be the square Ω = [0, 1] × [0, 1] which
is subdivided into 20.000 triangular subdomains (a mesh of 100 × 100 nodes), the
temperature (the electric potencial) is ﬁxed on the boundary ∂Ω and also constant,
u0 = 0, and the thermal load (charge density) applied over the body is always positive. Therefore, intuition tells us that the material with higher conductivity should
be placed where the outward heat ﬂux (current ﬂux) was also higher in order to
minimize the temperature gradient (electric ﬁeld).
Although it is known that the optimal solution is given by a locally ﬁrst-order
laminate, in some areas the best is to place a pure phase, as we will see later.
The motivation for solving (V P ) is the design of macroscopic thermal (dielectric)
conducting devices, made up of graded materials with desired properties under the
action of the thermal load (charge density), Q, and the value of the temperature
(electric potential), u0 , on the boundary.
It is precisely in the case F = 0 when there exists a more practical purpose
of the optimal design in the context of dielectric materials: to avoid the so-called
dielectric breakdown of graded materials owing to a relatively large values of the
local electric ﬁeld ([30]). One can ﬁnd some applications in [42]. In the context of
heat conduction, we try to minimize the dissipated energy, measured, in this case,
by the quadratic mean temperature gradient (electric ﬁeld).
In the ﬁrst example the charge distribution is taken to be uniform in Ω, for
example, Q = 1 (this case was treated in [34]). We have constrained the amount
of β (good dielectric) to be 40% of the design domain (it corresponds to taking
V0 = 0.6) and the material properties take the values α = 1 and β = 2. A graded
scale has been used to represent the optimal solution (see Figure 2.4(a)) where
white would correspond to the α-material and blue to the β-material. The graded
areas in Figure 2.4(a) indicate the optimal volume fraction t(x) while the curves are
the iso-level lines of the optimal temperature ﬁeld (electric potential). As we can
see in Figure 2.4(b), optimal microstructures are ﬁrst-order laminates with volume
fraction t(x) for the α-material and the lamination direction n(x) being tangential
to the level lines, hence perpendicular to the temperature gradient (electric ﬁeld).
We have tried to indicate this microstructural behaviour in the two points A and B
in Figure 2.4(b).
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volume fraction of β−phase
1

0.9

A

0.8

n

0.7

A

0.6

0.5

B

0.4

B

0.3

n

0.2

0.1

0

(a) graded material: (β/α) = 2

(b) microstructure

Figure 2.4: Optimal solution of Example 1

The two following numerical simulations (see Figure 2.5(a) and (b)) correspond
to taking the same input data but for diﬀerent ratio (β/α). In this case, we observe
that more graded areas appear as the ratio increases.
In the second example, we see the inﬂuence of changing the relative volume
fraction V0 when heat is only generated in a centered square, namely, the thermal
load is given by

1, if x ∈ ( 14 , 34 )2 ,
Q(x) =
0,
else.
and the material properties maintain the ratio (β/α) = 2. As we can appreciate for this particular example, less graded areas appear as the relative volume
fraction decreases (see Figure 2.6). The last two examples for the pure quadratic
two-dimensional case correspond to changing the source term keeping the same ratio (β/α) = 2. We have taken Q(x) = (x1 − 0.5)2 − (x2 − 0.5)2 and Q(x) =
e−100(x1 −0.5) e−100(x2 −0.5)) in Figure 2.7(a) and (b), respectively. In both cases V0 =
0.6.
As we noticed before, the compliance case corresponds to taking a(χ) = αχ +
β(1 − χ). In such a case the cost functional represents the dissipated energy. In this
example we are interested in designing the thermal device in which the dissipated
energy is maximized. Keeping the same input data as Example 1, the optimal
solution for V0 = 0.5 is showed in Figure 2.8. This simulation has been obtained
before in ([1], [23]). The optimal design corresponds to placing the worst conductor
(now in black) along the edges, while the best one occupies the middle and the
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volume fraction of β−phase

volume fraction of β−phase
1

1

0.9

0.9

0.8

0.8

0.7

0.7

0.6

0.6

0.5

0.5

0.4

0.4

0.3

0.3

0.2

0.2

0.1

0.1

0

0

(a) (β/α) = 5

(b) (β/α) = 10

Figure 2.5: Optimal solution of Example 1 varying the ratio (β/α)

volume fraction of β−phase

volume fraction of β−phase

(a) V0 = 0.85

1

1

0.9

0.9

0.8

0.8

0.7

0.7

0.6

0.6

0.5

0.5

0.4

0.4

0.3
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0.2
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0.1
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0

0

(b) V0 = 0.6

Figure 2.6: Optimal solution of Example 2
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volume fraction of β−phase

volume fraction of β−phase
1
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0

0

(a)

(b)

Figure 2.7: Optimal solution of Example 3 and 4

corners. We can also see that there is only a small region of graded material in
the corners and in the middle zone. It is interesting to notice that, judging from
the numerical result, optimal solution for the linear case is given by a ﬁrst-order
laminate with volume fraction t(x) for the α-material and the lamination direction
n(x) being tangential to the level lines.
volume fraction of α−phase
1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

Figure 2.8: Optimal solution of Example 5

2.9.2

3-D examples

It is also posible to extend the same ideas to the three-dimensional case ([20]). We
will show the 3-D version of some examples run in 2-D. In this ﬁrst example, we
take Q = 1, (β/α) = 2, u0 = 0 and V0 = 0.6. A graded scale has been used again
to represent the optimal solution (see Figure 2.9(a)) where green would correspond
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to the α-material and pink to the β-material. The regions of graded properties are
given by intermediate shades. In such zones, it is necessary to know the direction of
the laminates. This information is provided by Figure 2.9(b), where the contours are
the level surfaces of the temperature. Note that the direction of the laminates are
tangential to the level surfaces, hence perpendicular to the temperature gradient.
In Figure 2.9(a) a half-section of the body is shown in order to see the internal
details. In Figure 2.9(c), 2.9(d), and 2.9(e), some sections are also shown in order
to understand better what happens as we look inside. For this example, the i-level
is indicating the i-slice in any characteristic direction because of the symmetry in
the input data.

