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Abstract

Nowadays, Logistics is an important sector in the process of making goods.
The global world means that products are made in one part of the word
but are purchased by customers located in another part of the word. Here
is where Logistics, the process of warehousing and transportation, plays
an important role in the sales process.

Many optimization problems arise in this context and the companies
have to take decisions that affect their economy, e.g., when the products
are finished, it is necessary for them to be packed into an appropriate box,
deciding which size of boxes is the correct one to meet all the demand for
the different products. If the demand is big enough and the location of the
customers is far away, it is usual for the products to be sent in containers.
How to load the containers while trying to occupy the space as much as
possible, is another decision that has to be taken. In contrast, if the cus-
tomer is not far away, the products can be delivered by truck. How to place
the load onto the truck in order to maximize the load while respecting the
law of each country is other decision that has to be taken.

All these decisions have a great impact on the cost of the products, so
taking the correct decisions is important for the companies.

In this Thesis we address these problems that arise in the logistic area.
All the problems are real problems that companies face on a daily basis.
Each chapter presents a problem with an introduction explaining the con-
text, an analysis of the data provided by the companies, and our solution.
We have tried to solve them by applying different methods and techniques
that provide good solutions for each one. We have used mathematical
models and metaheuristics to obtain solutions. All the approaches are in-
troduced in each chapter, with the corresponding results and conclusions.
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What we want is to solve these problems efficiently, thus providing good
solutions for the companies, adding a drop, our drop, to the ocean of re-
search.
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Chapter 1

Introduction

The purpose of the Thesis is to contribute to an efficient solution to several
packing problems that arise involving logistics, in the process of delivering
products from producers or distribution centers to their final customers.
The solution of these problems will be achieved by using models and ex-
act algorithms, whenever possible, or by using metaheuristic procedures
that do not guarantee optimality but are able to produce high quality solu-
tions in short computing times. More specifically, the problems this Thesis
deals with are how to determine the size of the boxes used to pack the
products to be sent, how to load boxes into containers in order to max-
imize the cargo, and how to load pallets onto trucks. In all cases, the
problems include realistic constraints that arise in the practical problems
being solved.

The field of the Thesis is Operational Research, a discipline that deals
with the application of advanced analytical methods to help make better
decisions [51]. For this reason the motivation of the Thesis is to provide
applications for making better decisions in the logistic process, taking into
account the most usual real-world constraints. The objective is to obtain
solutions which are useful in practice, helping the decision makers in their
complex tasks.

1



2 Chapter 1 Introduction

1.1 Logistics

We are living in a global world where products are made in part of the
world and are consumed in another. Many companies are involved in this
process, making products for national or international markets, or import-
ing raw materials for their production. Logistics manages the processing of
the raw materials, components, and final products. Nowadays, logistics is
very important, so companies have a specific department to manage this
aspect of their business.

The word “logistics” has its origin in a Greek word, which means “ma-
terial flow”. “Logistics”, as we understand it today, came into being during
World War I for military purposes, and was used to describe the manage-
ment of all kinds of supplies and resources.

According to the Council of Supply Chain Management Professionals
(CSCMP) [70], Logistics is the process of planning, implementing, and
controlling procedures for the efficient and effective transportation and
storage of goods, including services, and related information from the point
of origin to the point of consumption with the purpose of conforming to cus-
tomer requirements. This definition includes inbound, outbound, internal,
and external movements.

To provide an overview of the sector, we shall list some statistics con-
cerning transport and storage services in the European Union (EU). The
source is the European Commission of Mobility and Transport [22]. In gen-
eral, the transport and storage service sector amounts to over e548 billion
in Gross Value Added (GVA) at basic price, representing 4.8% of total GVA
of the EU in 2011.

The sector employs around 11.2 million people, which is roughly 5.0%
of the total workforce. Around 55% of them work in land transport (road,
rail and pipelines), 2% in water transport, 4% in air transport and 24% in
warehousing and supporting transport activities. The remaining 15% work
in postal and courier services.

In 2012, total transportation activities in the EU were estimated at 3768
billion tkm (tonnes per kilometer). This figure does not include activities
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between the EU and the rest of the world, only intra-EU. Road transport
accounted for 44.9% of the total, rail for 10.8%, inland waterways for 4%
and pipelines for 3%. Maritime transport intra-EU was the second most
important mode, with a share of 37.2%, while intra-EU air transport only
accounted for 0.1% of the total. Figure 1.1 shows the growth rate of logis-
tics in the EU of 28 countries, from 1995 until 2012, for goods, passengers
and Gross Domestic Product (GDP).

Figure 1.1. Annual growth rate in EU for passengers, goods, GDP 1995-
2012. Source: European commission of mobility and transport [22]

These statistics show the importance of the sector in the EU economy.

The mission of logistics is basically to get the right goods or services
to the right place, at the right time, and in the desired conditions, while
making the greatest contribution to the company, as Morabito et al. [66]
point out.

In the logistic process two kinds of movements, materials, and informa-
tion flow are involved, as can be seen in Figure 1.2. In the left-hand side
of the figure, we can follow the flow of goods. It starts when the suppliers
provide the raw materials to the productive system, then the products are
manufactured and stored in the warehouses until they are ordered by the
retailers, which sell the products to the final customers.
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Simultaneously with the goods flow, there is an information flow, but
in the reverse direction, as can be seen in the right-hand side of Figure
1.2. The retailers start the information flow when ordering the products.
According to the demand, the warehouses stock and deliver the products.
The manufacturing process adjusts production for supplying the demand
and the suppliers provide the raw materials necessary for production.

Figure 1.2. Material and information flow in logistics processes. Source:
Operations management [84]

All the information flow has to be managed by the company in an ef-
ficient way and it is here where operational research is at their service,
providing an optimization of the resources in each part of the logistic pro-
cess, as follows:

• Procurement. A plan has to be defined to decide the date and quantity
for supplying the raw materials when the production system needs
them, in order to obtain them in the right quantities and at the right
time.

• Production. In this process a master production schedule is neces-
sary to decide what to produce and with which resources at each
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period of the planning horizon, as well as a scheduling program to
assign tasks to machines.

• Storage. The products have to be stored according to the turnover.
High turnover products should be placed at easy access positions of
the warehouse in contrast with low turnover products. The distribution
of the products in the warehouse, the stock of the products, and the
picking and delivery process are some of the optimization problems
in a warehouse. From the warehouse to their final destination, the
products go through different processes. Some of these processes
are:

– Distribution. Several decisions have to be made: how to pack the
manufactured products, how to load the boxes on the different
means of transport, how to decrease the cost of transportation by
optimizing the routes.

– Retailers. They know what the consumers want and their requi-
sites. According to this information, the retailers plan the order
to the distribution center and stock the products, until they are
sold, like a small warehouse. For this reason they have the same
storage process problems, but on a smaller scale.

This Thesis is focused on the distribution processes, trying to optimize
solutions to some of the problems arising at this stage. The consequences
of optimization will be a boost in profits and a reduction in greenhouse gas
emissions. For these reasons, it is important to make an effort to improve
these processes as much as possible.

1.2 Distribution process

We focus now on the distribution and storage processes, describing them
and identifying which optimization problems appear and have to be solved.

According to the Council of Supply Chain Management Professionals
(CSCMP) [70], distribution is the set of activities associated with moving
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materials from source to destination. It can be associated with movements
from manufacturers or distribution centers to customers, retailers, or other
secondary warehousing/distribution points. The objective is to deliver the
product or service to its final consumer at the right moment and place.

In this process we can find many optimization problems and here we
wish to point out some of them to give an idea of how a distribution center
or warehouse is managed.

When we start up a distribution center, the first problem is where the
warehouse should be located. The problem is known as the “Facility lo-
cation problem”, a problem related to locating or positioning at least one
new facility among several existing facilities in order to optimize (minimize
or maximize) at least one objective function (such as cost, profit, revenue,
travel distance, service, waiting time, coverage, and market shares) [33].

Once the warehouse is located, the processes in the warehousing are
grouped into three classes, according to Hompel and Schmidt [50]: the
basic technical structure of the warehouse, the operational and organiza-
tional framework, and finally the coordination and controlling systems for
warehouse operations.

The basic technical structure involves the distribution of the warehouse,
the dimensions and the placement of the equipment, a problem known as
“layout design”. In this problem we have to decide where the conveyors,
shelves, and doors are placed. This is very important for further optimiza-
tion tasks because it has a significant impact on the order-picking, the task
of going around the warehouse picking the products to compose an order.

The operational and organizational framework combines different ar-
eas, e.g. business management, inventory management, organization
management, transportation management,.... All these processes belong
to areas described later in this section.

The coordination and controlling systems control and optimize the op-
erations in the warehouse. These operations involve the storage of goods,
the utilization of the workforce, and the management of the flow of people,
machines, tasks, and goods.
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The basic processes in a warehouse are receiving, storing, putting-
away, picking/retrieving, and shipping goods, as Karasek [55] points out.
The description of each task is as follows:

• Receiving. The task starts when the goods arrive. They have to be
unloaded, counted, identified, passed through a quality control, and
accepted.

• Storing. This task consists in distributing the goods to storage ar-
eas, assigning them to a storage bin according to the dimensions and
weight of the goods, and the distribution policy of the company. There
are two basic assignment strategies, the random strategy, which as-
signs a good to an arbitrary empty location, and the dedicated strat-
egy, which stores the good at a specific position. In order to decide the
best strategy the company can take into account the turnover of the
good, the stock, and the clustering of the goods in family groups, ac-
cording to the similarity between products or orders, or in class-based
storage, according to the frequency of the orders.

• Put-away is the process of determining the storage location. It is
very important for the information system to know which locations are
available, which is the location of a specific good, and where each
particular pallet is stored. This information is used for designing the
pick-list, the list each worker has for going around the warehouse
picking the goods required for an order.

• Picking or Retrieval. This task covers a lot of subtasks. Touring the
warehouse, searching for the goods, extracting them and taking them
to the output points. The picking can be homogeneous, when the
picker operates with a whole pallet or heterogeneous when the picker
collects a given quantity of each type of product. The planning of this
process is based on the orders and, according to the demand, a route
around the warehouse is configured in order to minimize the distance
walked or traveled by the picker.

• Consolidation. If an order is picked by more than one picker, this task
joins the goods collected by the pickers for completing the order.
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• Checking. This task checks if the order is complete and accurate.

• Packing. The goods are packed for transportation in the right package
according to the type of good and the means of transport.

• Shipping. This task consists in assigning packages to means of trans-
port, trucks or containers, according to the destination, to optimize the
load. This process involves several management tasks such as plan-
ning the delivery route of the trucks, the placement of the packages
into the trucks according to the delivery route, and the assignment of
goods to trucks or containers.

There are many optimization problems involved in these tasks or pro-
cesses. This Thesis is about the two last tasks, namely packing and ship-
ping. The context of the Thesis begins when the products are manufac-
tured or collected in the warehouse. The products have to be packed in
boxes or shippers. We use here the term “shipper” as a synonym of box
or container, as in Dowsland et al. [27]. The mission of the shippers is
the preservation of the product until it reaches final destination. The com-
pany has to take a decision about the size and type of shippers. The type
of shipper depends on the type of product, the itinerary, and the means
of transport. Important features are the form, the size, and the weight
because they have an impact on the cost and the quality of the transporta-
tion. For instance, a shipper cannot be too bulky and heavy because the
bulkier or heavier the shipper, the higher the transportation cost. More-
over, there are many types of shippers: cardboard boxes, pallets, sacks,
drums, etc. The company has to decide which type and size of shipper
is best for complying with customer specifications and for protecting the
products from damage. This is the first problem the Thesis deals with, and
is the focus of Chapter 2.

In the second part of the process, when the product is packed into ship-
pers, the company has to send the shippers to their final destination and,
depending on the destination area, they choose one means of transport
or another. The means of transport can be sea transportation, ground
transportation or air transportation, and each one has different features:
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• Sea transportation: the products are loaded into containers called
“dry containers”, which are made of either aluminium or steel. There
are many types of containers for different requirements. (See Figure
1.3 (a)).

• Air transportation: the products are loaded onto “Unit Load Devices”
(ULDs), which are pallets with the load held by a net, or in specific
containers for airplanes. (See figures 1.3(b) and (c)).

• Ground transportation: in this case, the products are distributed onto
pallets or in boxes that are placed into trucks. (See Figure 1.3 (d)).

(a) Dry Containers (b) ULD containers (c) ULD pallet (d) Truck

Figure 1.3. Types of containers

The products are exported directly by the manufacturing company or
can go through a distribution center. When the products have to be sent in
containers by sea to other continents, the shippers have to be packed into
the containers and the problem is how to load the shippers to maximize
the cargo in the container. This is the second problem we deal with, and
is the focus of Chapter 3.

Sometimes the retailer or customer is not far away. In this case the
product is delivered by truck. The shippers are placed onto pallets and
the pallets are loaded onto trucks. We deal with the optimization of these
problems in Chapter 4.

All the problems described in the Thesis, namely the choice of shipper
sizes, how to load a container or how to place shippers onto pallets and
pallets into trucks belong to a general type of problems known as pack-
ing problems. These problems deal with the optimization of the available
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space on the pallets, in containers, or trucks, trying to load as much cargo
as possible. Apart from maximizing the load, other relevant issues such
as the stability of the load, accessibility of the products in the unloading
task, or not exceeding the maximum weight should be taken into account
in order to produce useful loading plans.

Throughout this Thesis, packing problems related with the logistics pro-
cess in industry are covered, from manufactured products, which have to
be packed in boxes, up to their distribution in containers or on trucks. In all
of these processes, packing problems are present. In the next section we
describe these problems and their typology.

1.3 Cutting and packing problems

An informal definition of packing problems could be that they are a set of
problems about how to place items or products into boxes or containers,
in a way that maximizes the load. For cutting problems, a set of problems
which deal with how to cut big pieces or boards into small pieces in a way
that minimizes the waste.

Many Cutting and Packing problems appear in the logistic process, for
instance how to load items into boxes while maximizing the load, how to
distribute the load on a truck based on the delivery route, or how to allocate
the products to a container that have to be sent by sea to their destination,
satisfying constraints about the allocation of the products.

There is a large number of scientific studies (413 papers by 2005 [94])
dealing with various aspects of the problems in different disciplines such as
Management Science, Engineering Sciences, Computer Science, Mathe-
matics, as well as Operational Research. In fact, there is a group that
brings together all the community that deals with this kind of problems,
the Euro Special Interest group on Cutting and Packing (ESICUP). ES-
ICUP gathers practitioners, researchers and Operations Research edu-
cators with interests in the area of Cutting and Packing. The purpose of
ESICUP is to improve communication among individuals working in this
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field, as is stated on their web page [31]. The group has now around 500
members from all over the world.

The topic of Cutting and Packing problems, C&P in the following, is
characterized by the fact that all the problems have the same structure.
Let us illustrate the structure with two simple examples. The first one is
a problem of cutting tubes for making pipes. On the one hand, there is
unlimited stock of large tubes of fixed length that are used for producing
smaller tubes. On the other hand, there is a list of small tubes that have
to be cut from the large tubes. The stock of large objects and the list of
small tubes are the basic data of the problem. Combinations of the small
tubes create patterns that are assigned to large objects, with the objective
of optimizing a given criterion while satisfying some specific constraints.

The second example concerns a packing problem, specifically a con-
tainer loading problem. The basic data are, on the one hand, a stock of
large objects consisting of one or more containers and, on the other hand,
a set of small items that has to be packed into the containers, as can be
seen in Figure 1.4 (a) and (b). The problem deals with the geometrical
combination of small items to produce packing patterns which can be as-
signed to containers, producing solutions such as that in Figure 1.4 (c).

(a) Boxes (b) Container (c) Solution

Figure 1.4. Packing problem structure

The common structure of C&P problems is defined as follows:

1. The basic data, whose elements are the stock of large objects and
the list of small items.
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2. The patterns, that is, the combinations of the small items assigned to
large objects.

Dyckhoff [28] establishes the relation between cutting and packing as a
duality between raw material and space. The cutting problem can be seen
as the problem of packing the space occupied by the items into the space
of the large object. This is the reason why Cutting and Packing are con-
sidered just one type of optimization problems.

A formal definition was introduced by Wäscher et al. [94]. Cutting and
Packing problems have an identical structure that can be summarized as
follows. There are two sets of elements, “large objects”, the input data or
the stock, and the “small items”, the output or demand. These elements
are defined in one, two, three, or more dimensions. The problem consists
in selecting some or all the small items, grouping them into one or more
subsets and assigning each of the resulting subsets to one of the large
objects such that the geometric conditions holds, i.e, the small items of
each subset have to be laid out on the corresponding large object such
that all the small items of the subset lie entirely within the large object and
the small items do not overlap, and a given objective function is optimized.
A solution of the problem can contain some or all the large objects and
some or all the small objects.

As a consequence of this structure, there are five subproblems that
have to be solved simultaneously in order to achieve the “global” optimum:

• The choice of the large objects

• The choice of the small items

• The grouping of the small items into subsets to form patterns

• The allocation of the patterns to the large objects

• The arrangement of the small items on each of the selected large
object according to the geometrical constraints

In order to illustrate the five subproblems, we have selected a packing
problem, consisting in loading products into containers. We have small
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items, the boxes we want to load, and large objects, the containers. The
problem deals with loading all the boxes into the containers in a way that
minimizes the number of containers used. The five subproblems we have
to solve to achieve the “global” optimum are:

• The choice of the large objects, how many containers and of which
types, if there are containers of more than one type

• The choice of the small items, in this case all the boxes have to be
loaded

• The grouping of the boxes into subsets

• The allocation of the subsets to the containers

• The arrangement of the boxes in each container according to the ge-
ometrical constraints

This is an example of packing problems in the logistic context. We
have defined the small and the large objects, and the objective function in
the context of the problem. And then, the problem is solved by grouping,
allocating and arranging the items into the large objects. There are multiple
versions of a problem, such as how to load all the boxes into the minimum
number of containers or how to load the maximum number of boxes into
just one container or a fixed number of containers. For that reason, it is
necessary to have a classification or typology of the problems in the field
of Cutting and Packing. Recently, Wäscher et al. [94] have proposed a
typology that extends the classical typology of Dyckhoff [28].

The Wäscher et al. typology establishes the criteria for the definition of
the type of problem as follows:

• Dimensionality. It distinguishes between one-, two- or three-dimensional
problems

• Kind of assignment. Two situations are considered:

– Output maximization. A set of small items is assigned to a given
set of large objects. The set of large objects is not enough to
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accommodate all the small items and all the large objects have to
be used. In this case there is no selection problem of the large
object because all of them have to be used, and the objective is
to maximize the value of the small object assigned to them.

– Input minimization. A set of small items has to be assigned to
a set of large objects, but in this case the set of large objects is
enough to accommodate the small objects. All the small items
have to be assigned to a selection of the large objects with the
minimal value.

• Assortment of small items. Three cases can be distinguished:

– Identical small items. All the items are of the same shape and
size.

– Weakly heterogeneous assortment. The items can be grouped
into few classes, in each class the shape and size of the items
are identical.

– Strongly heterogeneous assortment. There are few items with the
same size and shape so each item can be treated as an individual
element.

• Assortment of large objects There are two cases:

– One large object. A single element with fixed dimensions or one
or more variable dimensions.

– Several large objects, with all dimensions fixed, where all the ob-
jects can be identical, weakly heterogeneous or strongly hetero-
geneous.

• Shape of small items. They can be regular like rectangles, circles,
boxes, cylinders, etc. or irregular.

The basic types of C&P problems are a combination of two criteria, type
of assignment and assortment of small items, as can be seen in Figure 1.5.
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Figure 1.5. Basic C&P problems. Source: Wäscher et al. [94]

For instance, the problem of loading a set of boxes into a container
can be classified as output maximization, because we have only one large
object, the container, and it is not enough to accommodate all the small
items. Therefore, we have to select a set of small items to maximize the
load in the container. The assortment of the large object is one with fixed
dimensions. In contrast, the assortment of the small items depends on the
variety of the dimensions of the boxes. If they are all identical, the problem
is an “Identical item packing problem”. If they are weakly heterogeneous,
the problems is a “Placement problem”, and if they are strongly heteroge-
neous, the problem is a “Knapsack problem”, as is the problem depicted
in Figure 1.4.

Another example is the problem of cutting boards of wood for manu-
facturing furniture. We have a set of large objects, the boards of wood,
and a list of small pieces that have to be cut to compose the furniture. In
this case it is an input minimization problem, because all the small pieces
have to be assigned to large objects, the boards, that are in a quantity that
is sufficient to supply all the demand for small pieces. The assortment of
the large object is several large objects with all dimensions fixed, identi-
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cal large objects, because the boards are of the same size. The assort-
ment of the small objects can be weakly heterogeneous if the pieces have
few different dimensions, and in this case the problem is a “Cutting stock
problem”, or it can be strongly heterogeneous if each piece has different
dimensions, and the problem is a “Bin packing problem”.

In the Thesis we have studied some Cutting and Packing problems in
the context of logistics, and classified according to the Wäscher et al. [94]
typology explained above.

1.4 Motivation

The purpose of this dissertation is to provide a contribution to cutting and
packing research through the analysis of real problems in the logistics field,
finding solutions that could be applied in the industry. We analyze the
process in which each problem appears and provide solutions according
to their specific characteristics.

As we mentioned above, the Thesis is focused on the storage and dis-
tribution processes, once the products are manufactured. The main ob-
jective of the dissertation is to optimize some processes in that stage, pro-
cesses that are related with the cutting and packing problems appearing in
the distribution centers or warehouses. Our contribution is to provide bet-
ter solutions, improving the way in which the problems are currently being
solved.

In addition to this, other objectives we set out to achieve are:

• To analyze the practical or real problems the industry has. The distri-
bution sector deals with many optimization problems. What we wish
to do is to identify and analyze these problems and to include their
specific requirements in our research.

• To study non-standard constraints of the problems that are required
by the industry. As a consequence of the industrial problems analysis,
new requirements and constraints will be added to our research.
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• To design and develop efficient algorithms based on metaheuristic
and exact techniques, for solving cutting and packing problems in the
logistic sector. Our contribution is to design algorithms for optimizing
the process, or at least for solving them in a more efficient way.

• To apply the algorithms designed to instances provided by the com-
panies involved in the sector, in order to check wether the solutions
are satisfactory and can be used in practice.

1.5 Thesis structure

This Thesis is organized in five chapters as follows.

Chapter 1 gives a brief introduction to the Thesis, putting it in context,
introducing the logistic process and the problems appearing in this field,
and the cutting and packing problems, focusing on the problems of the
distribution centers and warehouses.

The first problem that we solve starts when the products are manufac-
tured. The manufacturing company has to decide how to pack the prod-
ucts, in which package of which size. In Chapter 2 we deal with the prob-
lem of determining the best package sizes for containing the manufactured
products in order to supply all the demands. This chapter includes the de-
scription of the problem, which is a real problem of a Spanish distribution
center, the literature review, the approach we have followed, and the re-
sults and conclusions.

Once the product is packed, it has to be sent to the customer. The dis-
tribution centers collect all the products for the same destination and send
them together using a means of transport according to the destination dis-
tance. In Chapter 3 we study the problem of the distribution center in which
boxes of multiple products have to be sent to the final customer by sea us-
ing containers. This is the well-known container loading problem, in which
our contribution is a metaheuristic approach for the problem that involves
constraints related with the load-bearing strength of the boxes. A descrip-
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tion of the problem, the literature review, and the proposed algorithm are
included in this chapter.

Sometimes the transportation to the customers can be performed by
trucks. In some cases these products are first put onto pallets to facili-
tate the loading and unloading operations and then pallets are placed into
trucks to be sent to each destination. Chapter 4 covers the problem of
sending goods by truck, studying it from different approaches and apply-
ing models and metaheuristic algorithms for solving it. In this chapter we
describe the problem of a distribution company, which has motivated our
research, and show the results obtained.

Finally, Chapter 5 summarizes the main conclusions, contributions, and
future work of this Thesis.

In Figure 1.6 we graphically show the chapter distribution of the Thesis.

Figure 1.6. Overview of the Thesis structure



Chapter 2

The problem of packing
products into shippers

2.1 Introduction

In this chapter we consider the logistic process which involves a distribu-
tion center and a set of retailers. The distribution center receives, clas-
sifies, and stores large quantities of many products. These products are
then distributed to retail shops. Each week each shop sends an order to
the distribution center consisting of a list of products with their required
quantities. The products to be sent to each shop are then retrieved from
the warehouse and packed together using an appropriate package. A
package is a bounded material object designed to contain temporarily the
products during their manipulation, storage and transportation. The pack-
age is usually a box, which is made of cardboard, wood, or metal, and can
be adapted to all means of transport. Moreover, it is homogeneous and
stable and can be made in different shapes and sizes.

The election of the package is very important because it protects the
products inside, preventing damage. As a result, this election determines
the quality and the cost of transportation, having a direct influence on the
total cost of the products. Obviously, it cannot be heavy and bulky be-
cause it would be difficult to handle and that increases the transportation

19
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cost. For that reason, the companies have to study the dimensions of the
packages they use, trying to send the packages as full as possible.

In this chapter, the packages will be called shippers, as in Dowsland
et al. [27], to distinguish them from the boxes used to pack each item
of a product. When designing the shippers, certain aspects have to be
considered:

• Product features, volume, weight, type

• Life cycle of the distribution, itinerary, means of transport, handling

• Demand for the products

• Cost of the packing material

The distribution center faces two related problems: first, how many dif-
ferent shipper types to keep in store, and second, what the dimensions of
these shipper types should be in order to minimize the total transportation
cost of the shippers required to supply all the shop orders. The first ques-
tion is clearly open to a trade-off. On the one hand, having many shipper
types at hand increases the efficiency of packing and thus reduces trans-
portation costs. On the other hand, a greater variety of shipper types
results in an increase in shipper locations within the warehouse and an
increase in costs, because ordering different shipper sizes in small quan-
tities is more costly than ordering a few different sizes in large quantities.
Determining the right number of shipper types is a difficult task because
many different factors have to be taken into account. Therefore, the distri-
bution company prefers not to fix this number beforehand, but to be offered
several solutions for different numbers of shipper types. We consider this
number as a parameter provided by the user when he/she calls the pro-
gram. In our experimental results, we will report results for four alterna-
tives, ranging from one to four shipper types, though the proposal could
easily be extended to larger numbers of shipper types. In Figure 2.1 sev-
eral different types of shippers are shown.

Once the number of shipper types has been set, the problem is to deter-
mine the dimensions of each of the shipper types kept at the warehouse in
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Figure 2.1. Different types of shippers

order to minimize the total transportation cost of sending all the products to
the clients. This problem is the object of this chapter. We have to combine
two kinds of data. First, the possible shipper dimensions. The company
does not need to choose among a set of predetermined sizes. As retail-
ers order in large quantities, the company can decide the dimensions of
each shipper type in centimeters. To facilitate the handling of shippers, the
company imposes some conditions on the shippers’ size and shape, limit-
ing the number of possibilities. These conditions will be described in detail
in Section 2.3, but even with these reductions the set of potential sizes can
be very large.

The second type of data corresponds to the retail shop orders. As we
are only concerned with packing, we group the products into sets defined
by their dimensions. Several products with the same dimensions are con-
sidered as the same product for packing purposes. In the remainder of
the chapter, we will use the term product to refer to product groups. The
type and number of products ordered by each shop each week depend on
customer behaviour, which cannot be predicted exactly. The company, on
the basis of historical data and demand forecasts, provides the information
about the weekly shop orders in the form of two probability distributions,
one of the number of items each order will contain and the other of what
percentage of each product the order will consist of. They are confident
that the orders will follow these probability distributions week by week dur-
ing a given season.
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The approach we follow to solve this problem is to determine the shipper
sizes that best fit a representative sample of the potential orders, gener-
ated as a random sample from the given probability distributions. Once the
sample has been generated, the problem involves determining the set of
shipper sizes, among those satisfying the company’s conditions, that will
accommodate a given set of orders so as to minimize the transportation
cost.

We have developed an integer linear model for this problem, extend-
ing the cutting stock problem proposed by Beasley [8], and we have also
studied several relaxations that produce lower bounds. As the model in-
volves a very large set of variables, we have designed several reduction
procedures that produce reduced instances that can be efficiently solved.
The optimality of the solution is no longer guaranteed, but we obtain good
quality solutions in reasonable times. Furthermore, these solutions can be
improved by using some metaheuristic algorithms we have adapted from
related packing problems. In the final step, the solution obtained using the
sample is tested on larger samples, which can be considered representa-
tive of the whole population of orders, to assess the expected performance
of the solution when dealing with future orders.

The study of this problem has been motivated by a distribution center in
Spain. This center has provided us with their data, which will be used for
the computational study. Nevertheless, the problem is common to many
distribution centers that face the same, or very similar, challenges.

2.2 Literature review

In the Cutting and Packing literature, a closely related problem to that be-
ing considered in this work is the assortment problem which is encoun-
tered in industries concerned with the cutting of large rectangular items,
as they face the problem of choosing the best stock rectangles for meeting
customer requiremens. Pentico [76] in his survey defines the assortment
problem as the election of : ”’the set of sizes or qualities of some product
that should be stocked when it is not possible or desirable to stock all of
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them and substitution in one direction (larger for smaller or higher-quality
for lower-quality) is possible at some cost.”’.

Chambers and Dyson [19] propose one of the earliest of such ap-
proaches. First, a cutting-stock problem with all possible resource types
is solved. If the solution uses a number of sizes which is lower than or
equal to the limit, the process finishes. Otherwise, the size with the best
estimation over the total cost is eliminated from the solution. The proce-
dure continues until only p stock sizes remain. Beasley [8] proposes a
greedy procedure for generating two-dimensional cutting patterns, a linear
program for choosing the cutting patterns to use, and an interchange pro-
cedure to decide the best subset of stock rectangles to cut. Gemmill and
Sanders [41, 42] first propose a Monte Carlo method and then other simu-
lation techniques in order to select a set of p good stock sizes. Gemmill [40]
develops a genetic algorithm to solve the problem for the one-dimensional
case.

Agrawal [1] proposes a method developed for an automobile press shop
to determine stock-sheet sizes to minimize total trim loss. The shop stocks
sheets of a limited number of sizes and uses them to manufacture a num-
ber of parts. In this problem only one type of product can be cut from
each stock size. Theoretically, there is an infinite number of sheet sizes to
choose from, since the sheet dimension is a continuous variable. Agrawal
uses efficient partitions to reduce the number of stock sizes. In his case
the set is not too big because only one piece can fit into one sheet size.
Holthaus [48, 49] works on a similar problem to ours but for the one-
dimensional case. He considers a real-world cutting problem arising from
caravan manufacturing companies in which he has to minimize the total
cost of the stock material needed for cutting the smaller sizes in a yearly
production plan. The best combination of stock sizes to keep in inventory
has to be selected and for each caravan model the cutting patterns have
to be determined. Holthaus presents a methodology for simultaneously
solving the stock size selection problem and a series of cutting pattern
selection problems, a methodology, which is based on an enumeration
scheme for the possible combinations of different stock sizes. The main
difference with respect to our problem is that in ours the number of possi-
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ble stock sizes has to be computed and it is huge compared with the set
in his problem.

Arbib and Marinelli [5] propose a heuristic algorithm called the p-median
size selection procedure for an application in the glass industry. They have
to solve the stock size for quantities of a product, but each stock size can
only be cut by guillotine cuts to obtain only one type of product. Arbib
and Marinelli [6] also develop a branch and price algorithm for a class of
assortment problems. They propose an exact algorithm for the case with
one product type per resource unit. Both papers take into account the two-
dimensional case. Dowsland et al. [27] also address a two-dimensional
case with the condition that every shipper contains only one product. As
the set of possible sizes is very large, some reduction procedures based
on properties of the physical problem are introduced and incorporated into
a hyperheuristic-driven simulated annealing solution approach.

Another algorithm designed to obtain the number and types of stock
sizes during a planning period, but in the one-dimensional case, is that of
Kasimbeyli et al. [56]. This algorithm considers a one-dimensional cut-
ting problem and the authors propose a heuristic algorithm for solving the
mathematical model. In this case the set of possible roll sizes which are
available for the producer is known.

The problem of the Spanish distribution center has some differences
with respect to other assortment problems found in the literature. On the
one hand, the demand is not known in advance and, on the other hand,
the shippers to be sent to clients may contain several different products.

2.3 Problem formulation

In this Section we will describe the elements of the problem in more de-
tail and formulate an integer linear model. The company receives a set
of I different product types. The products are packed into the shippers
in one single layer with one particular dimension always placed vertically.
The condition of fixing the vertical dimension is similar to the “this side
up” constraint that appears very frequently when dealing with fragile ob-
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Figure 2.2. Two types of standard shippers sizes

jects. In this case, the constraint is due to the fact that the products have
a bar code in this position that has to be read when opening the lid of
the shipper, without taking the products out. This reduces the original
three-dimensional problem to a two-dimensional one. Therefore, for each
product, i, i = 1, . . . I, its length, li, and width, wi, are known and inte-
gers, given in centimeters. The products can be rotated. We assume that
the composition of a set of weekly orders is known. For each order k,
k = 1 . . . K, the number of units of product i in the order k is denoted by
bik.

The dimensions of the possible shipper types are denoted by Lj, Wj,
j = 1, . . . J . The third dimension, H, is fixed for all shipper types and
all products. The transportation cost of shipper type j is denoted as Cj.
Initially, Lj and Wj may take any positive value in centimeters, but there
are several considerations which reduce the sets of possible values. For
handling reasons, the user can impose certain lower and upper limits on
the relation between dimensions. For instance, 1 ≤ Lj/Wj ≤ 6, ∀j =

1, . . . , J , to avoid shippers being too long and narrow. There can also be
lower and upper limits on the volume of the shippers or on the number of
products the shippers can accommodate. For example, 4 ≤ LjWjH

li1wi1
H
≤ 12,

where product i1 is the product with the largest volume that can fit into
shipper box j, limits the number of products per shipper to between 4 and
12.
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We can also reduce the possible set of shippers by taking symmetry into
account. If we have a two-dimensional problem in which all the products
can be rotated, shipper (Lj,Wj, H) is the same as (Wj, Lj, H). Therefore,
we only have to consider shippers with Wj ≤ Lj. Finally, we can observe
that there is no point in using a shipper with any dimension that is not
a linear combination of the dimensions of the products which could be
packed into it. If we used such a shipper and obtained a feasible solution,
we could check if the solution is a linear combination of products, 2.1 and
2.2, if not, the dimensions can be reduced accordingly, as in Figure 2.2.
Therefore, the only values for dimensions L and W will be the sets:

L = {
I∑
i=1

k1i ∗ li + k2i ∗ wi| 0 ≤ k1i ≤ bik; 0 ≤ k2i ≤ bik; k1i, k2i ∈ N} (2.1)

W = {
I∑
i=1

k1i ∗ li + k2i ∗ wi| 0 ≤ k1i ≤ bik; 0 ≤ k2i ≤ bik; k1i, k2i ∈ N} (2.2)

Even with these reductions, the number of possible shippers is very
high. For instance, with 7 products, 20 orders and the above-mentioned
constraints on dimensions and volume, we can have more than 10,000
possible shipper types.