(a) Half-section

(c) 1-level

(b) Iso-surfaces temperature

(d) 12-level

(e) 25-level

Figure 2.9: Optimal solution of Example 1

1 2

In the second example we have taken Q(x) = e−100|x− 2 | . The rest of the input
data is the same. As before, a half-section (Figure 2.10(a)) and the iso-surfaces
of temperature (Figure 2.10(b))) are included to understand the internal layout
of the body and how the optimal graded material must be built. Again, due to
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the symmetry of the example, the i-level indicates the i-slice in any characteristic
direction (see Figure 2.10(c), 2.10(d) and 2.10(e)).

(a) Half-section

(c) 1-level

(b) Iso-surfaces temperature

(d) 12-level

(e) 25-level

Figure 2.10: Optimal solution of Example 2

It is interesting to point out the fact that the volume fraction of the β-material
(the same for the α-material) does not keep constant along any characteristic direction, that is to say, the volume fraction is now a function V0 (x) of mean value V0
which changes its value depending on the point we are. In Figure 2.11, we show the
optimal proﬁles for the volume fraction for the two previous examples.
Now, we see the inﬂuence of changing the relative volume fraction V0 when heat
is only generated in a centered cube, namely, the thermal load is given by

1, if x ∈ ( 14 , 34 )3 ,
f (x) =
0,
else.
We maintain the same ratio (β/α) = 2. As we can appreciate for this particular
example, less graded areas appear as the relative volume fraction decreases (see
Figure 2.12).
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Figure 2.11: Optimal proﬁle for the volume fraction

Finally we see the inﬂuence of varying the contrast ratio (β/α). The source term
is the same we used in the ﬁrst example. In this case, more graded areas appear as
the ratio increases (see Figure 2.13).

2.10

Some remarks on the convergence

We have appreciated how diﬀerent laws have to be used depending on whether
a minimum or a maximum is sought. The reason is very simple: the optimality
conditions do not distinguish between a minimum or a maximum. In case we are
interested in ﬁnding a minimum, our numerical experience tells us that we have to
consider the sequence tk+1 = 1 − Gk (1 − tk ). By contrast, when a maximum is
desired, the previous law has to be replaced by tk+1 = Gk tk . In [62] the convergence
of an algorithm, based on optimality conditions of a relaxation, is proved for a kind
of design problems in which the material properties are described by a second-order
tensor. Following the same steps as in [62], we could try to obtain a convergence
proof for both cases. Although it is interesting to obtain a proof about the strong
convergence in the controls, we think it would be more important to obtain a proof
about the strong convergence in the functional values, taking into account that our
partial relaxation is besides a non-convex problem.
On the other hand, judging from the numerical results, it seems clear that the
algorithms are working correctly. In the following pictures, the convergence history
for the objective function (Figure 2.14(a) and 2.14(c)) and for the residual term
(Figure 2.14(b) and 2.14(d)) are shown for two of the examples treated before. In
both of them the stopping criteria is given by the L∞ -norm of the diﬀerence tk+1 −tk
smaller than 10−5 . Although these results have been obtained after 50 iterations of
the algorithm, the stopping criteria is veriﬁed long before in both cases (in the 12th
and 13th iteration step, respectively).
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(a) V0 = 0.85

(b) V0 = 0.75

(c) V0 = 0.60

(d) V0 = 0.40

Figure 2.12: Optimal solution of Example 3
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(a) (β/α) = 2

(b) (β/α) = 5

(c) (β/α) = 10

Figure 2.13: Optimal solution of Example 4
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Chapter 3

Solving the design problem by a
restriction method
3.1

Presentation of the design problem

We consider the design problem which consists of determining how to place ﬁxed
amounts of two isotropic materials with diﬀerent material properties, given by the
second-order tensors αI1 and βI, 0 < α < β, so as to optimize a desired objective in
a certain subdomain, Ωopt , belonging to the whole design domain, Ω. Let us denote
by (VP) the problem

Φ(x) g(χ(x), u(x), ∇u(x)) dx,
Minimize (or Maximize): I(χ) =
Ω

subject to
−div(k(x)∇u(x)) = Q(x),
−k(x)∇u(x) · n = f (x),
u = u0 ,

in Ω,
on Γt ,

on Γ0 ,

k(x) = βχ(x) + α(1 − χ(x)),

1
χ(x) dx = V0 , 0 < V0 < 1,
|Ω| Ω

1, if x ∈ Ωopt ,
Φ(x) =
0,
else,
where the boundary of the design domain is ∂Ω = Γt ∪ Γ0 .
Typically, the characteristic function χ, which is the design variable, indicates
where the β-material is to be placed and V0 is the relative volume fraction of the βmaterial, which is given. Concerning the Φ function, in the cases that the objective
function would measure a property in a global way (such as the dissipated energy, for
1