The objective, for a given integer p, is to find a set of p shipper types
from among a set of possible shipper types j, j = 1, . . . J , to be used
for sending all the products over a series of weeks, such that the total
cost of transportation is minimized. We can use as many copies of each
shipper type as we need in order to pack the products in each order. Each
individual shipper can be filled with different products. According to the
Wäscher [94] typology, the problem can be considered as an MBSBPP
(Multiple Bin-Size Bin Packing Problem) with a huge set of available bin
sizes.

In order to develop an integer linear model for the problem, we take the
cutting patterns model proposed by Beasley [8] as the starting point. He
had to solve an assortment problem in which a subset of p two-dimensional
stock sizes had to be selected from among a set n available sizes, in order
to pack m different piece types, with known dimensions and demands. His
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approach associates with each possible cutting pattern l involving size j

a variable xjl that counts the number of times this pattern l is used in the
solution, and defining variables yj to indicate whether size j is part of the
solution.

Our model is an extension of Beasley’s model. The set of demands in
his cutting problem can be considered as one order in our problem, and
we have to extend the model to cope with k orders. Let Pjk be the set of all
packing patterns for products of the order k in shipper type j and let dijkl
be the number of products of type i that appear in the lth packing pattern
of the order k in shipper type j.

We define the following variables:

xjkl= number of times pattern l of shipper j is used for order k.

yj= 1, if shipper j is used; 0, otherwise.

The formulation of the model is:

Min
J∑
j=1

Cj

K∑
k=1

|Pjk|∑
l=1

xjlk (2.3)

subject to :

J∑
j=1

|Pjk|∑
l=1

dijklxjkl ≥ bik i = 1, . . . , I; k = 1, . . . , K (2.4)

K∑
k=1

|Pjk|∑
l=1

xjkl ≤Myj j = 1, . . . , J (2.5)

K∑
k=1

|Pjk|∑
l=1

xjkl ≥ yj j = 1, . . . , J (2.6)

J∑
j=1

yj ≤ p (2.7)

xjkl ≥ 0, integer j = 1, .., J ; k = 1, .., K; l = 1, .., |Pjk| (2.8)

yj ∈ {0, 1} j = 1, . . . , J (2.9)
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where M is a large positive constant, for instance, M =
∑I

i=1

∑K
k=1 bik.

We can adjust the value M for this formulation by using for each j a value
Mj =

∑
kMjk, where Mjk is an upper bound on the number of type j ship-

pers necessary to pack all the boxes of the order k. Mjk can be obtained
with a heuristic for the bin packing problem ( [73]) in which we have a bin
with the dimensions of shipper type j and the set of products for order k.

For each packing order k, constraint set (2.4) ensures that the demand
for any product i needed for any order k is met. If any packing pattern
is used for a shipper of type j, constraint set (2.5) forces yj = 1. If no
cutting pattern is used for a shipper type j, then the left-hand sides of
the corresponding two inequalities in constraint sets (2.5) and (2.6) are
zero, and therefore constraint set (2.6) forces yj = 0. Constraint (2.7)
guarantees that at most p different types of standard lengths, equation
(2.1) and (2.2), are used. Finally, the integrality constraints are modelled
in expressions (2.8) and (2.9).

The difficulty with this formulation is that the set of possible packing pat-
terns Pjk for any stock rectangle j can be very large and so the assortment
problem as formulated above is a very large integer program. In this type
of problem, a frequently used procedure is that of column generation, in
which, starting from the master problem with a reduced set of patterns, a
series of subproblems are solved, producing new patterns whose incorpo-
ration into in the master problem progressively improves the linear solution.
Recent studies by Pisinger [79], on the Multiple Bin-Size Bin Packing Prob-
lem, and by Furini et al. [37], on the Cutting Stock Problem with multiple
stock sizes, are good illustrations of the advantages and difficulties of this
method.

In our case, we would start with a reduced set J ′ of shipper sizes and
for each j ∈ J ′, and each order k, a reduced set of patterns L′jk. The main
difficulty would be to solve the subproblems. There would be one for each
possible shipper size j and each order k, and we would have to solve a 2D
Knapsack Problem, which is NP-hard. We have addressed this problem in
a previous study (Alvarez-Valdés et al. [2]), and Pisinger and Sigurd [79]
and Furini et al. [37] also propose some procedures to deal with it, but in
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all these cases there are a small number of large objects (stock sheets,
shippers) and just one order to be served.

Therefore, we follow a different strategy. In Section 2.5 we describe
several ways of selecting a set of shipper sizes and, for each of them and
each order, several procedures to determine an efficient set of patterns.
Using only the variables corresponding to these elements, the model can
be used to obtain a feasible solution.

The objective function defined in the model is the total cost of the ship-
pers used. A simplification could consider this cost equal to the volume of
the shipper, which would be appropriate in some cases, but if the trans-
portation is undertaken by an external carrier, the costs usually take into
account the weight and the shape of the shippers. Therefore, assigning a
value Cj to each shipper type j is more general and can be applied to any
situation. Another alternative could have been to include the number of
shipper types in the objective function, with a fixed cost Fj associated with
the use of each shipper type j. Then, we could have solved the model with
this objective function:

∑J
j=1 Fjyj +

∑J
j=1

∑K
k=1

∑|Pjk|
l=1 xjlk. However, in our

experience the user prefers to consider each number of shipper types sep-
arately. It is difficult to assign a cost to the use of an extra type of shipper
because of the many factors involved.

2.4 Lower bounds

A first lower bound for the problem is the trivial lower bound based on the
total volume of the products. Let V =

∑I
i=1

∑K
k=1 vibik, where vi = li∗wi∗H

is the volume of product i. Then

LB0 =
C∗

V ∗
V (2.10)

where C∗ and V ∗ correspond to the shipper type with the lowest cost/vol-
ume ratio, is a valid lower bound for the original problem.
We can obtain better bounds by formulating and solving relaxations of the
original problem.
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2.4.1 Bound based on a multi-knapsack problem

A first relaxation of the original problem consists of a model that can be
seen as a multi-knapsack problem. We define a variable:

yjk = number of shippers j used for order k

and denote by Vj the volume of shipper j, and by Vpk =
∑I

i=1 vibik the
total volume of the products in order k.

Then the integer linear problem we have to solve is the following:

Min
J∑
j=1

Cj

k∑
k=1

yjk (2.11)

subject to
J∑
j=1

Vjyjk ≥ Vpk k = 1, . . . , K (2.12)

yjk ≥ 0, integer, j = 1, .., J ; k = 1, .., K (2.13)

We only have the set of constraints (2.12) forcing us to choose enough
shippers to cover the total volume of each order.

This bound can be improved if, instead of using Vj, we use Vjk, the
maximum volume of the shipper j that can be used for the order k. For
each j and k, this value can be obtained by solving the knapsack model:

Max Vjk =
I∑
i=1

Vixik (2.14)

subject to
I∑
i=1

vixik ≤ Vj (2.15)

bik ≥ xik ≥ 0, integer, i = 1, .., I; k = 1, .., K(2.16)

where variables xik correspond to the number of products i in the order
k packed into the same shipper.

We denote by LB1 the bound obtained by solving the model (2.11-2.13)
when in expression (2.12) the coefficients are taken from the optimal solu-
tion of model (2.14-2.16).
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2.4.2 Imposing the maximum number of shipper sizes

In the previous relaxation we have not taken into account the maximum
number of shippers to be used. In the following formulation we include this
constraint. In order to do so, we add variables yj = 1, if a shipper of size j
is used; 0, otherwise.

Min
J∑
j=1

Cj

k∑
k=1

yjk (2.17)

subject to :
J∑
j=1

Vjkyjk ≥ Vpk k = 1, . . . , K (2.18)

K∑
k=1

yjk ≤Myj j = 1, . . . , J (2.19)

J∑
j=1

yj ≤ p (2.20)

yjk ≥ 0, integer, j = 1, .., J ; k = 1, .., K (2.21)

yj ∈ {0, 1} j = 1, . . . , J ; (2.22)

This model includes the set of constraints (2.20) which force us to use
a maximum of p shipper boxes. Constraints (2.19) link the two sets of
variables. The optimal solution of this model is denoted as LB2. The linear
relaxation of the model is also a valid lower bound, denoted as LB3.

2.4.3 A model based on the p-median and the facility lo-
cation models

Some features of the problem to be solved resemble the p-median prob-
lem ( [83]), while some others make it also similar to the capacitate facility
location problem ( [23], [91]). Therefore, bearing in mind both the clas-
sical models, we have developed a specific integer linear model that is a
relaxation of the problem being considered.
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Let qk =
∑I

i=1 bik be the total number of products for order k, and let M
be a large positive constant, e.g., M =

∑I
i=1

∑K
k=1 bik.

We define the following variables:

xijlk= number of products i of order k allocated to copy l of shipper j

yj= 1, if shipper j is used; 0, otherwise.

yjlk= 1, if copy l of the shipper j is used for order k; 0, otherwise.

The formulation is:

Min
J∑
j=1

Cj

K∑
k=1

qk∑
l=1

yjlk (2.23)

subject to :
J∑
j=1

qk∑
l=1

xijlk ≥ bik i = 1, .., I; k = 1, .., K (2.24)

I∑
i=1

vixijlk ≤ Vjyjlk j = 1, .., J ; l = 1, .., qk; k = 1, .., K (2.25)

qk∑
l=1

K∑
k=1

yjlk ≤Myj j = 1, .., J (2.26)

J∑
j=1

yj ≤ p (2.27)

xijlk ≥ 0, integer ∀i, j, l, k (2.28)

yjlk, yj ∈ {0, 1} ∀j, l, k (2.29)

Constraint set (2.24) ensures that the demand for any product i in any
order k has to be met. Constraint set (2.25) ensures that the volume of
the products packed into copy l of shipper j cannot exceed the volume
Vj of this shipper. If any product is assigned to a shipper of type j, then
constraint set (2.26) forces yj = 1. The last equation (2.27) ensures that
we can use at most p shipper types.

This formulation is a relaxation of the original problem because we only
take into account the volume of the products, not their geometry, so it
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really is the one-dimensional relaxation of the original problem. However,
this relaxed problem may involve a huge number of binary and integer
decision variables, which causes difficulties in the solution process.

In order to enhance the previous formulation, we include some new
constraints. First, we can add upper bounds on variables xijlk, considering
the maximum number of products i that can fit into a shipper box j, which
can be done using simple upper bounds from the pallet loading problem.
We have used the upper bounds proposed by Barnes [7].

Second, we can add a set of constraints to this formulation:

I∑
i=1

vixijl−1k ≤
I∑
i=1

vixijlk ∀j, k, l = 1, .., qj (2.30)

thus forcing the different copies of each shipper type to be used in non-
decreasing order of occupied volume.

Finally, we have used Dual Feasible Functions ( [34]) and Data-Dependent
Dual Feasible Functions ( [17]). These functions modify the dimensions of
the pieces and these modified dimensions can be used to generate new
volume constraints (2.25). We include a new constraint if the modified
volume of at least one piece is greater than its original volume.

The solution of this model, including the three enhancements, is a lower
bound denoted as LB4.

2.5 Obtaining feasible solutions

In order to obtain feasible solutions we use the model described in Section
2.3. As this model involves a huge number of variables and cannot be
solved by directly using an integer linear programming code, we follow a
procedure which is performed in two phases. First, we solve the model us-
ing only a selected subset of shipper types and cutting patterns, and sec-
ond, we improve the solution obtained by applying several improvement
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strategies. In this section we describe some ways of selecting the shipper
types and in Section 2.6 we describe the improvement procedures.

In Subsection 2.5.1 we build a reduced number of patterns for each
shipper type by using several constructive algorithms. In Subsection 2.5.2
we initially consider all possible shipper types and then apply some reduc-
tion strategies to obtain a subset of manageable size.

2.5.1 Generating packing patterns

It is usually not possible to generate the complete set of patterns for each
order k and each shipper type j in a given instance, so we have to generate
a subset of patterns heuristically. We have to achieve a balance between
the number of patterns generated and the quality of the patterns. If we use
very few patterns, the model is easy to solve but the solution can be very
poor. If we include an extensive set of patterns, the model is very difficult
to solve.

To generate the patterns we use well-known algorithms for the container
loading problem and the bin packing problem.

• For each product i we generate a pattern by packing as many items
of i as possible and filling the remaining space with other products.
This produces I packing patterns.

• We generate another pattern using the constructive heuristic for the
container loading problem by Parreño et al. [73] with all the products.

• We generate further I patterns using again the constructive heuristic
by Parreño et al. [73] for the container loading problem with all the
products except one product in turn.

• We use the constructive algorithm for the bin packing problem by
Parreño et al. [75]. This algorithm can generate several patterns,
one for each bin (nbins).
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Using these procedures we generate at most 2 ∗ I + 1 + nbins. In the
formulation we will only include non-dominated patterns for each shipper
type and each order.

2.5.2 Reducing the set of possible shipper types

We consider several ways of choosing a subset of shippers. Let us sup-
pose that we have the set of possible shippers ordered by non-decreasing
volume.

• Selecting a representative set

If we want to select a given percentage δ of shipper types approxi-
mately, we take the first one from the list, with volume V1. Then we go
through the list and take the first shipper type whose volume is greater
than (1 + δ/100)V1 or that does not include the previously selected
shipper type. The newly selected shipper type is now the reference
and the process is repeated until all the elements on the list have been
considered. For instance if δ = 25%, L = W = {10, 11, 12, 14} and
H = 10, the first shipper type in the ordered list would be (10, 10, 10),
with V1 = 1000. It would be chosen and taken as a reference. The next
element chosen would be (12, 11, 10), because its volume exceeds V1
by more than 125%. Taking (12, 11, 10) as the new reference, the ship-
per type (11, 12, 10) would be chosen next because it is not included
in the previously selected one.

• Selecting shipper types with low waste

In Section 2.4.1 we calculated Vjk as the maximum volume that order
k can use from shipper type j. We define V max

j = maxk{Vjk} as the
maximum volume of shipper type j that can be occupied by any order.
We select only shipper types j for which

(Vj − V max
j )/Vj ≤ λ (2.31)
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that is, those shipper types for which there is at least one order that
could fill at least 100(1 − λ)% of its volume. The lower the value of λ,
the stricter the selection.

• Selecting shipper types with high occupancy

In the previous subsection we generated several patterns for each
order k and each shipper type j. We define Hmax

j as the maximum
volume that can be occupied with any of the patterns generated for
this shipper type j. Then, we select only those shipper types for which
Hmax
j /Vj ≥ β. In this case, the greater the value of β, the fewer the

shipper types selected.

With the packing patterns generated in Section 2.5.1 and the subset of
shippers selected using one of the alternatives described, we can solve the
model of Section 2.3 and obtain a feasible solution for the original problem.
The feasible solution gives us information about the p shipper types chosen
and also about the way in which the products in each order k are packed
into these shippers, using some of the packing patterns included in the
formulation.

2.6 Improving the feasible solution

Solving the model presented in Section 2.3 with a subset of shipper types
and a subset of packing patterns for each order and each shipper type
does not guarantee optimality. Therefore, we try to improve the solution
by adding new packing patterns or by modifying the subset of shippers. In
this section we describe several improvement procedures.

2.6.1 Reducing the size of the shipper types chosen

The first improvement method consists of reducing some of the dimen-
sions of the selected shipper types. As we only use a subset of the pos-
sible shipper types, it may be that a shipper type is not filled completely in
each dimension by any of the orders using it. We consider each shipper
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type in turn and for each dimension we check whether this dimension is
completely filled by at least one order every time this shipper type is used.
If this is not the case, we can reduce this dimension of the shipper type by
up to the maximum length attained in this dimension by the packings using
this shipper type.

This improvement is based on the assumption that smaller shippers will
usually have lower costs. If the cost structure does not run parallel to the
volume, the decrease in cost has to be checked before accepting a change
in shipper size.

2.6.2 Using an algorithm for the Multiple Bin-Size Bin
Packing Problem

In the second procedure, instead of changing the dimensions of the ship-
per types, we try to improve the way in which these shipper types are used
for packing the orders. As we only use certain packing patterns to obtain
the solution, it is sometimes possible to find a better combination of the
selected shipper types for packing the products of a particular order. We
use the GRASP/PR algorithm proposed by Alvarez-Valdes et al. [3] for the
Multiple Bin-Size Bin Packing Problem (GP MBP).

For each order, the input consists of the products in that order and the
set of shipper types obtained in the feasible solution. We run the GP MBP
algorithm with a maximum number of 500 iterations. Sometimes the solu-
tion obtained by this algorithm reduces the number of shippers used by an
order or at least reduces the use of larger and more expensive shippers,
replacing them with smaller and less expensive shippers.

2.6.3 Partial substitution of the shipper types selected

Another strategy for improving solutions consists of using the cutting pat-
tern model proposed in Section 2.3, but in this case as a subproblem with
fewer products and a different set of possible shippers.
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Once we have obtained a solution with the model, this is the optimal
solution for the set of possible shipper types included in the model. But if
we had a different set of possible shipper types, maybe we could obtain
a different solution. We try to explore this idea. If the maximum number
of shipper types p is equal to one, we solve the model again but with a
different set of shipper types.
When p is greater than one, we substitute only one of the shipper types
in the solution. We define a subproblem in which we have to choose only
one shipper type to substitute for the one which has been removed. The
products to be packed are those which were packed into this shipper type.

The set of possible shipper types is built again, considering only integer
linear combinations of the dimensions of the products being packed. If this
set is not too large, less than 400, for example, we use the whole set. If
it is larger, we reduce its size by using some of the procedures described
in Section 2.5.2. When solving this new and reduced model, we have un
upper bound on its cost obtained from the previous feasible solution and
we only look for a solution with a lower cost. If that does not exist, the
integer linear code is very efficient at identifying impossible problems.