I = δij ei ⊗ ej is the second-order identity tensor.
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instance) then Φ ≡ 1, because the subdomain Ωopt would be the same as Ω. However,
when the response would be given by the value of the state or the gradient in the
subdomain Ωopt (such as the mechanism design problem), it would be necessary to
specify this objective properly through the Φ function. It is interesting to point
out that we allow the explicit dependence of gradients of the state in the objective
function g, although in a linear fashion.
It is well-known that such problems lack optimal solutions within the class of
characteristic functions [39]. This kind of problems are ill-posed in the sense that
one generally can ﬁnd a ﬁner and more detailed material distribution that is better
than the coarser design. This phenomenon is called mesh-dependence. Ways to
circumvent the ill-posedness problem are reviewed in [54] and can be divided into two
groups, namely relaxation methods and restriction methods. Relaxation methods,
which have been described in Chapter 2, expand the design space by introducing an
inﬁnitely ﬁne microstructure as material properties in every element of the structure;
see [9] for details. Using this approach leads to structures with large “grey regions”
(0 < χ < 1), which are very diﬃcult to manufacture but, by contrast, they allow
us to design graded materials, as we remarked in Chapter 1 and 2. On the other
hand, restriction methods introduce extra constraints on design variables so as to
ﬁnd optimized solutions over the initial design space. It is specially useful when we
are interested in designing optimized structures and mechanisms because we must
distinguish where the materials should be placed separately.

3.2

Introduction to restriction methods

As we noticed before, more details appear in the design as the mesh size increases.
It follows from these variations in the design variables that there does not exist
optimal solutions for this kind of design problems in general. Restriction methods
try to bound the maxima oscillations of the design variables allowed by introducing
extra constraints, that is to say, the maximum degree of perforation of the design is
limited.
Several restriction methods have been considered (see [54]). Common to most
restriction methods is that the density of material in each element used to discretize
the design domain is deﬁned as a design variable. The simplest one is to keep a ﬁxed
mesh size and only solve the optimization problem in that mesh. Although this trick
(which can hardly be called a method) is widely adopted, it lacks justiﬁcation since
ﬁrst, one does not know which continuum problem is being solved; and second, if one
would like to reﬁne the mesh in order to obtain a better description of the optimal
layout then a diﬀerent topology would result since there is no convergence with
mesh reﬁnement. Alternative (and mathematically justiﬁed) restriction methods
like the perimeter method and the global gradient control raise the diﬃculty to
preselect a value for the constraint. Another method, the local gradient constraint,
is computationally prohibitive since two extra constraints per design variable must be
included in the optimization problem. By contrast, there exists a ﬁltering technique

3.3. How to solve the discrete problem
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inspired by heuristic ﬁltering scheme that produces very good results and requires
little extra cpu-time.
The mesh-independence ﬁltering modiﬁes the design sensitivity of a speciﬁc element based on a weighted average of the element sensitivities in a ﬁxed neighborhood. It must be emphasized that even though it has not yet been proved that the
ﬁlter ensures existence of solutions, we can ﬁnd numerous applications in which the
ﬁlter has produced mesh-independent designs.

3.3

How to solve the discrete problem

Once the ﬁltering technique has been chosen as a restriction method to avoid the
mesh-dependence and since the goal we seek is to design a structure or a mechanism
consisting of solid or void elements (or materials placed separately, for the twomaterial problem), the most obvious way to solve the design problem is to deﬁne an
optimization problem with discrete variables that can take values zero or one (the
0/1 problem). The new drawback is how to solve the resulting discrete problem,
having in mind that as ﬁner meshes are used, the number of design variables is
larger and therefore, the number of material distribution combinations increases in
a astronomical way.
Instead of trying to treat the problem using binary techniques (most of the time
is impractical), one popular way is to convert the discrete problem into a continuous
one by allowing intermediate densities during the optimization process. By penalization schemes, these intermediate densities are then forced towards discrete 0/1
solutions at the end of the optimization process.
This continuous-variable scheme is the power-law approach to topology optimization, also called SIMP (Solid Isotropic Material with Penalization [8]), and for the
two-material problem, the model can be expressed as
k(x) = βρ(x)p + α(1 − ρ(x)p ),
where p is the penalty exponent and ρ would be the new design variable, now
continuous. The volume constraint is now given by

1
ρ(x) dx = V0 , 0 ≤ ρ(x) ≤ 1.
|Ω| Ω
By selecting the value of the power, p, large enough (usually larger than 3, (see
[13])), elements with intermediate densities become ineﬃcient (when a volume constraint is present) and are thus forced towards zero or one. The power-law approach
to topology optimization has been applied to problems with multiple constraints,
multiple physics and multiple materials, in all of them successfully (see for example
[53]).
If the SIMP model is used without being combined with the restriction method
we have chosen, (the ﬁltering technique, in this case), since the power p penalizes the
design variables forcing towards 0/1 solutions, we arrive again at designs depending
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on the mesh used, as it happened in the original design problem. For this reason
we have to add the ﬁlter in order to limit the minimum scale of the solution, by
selecting the ﬁltering parameter in an appropriate way (many times the choice of this
parameter is motivated by technological reasons and facilities in the manufacturing
process in the ﬁnal design).

3.4

Numerical approach

The implementation of the topology optimization problem is straightforward and
follows the usual procedure outlined in the references on topology optimization, see
[52]. The standard procedure is to consider the design problem as an optimization
problem only in the design variable ρ(x). The displacement ﬁeld is regarded as a
function of these design variables through the equilibrium equation.
Typically, the topology optimization problem is treated by discretizing the design
domain Ω into N ﬁnite elements. Usually one approximates the design variable as
element-wise constant and thereby the discretized variable can be represented by the
N -vector ρ. Taking ρ to be constant in each element is practical since integrations
over elements can be performed with ρ outside the integral sign, and consequently
one can operate with simple scalings of the usual element stiﬀness matrices. The
discretized SIMP optimization problem can be written as
N

gΦ (ρ, U),

Minimize (or Maximize): I(ρ) =
e=1

subject to
K(ρp )U = F,
N

ρ e ve = V 0 ,

V (ρ) =
e=1

0 ≤ ρ ≤ 1,
low-pass ﬁlter,
where gΦ denotes the discrete version of the objective function containing all information of the Φ function; U and F are the global displacement and force vectors,
respectively, K is the global stiﬀness matrix, V (ρ) is the material volume function
and ve the element volume. Since we work with the discrete problem, notice that
the presence of the gradients in the objective function is included in the state U
when formulae to approximate the derivatives are used.
Next, we describe the diﬀerent steps of the computational procedure.
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3.4.1