This strategy is used by taking each shipper type in the solution in turn
and solving the corresponding subproblem. Every time the solution is im-
proved, all the other shipper types are considered again for further im-
provements.

2.7 Experimental results

In this section we present the results of the computational experiments.
The procedures were coded in C++ and run on an Intel Core 2Duo CPU,
E7500 at 2.93 GHz, with 4 Gb of RAM. We used CPLEX 12.2 to solve
the linear and integer models. We set a computational time limit of 600
seconds for each model. The GRASP algorithm runs 500 iterations or for
a maximum time limit of 15 seconds.
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2.7.1 Instances

The company tries to decide the size of the shippers that will be most suit-
able for future orders in order to procure the corresponding sizes from a
cardboard manufacturer. Using their historical data and demand forecasts,
they are able to provide a distribution of the expected percentages for each
type of product.
They can also determine a probability distribution of the number of prod-
ucts comprising an order from the retail shops, which in this case is a
uniform distribution between 5 and 20.
As their products are subject to highly seasonal demand, both distribu-
tions are different for each season. The products being distributed can
be grouped according to their dimensions. In this problem the number of
product groups ranges from 3 to 7.

We solve the company’s problem in two phases. First, for each possible
number of products we use both probability distributions and generate a
random sample of 20 orders. We solve the problem for these 20 orders us-
ing the procedures described in the previous sections. Then, in a second
phase, we apply the solution obtained to a larger sample of 200 orders,
to assess the performance of the selected shippers on a large sample of
future orders.

As explained in Section 2.3 , the company imposes a “this side up”
condition to access the bar codes of the products by just lifting the lid of
the shippers, without taking the products out. This reduces the original
three-dimensional problem to a two-dimensional one. Also, the company
imposes a minimum number of 4 products per shipper and a maximum
number of 12.

In these computational experiments, the cost of each shipper is equal
to its volume. That is a simplification of the transportation cost, but the
company was not able to provide other costs for the shippers involved in
the problem. As the total volume of the products to be distributed is known,
minimizing the cost is equivalent to minimizing the waste, that is, the dif-
ference between the total volume of the shippers used and the volume of
the products sent to the clients.
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2.7.2 Solving the problem defined by the sample of or-
ders

In this section we show the results obtained by applying the procedures in
Sections 2.4, 2.5 and 2.6 to samples of 20 orders. To assess the effect
of the number of orders on the quality of the results, partial results for
samples of 1, 5, 10 and 15 orders are also shown in some cases.

Lower bounds

In order to obtain valid lower bounds, all the possible shipper sizes must
be taken into account when solving the models in Section 2.4. Table 2.1
shows the average percentage deviation from the best-known solution for
each instance of each of the lower bounds described in Section 2.4. LB0

is the bound based on the total volume of the products. LB1 corresponds
to the improved multiknapsack model in Section 2.4.1. LB2 corresponds
to the model in Section 2.4.2 in which the limit on the number of shipper
sizes is added. LB3 is the linear relaxation of the model in Section 2.4.2,
with all the variables being real. Finally, LB4 corresponds to the model
described in Section 2.4.3. As this model requires long computing times,
in addition to a 600-second run we have included a second run with a time
limit of 3000 seconds.

Products LB0 LB1 LB2 LB3 LB4(600) LB4(3000)

3 4.95 4.95 3.71 4.95 4.50 3.98
4 5.97 5.97 5.46 5.97 – –
5 3.80 3.80 3.80 3.80 – –
6 3.43 3.43 3.43 3.43 – –
7 4.18 4.18 4.18 4.18 – –

Overall 4.46 4.46 4.12 4.46 – –

Table 2.1. Average percentage deviation from the best known solution for
each lower bound
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In Table 2.1 the symbol “–” indicates that CPLEX cannot even find a
feasible solution within the corresponding time limit. This makes bound
LB4 almost useless, because it has been possible to calculate it only for
the simplest case of three products.

Table 2.1 shows that the simple bound based on the volume is only
improved by other bounds for the case of three products. In this case
LB4(3000) outperforms LB4(600), but the best results correspond to the
multiknapsack model (LB2). For four products only LB2 is slightly better
than LB0 and for more products no improvements are obtained.

Looking at the results in Table 2.1 from the perspective of the feasible
solutions obtained, their average percentage deviation with respect to the
volume bound is below 5%. As this bound cannot be considered very
tight, this percentage can be seen as an indirect assessment of the quality
of these feasible solutions.

Obtaining feasible solutions

In order to obtain feasible solutions we use the model proposed in Sec-
tion 2.3. Table 2.2 shows the results obtained, classified by the number
of products and orders, when using the complete model with all possible
shipper types and when using the reduction methods described in Section
2.5.2 to obtain subsets of shipper types of a manageable size. Columns 3
and 4 show the number of shipper types and the percentage of waste in
the solution obtained by the complete model, running with a time limit of
3000 seconds. Similarly, columns 5 and 6 show the data corresponding
to the first reduction, in which a representative set with δ = 25% is cho-
sen. Columns 7 and 8 contain the results of the second reduction method,
in which only patterns with zero waste (λ = 0) for at least one order are
chosen. Finally, columns 9 and 10 show the results for the third reduction
method, in which only patterns with 100% of the attainable volume (β = 1)
are chosen.

Table 2.2 shows that the complete model can contain very large num-
bers of shipper types and can therefore only be solved for instances with
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Complete set Represent. 0% Waste 100% Volume
Products Orders Ship. Dev. Ship. Dev. Ship. Dev. Ship. Dev.

3 Overall 1283 3.88 454 5.69 52 5.51 24 5.57
1 1283 0.52 454 0.76 45 3.73 17 3.73
5 1283 2.82 454 4.63 53 3.48 23 3.74
10 1283 3.76 454 6.08 53 5.75 25 5.75
15 1283 5.57 454 7.99 54 6.75 27 6.75
20 1283 6.74 454 8.99 54 7.86 28 7.86

4 Overall 4360 – 1083 6.76 72 6.74 39 6.74
1 4146 0.51 1074 0.85 72 2.02 36 2.02
5 4290 7.29 1120 7.29 58 7.29 26 7.29
10 4290 8.91 1120 8.56 63 8.51 31 8.51
15 4290 8.59 1120 8.88 77 8.03 46 8.03
20 4783 – 980 8.24 88 7.83 54 7.83

5 Overall 9761 – 2626 6.01 240 4.47 73 4.17
1 8374 0.44 2569 1.24 171 1.66 34 2.23
5 9999 4.59 2640 4.85 230 4.21 62 4.21
10 10144 – 2640 7.02 259 5.25 76 4.51
15 10144 – 2640 8.60 270 5.53 92 4.83
20 10144 – 2640 8.35 271 5.69 99 5.04

6 Overall 13964 – 3618 8.28 316 3.81 90 3.73
1 13870 1.47 3618 1.74 287 1.48 57 1.48
5 13987 5.12 3618 6.31 296 4.31 84 4.21
10 13987 – 3618 8.76 303 4.18 98 3.98
15 13987 – 3618 10.50 346 4.66 101 4.37
20 13987 – 3618 14.06 347 4.44 112 4.60

7 Overall 16384 – 3388 8.39 364 4.89 109 4.59
1 11382 0.30 3512 0.37 185 0.30 58 0.30
5 17635 – 3749 6.83 398 5.24 99 4.55
10 17635 – 3749 10.82 412 5.69 119 5.32
15 17635 – 3749 10.82 412 5.91 119 5.32
20 17635 – 2179 13.12 415 7.30 149 7.45

Overall 9150 – 2234 7.03 209 5.09 67 4.96

Table 2.2. Obtaining feasible solutions with different reduction methods
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Shippers Representative 0% Waste 100% Volume
1 22.37 15.76 15.76
2 8.30 6.21 5.91
3 6.90 2.94 2.76
4 4.63 1.60 1.80

Overall 10.55 6.63 6.56

Table 2.3. Results of reduction methods classified by number of shippers

few products and few orders. The reduction methods are then absolutely
necessary for practical instances. Among them we can see that the reduc-
tion methods based on low waste and on high volume obtain similar results
with regard to the waste percentage, although the method based on high
volume which selects the lowest number of shippers obtains slightly bet-
ter results and will be used in the next sections. The method consisting
in selecting a representative set produces worse results, even for quite
a large value of δ = 25%, including many more shippers than the other
alternatives.

Table 2.3 shows the results corresponding to samples of 20 orders clas-
sified by the number of shippers. As in Table 2.2, each column shows the
percentage of waste produced by each of the three reduction methods. It
can be seen that there is a large improvement when two shippers instead
of one are allowed. The improvement is still significant when going from
two to three shippers, is much lower when changing from three to four.
In this last case, the reduction in transportation costs may not be enough
to compensate for the costs of having one more shipper in stock. In any
case, this table shows the way in which the user would like to see the
alternatives for different numbers of shippers.

Figure 2.3 shows the results by number of shippers and number of or-
ders. The results for one shipper are much worse when the number of
orders increases because one shipper cannot accommodate orders of dif-
ferent numbers and types of products efficiently. This effect also appears
with other numbers of shippers, but it is progressively reduced with an
increasing number of shippers.
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Figure 2.3. Percentage deviation. Shippers vs. orders

Results of the improvement methods

Table 2.4 shows the results of the improvement methods described in Sec-
tion 2.6 when they are applied one after another to the feasible solution
obtained for each instance with 20 orders in the previous section using the
reduction method based on high volume.
The table shows the percentage of waste first for the best feasible solu-
tion and then when each improvement method is applied, classified by the
number of shippers. The improvement methods are applied in order of
increasing complexity. It can be seen that reducing the dimensions of the
shippers produces an overall improvement of 1.5%.

Applying the GP MBP algorithm produces an improvement of nearly
7% and the method consisting in partially substituting the shippers in the
solution adds a further improvement of almost 4%. Overall, the combined
effect of the three improvement methods is 12%, and they increase the
running time by less than 8%.
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Number of Best feasible Reducing GRASP/PR Substituting
shippers solution dimensions algorithm shippers

1 15.76 15.76 14.90 14.52
2 5.91 5.52 5.04 4.68
3 2.76 2.76 2.41 2.41
4 1.80 1.80 1.75 1.56

Overall 6.56 6.46 6.02 5.79
Time (seconds) 370.9 0.01 6.3 20.5

Table 2.4. Results of the improvement methods by number of shippers

2.7.3 Applying the procedures to large samples of future
orders

Summarizing the findings from the previous section, our procedure for
solving the problem, based on a sample of 20 orders, consists on solving
the model in Section 2.3 with a subset of shipper types selected by us-
ing the third reduction method, in which only the shipper types that could
be completely filled in one of the packing patterns are selected. The fea-
sible solution obtained is then improved by using the three improvement
strategies described in Section 2.6.

In this section we apply our procedure to large samples of 200 orders,
for each combination of one to four shippers and three to seven products
(all the instances will be available on the ESICUP web page [31]). First,
the problem is solved using the information from the sample of 20 orders
and a set of shippers of the corresponding size is selected. Then, this set
of shippers is used to pack the products of the 200 orders by using the
GP MBP algorithm. For each combination of shippers and products we
have a distribution of waste percentages.

Figure 2.4 shows this distribution for the case of four products and three
shippers. The left-hand side of the figure shows the histogram of the waste
percentages. We can see that the distribution is skewed to the right, in-
dicating that in some cases the selected shippers do not pack the cor-
responding order efficiently, with wastes exceeding 30%, though in most
cases the waste is quite low. The right-hand side shows the same 200
values in a scatter diagram of waste versus volume. It can be seen that
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Figure 2.4. Distribution of waste percentages

high waste percentages tend to correspond to low-volume orders, while all
the high-volume orders have very low waste percentages. Similar results
have been obtained for other combinations of shippers and products.

Table 2.5 shows the waste percentages for the sample of 200 orders
with each combination of shippers and products, and compares them with
those obtained for the corresponding sample of 20 orders. It can be seen
that the waste percentages are larger than those reported in the previous
section.
Obviously, the selected shippers pack the orders in the samples of size
20 very well, because they have been obtained using the information from
those orders. What is really interesting is to predict the behaviour of the
procedure for future orders, represented by the 200-order samples. The
last column of the table shows the results the user wants to have in order to
make decisions about how many shipper sizes to store at the warehouse.
The decrease in waste from one to two shippers is still very clear, but the
same is not true for the expected decreases from two to three or from
three to four shippers. It seems that larger numbers of shippers enable the
model and the improvement procedures to adjust the sizes to the 20-order
samples much better, but that does not produce a significant advantage for
accommodating future orders with high variability in the number and type
of products to be packed.
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Number of Number of % Waste for % Waste for
shippers products 20-orders 200-orders

1 Overall 14.52 14.83
3 18.54 15.99
4 18.03 18.33
5 12.58 14.37
6 10.73 12.51
7 12.72 12.96

2 Overall 4.68 8.00
3 6.56 8.20
4 6.92 9.27
5 2.83 7.62
6 3.52 7.64
7 3.55 7.26

3 Overall 2.41 7.17
3 1.43 6.32
4 4.06 7.58
5 1.15 6.24
6 1.92 8.00
7 3.48 7.69

4 Overall 1.56 7.16
3 0.82 5.29
4 2.05 6.56
5 1.13 7.01
6 0.73 7.44
7 3.06 9.50

Overall 5.79 9.27

Table 2.5. Results for 200-order samples
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2.8 Summary

The problem considered in this chapter comes from a real logistic problem
and has two characteristics that make it different from other assortment
problems found in the literature. On the one hand, the demand is not
known, but is modelled using distribution probabilities. On the other hand,
the shippers to be sent to clients may contain several different products.
To address the first characteristic, a sample of the probability distribution is
generated, the problem is solved using the sampled data and the solution
is applied to larger samples, representative of future orders, in order to
assess the performance of the solution obtained.

The second characteristic has forced us to develop a new integer for-
mulation based on the cutting patterns model by Beasley [8]. We use this
model to obtain good feasible solutions in a three-phase procedure. First,
we apply a reduction method to select a subset of promising shippers sizes
and some heuristic algorithms to obtain a set of efficient packing patterns
for each of these sizes.

In a second phase we solve the integer model using as variables only
the patterns obtained in the first phase. Finally, the solution provided by
the model is improved by using some improvement movements that look
for better sizes and better patterns. The computational results obtained on
a set of real data show that the proposed procedure obtains good results,
according to the relative distance to the lower bounds, and allow the user
to compare the expected results for different numbers of shipper types and
products.



Chapter 3

The problem of packing
shippers into containers

3.1 Introduction

In the previous chapter we dealt with the problem of determining the type
and size of the shippers. Once the products are packed into shippers at
the distribution center, the next step in the process is to send them to the
customers. The distance and the location of the customer determine the
means of transport: by air, sea or land. As mentioned in Chapter 1, the
shipper will be packed into a different type of container depending on the
means of transport.

In the context of Chapter 3, many shippers for a customer or a group of
customers which are located in the same area, are received or collected at
the distribution center. In cases in which the customers are far away from
the distribution center, the shippers have to be placed into a container to
be sent by sea.

A container is a long-lasting and resistant bin, which can be used mul-
tiple times and can be transported by different means of transport. For
instance, a container can be transported from one port to another port by
sea, and then by truck to its final destination. There are many types of
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containers according to the means of transport, the type of load, and the
quantity of products to be delivered.

The packing problem we deal with in this chapter is a container loading
problem. The Container Loading Problem (CLP) is a geometrical assign-
ment problem in which small three-dimensional items, boxes, have to be
packed into a large rectangular three-dimensional object, container, with
fixed dimensions, such that a given objective function is optimized, usually
maximizing the volume occupied by the boxes.

Apart from the obvious geometric constraints requiring the boxes not to
overlap each other and not to exceed the container dimensions, in practical
problems other conditions have to be satisfied. Some examples are:

• Full support: All the boxes have to be placed on the container’s floor
or completely above other boxes. It is not possible to place a box in
mid air.

• Orientations: Depending on their content, the boxes can be rotated or
not.

• Load bearing: Boxes can bear a maximum weight above them. This
limits the height of the boxes stacked.

The CLP is an NP-Hard problem, as pointed out by Scheithauer [89],
and according to the typology proposed by Wäscher et al. [94], it can
be classified as a three-dimensional rectangular single large object place-
ment problem (3D-SLOPP) if the set of boxes is weakly heterogeneous,
or a single knapsack problem (3D-SKP) if the set of boxes is strongly het-
erogeneous. Usually the container is not large enough to place all the
shippers. For that reason, the objective is to maximize the container’s
cargo.

3.2 Literature review

The number of publications in the Container Loading area is growing be-
cause it is a deeply studied problem due to the multiple applications in the
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industry. The problem has been considered from many perspectives, tak-
ing into account many different constraints. That is the reason we have
divided the related work in sections, according to the approach taken to
solve it and the constraints considered.

The constraints have been divided into two groups: constraints related
to the container and constraints related to the shippers, divided into con-
straints related to individual items, to the whole cargo, and to the structure
of the load. Finally, we introduce a classification with respect to the solu-
tion approach used.

3.2.1 Container constraints

Here we consider constraints related to the weight limit and the weight
distribution.

The weight limit is the maximum weight that can be loaded into the
container. It cannot be exceeded. When the cargo is heavy, the weight
becomes a very restrictive constraints, more than the volume or the space
occupied. Gehring and Bortfeldt [38], Bortfeldt et al. [14], Terno et al. [93]
and Egeblad et al. [29], are some of the authors who include weight limit
constraints.

Other authors, such as Iori and Martello [52] and Bortfeldt [12], have ap-
plied the weight limit in problems considering container loading and rout-
ing. These types of problems deal with a set of items, characterized by
their weight. The set of items has to be transported by a set of vehicles
with a capacity or weight limit, from a depot to different customers. The
objective is to find a route which minimizes the total distance driven and
respects the space and weight limit of the vehicles. They are combined
problems of packing and routing.

Weight distribution constraints require the weight of the cargo to be
spread across the container floor, to avoid displacements during the jour-
ney or to balance the load between truck axles when the container is trans-
ported by truck. To achieve a good weight distribution, the center of gravity
of the load should be in the geometrical mid-point of the container floor, as
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in Bischoff and Marriott [10], or should not exceed a certain distance from
it, as in Bortfeldt and Gehring [13] and Gehring and Bortfeldt [38].

3.2.2 Item constraints

In this subsection we consider the constraints related to individual items,
such as loading priorities, orientation, and stackability constraints.

When the container space is not enough to place all the items, a deci-
sion has to be taken about which items to load. Some items may be more
desirable than others due to delivery deadlines or shelf life of the product,
as in Bischoff and Ratcliff [11] and Ren et al. [85].

Other constraints limit the orientation of the items. Depending on their
contents and their fragility, the boxes have to be placed in a specific posi-
tion, and some of the six possible orientations of the box cannot be used.
This situation is very frequent in container loading problems. There are
several types of orientation constraints:

• Only one orientation is permitted. The box cannot be rotated, as in
Morabito and Arenales [64] and Junqueira et al. [54].

• Only a vertical orientation is permitted. There is no restriction with
respect to the horizontal direction. 90◦ rotations of items on the hor-
izontal plane are allowed, as in Hemminki [46], Haessler and Talbot
[45], and Iori and Martello [52].

• No restriction with respect to the vertical orientation of the items, the
orientation is free but in steps of 90◦, as in Parreño et al. [74] and
Ratcliff and Bischoff [82]

• Free rotation, as in Bischoff and Marriott [10].

The stackability constraints, also called load-bearing constraints, are
introduced to avoid damaging the boxes, and they restrict how the boxes
can be placed on top of each other.

The constraints can be measured by the number of boxes a box can
bear above it, as in Bischoff and Ratcliff [11], or prohibiting a particular
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type of product being placed on top of another type, as in Scheithauer and
Terno [90] and Terno et al. [93], or by the maximum weight which can be
applied to the box per unit area, as in Junqueira et al. [54].

The work related with this constraint is described in depth in a specific
subsection, namely 3.2.6.

3.2.3 Cargo constraints

Problems of the output maximization type require the cargo to be well se-
lected, because there is not enough space to place all the items. In this
sense there are constraints on loading some subsets of items together,
complete-shipment constraints, e.g., when a part of a piece of furniture is
packed, the rest of the pieces have to be packed too, otherwise the fur-
niture cannot be assembled at the destination. Bischoff and Ratcliff [11]
deal with this type of constraints.

Another kind of constraint is the allocation constraint, which requires
items of a particular subset to be placed in the same container, as in Iori
and Martello [52], when dealing with combined loading and routing prob-
lems, and in Moura and Oliveira [67], or in separate containers, as in Eley
[30].

The positioning constraints restrict the allocations of the item inside the
container. They can refer to absolute positions, which demand certain
items to be placed in a particular position, as in Haessler and Talbot [45]
and Bortfeldt and Gehring [13].
The relative positioning constraints require certain items to be placed to-
gether or at a certain distance from each other, as in Bischoff and Ratcliff
[11] and Terno et al. [93].
Multi-drop situations are a combination of the previous position constraints,
absolute and relative. They are characterized by the fact that some sub-
sets of items go to different customers. The items for the same customer
have to be placed closely each other and in the sequence according to the
delivery route, as in Christensen and Rousøe [20], Ceschia and Schaerf
[18], and Jin et al. [53].
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3.2.4 Load constraints

These types of constraints are related to the properties of the final arrange-
ment of the items in the container, in particular the stability of the load. Two
types of stabilities can be distinguished, horizontal and vertical.

Vertical stability or static stability prevents items from falling down. It
deals with the capacity of the load to resist gravity, as in Junqueira et al.
[54]. A box must be supported from below at a given percentage of the
surface of its base. If this percentage is 100%, we speak of full support
([13, 4, 30, 32, 69]). In case of lower percentages we speak of partial
support ([53, 54]).

The horizontal stability or dynamic stability assures that items cannot
move while the container is being moved. The constraint deals with capac-
ity of the items to support the inertia of their bodies. Full horizontal stability
means that each item is either adjacent to another item or to the container
wall ([53, 54]). Bischoff and Ratcliff [11] and Eley [30] evaluate the lateral
support of the load by the percentage of items that are not in contact with
another item or a container wall.

3.2.5 Solution approach

The CLP problem has been solved by adopting many different approaches,
with exact and heuristics methods.
Up to now, few exact algorithms have been proposed for solving the prob-
lem, namely Fekete et al. [35], Martello et al. [62] and Junqueira et al. [54].
In contrast, there are many heuristic methods based on different approaches
for packing boxes into the container. They can be classified into several
groups according to Pisinger [78] and Fanslau and Bortfeldt [32]:

1. Wall-building approach: The wall-building approach, introduced by
George and Robinson [43], fills the container with a number of ver-
tical layers across the length of the container. It has been used by
Bortfeldt and Gehring [13] and Hemminki [46] in their Genetic Algo-
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rithms, Pisinger [78] in a tree search method and Moura and Oliveira
[67] in a Greedy Randomized adaptive procedure (GRASP).

2. Stack-building approach: The stack-building approach, proposed by
Gilmore and Gomory [44], packs the boxes into stacks, which are then
arranged on the floor of the container, by solving a two-dimensional
packing problem. That method is used by Bischoff and Ratcliff [11]
in their greedy algorithm, the Genetic Algorithms by Bortfeldt and
Gehring [13] and Gehring and Bortfeldt [39], and the tree search
method by Hifi [47].

3. Horizontal layer building approach: The container is filled by horizon-
tal layers from bottom to top, trying to cover the maximum surface.
This is the approach of Bischoff and Ratcliff [11] in their greedy algo-
rithm and of Terno et al. [93] in their branch and bound procedure.

4. Block-building approach: The container is filled with blocks that mostly
contain boxes of one type with the same orientation. Many authors
have used this method in a number of different procedures. Some
examples are the Tabu Search by Bortfeldt et al. [14], the tree search
by Eley [30], the Hybrid Simulated Annealing-Tabu Search by Mack
et al. [60], the GRASP algorithm by Parreño et al. [74] and the hybrid
GRASP/VNS by Parreño et al. [75].

5. Guillotine cutting approach: This approach is based on a slicing tree
representation of a packing plan. Each slice corresponds to a guil-
lotine partitioning of the container into smaller parts, where the leaf
nodes correspond to the boxes. The Morabito et al. [64] graph-search
method is based on this approach.

3.2.6 Load-bearing strength

In this chapter, besides orientation and full-support constraints, we con-
sider load-bearing constraints. It is usual that the boxes to be packed dif-
fer in weight and also in their ability to withstand pressure from the weight
resting on them. Loading plans which do not consider these conditions are
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not usable, no matter how high the volume utilization is. There are few al-
gorithms that take into account all the constraints that we consider, which
are: full-support, allowed orientations and load-bearing strength. Ratcliff
and Bischoff [82] developed a heuristic algorithm with these constraints in
1998, in which the container is filled by layers of boxes from the floor up-
wards. Each layer can be formed of up to two rectangular blocks, a block
being a set of boxes of the same type and orientation. They explore all
the possibilities and select the best block according to a scoring formula
which represents a weighted sum of the area utilization and a measure of
layer capacity to bear further items. The results point out the need to bal-
ance the two factors in the score formula, and for that reason their paper
proposes a self-adjusted procedure for the weighting factors.

Davies [24] extended the previous work, first by selecting the smallest
usable surface at each step as the space to be filled, and second by adding
a component to the scoring formula related to the height of the layer, be-
cause the load bearing capacity is less significant for the next placement
if the layer is of greater height. Davies ran the algorithm several times
with different values of the scoring formula, using a grid search to identify
suitable combinations of the weighting factors.

Bischoff [9] developed a heuristic algorithm which tries to pack a box
at each iteration. For the choice of box he uses a score formula with five
criteria: the relation between the box size and the position on the load-
ing surface, the match between box and space dimensions, the unusable
space generated, the potential for building columns of identical boxes and
the relative loss in load-bearing capacity. The box with the highest score
is selected for placement and ties are broken by ranking the alternatives
in ascending order of the length-wise coordinate of the front edge of the
box. The algorithm finishes when there is no place left to pack a box into.
Bischoff’s algorithm also includes a local search phase based on the sim-
plex procedure by Nelder and Mead [68].

More recently, Christensen and Rousøe [20] addressed the problem
with load-bearing and multi-drop constraints arising in a Danish company
distributing construction products and propose a tree search algorithm,
producing good results for the specific problems to be solved and compet-
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itive results for the standard test instances commonly used in the literature.
Ceschia and Schaerf [18] also consider both types of constraints in their
local search, simulated annealing and tabu search algorithms. Makarem
and Haraty [61] also consider the load-bearing strength of the boxes when
designing their multi-agent procedure, but weight is not taken into account
in their numerical tests. A different approach is followed by Junqueira et al.
[54], who develop an integer linear model for the container loading problem
with practical constraints, among them the load-bearing constraints.

In this chapter we present a Reactive GRASP algorithm which consid-
ers full support, orientation and load-bearing constraints. The main char-
acteristic of the proposed procedure is its ability to adapt to the specific fea-
tures of each instance, using a set of objective functions with frequencies
determined by their relative performance on the instance being solved.

3.3 Problem formulation

In this problem, a container of dimensions (L,W,H) has to be filled with a
set of boxes of different types, i = 1, . . . , n. Each box type has dimensions
(li, wi, hi) in cm. and weight wi in kg. The number of boxes of each type is
limited by qi. The objective is to find an orthogonal packing of the boxes so
as to maximize container volume utilization, subject to these constraints:

• Full support : The base of each box has to be placed on the floor of
the container or completely on top of another box.

• Allowed orientation: Each box has a set of allowed orientations due to
its content or its structure. The orientations are denoted by oij, where
i = 1, . . . , n represents the box type and j = 1, 2, 3 the orientation,
that is, the dimension of the box that can be placed upright: oi1 = 1 if
the dimension x of box i can be upright and 0 if it may not, oi2 = 1 if
the dimension y can be upright and 0 if it may not, and oi3 = 1 if the
dimension z can be upright and 0 if it may not. At least one of these
parameters must be 1 for each box type i.
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• Load-bearing strength: Each box placed in one allowed orientation
can bear a maximum weight bij on top of it, expressed in gr/cm2,
where i = 1, . . . , n represents the type of box and j = 1, 2, 3 the orien-
tation. As Bischoff [9] points out, there are several ways in which the
weight of a box is transmitted downwards onto the boxes supporting it
from below. In practice, it depends on the stiffness of the supporting
surface: the more rigid it is, the more the weight is spread over the
whole surface. When using soft materials like cardboard, the weight
of the box above is essentially transmitted down onto the contact area
only. We will assume this latter situation and therefore when a box k
is put on top of another box i, its weight wk will be divided by its base
surface to calculate the pressure, pk in gr/cm2, exerted on the support-
ing box. If this pressure pk exceeds the load-bearing capacity of the
box below, bij, the packing is not feasible. Otherwise, the remaining
load-bearing capacity of box i will be reduced by pk.

3.4 Data structure

Our algorithm uses the data structure developed by Ngoi [69]. This data
structure is composed of two matrices that represent the overhead view of
the container, the first one representing the height of each surface seen
from above and the other one its load-bearing capability. Ngoi’s matrices
have already been used by Bischoff [9] in his constructive algorithm and
by Araujo and Armentano [4] in their GRASP algorithm for the container
loading problem without load-bearing constraints.

Figure 3.1 shows the arrangement of three boxes whose dimensions,
weights and load-bearing strengths are described in Table 3.1. The ISO
container’s dimensions in centimeters are (587,233,220) and the origin of
the coordinate system is in the bottom-left corner of the container. Table
3.2 depicts the corresponding Ngoi matrices, where the first row is the
horizontal projection of the boxes on the X axis and the first column is the
transverse projection on the Y axis. The other cells in matrix M1 represent
the height of the surfaces, whereas in matrix M2 they represent the load
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that each surface can bear. Matrix M1 provides us with information about
potential loading surfaces and matrix M2 about the load-bearing strength
of each surface.

A

B

C

Figure 3.1. Arrangement of three boxes

Dimensions Weight Load-bearing strength
Box (cm) (kg) (gr/cm2)

A 300x100x50 250 50
B 200x60x50 250 40
C 150x100x50 240 30

Table 3.1. Box dimensions, weights and load-bearing limits

Height matrix (M1) Load-bearing matrix (M2)
0 150 200 300 587

100 100 50 50 0
160 50 50 0 0
233 0 0 0 0

0 150 200 300 587
100 30 50 50 ∞
160 40 40 ∞ ∞
233 ∞ ∞ ∞ ∞

Table 3.2. Ngoi’s representation
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For instance, the dimensions of the top surface of box C are repre-
sented by the cell (1,1), in bold. The rectangle goes from (0,0) to (150,100),
its height is 100, and the load that it can bear is 30 gr/cm2, as appears
in cell (1,1) of matrix M2. The load-bearing capacity is calculated as the
minimum of the load-bearing limit of box C and the remaining load-bearing
capacity of box A after applying the weight of box C on it:

min

{
50− 240000

150 ∗ 100
, 30

}
= min {50− 16, 30} = min {34, 30} (3.1)

This representation has been selected instead of the data structure
used by other algorithms such as Parreño et al. [74] because it is easy
to identify box placements and maximal spaces, scanning the matrix over
the cells of the same height. Furthermore, it is not necessary to keep a list
of empty spaces which would be needed to calculate the intersections of
the spaces.

3.5 Constructive algorithm

Our constructive algorithm builds a solution by means of an iterative pro-
cess in three steps: the first one selecting a space for placing the boxes,
the second one building the block to be placed into the selected space and
the third step placing the block and updating the data structure. A similar
approach for the two-dimensional case can be found in Leung et al. [57].

• Step 1: Selecting a space to place boxes

Initially, the available space is the complete container because it is empty,
but when the container has some boxes in it, the number of possible
spaces increases and one of them has to be selected. From matrix M1

we get a list of spaces L. Different criteria have been defined for selecting
the space:
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• Choosing the minimum X : We select the space with the lowest X co-
ordinate, that is, the closest to the back of the container. For breaking
ties, we consider the lowest Y coordinate.

• Choosing the minimum Y : We select the space with the lowest Y
coordinate. For breaking ties, we consider the lowest X coordinate.

• Choosing the minimum Z : We proceed as above, but choosing the
space with minimum height Z and lowest X.

Criteria Matrix cell Initial point Final point
Minimum X (1,1) (0,0,100) (150,100,220)
Minimum Y (1,1) (0,0,100) (150,100,220)
Minimum Z (1,3) (0,160,0) (587,233,220)

Table 3.3. Spaces found in Table 3.2 according to the criteria

In Table 3.3 each criterion has been applied to the example in Figure 3.1
to select the next space to be filled. As the full support of the boxes has to
be ensured, the base of the selected space cannot exceed the dimensions
of the surface on which the boxes will be placed.

• Step 2: Building blocks and selecting the block to pack

We must select which block is to be placed in the space chosen at Step 1.
In our approach, a block is a set of boxes of the same type and orientation,
a regular parallelepiped which satisfies the full support, allowed orientation
and load-bearing constraints. Only one block is placed in each space.
Depending on the dimensions of the space, different types of blocks can
be generated. Figure 3.2 depicts different possibilities for building a block
of box type i in one allowed orientation (oi3 = 1), with a quantity qi = 12,
assuming that, because of its load-bearing strength in this orientation, at
most three boxes can be stacked.

The blocks are built according to the following criteria:
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• Maximizing first dimension X, then Y and finally Z. With this option
we form horizontal layers of boxes, first along the length of the con-
tainer and then along its width, as can be seen in Figure 3.2a.

• Maximizing first X, then Z and finally Y . With this option we form
vertical walls of boxes which first fill the container lengthwise and then
grow in height (Figure 3.2b).

• Maximizing Y , then X, then Z. We form horizontal layers, first along
the container’s width and then along its length (Figure 3.2c).

• Maximizing Y , then Z, then X. We form walls, first filling the width
and then growing in height (Figure 3.2d).

• Maximizing Z, then X, then Y . We form vertical columns as high as
possible along the container’s length (Figure 3.2e).

• Maximizing Z, then Y , then X. We form vertical columns as high as
possible along the container’s width (Figure 3.2f).

(a) XYZ (b) XZY (c) YXZ

(d) YZX (e) ZXY (f) ZYX

Figure 3.2. Types of blocks for 12 identical boxes

All possible blocks for all types of boxes in all their allowed orientations
can be generated using these criteria, and one candidate is selected ac-
cording to the criterion being used. Several criteria have been developed,
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which will be explained in Section 3.6. As a result of this step, we have a
block defined by its box type and dimensions.

• Step 3 Placing the block and updating the data structure

The selected block is placed on the support surface of the chosen
space. If it does not occupy all this surface, it is placed in the corner which
is nearest to a corner of the container. Then the matrices are updated,
adding a row with the block projection on the Y -axis and a column with the
block projection on the X-axis, and inserting its height and load-bearing
ability.

If none of the remaining boxes fits into the selected space because the
space is too small or it cannot bear the weight, the surface is marked to be
skipped in future space searches.

3.6 Criteria for selecting the block to pack

There are different ways of selecting the best block to pack into a given
space. As the problems to be solved can have very different character-
istics, we define several criteria to adapt the algorithm to each instance.
For instance, when the boxes have low load-bearing capacities it is not
possible to pile stacks of boxes too high, and therefore a good strategy
could be to build horizontal layers occupying the largest possible area of
the container floor.