Solving the equilibrium equation

To start with, we take an initial design which satisﬁes the volume constraint, e.g.,
homogenous distribution of material. Next, we compute the displacement ﬁeld by
using FE analysis (in this case, we have used square elements with Q4 interpolation
of displacements and element-wise constant densities),
KU = F,
where

N

N

ke (ρe ) =

K=
e=1

e=1

[βρpe

+ α(1 −

ρpe )]k0 ,

and k0 is the geometric stiﬀness matrix, which can

2/3 −1/6 −1/3
 −1/6
2/3 −1/6
k0 = 
 −1/3 −1/6
2/3
−1/6 −1/3 −1/6

N

F=

fe ,
e=1

be obtained in an analytic way

−1/6
−1/3 
.
−1/6 
2/3

Given that a property of the global stiﬀness matrix is that the nonzero entries
form a band along the diagonal of the matrix, an eﬃcient algorithm should be used
in order to exploit such a feature. Taking into account that only the band below
the diagonal (corresponding to the dark pink colour) need to be stored in banded
bw × n form as we can see in Figure 3.1, a band storage algorithm, with bw the band
width, could be considered.
K ∈ Mn×n

Kb ∈ Mbw×n

Figure 3.1: Full matrix and band storage

The idea is to obtain the expression which connects the elements (i, j) of both
matrices, without having to compute the global stiﬀness matrix previously. It is not
hard to realize that this expression is given by
K(i, j) =⇒ Kb (|j − i| + 1, min(i, j)).
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By using this band storage algorithm, the storage requirement is bw × n elements in
front of n2 using LU decomposition. Moreover, in terms of computational expense,
the decomposition requieres O(bw2 n) multiplication operations, and the forward
and backward substitutions require about O(bw n) multiplication operations each,
in front of O(n3 ) and O(n2 ), respectively, by LU decomposition, too.

3.4.2

Sensitivity analysis

Since the displacement ﬁeld is regarded as a function of the design variables through
the equilibrium equation, as we commented before, the following step is to ﬁnd the
derivatives of the objective function with respect to the design variables by using
the adjoint method. This is called sensitivity analysis. To do that, we rewrite the
objective function I(ρ) by adding the zero function
N

I(ρ) =

gΦ (ρ, U) + PT (KU − F),

e=1

where P is any arbitrary, but ﬁxed real vector. The adjoint method allows us to
work with the derivatives of the displacements though they have not been calculated
explicitly. By using the chain-rule and after some algebra we obtain
∂I
∂gΦ
∂K
=
U + PT
U,
∂ρe
∂ρe
∂ρe
where P, being the self-adjoint state, satisﬁes the adjoint equation
KP = −
and

3.4.3

∂gΦ
,
∂U

∂K
= −p(β − α)ρp−1
e k0 .
∂ρe

Mesh-independence ﬁltering

Once the elements of the sensitivity matrix have been computed, the restriction is
used to avoid mesh-dependence designs. The mesh-independence scheme works by
modifying the design variable in each element as follows
ρ̂e =

1
N

Ĥi

N

Ĥi ρi .
i=1

i=1

The convolution operator (weight factor) Ĥi is written as
Ĥi = rmin − dist(e, i),
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{i ∈ N | dist(e, i) ≤ rmin }, e = 1, . . . , N,
where the operator dist(e, i) is deﬁned as the distance between the centre of element
e and the centre of element i. The weight factor takes the zero value outside the
ﬁlter area and decays linearly with the distance from element e. Basically, the
ﬁlter produces a length scale rmin , underneath which rapid variations in the design
variables are not allowed.
By applying the chain rule the element sensitivities are obtained as
!
∂I
=
∂ρe

N

1

Ĥi ρi

N

ρe

Ĥi

i=1

∂I
.
∂ρi

i=1
∂I
), the ﬁltered sensiThis means that instead of using the real sensitivities (e.g. ∂ρ
i
tivities are used. It is worthwhile noting that the ﬁltered sensitivity converges to
the original one when rmin approaches zero (in fact, by selecting rmin less than one,
the ﬁlter becomes inactive) and all sensitivities will be equal when rmin approaches
inﬁnity.
Since the design problem is highly non-convex, one can never be sure to have
converged to the global optimum. However, by using a continuation approach,
the algorithm seems to produce designs independent on starting guesses. For the
mesh-independence ﬁlter used here, the idea of the continuation method consists of
starting with a large value of the ﬁlter size rmin ensuring a convex solution (because
it would be an artiﬁcial convex problem) and gradually decrease it, to end up with a
0/1 design (the original non-convex problem). Typical ﬁlter size in the beginning of
the design process is 10% of the smaller dimension of the design domain and ending
up with 1.2 times the element size.
In Figure 3.2 diﬀerent optimized designs are shown varying the mesh and the
ﬁlter size but with the same volume fraction. All of them have been obtained by using
a continuation approach and for the present, we will not comment anything about
the boundary conditions and the objective function. As we can see in Figures 3.2(b)
and (d), we should maintain the ratio (n/rmin ) constant, being n the dimension of
the mesh (n × n), so as to avoid the mesh-dependence. Judging from Figure 3.2(a)
and (c), we can appreciate how as ﬁner meshes are used, more details appear in the
design, in other words, the mesh-dependence eﬀect is present. Finally, by comparing
Figure 3.2(a) and (b), we can notice how as the ﬁlter size is increased for the same
mesh size, some rapid variations in the design variables are limited and consequently
more grey (or intermediate) regions appear.