In our constructive algorithm, instead of combining each criterion with
several ways of selecting the space and several ways of building the blocks,
the decision about the criterion to be used for selecting the block also de-
termines the way in which the space is chosen and the way in which the
blocks are built. Therefore, the description of each criterion will also in-
clude the way in which Steps 1 and 2 are performed.

The criteria are:
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1. Maximizing XYZ: Select the block with the largest area XY
- Select the space with minimum Z

- For each box type, build the block maximizing X, then Y , then Z

2. Maximizing YXZ: Select the block with the largest area YX
- Select the space with minimum Z

- For each box type, build the block maximizing Y , then X, then Z

3. Maximizing XZY: Select the block with the largest area XZ
- Select the space with minimum Y

- For each box type, build the block maximizing X, then Z, then Y

4. Maximizing YZX: Select the block with the largest area YZ
- Select the space with minimum X

- For each box type, build the block maximizing Y , then Z, then X

5. Maximizing ZXY: Select the block with the largest area ZX
- Select the space with minimum Y

- For each box type, build the block maximizing Z, then X, then Y

6. Maximizing ZYX: Select the block with the largest load-bearing ca-
pacity
- Select the space with minimum X

- For each box type, build the block maximizing Z, then Y , then X

7. Support: Select the block with the largest area ZY
- Select the space with minimum X

- For each box type, build all the blocks described in Step 2 and keep
the one with maximum value

8. Volume: Select the block with the maximum volume
- Select the space with minimum X

- For each box type, build all the blocks described in Step 2 and keep
the one with maximum value

9. Loss: Select the block for which the relative loss in load-bearing ca-
pacity is minimum
- Select the space with minimum X
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- For each box type, build all the blocks described in Step 2 and keep
the one with maximum value

Criteria 1 and 2 favor the construction of horizontal layers, while Criteria
3 to 6 favor the construction of vertical walls. The idea of Criterion 9 is to
put the blocks with maximum load-bearing capability at the bottom of the
container and the blocks with minimum load-bearing capability at the top,
as proposed by Bischoff [9].

If we consider each one of these nine configurations, we really have
nine different constructive algorithms. In Section 3.8 we will study and
compare their relative performance, but first, in Section 3.7, we will com-
bine them into a GRASP framework.

3.7 GRASP algorithm

GRASP ( [36]) is an iterative procedure that combines a constructive phase
and an improving phase. In the constructive phase the solution is built step
by step, adding one element to a partial solution. For selecting the element
to add, a greedy strategy is used, but the selection is not deterministic be-
cause a random strategy is used to provide diversity to the procedure. The
improvement phase consists of a local search. GRASP has been success-
fully applied to many combinatorial optimization problems (see [58], [21]
and [72] for some recent studies).

In our GRASP proposal, the constructive phase uses a different heuris-
tic algorithm at each iteration. A reactive method is developed for selecting
the heuristic. At the beginning of the process all of them have the same
probability of being chosen, but after a fixed number of iterations the prob-
ability is recalculated and adapted, increasing the probability of the heuris-
tics that have obtained better solutions. The idea is to adapt the procedure
to each instance, applying the heuristics that obtain better results for this
instance more often.

This idea of choosing a different heuristic at each iteration was used by
Ribeiro et al. [87]. In their study they define three heuristics for building a



66 Chapter 3. Sending shippers into containers

solution in the constructive phase, and one heuristic is selected randomly
at each iteration of their hybrid GRASP. Canuto et al. [16] designed an
algorithm for the prize-collecting Steiner tree problem in graphs, in which
a solution is generated at each iteration, modifying the objective function
each time with two strategies, one to enforce search diversification and
another to force the building of different but good solutions, introducing
some noise into the objective function.

Algorithm 1: Algorithm Reactive GRASP
1 D = {1, 2, . . . , 9}, set of criteria for selecting the blocks;
2 Vbest = 0; Vworst =∞;
3 nD∗i = 0, number of iterations with each criterion ;
4 SumD∗i

= 0, sum of the solution values obtained using criterion i;
5 P (Di = D∗i ) = PD∗i = 1

|D| ,∀D
∗
i ∈ D, probability of using criterion i;

6 numIter = 0, niter = 0 ;
7 Cont, Container;
8 M1,M2, Ngoi matrices;
9 UB = 0, quality threshold;

10 Sol : Solution, V ol : Solution value;
11 while numIter < maxIter do
12 Choose a criterion, Di = D∗i , with probability PD∗i ;
13 nD∗i = nD∗i + 1 ;
14 numIter = numIter + 1;
15 {S, V } = Constructive(Cont,M1,M2, Di) ;
16 if V > UB then
17 UB = V ;
18 {S, V } = Improvement(Cont,M1,M2) ;
19 else
20 niter ++;
21 if niter > maxFilter then
22 UB = UB − 0.2 (1 + UB);
23 niter = 0;
24 if V > Vbest then
25 Vbest = V
26 if V < Vworst then
27 Vworst = V
28 SumD∗i

= SumD∗i
+ V ;

29 if mod(numIter, 500) == 0 then
30 evalD∗i = (

meanD∗
i
−Vworst

Vbest−Vworst
)α, ∀D∗i ∈ D;

31 P (D∗i ) =
evalD∗

i∑
Di′∈D

(eval
D
′
i
)
, ∀D∗i ∈ D;
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3.7.1 Constructive phase

The basic structure of the constructive algorithm has been described in
Section 3.5. In this structure we embed two randomization processes:
one for selecting the objective function and another for selecting the type
of box and the block to be placed. These processes are presented in the
following sections.

Randomization of the criteria for selecting the blocks

There are nine criteria for evaluating and selecting the blocks, which have
been described in Section 3.6. For each iteration of our GRASP, one crite-
rion is selected. At the beginning all the criteria have the same probability
of being selected. After a number of iterations, in our implementation there
are 500, the performance of each criterion is evaluated and its probabil-
ities recalculated, increasing the probability of the criteria that have pro-
duced better solutions and decreasing the probability of those producing
the worst solutions. The procedure is described in Algorithm 1, following
Delorme at al. [25]. The value of α, used to attenuate the differences
among the updated values, is fixed at 10, as in Prais et al. [81].

Randomization of the type of box and block

For each type of box and each orientation allowed, a block is built, ac-
cording to the criterion selected. From the set of all possible blocks, a
restricted candidate list (RCL) is built and the block to be packed is se-
lected randomly from this list. We have studied three alternative methods
for forming the RCL:

• RCL value-based : The candidates are selected according to their
quality. If the value of the candidate’s objective function is better
than a threshold, the candidate is placed on the list. Throughout the
process of building blocks we obtained Cmin and Cmax, the largest
and the smallest value of all the candidates, and the value of each
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candidate C. The candidate is accepted into the RCL if it satisfies
C ≥ Cmin+δ (Cmax − Cmin). The parameter δ ∈ [0, 1] controls the size
of the list. If δ = 0, all the blocks go into the list and could be chosen
completely at random. In contrast, δ = 1 means a greedy selection.
Only the best candidate goes into the list and therefore is always cho-
sen. For 0 < δ < 1, the number of blocks going into the list is not
predefined, but it depends on the relative values of the candidates.

• RCL cardinality-based : The k best candidates form the list, and then
one of them is randomly chosen.

• Sampled plus construction (SPC): Only a random sample of possible
blocks is built and considered. The number of candidates on the list
depends on γ (0≤ γ ≤1), as in Resende et al. [86]. Each block
selected is evaluated by the objective function and the block with the
best value is chosen.

3.7.2 Improvement phase

A solution built by the constructive algorithm consists of a list of blocks
packed and another list of boxes which have been left unpacked. In this
second phase, the solution is improved by a local search which uses sev-
eral moves. These moves are designed to correct the undesired effects
of the randomization. The first move consists in eliminating the upper part
of the solution and filling that part in a deterministic way, because there
are usually more empty spaces in that part of the container because it is
filled from bottom to top. The second one is based on eliminating com-
plete stacks (from top to bottom) and filling the resulting empty column in
a deterministic way. The third one consists in exchanging blocks of boxes
packed into the container with the remaining unpacked boxes. The last
one consists in filling a partial solution in a deterministic way. The detailed
description appears in the following subsections.

Not all the solutions go into the improvement phase. We only consider
promising ones, i.e. those which are above a certain threshold. At the
beginning, the threshold takes the value of the first solution of the con-
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structive algorithm. Then, if at an iteration the solution value is greater
than the threshold, we update this threshold and go to the improvement
phase. If the solution value is lower than the threshold, the reject counter
(niter) is increased. When the number of rejected solutions is greater than
a value maxFilter, the threshold is decreased according to the expression:

threshold = threshold− λ(1 + threshold) (3.2)

where λ is set at 0.2 and maxFilter = 5, as in Martı́ and Moreno-Vega
[63].

Eliminating the upper part of the solution

All the boxes that are placed above a given height are eliminated from the
solution. This height is calculated as CH = β ∗ H, where β is selected
randomly in the interval [0.5, . . . , 0.8] and H is the container height. Then
the container is filled up again using a deterministic version of the con-
structive algorithm with volume as the criterion for selecting the blocks. If
the solution is better than the previous one, we update it.

Eliminating stacks

In this movement the base of the container is scanned, studying all the
stacks of blocks. The volume of a stack ,volstack, is computed as the volume
of the parallelepiped whose base is the bottom of the lowest box and its
height is the container height. One stack is removed if the volume of the
blocks, volblock, that compose the stack, divided by the total volume of the
stack, is lower than the volume of the best solution, volbestsol, divided by the
volume of the container,volcontainer, that is, if the way in which the stack fills
the associated space is worse than the average space utilization:

volblock
volstack

<
volbestsol
volcontainer

(3.3)
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When a stack is removed, the gap is filled up again using a determin-
istic version of the constructive algorithm, with volume as the criterion for
selecting the blocks. If the solution is improved, we update it. Otherwise,
the original stack is kept, and the process continues until all the stacks are
scanned.

Figure 3.3. (a) Initial solution, (b) with a stack removed, (c) filled up

In Figure 3.3(a) we see a solution which has two stacks. In Figure
3.3(b) the first stack is removed because of its poor use of space. This
space is filled by using the constructive algorithm in a deterministic way
with volume as the criterion for selecting the blocks, and the new improved
solution appears in Figure 3.3(c).

Exchanging blocks

In this movement all the blocks packed into the container are studied to
see if they can be exchanged for another block built from the remaining
boxes not yet packed. Each block is considered for examination if it can be
exchanged completely or in layers, i.e. we try to exchange one layer, two
layers and so on. To exchange one block or a part of it, all the constraints
must be satisfied. The new block should support at least the same load as
the former, it should have an area greater than or equal to the block above,
and less than or equal to the block below. Only if the new block satisfies
these conditions and increases the volume occupied will the blocks be ex-
changed, and the boxes from the old block will go onto the list of remaining
boxes. The process continues until all the blocks in the solution are exam-
ined. In Figure 3.4 we see an example of block exchange. The block in
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the bottom-right corner of the solution is exchanged by a block formed with
boxes left unpacked.

Figure 3.4. An example of exchanging blocks

Filling a partial solution

In this case, the improvement phase does not start from the whole solution
generated by the constructive algorithm. Halfway through the constructive
process a partial solution is stored, and in this movement we try to com-
plete that partial solution with three different objective functions: volume,
maximize XY Z and minimize the relative loss in load-bearing strength.

In order to select the partial solution to store, a percentage is calculated
randomly between 50% and 90% and the partial solution whose volume oc-
cupation reaches this percentage of the best known solution is kept. At the
end of the constructive process, the partial solution is retrieved and com-
pleted by filling the container up with three different deterministic criteria
for selecting the blocks: maximizing volume, maximizing XY Z and mini-
mizing the relative loss in load-bearing capacity.

3.8 Computational results

The algorithm was coded in C++ and run on an Intel Core Duo T6500
with 2.1Ghz and 4GB of RAM. The computational study has two parts.
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Figure 3.5. An example of filling a partial solution

In the first part, we use the test problems generated by Bischoff et al.
[11]. The 700 problems are divided into 7 classes (BR1, . . . , BR7) of 100
instances each. The number of box types in each class goes from 3 dif-
ferent types in the first class to 20 types in the seventh class. The boxes
have been generated independently of the container dimensions, so there
is no guarantee that all the boxes of one instance will fit into the container.
The weight of each box is proportional to its volume, the load-bearing lim-
its being drawn randomly from a uniform distribution. The problems are
available on the website: http://people.brunel.ac.uk/~mastjjb/jeb/

orlib/conloadinfo.html (accessed January 14, 2015).
Tables 3.4 to 3.10 show the overall percentage of container occupation for
each class BR1, . . . , BR7, as well as the overall percentage of the 700
instances.

In the second part of the study, we compare our algorithm with the
exact procedure developed by Junqueira et al. [54], using the instances

http://people.brunel.ac.uk/~mastjjb/jeb/orlib/conloadinfo.html
http://people.brunel.ac.uk/~mastjjb/jeb/orlib/conloadinfo.html
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they generated. We also extend the study to classes BR8, . . . , BR15, de-
veloped by Bischoff et al. [11], which have not been previously used for
testing algorithms including load-bearing constraints.

3.8.1 Comparing the performance of the objective func-
tions

Each criterion for selecting the blocks and its associated way of selecting
the space and building the block defines a different heuristic algorithm.
A preliminary computational study was carried out to assess the different
heuristics. Table 3.4 represents the container’s overall occupation percent-
ages and the running times for the algorithms defined by each criterion
described in Section 3.6. The best results are obtained by criteria XZY ,
Y ZX, ZXY and ZY X, those building vertical walls, with no significant
differences among them.

Support Rel.loss Volume XYZ XZY YXZ YZX ZXY ZYX
BR1 64.7 73.1 71.3 57.2 73.3 57.3 73.2 73.4 73.3
BR2 66.8 76.4 71.1 53.0 76.9 52.8 76.9 76.9 77.0
BR3 67.5 78.8 73.9 53.6 79.7 54.2 79.7 79.6 79.6
BR4 68.4 78.8 72.1 57.1 79.4 57.1 79.4 79.5 79.5
BR5 66.6 78.7 72.7 55.6 79.5 53.6 79.6 79.4 79.5
BR6 65.8 78.3 70.4 57.8 79.6 57.0 79.6 79.6 79.6
BR7 63.9 78.2 71.4 54.7 79.2 57.0 79.2 79.2 79.2
Overall 66.2 77.5 71.8 55.6 78.2 55.6 78.2 78.2 78.2

Table 3.4. Results of the heuristics

In Table 3.5 we study the relative performance of the proposed heuris-
tics. For each instance we compute the best overall solution value, Best-
Value, obtained by all the heuristics considered. For each heuristic, we
compute the relative percentage deviation of the solution obtained with this
heuristic from the BestValue for that instance. We report the average of
this relative percentage of deviation (%Dev ) across all the instances. Then
we report the number of instances (Best) in which the value of the solution
obtained with this heuristic matches BestValue. We also report the statis-
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tic Score achieved by each heuristic, as described in Ribeiro et al. [87].
For each instance, the score of a heuristic H is defined as the number of
heuristics that found a better solution than H. In the case of ties, all the
methods receive the same score, equal to the number of heuristics strictly
better than all of them. We then report Score as the sum of the scores for
the 700 instances in the experiment. Thus, the lower the Score the better
the method.

Support Rel.loss Volume XYZ XZY YXZ YZX ZXY ZYX
Dev 0,17 0,03 0,10 0,30 0,02 0,30 0,02 0,02 0,02
Best 19 213 134 16 286 14 288 294 297
Score 4245 1758 2969 4579 793 4578 793 764 764

Table 3.5. Relative performance of the heuristics

The results in Table 3.5 show that the best criteria are ZXY and ZY X,
because they have the lowest Score and the highest Best values, butXZY
and Y ZX also show a very good performance. Table 3.5 clearly shows
two characteristics of these heuristics. On the one hand, each of the best
performing methods only obtains the best solution in approximately one
third of the instances. On the other hand, even the worst performing pro-
cedures obtain the best solution for some instances. In other words, none
of them should be chosen as the only constructive heuristic for the GRASP
algorithm and none of them should be discarded.

One subsequent question would be to determine whether some heuris-
tics are more appropriate for certain types of problems. If some correla-
tions were found between a given heuristic and a type of instance, this
heuristic should be prioritized when solving that type of instance. Fig-
ure 3.6 shows the container’s percentage occupation for each heuristic for
each subset of instances, from weakly to strongly heterogeneous boxes.
The best performing methods, XZY , Y ZX, ZXY , ZY X, have very simi-
lar values and their lines overlap at the top of the figure. The method using
the relative loss of load-bearing strength as the objective function also per-
forms quite well. It can be seen in the figure that the performance of all
the methods is quite consistent across the instance types. The heuristics
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that work well do so for all types of problems. No correlation seems to ex-
ist between heuristics and the heterogeneity of the problem being solved.
We have also studied the possible correlation between heuristics and the
average load-bearing strength of the instances. Again, we have not found
any correlation between these two aspects and therefore we keep all the
heuristics and give them an equal probability of being chosen at the be-
ginning of the GRASP iterative procedure. The Reactive GRASP will later
adjust these probabilities according to their relative performance on the
instance being solved.

Figure 3.6. Percentage occupation of each heuristic

3.8.2 Choosing the best strategies

In Section 3.7.1 we described three ways of building the restricted candi-
date list: value-based, cardinality-based and sample plus construction. To
select one of these alternatives, we have run the constructive randomized
algorithm over 5000 iterations with δ = 0.8, the parameter for randomizing
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the selection of the block to be packed into the space. Table 3.6 shows the
results obtained for each type of list. As can be seen, the best results are
obtained with the value-based restricted candidate list, with similar running
times.