3.4.4

Updating design variables

When self-adjoint problems are considered, that is to say, the objective function
is the compliance, gΦ = FT U, we can use an optimality criteria (based on the
optimality conditions) to update the design variables. On the one hand, for the
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(a) Mesh size: 40x40, rmin = 1.2.

(b) Mesh size: 40x40, rmin = 2.4.

(c) Mesh size: 80x80, rmin = 1.2.

(d) Mesh size: 80x80, rmin = 4.8.

Figure 3.2: Optimized designs varying the mesh and the ﬁlter size

compliance case the self-adjoint state is given by P = −U, arriving at
∂I
T
= −p(β − α)ρp−1
e U k0 U.
∂ρe
Since k0 is a positive-deﬁnite matrix, we conclude that the sensitivity is negative for
all elements. On the other hand, optimality conditions tell us that
Be =

∂I
− ∂ρ
e

λve

(= 1),

where λ is a Lagrange multiplier that has to be adjusted in order to satisfy the
volume constraint. Thus, following [9] a heuristic updating scheme for the design
variables based on the optimality conditions can be formulated as
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ρk+1
e


ρke (Bek )η ≤ max{0, ρke − m},
max{0, ρke − m}, if





if max{0, ρke − m} < ρke (Bek )η < min{1, ρke + m},
ρke (Bek )η ,
=





ρke (Bek )η ≥ min{1, ρke + m},
min{1, ρke + m}, if

where m is a positive move-limit and η is a tuning parameter. Both m and η control
the changes that can happen at each iteration step and they can be adjustable for
eﬃciency of the method. Typical useful values are 0.2 and 0.5, respectively.
Since the sensitivity keeps the sign for all elements during the optimization process, it is easy to check that the error function, V (ρ)−V0 , has a continuous monotone
decreasing dependence on the Lagrange multiplier, so we can use a bisection method
to determine when the function becomes zero (see Figure 3.3).
V(λ) − V0

λ

Figure 3.3: Volume adjustment using the bisection method

By contrast, when we work with non-self-adjoint problems, sensitivities may
take both positive and negative values, resulting in ill-convergence of the simple
optimality criteria approach. In such cases the best convergence is obtained by
using a mathematical programming algorithm like MMA (see [57]).
The Method of Moving Asymptotes (MMA) is a mathematical programming algorithm that is able to cope with many variables and a moderate number of constraints.
It works with a sequence of simpler approximate convex subproblems which are built
based on sensitivity information at the current iteration step as well as some iteration history. At each iteration step, this subproblem is solved (by a dual method, for
example) and its solution is then used as the next design in the iterative procedure.
There are two parameters in the algorithm: the two vertical asymptotes Le and Ue
which are the source of the name of the algorithm, that control the range for which
the approximation of the objective function is suitable2 (see Figure 3.43 , where f
2
3

The variable xe appearing in Figure 3.4 corresponds to ρe in the text.
This picture has been obtained from the web page http://www.topopt.dtu.dk
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is the objective function and f̃ is the convex approximation). The values of the
asymptotes are updated in each iteration depending on the iteration history so far.
Concerning computational aspects, for simple compliance optimization problems it

Figure 3.4: Method of Moving Asymptotes (MMA)

may be a bit slower than the Optimality Criteria (OC) method (because this is the
fastest way to reach the local minima) but for more complicated problems involving
several constraints MMA stands for excellent convergence properties.
The ﬂowchart of the algorithm is shown in Figure 3.5.

3.5

Numerical Examples

Several physical phenomena can be described by the same form of diﬀerential equation that explains conduction in heat transfer ([18]). In the heat transfer case, the
solution of the state equation is a scalar function, u = u(x1 , x2 ), which represents
the temperature, k is the thermal conductivity and Q is the rate of internal heat
generation per unit volume.
By changing the meaning of the state u, the material property k, and the source
term of the equilibrium equation Q, and also using the appropriate boundary conditions in each case, we can describe diﬀerent phenomena in multiple physics contexts
such as groundwater ﬂow and plane incompressible irrotational ﬂow in ﬂuid mechanics, elastic torsion and pressurized membranes in solids mechanics, and also
situations in electrostatics and magnetostatics. Finally, we should interpret the
results depending on the physical situation.
Previous works have appeared on the applications of the topology optimization
method to problems modelled by Poisson’s equation, where the objective function
has mainly been of energy form (for conduction problems see [27, 23, 50, 14] and for
torsion problems see [35, 16, 29, 26]). In the following subsections we repeat some of
the old examples and extend the ideas to non-energy (mechanism-type) problems.
In particular we consider problems in conduction, ground-water ﬂow, pressurized
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Initialization

Finite element analysis

Sensitivity analysis

Low−pass filtering

Update design variables
OC
MMA
yes
no

converged?

Plot design

Figure 3.5: Flowchart of the algorithm

membranes and elastic torsion. The examples (all of them included in [22]) oﬀer
new physical insight in the various optimization problems.

3.5.1

Heat transfer

As we presented before, the design problem for the heat transfer situation would
show the following format:

Φ(x) g(χ(x), u(x), ∇u(x)) dx,
Minimize (or Maximize): I(χ) =
Ω

subject to
−div(k(x)∇u(x)) = Q(x),
−k(x)∇u(x) · n = f (x),
u = u0 ,

in Ω,
on Γt ,

on Γ0 ,

k(x) = βχ(x) + α(1 − χ(x)),

1
χ(x) dx = V0 , 0 < V0 < 1,
|Ω| Ω
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Φ(x) =

1, if x ∈ Ωopt ,
0,
else.

Concerning this case study, in all examples the design domain is a square and the
material properties take the values β = 1 (good conductor) and α = 0.001 (bad
conductor or insulator). In the ﬁrst example the design domain (see Figure 3.6(a))
is isolated (f = 0) except for a small sink (u0 = 0) in the middle of the left side.
Under an uniform heat generation over all the domain (Q = 1), we want to ﬁnd the
optimized layout which minimizes the dissipated energy in the thermal device, so
in this case the objective function is the compliance, g1 (u) = Qu, and Φ ≡ 1. We
have constrained the amount of β to be 40% (it corresponds to taking V0 = 0.4).
A gray scale has been used to represent the optimized solution (see Figure 3.6(b)),
where black would correspond to the β-material and white to the α-material. This
optimized solution has already been obtained before in [14]. We see how the good
conductor (black material) drains energy away from all parts of the structure.
uy = 0

uy = 0
Distributed
Heating

u=0

?

ux = 0

u=0

u =0
x

min: compliant

u =0
y

(a) Design domain

uy = 0

(b) Optimized design

Figure 3.6: Optimized solution of Example 1

In the second example, we use the same design domain than before, but we are
now interested in maximizing the outward horizontal heat ﬂux in a small area as
close as posible to the sink (see Figure 3.7(a)). In such a case, as Φ = 1 inside
of this objective area (and zero outside) the objective function would be given by
g2 (ρ, u) = (k(ρ)ux1 )out 4 . The optimized design for V0 = 0.4 is shown in Figure
3.7(b). The intricate resulting topology can be interpreted as the design that for a
limited amount of conducting material seeks to drain the energy close to the sink
and direct it horizontally towards the sink.
In the last two examples of this section the boundary conditions are diﬀerent
(see Figure 3.8(a) and 3.9(a)). The distributed heating (now Q = 0) is changed by
4

The pair of variables (x1 , x2 ) appearing in the text correspond to the pair (x, y) in the pictures.
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(a) Design domain

(b) Optimized design

y

Figure 3.7: Optimized solution of Example 2

an inward horizontal heat ﬂux in the middle of the left side (f = fin ) and the sink is
now in the center of the opposite side. We look for designs which maximize the heat
ﬂux and the temperature gradient, in the directions marked in the design domains
(Figure 3.8(a) and 3.9(a)) over small centered areas. The objective functions would
be, g3 (ρ, u) = (k(ρ)ux1 )out and g4 (u) = (ux1 )out , respectively. The resulting designs
for V0 = 0.25 are shown in Figures 3.8(b) and 3.9(b). As we can see in Figure 3.9(b),
the bad conductor must be placed where a big temperature gradient is desired.
Notice that if the α-material is a perfect insulator there is no energy transfer between
the two branches that appear in the optimized design.
uy = 0

uy = 0

f

in

?
o

u=0

fin
u=0

(k ux)out

max: heat flux

u =0
y

u =0

(a) Design domain

(b) Optimized design

y

Figure 3.8: Optimized solution of Example 3
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Figure 3.9: Optimized solution of Example 4

In Figures 3.10(a) and 3.10(b) the arrows represent the heat ﬂux ﬁeld and the
intermediate shades are showing how the temperature is changing through the optimized design (dark zones are corresponding to higher temperature values).
u =0

uy = 0

y

fin

f
u=0

in

u=0

u =0
y

uy = 0

(a)

(b)

Figure 3.10: Heat ﬂux for designs from Example 3 and 4

3.5.2

Fluid mechanics

In ﬂuid mechanics the groundwater ﬂow problem is described by
−div(k(x)∇p(x)) = 0,

in Ω,
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−k(x)∇p(x) · n = u(x),
p = p0 ,

on Γt ,

on Γ0 .

In this new situation, the state is given by the pressure p, k means the hydraulic
conductivity (or permeability) and it is common to take Q ≡ 0.
We will treat two cases, in both of them rectangular domains are considered.
In the ﬁrst example, given an input ﬂow on the left side (u = uin ) and a sink on
the opposite side (p0 = 0) and having in mind that the vertical component of the
velocity in the other sides is zero (there is no vertical pressure gradient, see Figure
3.11), we want to ﬁnd the optimized shape of an obstacle (it could be a pilar) so
as to maximize the ﬂow compliance (or minimize the dissipated energy). In this
case, the objective function is the compliance, given by g1 (p) = uin p). There exist
two passive areas in the domain in order to reproduce the fact that there has to be
ﬂuid in both sides of the obstacle. Therefore, material properties are given by β = 1
(ﬂuid) and α = 0.001 (obstacle). The optimized solution for V0 = 0.8 is shown in
Figure 3.12(a). Iso-pressure lines and the ﬂow ﬁeld are shown in Figure 3.12(b). As
before, dark zones are corresponding to higher state (pressure) values.
p =0
y

u = uin

?

fluid

p=0

fluid

min: compliant

py = 0

Figure 3.11: Design domain of Example 5

In the second example, the design domain is the same but the objective consists
of maximizing the ﬂow velocity in the direction marked with an arrow
in Figure
√
2
3.13. The function would be now g2 (ρ, p) = uout = (−k(ρ)∇p·n)out = 2 (k(ρ)(px2 −
px1 ))out . The optimized solution for V0 = 0.05 is given by a centered slanted channel,
as we can see in Figure 3.14(a). In Figure 3.14(b), a detailed picture about the ﬂow
ﬁeld in a small centered area is shown.