Value-based Cardinality-based Sampled PC
BR1 80.7 81.1 79.8
BR2 85.2 82.9 83.7
BR3 86.8 82.0 85.5
BR4 86.4 86.4 85.7
BR5 86.0 79.2 85.4
BR6 85.9 77.7 85.7
BR7 85.3 75.4 85.3
Overall 85.2 79.9 84.4
Time (sec.) 6.0 8.9 4.9

Table 3.6. Comparing RCL lists

The second parameter to be fixed is the value of δ for randomizing the
selection of the block to be packed into the space. To study the parameter
we ran the constructive algorithm once for all instances, and all the values
of δ = {0.5, 0.6, . . . , 0.9}, with the value-based RCL. The results appear in
Table 3.7. The preliminary study of the parameter shows that the value
of δ does not greatly affect the performance of the algorithm and that the
best results are obtained for values around 0.7-0.8. In the implementation
of the algorithm we will use the value δ=0.8.

3.8.3 Results of the improvement phase

In order to assess the effect of each improving move, the algorithm ran
5000 iterations, first without any improvement moves, then with each move-
ment separately, and finally with all of them. In Table 3.8, the first column
shows the results of the random constructive algorithm without improve-
ments, the second column shows the constructive algorithm with the first
improvement, eliminating a portion of the solution (3.7.2.1), the third col-
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δ = 0.5 δ = 0.6 δ = 0.7 δ = 0.8 δ = 0.9
BR1 81.5 81.6 81.4 80.9 79.4
BR2 85.2 85.2 85.5 85.2 83.9
BR3 85.9 86.5 86.6 86.8 86.0
BR4 85.1 85.8 86.2 86.4 85.7
BR5 84.5 85.0 85.7 85.9 85.3
BR6 84.2 85.1 85.7 85.9 85.7
BR7 83.2 84.0 85.0 85.3 85.2
Overall 84.2 84.8 85.2 85.2 84.5
Time (sec.) 6.8 7.3 7.0 6.0 5.4

Table 3.7. Comparing δ values

umn shows the constructive algorithm plus the improvement eliminating
the stacks (3.7.2.2), the fourth shows the constructive algorithm plus ex-
changing blocks (3.7.2.3), the fifth shows the constructive algorithm plus
filling a partial solution (3.7.2.4), and the sixth shows the constructive al-
gorithm plus the result of applying all the improvements one after another.

Moves
Without 6.2.1 6.2.2 6.2.3 6.2.4 All

BR1 80.7 81.3 81.0 81.1 81.2 81.4
BR2 85.2 85.3 85.4 85.4 85.7 85.7
BR3 86.8 86.9 87.0 86.9 87.1 87.3
BR4 86.4 86.6 86.6 86.5 86.7 86.9
BR5 85.9 86.0 86.1 86.1 86.2 86.6
BR6 85.9 86.0 86.1 86.0 86.1 86.3
BR7 85.3 85.5 85.7 85.4 85.5 85.7
Overall 85.2 85.4 85.4 85.3 85.5 85.7
Time (sec.) 6.0 6.56 7.5 5.9 7.9 9.8

Table 3.8. Comparing improvement moves

The results in Table 3.8 show that the improvement phase only pro-
duces a small increase in the percentage occupation with respect to the
solution of the randomized constructive phase. The largest increase is
obtained when all the improvements are applied. As these moves do not
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increase the running times very much, they are included in the implemen-
tation of the algorithm.

Another experiment was run to see the effect of an increase in the num-
ber of iterations on the quality of the solutions. In this experiment we have
applied all the improvements and we have increased the number of itera-
tions up to 50000. The results appear in Table 3.9, where a mild improve-
ment in the occupation percentage can be seen for all the categories if the
number of iterations is increased. That is a typical behaviour of GRASP al-
gorithms, in which good quality results are obtained quite fast, and further
increases in the number of iterations tend to produce very limited improve-
ments.

Iterations
5000 10000 15000 50000

BR1 81.4 81.4 81.5 81.7
BR2 85.7 85.9 86.1 86.4
BR3 87.3 87.4 87.5 87.8
BR4 86.9 87.1 87.4 87.9
BR5 86.6 86.6 86.9 87.2
BR6 86.3 86.6 86.7 87.2
BR7 85.7 86.0 86.2 86.6
Overall 85.7 85.9 86.1 86.4
Time (sec.) 9.8 19.9 29.8 100.0

Table 3.9. The effect of increasing the number of iterations

3.8.4 Comparison with other heuristic algorithms

Table 3.10 compares our algorithm with the rest of the best algorithms
proposed in the literature which take into account the same constraints
and use the same test problems. The algorithms are:

• RB: Ratcliff and Bischoff [82] propose a heuristic procedure in which
the container is filled by layers of up to two rectangular blocks of boxes
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of the same orientation and type. They explore all the possibilities and
select the best block according to a scoring formula which represents
a weighted sum of the area utilization and a measure of layer capacity
to bear further items. They run their algorithm on a Pentium 75Mhz
with a running time of 10 seconds for instances with 10 different box
types.

• DA: Davies [24] extends the previous work, first selecting the space
by the smallest usable surface at each step, and secondly adding a
component to the scoring formula related to the height of the layer. He
runs the algorithm several times with different values of the scoring
formula, using a grid search to identify suitable combinations of the
weighting factors.

• BC: Bischoff [9] develops a heuristic algorithm in which one box is
selected for packing at each iteration. The choice is made using five
criteria. The procedure is then enhanced with a local search. The
algorithm was run on a Pentium 4 1.7 Ghz with 256 Mb of RAM with
three stopping criteria, 1000 evaluations, 100 iterations and a thresh-
old for the standard deviation of the function value. Concerning the
computing time, there is a reference to achieving an average time of
210 seconds.

GRASP
RB (1995) DA (2000) BC (2006) 10000 iter. 50000 iter.

BR1 75.6 79.0 80.4 81.4 81.7
BR2 78.7 83.0 83.7 85.9 86.4
BR3 80.9 84.60 85.8 87.4 87.8
BR4 81.0 84.7 85.8 87.1 87.9
BR5 80.3 83.7 85.9 86.6 87.2
BR6 79.9 84.1 86.0 86.6 87.2
BR7 78.9 82.7 86.3 86.0 86.6
Overall 79.3 83.1 84.9 85.9 86.4

Table 3.10. Comparison with other heuristic algorithms
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In order to compare our results with those reported by Bischoff [9],
whose algorithm is the best and most recent, we use the information pro-
vided by the web page http://www.cpubenchmark.net (accessed January
14, 2015), which compares the relative performance of computers. Ac-
cording to this, our computer is approximately 10 times faster than Bischoff’s.
Therefore, his 210 seconds would be roughly equivalent to 20 seconds on
our machine. According to Table 3.9, that corresponds to 10000 iterations
of our GRASP algorithm. Hence, Column 5 in Table 3.10 shows these
results. It can be seen that they improve upon Bischoff’s results for all
classes of instances, except BR7. The overall improvement is 1%. The
table also includes the results for 50000 iterations, to show the potential
improvements when more computing time is allowed.

3.8.5 Comparison with the exact approach of Junqueira
et al. [54]

Table 3.11 compares the results of our heuristic algorithms with those ob-
tained by the integer linear model by Junqueira et al. [54] on the set of
instances they generated. This set is composed of 320 instances. The
number of box types are 1, 5, 10 and 20. When there is only one box type,
all possible rotations are allowed, but when there are more box types they
have a fixed orientation.
There are two ways of generating the box dimensions. In the first case,
set A, box dimensions are randomly drawn from uniform distributions be-
tween 25% and 75% of the container dimensions. In the second case,
set B, from uniform distributions between 10% and 50% of the container
dimensions.
The containers are always cubic, L = W = H. For set A, the dimensions
of the container are 10, 20, 30, 50 and 100. For set B, they are only 10,
20 and 30. For each combination of the parameters, 10 instances were
generated. The weight is always equal to the volume. The load-bearing
strength of each box is randomly generated from a uniform distribution in
the interval (0, 3hi), where hi is the height of the box.

http://www.cpubenchmark.net
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Instances Junqueira et al. GRASP
Box Cont. Solved Opt. Average Average Opt. Impr.

Class types dim. inst. sol. volume volume sol. sol.
A 1 103 10 10 75.6 72.9 7 0
A 1 203 10 10 65.3 61.3 6 0
A 1 303 10 10 57.0 55.2 8 0
A 1 503 10 10 56.8 56.1 9 0
A 1 1003 10 10 53.0 45.7 5 0
B 1 103 10 6 83.8 84.8 5 3
B 1 203 7 7 64.7 63.3 6 0
B 1 303 8 3 65.2 69.4 3 4
A 5 103 10 9 71.4 71.2 8 0
A 5 203 10 10 66.7 64.0 6 0
A 5 303 10 10 59.6 57.9 7 0
A 5 503 10 10 64.3 63.6 5 0
A 5 1003 10 10 59.6 58.9 7 0
B 5 103 9 6 73.2 74.1 2 2
B 5 203 4 0 61.8 62.4 0 1
B 5 303 3 0 77.8 79.4 0 1
A 10 103 10 6 94.0 92.5 5 0
A 10 203 10 6 78.4 77.0 2 0
A 10 303 10 8 76.6 75.4 5 0
A 10 503 7 4 68.2 67.0 3 0
A 10 1003 7 5 70.9 74.3 3 2
B 10 103 8 2 78.2 84.9 1 6
A 20 103 10 6 98.9 99.2 5 1
A 20 203 10 0 86.4 87.5 0 6
A 20 303 4 3 87.2 84.3 1 0
B 20 103 1 0 81.6 100.0 1 1

Overall 218 161 71,7 71 109 28

Table 3.11. Comparison with Junqueira et al. [54] exact algorithm
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The first columns in Table 3.11 give the characteristics of each subset
of instances. Columns 4 to 6 show the results obtained by Junqueira et
al. [54] and columns 7 to 9 the results of our GRASP algorithm. Junqueira
et al. [54] set a limit of 3600 seconds for the computing time allowed for
CPLEX to solve the corresponding integer linear model. Therefore, for
each instance there are four possible outcomes: (i) optimal solution, with
gap = 0, (ii) integer feasible solution, with gap > 0 and CPLEX exceeding
the time limit; (iii) no solution, with CPLEX exceeding the time limit; (iv) in-
sufficient computer memory to compile the model in GAMS. For instances
falling into categories (iii) and (iv), the solutions obtained by the GRASP
algorithm are not included in the table, to allow for a meaningful compar-
ison. Subclasses for which all the instances fall into categories (iii) or (iv)
are also excluded from the table.

The results in Table 3.11 show that the GRASP algorithm is able to
match the optimal solution obtained by the Junqueira et al. [54] model for
109 out of 161 instances. For the 57 instances in which the Junqueira
et al. [54] model obtains a non-optimal solution, GRASP improves upon
its solution in 28 of them. Overall, the percentage of volume obtained by
GRASP on the 218 instances solved by the Junqueira et al. [54] model is
just 0.7% below.

3.8.6 Extending the study to a new set of test instances

Besides instance classes BR1-BR7, Bischoff et al. [11] also generated
classes BR8-BR15 of strongly heterogeneous instances. The number of
box types ranges from 30 for BR8 to 100 for BR15.

The classes BR8-BR15 have not been solved yet in any study about
load-bearing constraints, but it is interesting to include them in this compu-
tational study in order to assess the performance of the algorithm in these
cases. In a similar way to classes BR1-BR7, we have added weights which
are proportional to the box volumes and load-bearing strengths taken from
a uniform distribution.
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Table 3.12 compares the results of these new BR8-BR15 classes with
those of BR1-BR7 when solving them with a limit of 5000 GRASP itera-
tions. It can be seen that the average occupied volume decreases when
heterogeneity increases. This effect was already observed when only full
support was required and it also appears here when additional constraints
for load-bearing are added.

For our GRASP algorithm, the computing times increase very sharply
because in strongly heterogeneous instances there are no large blocks.
Small blocks or even individual boxes are packed at each step and many
more steps are required to complete a solution.

Class Average Class Average
BR1 81.4 BR8 85.5
BR2 85.7 BR9 84.8
BR3 87.3 BR10 84.0
BR4 86.9 BR11 82.8
BR5 86.6 BR12 81.3
BR6 86.3 BR13 80.2
BR7 85.7 BR14 78.9

BR15 78.0
Av. BR1-7 85.7 Av. BR8-15 83.7
Time BR1-7 (sec.) 9.8 Time BR8-15 (sec.) 64.7

Table 3.12. Comparing classes BR1-BR7 with BR8-BR15

3.9 Summary

We have developed a GRASP algorithm with a new constructive proce-
dure and some new improvement movements. The main contribution is
the simultaneous use of several criteria for selecting the blocks, defining
different strategies for filling the container. As none of them is shown to be
the best and no correlation between the objective function and the char-
acteristics of the instances has been found, the procedure starts by giving
each objective function the same probability of being chosen. The history
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of the search is then used to adjust these probabilities to favor the best
performing rules for the instance being solved. Some improvement moves
have also been defined and implemented. The proposed algorithm obtains
better results than other existing algorithms for all the classes in the test
problems.



Chapter 4

A case study of delivering
products by trucks

4.1 Introduction

The mission of logistics is basically to get the right goods or services to
the right place, at the right time, and in the desired conditions, while mak-
ing the greatest contribution to the company [66]. In the previous chapter
we covered the problem of loading boxes directly into containers, which
forms part of the container loading problem. But, as mentioned in the in-
troduction, the loading depends on the type of products. Some products
have to be placed first onto pallets and then the pallets are placed into
containers or trucks. The first problem is known as the pallet loading prob-
lem, whereas the second problem is the container loading problem. Both
issues have attracted the attention of professionals and researchers be-
cause they are complex optimization problems that have to be solved as
efficiently as possible. These are the problems covered in this chapter.

This study began as a collaboration between our research group and
some colleagues in the Netherlands, with the idea of applying the algo-
rithms we had developed to real problems. In this way, thanks to the work
they do for a distribution company, we were provided with a real scenario
in which to carry out our research.

85
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Everyday a distribution company has to decide how to put goods onto
pallets according to the customers’ orders and then how to efficiently dis-
tribute these pallets among the number of trucks so as to reduce the trucks
needed to supply the customers. In this scenario, the company described
to us its working process in order to check whether our algorithms could
improve their processes in any way.

We deal with the inter-depot transportation problem. The company sup-
plies a group of depots spread around the country. At the company, a daily
decision has to be taken about which trucks will be sent to each depot to
distribute the goods.

The problem begins when a depot sends a set of orders. An order is a
request to deliver a collection of items of one product that the depot wants
to be supplied with before or at a certain due date. Usually there are many
items of one product, all having the same (rectangular) size and weight.
The loading problem consists of two, interrelated, phases:

• All items have to be placed on a pallet; we call this phase pallet build-
ing.

• All pallets have to placed in one of the trucks; we call this phase truck
loading.

There is only one type of pallet, the ISO pallet of horizontal dimensions
1219.2 × 1016 millimeters. The trucks are all of the same characteristics
and available in a large quantity. In the next two sections we describe the
constraints of the pallet building and the truck loading phases.

4.1.1 Pallet building

In this phase we have to place the items on pallets. Here a pallet provides
a loading space above its base, made of wood, metal, or plastic. Typically
the space in horizontal directions is limited by the horizontal size of the
pallet, though some overhang in both directions can be allowed. In the
vertical direction the height of the loaded pallet is limited to half the height
of the truck, in order to place two pallets, one on top of the other.



4.1. Introduction 87

The items are grouped in layers. A layer is an arrangement of items of
the same product, composing a rectangle whose dimensions and number
of items are known. A layer completely covers the pallet base in horizontal
directions and other layers can be placed on top of it to make up a pallet.
The horizontal dimensions of the layer can exceed the pallet base dimen-
sions by a given percentage. The customers’ orders are a quantity of items
that usually is a multiple of the number of items composing a layer.

A pallet is thus composed of a flat base and a set of layers placed one
above the other. The layers can only be stacked in a certain number to
avoid damage. For each type of product the number of layers that can be
stacked is fixed, depending on the fragility of the products.

The layer composition of each type of product has been previously de-
cided, and we have to stack layers to build pallets. Three different types of
pallets can be built:

• Stock pallet, where all the layers are of the same product. In this case
the number of layers composing the pallet is fixed, due to stackability
reasons, and therefore the pallet height is also fixed.

• Case pallet, which combines layers of different products.

• Rest pallet, which contains the remaining units of each product that
cannot form a layer. In the instances used in this study there are
no rest pallets because the orders for products are always given as
an integer number of layers. Therefore we will not use them in the
remainder of this chapter.

The company wants to make as many stock pallets as possible. Only
when not all the layers of a product fit onto stocks pallets are the remaining
layers used to form case pallets.

Apart from the pallet composition, other constraints should be consid-
ered in this phase:

• Orientation constraint: layers can be rotated, and all placements
must be parallel to the sides of the pallet.
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• Support constraint: A layer must be supported at a certain percent-
age, 75% to be precise, by the pallet surface, or the layer on which it
rests.

• Stackability constraint: The pallet height is limited to half the truck
height. Therefore, at most two pallets can be placed in each stack.
However, not any two pallets can be placed in the same stack, as
the selection of the two pallets depends on certain properties such as
their weight, with lighter pallets being placed on top of heavier pallets.
Each pallet belongs to a stackability group, based on the items loaded
on it. Denser pallets have a lower identification and less dense ones
a higher identification, so that one pallet can be placed on the top of
another if its identification is greater than or equal to the identification
of the pallet below.