3.5.3

Pressurized membranes

In the context of pressurized membranes the state equation would be given by
−div(s(x)∇u(x)) = P,
u = 0,

on ∂Ω.

in Ω,
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(a) Optimized design

(b) Flow ﬁeld

Figure 3.12: Optimized solution and ﬁeld of Example 5
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Figure 3.13: Design domain of Example 6
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(a) Optimized design
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Figure 3.14: Optimized solution and ﬁeld of Example 6

p=0
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In this new case study, the state is given again by u, but now it is indicating the
vertical displacement, s means the surface tension (proportional to material stiﬀness)
and the source term is usually given by an uniform pressure, P . We have taken the
values β = 1 (high surface tension) and α = 0.001 (low surface tension).
We will consider two cases, both of them square domains clamped on all boundary (the vertical displacement is zero, u = 0). In the ﬁrst example, (see Figure
3.15(a)), we look for minimizing the compliance (g1 (u) = P u), and in the second
one (Figure 3.15(c)), we minimize the deﬂection in the middle point of the membrane (g2 (u) = uout ). Optimized solutions for V0 = 0.4 and V0 = 0.25 are shown in
Figure 3.15(b) and 3.15(b), respectively. In Figure 3.16(a) and 3.16(b), the lateral
deﬂection is also shown for each case. It is interesting to note how in the ﬁrst case,
all the membrane deﬂections are limited, whereas in the second case, only the central
part has limited deﬂections while the outer parts of the four quadrants are allowed
to deﬂect badly.

3.5.4

Elastic torsion

In the context of elastic torsion the equilibrium equation formulated in terms of the
Prandtl or stress function would adopt the following form


1
∇φ(x) = 2θ, in Ω,
−div
G(x)
φ = 0,

on ∂Ω,

where the state is given by the stress function φ, the material properties are given
by the shear modulus G, and the source term is an uniform twist angle θ. We
will analyze three cases, in all of them the section of the elastic rod considered is a
square. The fact that there is no normal stress along the boundary makes us take
φ = 0 on ∂Ω. The ﬁrst situation corresponds to maximizing the torsion constant
under an uniform twist angle (θ = 1), (see Figure 3.17(a)). Thus, the objective
function is the compliance and it is expressed as g1 (φ) = φθ . The material properties
take the values β = 1 (material) and α = 0.001 (void). As we could have predicted
and it is shown in Figure 3.17(b), the optimized solution for V0 = 0.5 more or less
corresponds to placing the stiﬀer material in an outer concentric disk. Very similar
results have been observed in the references [35, 16, 29, 26].
For the last two examples, we consider the design domain in Figure 3.18. The
aim is to produce a maximum warp mechanism. The objective function consist of
maximizing the diﬀerence between the vertical displacements, ﬁrst when we consider the points A and B and second when they are C and D. The diﬀerence in
displacements can be measured as the gradient of the vertical displacement function,
w between the two points. Having in mind that
1
∇φ(x) = θP + T ∇w(x),
G(x)
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Figure 3.15: Optimized solution of Example 7 and Example 8
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Figure 3.16: Lateral deﬂection of Example 7 and 8
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Figure 3.17: Optimized solution of Example 9
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where


P =

x1
x2




,

T =

0 −1
1
0


,

it is not hard to realize that the objective functions for these two cases are given by
g2 (ρ, φ) = (wx1 )AB = (G(ρ)−1 (φy ))AB and g2 (ρ, φ) = (wx1 )CD = (G(ρ)−1 (φy ))CD .
W

A

WC

C

B

B

W

A

Uniform
Twist Angle

?

D
W

D

Figure 3.18: Design domain of Example 10 and 11

The optimized designs for V0 = 0.15 and V0 = 0.05 are shown in Figures 3.18(a)
and 3.19(a), respectively. In Figures 3.19(b) and 3.20(b) the vertical displacement
function, also called warping function, is shown for each case. Notice that, judging
by the design in Figure 3.20(b), only the warping function along the CDEF outline
must be considered. We see that the maximum warping cross-section is obtained for
open cross-sections with the material distributed as far away from the center axis
as possible.

3.6

Some remarks on the convergence

As we observed in Section 3.2, it has not yet been proved that the ﬁlter ensures
existence of solutions but we can ﬁnd numerous applications in which the ﬁlter
combined with the power-law approach has produced mesh-independent designs.
Trying to obtain a convergence proof of the algorithm when the OC or the MMA
are used could be diﬃcult, taking into account that in both cases the sensitivities
are modiﬁed by the ﬁlter. However, judging from the numerical results obtained, it
seems clear that the algorithms are working correctly. In the following pictures, the
convergence history for the objective function (Figure 3.21(a) and 3.22(a)) and for
the residual term (Figure 3.21(b) and 3.22(b)) are shown for two of the examples
treated before. In both of them the stopping criteria is given by the L∞ -norm of the
diﬀerence ρk+1 − ρk lower than 10−5 . The peaks in Figure 3.21(b) and 3.22(b) are
not representative because they are due to the fact that one element can change its
value from 0 to 1 (or viceversa) in an iteration step. What is important is that the
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Figure 3.19: Optimized solution of Example 10
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Figure 3.20: Optimized solution of Example 11
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objective function in both cases goes on decreasing and increasing, respectively. In
[62] the convergence of an algorithm, based on optimality conditions of a relaxation,
is proved for a kind of design problems in which the material properties are described
by a second-order tensor.
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Figure 3.21: Convergence history of Example 1 by using the OC
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Figure 3.22: Convergence history of Example 9 by using the MMA

140

160

Bibliography
[1] Allaire, G. Shape Optimization by the Homogenization Method. Springer,
2002.
[2] Allaire, G., and Kohn, R. Topology optimization and optimal shape design
using homogeneization. In Topology design and structures (1993), M. Bendsøe
and C. M. Soares, Eds., Dordrecht: Kluwer, pp. 207–218.
[3] Aranda, E., Donoso, A., and Pedregal, P. in preparation.
[4] Aranda, E., and Pedregal, P. Constrained envelope for a general class
of design problems. Discrete and Continuous Dynamical Systems (Supplement
Volume) (2003), 30–41.
[5] Bellido, J. Explicit computation of the relaxed density coming from a threedimensional optimal design problem. Nonlinear Analysis 52 (2003), 1709–1726.
[6] Bellido, J., and Pedregal, P. Optimal design via variational principles:
the one-dimensional case. J. Math. Pures Appl. 80, 2 (2000), 245–261.
[7] Bellido, J., and Pedregal, P. Explicit quasiconvexiﬁcation for some cost
functionals depending on derivatives of the state in optimal designing. Discrete
and Continuous Dynamical Systems 8, 4 (2002), 967–982.
[8] Bendsøe, M. Optimized shape design as a material distribution problem.
Structural Optimization 1 (1989), 193–202.
[9] Bendsøe, M.
Springer, 1995.

Optimization of Structural Topology, Shape and Material.

[10] Bendsøe, M., Diaz, A., Lipton, R., and Taylor, J. Optimal design of
material properties and material distribution for multiple loading cases. International Journal for Numerical Method in Engineering 38 (1995), 1149–1170.
[11] Bendsøe, M., Guedes, J., Haber, R., Pedersen, P., and Taylor, J. An
analytical model to predict optimal material properties in the context of optimal
structural design. Transactions of the ASME, Journal of Applied Mechanics 61,
4 (1994), 930–937.

86

Bibliography

[12] Bendsøe, M., and Kikuchi, N. Generating optimal topologies in optimal
design using a homogeneization method. Computational Methods in Applied
Mechanics and Engineering 71 (1988), 197–224.
[13] Bendsøe, M., and Sigmund, O. Material interpolation schemes in topology
optimization. Archive of Applied Mechanics 69 (1999), 635–654.
[14] Bendsøe, M., and Sigmund, O. Topology Optimization: Theory, Methods
and Applications. Springer, 2003.
[15] Benssousan, A., Lions, J., and Papanicolau, G. Asymptotic analysis for
periodic structures.
[16] Burns, T., and Cherkaev, A. Optimal distribution of multimaterial composites for torsional beams. Structural Optimization 13, 1 (1997), 14–23.
[17] Cherkaev, A. Variational Methods for Structural Optimization. Springer,
1999.
[18] Cook, R., Malkus, D., Plesha, M., and Witt, R. Concepts and Applications of Finite Element Analysis. Wiley, 2002.
[19] Dacorogna, B. Direct methods in the Calculus of Variations. Springer, 1989.
[20] Donoso, A. Numerical simulations in 3-d heat conduction: minimizing the
quadratic mean temperature gradient. (submitted).
[21] Donoso, A., and Pedregal, P. Optimal design of 2-d conducting graded
materials by minimizing quadratic functionals in the ﬁeld. (submitted).
[22] Donoso, A., and Sigmund, O. Topology optimization of multiple physics
problems modelled by poisson’s equation. Latin American Journal of Solids
and Structures 1, 2 (2004), 169–184.
[23] Goodman, J., Kohn, R., and Reyna, L. Numerical study of a relaxed variational problem from optimal design. Computer Methods in Applied Mechanics
and Engineering 57 (1986), 107–127.
[24] Grabovsky, Y. Optimal design problems for two-phase conducting composites
with weakly discontinuos objective functionals. Advanl. Appl. Math 27 (2001),
683–704.
[25] Ilschner, B. Processing-microstructure-property relationships in graded materials. Journal of the Mechanics and Physics of Solids 44 (1996), 647–656.
[26] Kim, Y., and Kim, T. Multiobjective topology optimization of a beam under
torsion and distortion. AIAA Journal 40, 2 (2002), 376–381.

Bibliography

87

[27] Klarbring, A., Petersson, J., Torstenfelt, B., and Karlsson, M.
Topology optimization of ﬂow networks. Computer Methods in Applied Mechanics and Engineering 192, 35-36 (2003), 3909–3932.
[28] Larsen, U., Sigmund, O., and Bouwstra, S. Design and fabrication of
compliant micromechanisms and structures with negative poisson’s ratio. Journal of Microelectromechanical Systems 6, 2 (1997), 99–106.
[29] Li, Q., Steven, G., Querin, O., and Xie, Y. Stress based optimization
of torsional shafts using an evolutionary procedure. International Journal of
Solids and Structures 38 (2001), 5561–5677.
[30] Li, Y., and Duxbury, P. From moduli scaling to breakdown scaling: A
moment spectrum analysis. Physical Review 40B (1989), 4889–4897.
[31] Ling, Y., Ge, C., Li, J., and Bai, X. Processing and characterization
of b4 c/cu graded composite as plasma facing component for fusion reactors.
Journal of University of Science and Technology Beijing 10, 1 (2003), 39–43.
[32] Lipton, R. personal communication.
[33] Lipton, R. Conﬁgurations of nonlinear materials with electric ﬁelds that minimize lp norms. Physica B in press. (2003).
[34] Lipton, R., and Velo, A. Optimal design of gradients ﬁelds with applications to electrostatics. Nonlinear Partial Diﬀerential Equations and Their
Aplications, College de France Seminar, D. Cioranescu, F. Murat, and J.L
Lions eds, Chapman and Hall/CRC Research Notes in Mathematics (2000).
[35] Lurie, K., and Cherkaev, A. Nonhomogeneous bar of extremal torsional
rigidity. In Nonlinear problems in structural mechanics. Structural Optimization. Naukowa Dumka, 1978.
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