4.1.2 Truck loading

Once the pallets are built, they have to be placed in the trucks. In each
instance we assume an infinite supply of identical trucks. The dimensions
of the trucks are given in millimeters (14630.4, 2590.8, 2768.6). Consid-
ering the dimensions of the ISO pallet, we can place 2 pallets height-wise,
2 pallets width-wise and around 14 pallets length-wise, depending on the
overhang. This equates to a maximum of 56 pallets per truck.

More precisely, for a truck we know its rectangular dimensions (L,W,H)

and the maximum weight, or weight capacity Q, that it is allowed to load.
Moreover, there are restrictions on the maximum weights on the axles.
The truck has two axles that carry the load, with the front axle at position
δ1 and the rear axle at position δ2, where δ1 and δ2 are measured from the
front of the loading space of the truck. Each axle can bear a maximum
weight, denoted by Q1 and Q2, where Q1 + Q2 ≥ Q. Figure 4.1 shows a
truck with its dimensions and axle distances.

For security reasons the load has to be well spread on the truck and
must be distributed between the two axles, not exceeding the maximum
weight they can bear. If Cogx is the x-coordinate of the center of gravity
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Figure 4.1. Dimensions and axles positions of the truck

of the load inside the truck and g the total weight of the load, the weights
supported by the front axle (g1) and the rear axle (g2) are determined by
equations (4.1) and (4.2).

g1 = g(Cogx−δ1)
δ2−δ1 (4.1)

g2 = g(δ2−Cogx)
δ2−δ1 (4.2)

In this phase of truck loading, some other constraints related to how to
place the pallets should be considered:

• Priority constraint: The due dates of the orders must be respected,
meaning that if truck x contains orders for day d, then trucks x + 1,
x + 2, etc. cannot contain orders of days before d. If the items of day
d do not completely fill a truck, the items of the day d+ 1 can be used
to fill up the truck. If with these items the truck is not still completely
filled, then items of day d + 2 can be used, and so on, until the truck
is filled or there are no items left.

• Weight constraint: The weight capacity Q of the truck cannot be
exceeded.



90 Chapter 4.

• Axle weight constraint: The axles of the truck have weight limits
Q1 and Q2; the weights g1 and g2 in equations (4.1, 4.2) should not
exceed Q1 and Q2, respectively. Usually, Q1 +Q2 ≥ Q.

• Stability constraint: For stability reasons, the pallets have to be
placed touching at least one side of the truck.

4.1.3 Objective

As explained in the introduction, the problem corresponds to the inter-
depot transportation of a distribution company. The distribution company
will calculate the load assignment during the day, and the following night
transportation is carried out. The data are not complete, except for the next
day: orders may be cancelled or, more likely, be added for the upcoming
days. Consequently, the distribution company will not ship the goods for all
the days, but probably only the first trucks, containing the next day’s orders
and some orders for the day(s) after.

Nevertheless, a calculation for the complete period is of value: the or-
ders for the later days might influence the choices made for the first days.
For this reason our main objective is to minimize the total number of trucks
needed for all the orders and, in case of solutions with the same number
of trucks, one is better than the other if the last truck is less full.

We tackle two problems: putting products onto pallets and pallets into
trucks, but both have the same characteristics. According to the typol-
ogy proposed by Wäscher et al. [94], they can be classified as three-
dimensional problems. The kind of assignment is input minimization, a set
of small items is to be assigned to a set of large objects whose quantity
is large enough to accommodate all the small items. The assortment of
the small items is weakly heterogeneous, the small items can be grouped
in relatively few classes with respect to the total number of items. The
assortment of the large objects is only one large object with fixed dimen-
sions, pallet and truck, and the shape of the small items is regular. Both
problems can be classified as a Single Stock Size Cutting Stock problem
(SSSCSP).
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4.2 Literature review

The problem that we study represents an important category of loading
problems, namely the problem of loading products on pallets and placing
pallets into trucks. In particular, the loading of layers on pallets and pal-
lets into trucks, because the layer composition is given. It is a problem
related to the container loading problem described in Chapter 3, because
in both cases products, boxes or layers, are placed in containers with fixed
dimensions under certain constraints.

The constraints that are relevant in this problem are largely the ones
mentioned previously: weight and weight distribution, stackability, and al-
location of items. In the container loading problem these constraints have
been considered in many previous studies. According to the survey by
Bortfeldt and Wäscher [15], at least 13.9% of the container loading litera-
ture deals with weight limit, while weight distribution is considered by 12.1%

of the papers, keeping the centre of gravity in the geometrical mid-point of
the container or not exceeding a certain distance. The stackability con-
straint is dealt with by 15.2% of the papers.

In the previous chapter we reviewed work relating to container loading
problems according to constraint types and solution approaches. Here we
only mention some studies directly related to the problem being tackled in
this chapter.

• Priority constraint: The due dates of orders must be respected.
Bischoff and Ratcliff [11] and Ren et al. [85] work with product pri-
orities, trying to accommodate first the more desirable products.

• Stackability constraint: Preventing a product type from being placed
on top of another type has been considered by Scheithauer and Terno
[90] and constraints such as “Stack no more than X height” are en-
countered in Bischoff and Ratcliff [11] and in Lin et al. [59].

• Support constraint: Many studies([13], [4], [30], [32], [69]) work with
full support, and some others ([53, 54]) with partial support.
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• Weight constraint: Gehring and Bortfeldt [38], Bortfeldt et al. [14],
Terno et al. [93] and Egeblad et al. [29] include among their con-
straints a maximum weight that cannot be exceeded.

• Axle weight constraint: Bischoff and Marriott [10] keep the centre of
gravity in the geometrical mid-point of the container. A certain flexibil-
ity, not exceeding a certain distance from the geometrical mid-point, is
allowed in Bortfeldt and Gehring [13] and Gehring and Bortfeldt [38].

However, there are not many papers that address the issues of pallet
and truck loading together. The next references place products on pallets
and pallets into trucks.

Morabito et al. [66] deal with the same problem but in 2D because the
products cannot be stacked. The set of products have dimensions (l, w, h),
where h represents the maximum height for loading. The problem consists
in how to load the maximum number of products on a pallet of dimen-
sions (L,W ). The problem is solved by using the approach proposed by
Morabito and Morales [65]. The approach consists in a heuristic algorithm
that divides the rectangle into 5 blocks and in each block the products are
placed in a fixed orientation. Finally, when the pallets are built, they use
the same approach to load the pallets into the trucks.

Haessler and Talbot [45] describe a heuristic for loading customers’ or-
ders, developing load patterns for trucks and rail shipments. The products
have low density and for that reason the approach is based on loading by
volume rather than by weight. To deal with axle weight constraints, stacks
are sequenced by alternating the heaviest and lightest stacks.

Takahara [92] deals with the problem of loading a set of items P, in a set
of multiple bins, containers and pallets, S. A loading sequence for the items
is chosen, for instance σ = p2, p3, p1, p5, ..., pn, and this determines the or-
der in which the items are inserted into the bins. The sequence is selected
by a metaheuristic method based on a neighbourhood search. A selec-
tor determines the sequence of the bins, for instance µ = s2, s1, s3, ..., sm.
When a bin is selected the first item is loaded in the bin, placing it into the
first space in which it fits. If the item does not fit into the bin, the next bin
is selected. There is an observer that determines when to exchange the
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sequence of the items with a neighbour sequence and when the choice of
the bin is changed from following the sequence to being randomly chosen,
depending on the quality of the solutions.

Lim et al. [58] deal with the single container problem with axle weight
constraints. They propose an integrated heuristic solution approach that
combines a GRASP wall-building algorithm with linear integer program-
ming models. They first apply a customized wall-building heuristic based
on the GRASP by Moura and Oliveira [67], including special considera-
tions for box weight and density. Then they use an integrated approach
to handle the weight requirements. If the container load limit is exceeded,
they unload the necessary number of boxes by iteratively solving an inte-
ger programming model to meet the requirement. If the axle weight limit
is exceeded, they take two steps iteratively until the limit is satisfied: the
first step consists in interchanging positions of the walls and the second
step consists in solving an integer programming model to unload boxes
and apply the first step one more time to improve the container balance as
well as to force a feasible weight distribution.

Recent years have shown a significant growth in research and areas of
application. In particular, constraints related to routing have been studied,
leading to loading constraints as in Iori and Martello [52]. Doerner et al.
[26] deal with multi-pile vehicle problems in which the total weight of the
items is equal to the weight the truck can load, and the length and height
of the items are variable. The items are placed on pallets and stacked
one above the other, producing piles. They propose two metaheuristic
algorithms, a Tabu Search and an ACO algorithm. Pollaris et al. [80]
study the capacitated vehicle routing problem with sequence-based pallet
loading and axle weight constraints. They propose a mixed integer linear
programming formulation for the problem. They focus their study on the
combination of a Vehicle Routing Problem (VRP) with the loading of ho-
mogeneous pallets inside a vehicle. Pallets may be placed in two rows
inside the vehicle but cannot be stacked on top of each other because of
their weight, fragility or customer preferences. Sequence-based loading is
assumed to ensure that when arriving at a customer, no items belonging to
customer supplied later on the route block the removal of the items of the
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current customer. Their model tries to minimize the transportation cost,
respecting the axle weight constraint along the delivery route.

4.3 Problem Approach

The problem we study in this chapter is a real problem in which many con-
straints are present. It is a difficult problem and obtaining good solutions
that satisfy all the constraints is a challenge. It would be a good starting
point to develop a heuristic that obtains good solutions in relatively short
computing times.

Problems combining pallet and truck loading have not been extensively
studied and until now, few exact algorithms have been proposed for solving
such problems. Only Pollaris et al. [80] and Lim et al. [58] have used exact
approaches. For this reason, it would be interesting to study the behavior
of the problem, combining pallet and truck loading, in greater depth, by
using mathematical models.

Therefore, we have addressed the problem from the two points of view,
using heuristic and exact methods. Section 4.4 explains the heuristic ap-
proach and Section 4.5 explains what the relaxed problem is that we take
as a starting point and the way in which we have developed mathematical
models by progressively introducing additional constraints.

4.4 Approximate approach

We first developed a metaheuristic algorithm for solving the problem. The
objective was to produce good solution in reasonable computing times,
that could be useful for the company because they satisfy all the require-
ments.

In this section we first give a formal description of the problem. Then
we analyze the instances provided by the company and describe the algo-
rithm. Finally, the computational results are reported.
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4.4.1 Problem formulation

The problem can be defined as follows. A customer has to receive a set
of different products, j ∈ 1, . . . J , to meet daily orders. The days are repre-
sented by d ∈ 1 . . . D, and each order line is composed of a product type j
and the amount of it for that day ajd. The product is defined by its dimen-
sions (xj, yj, zj) in millimetres, its weight wj in kilograms, and its possible
rotations (rxj, ryj, rzj), with rxj = 1 if the dimension xj of the product can
be upward. In Figure 4.2 a cereal box is defined.

Figure 4.2. Cereal box

All the products have a pre-defined placement in layers. A layer is an
arrangement of products of the same type in rows and columns, defined
by its dimensions (lj, wj, hj) in millimeters, its weight qj in kilograms, and
the number of units in the layer luj. The quantity of layers per day is
ndj = ajd/luj, whereas the total quantity of layers is nj =

∑
d∈D ajd/luj.

The number of layers of the same product that can be stacked is lsj and
the stackability identification is idsj ∈ 1, . . . , 4, which represents the density
of the product, denser products having an identification of 1 and less dense
ones receiving a 4. One layer can be placed on top of another if the layer
below has a stackability identification smaller than or equal to that of the
layer above. In Figure 4.3 a layer of cereal boxes is built with three rows
and three columns. Each layer is composed of 9 items, can be rotated with
respect to the x and y axes, and only four layers of cereals can be stacked.

The layers are stacked to build pallets. Each pallet has a base whose
dimensions are (lp, wp, hp) millimetres, a weight, qp, and it can be rotated.
The units of a product are first assigned to layers, and then the layers are
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Figure 4.3. Layer of cereal boxes

placed onto the pallets. If there are enough layers of the same product,
stock pallets are built first and then the remaining layers are combined into
case pallets. In Figure 4.4, a pallet with four layers of cereals has been
assembled. It is a stock pallets because all the layers are of the same
product.

Figure 4.4. Pallet with 4 layers of cereal boxes

The pallets are loaded onto trucks, and a given set of trucks k ∈ 1 . . . K

is available. For each truck k, we know its dimensions (L,W,H), the weight
it can bear on the front axle,Q1, and on the rear axle,Q2, and the maximum
weight Q. The distances of the axles from the front part of the truck are
δ1 and δ2. In Figure 4.1 a truck is shown with its dimensions and axle
distances.

4.4.2 Data analysis

A preliminary study of the data instances was carried out to obtain infor-
mation about the characteristics of the problem, and then to consider the
most adequate approach for solving it. The company provided us with
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11 instances. These instances were written in an XML document with a
specific format, so we had to parse that document to adapt it to our data
format. In these instances, we had the information about pallet support,
the features of the trucks, the features of the products, and for each prod-
uct the features of its layers and a list of orders, ordered by day.

Table 4.1 contains a summary of the data for each instance. The first
column represents the due date of the orders, from 1 up to 3, represent-
ing the weekday in which the order has to be sent, the second one is the
number of different types of products per day, the third one is the num-
ber of layers requested per day, the fourth and fifth ones are the weight
of the layers and their volume. The sixth column is the number of stock
pallets generated with the layers and the seventh column is the number of
remaining layers, case layers, that cannot form stock pallets.

All the available trucks are of the same type, with dimensions (14630.4,
2590.8, 2768.6) mm. and the maximum weight that they can bear is 20048
Kg. With the characteristics of the trucks and the data of the products per
day we can obtain lower bounds on the number of trucks needed for each
day. To illustrate how the lower bounds are calculated, we have used an
example, instance 5, day 1, which appears in bold in Table 4.1.

• Lower bound per volume (LBV): the number of trucks needed for load-
ing the volume of all products per day. It is calculated by dividing the
product volume of a day by the volume of the truck.

LBVd =

⌈
Volumed

Volume of the truck

⌉
=

⌈
2.399E + 11

1.049E + 11

⌉
= d2.3e = 3 (4.3)

• Lower bound per weight (LBW): the number of trucks needed for load-
ing the weight of all products per day.

LBWd =

⌈
Weightd

Maximum weight truck

⌉
=

⌈
47821.9544

20048

⌉
= d2.4e = 3

(4.4)
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Day Types of Total Weight Volume Stock Case
products layers Kg. mm3 pallets layer

INSTANCE 1
1 29 234 13024.5052 6.545E+10 37 66
2 14 40 2008.7996 1.104E+10 1 33
3 65 178 12471.9338 4.23E+10 0 178

Total 108 452 27505.2386 1.188E+11 38 277
INSTANCE 2

1 48 292 21217.7876 4.337E+10 10 218
2 32 331 22598.7174 4.917E+10 20 166
3 28 200 13579.7337 2.94E+10 9 127

Total 108 823 57396.2387 1.219E+11 39 511
INSTANCE 3

1 74 215 14954.2638 5.139E+10 8 181
2 91 251 17944.2714 6.319E+10 9 211
3 114 292 19599.2506 7.387E+10 8 257

Total 279 758 52497.7858 1.885E+11 25 649
INSTANCE 4

1 71 344 24228.9384 5.018E+10 7 286
2 33 141 9603.1842 1.965E+10 3 118
3 38 126 8542.7124 1.847E+10 1 118

Total 142 611 42374.835 8.83E+10 11 522
INSTANCE 5

1 103 790 47821.9544 2.399E+11 119 297
2 80 323 20819.8308 8.929E+10 28 198
3 126 482 30703.77 1.34E+11 46 284

Total 309 1595 99345.5552 4.632E+11 193 779
INSTANCE 6

1 57 341 21792.8304 9.663E+10 41 140
2 88 337 22148.2841 9.787E+10 29 219
3 131 562 36511.7812 1.621E+11 67 283

Total 276 1240 80452.8957 3.566E+11 137 642
INSTANCE 7

1 60 244 14793.9923 6.986E+10 29 141
2 83 196 13499.6182 5.702E+10 18 136
3 125 290 19054.0723 8.461E+10 29 192

Total 268 730 47347.6828 2.115E+11 76 469
INSTANCE 8

1 83 525 34854.4396 1.512E+11 42 167
2 14 45 3030.5652 1.37E+10 3 30
3 48 196 13543.8565 6.058E+10 23 100

Total 145 766 51428.8613 2.254E+11 68 297
INSTANCE 9

1 27 83 5536.6054 2.062E+10 2 73
2 92 306 20592.9161 7.855E+10 19 226
3 161 569 43995.8585 1.378E+11 33 420

Total 280 958 70125.38 2.369E+11 54 719
INSTANCE 10

1 86 202 12975.8406 5.485E+10 4 186
2 140 1033 98938.5461 1.92E+11 79 409
3 125 232 16994.553 5.833E+10 7 211

Total 351 1467 128908.9397 3.052E+11 90 806
IINSTANCE 11

1 21 92 6218.8446 2.009E+10 3 74
2 29 112 8177.4764 2.527E+10 6 80
3 113 564 53271.6909 1.223E+11 29 369

Total 163 768 67668.0119 1.676E+11 38 523

Table 4.1. Data of the 11 test instances
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• Lower bound per position (LBP): the number of trucks needed to load
all the pallets that can be formed with the products of a day. For this
lower bound, we have to calculate first an estimation of the number of
pallets.

There are two types of pallets, stock pallets and case pallets. We have to
estimate spdj, the number of stock pallets per type of product and day, cpdj,
the number of layers of product j required for day d which will go into case
pallets, and ncpd, the number of case pallets of this day. The number of
stock pallets for each type of product j is calculated by dividing the total
number of layers of each product, ndj, by the number of layers you can
stack on a pallet, lsj, as in equation (4.5).

With Equation (4.6) we obtain the number of layers that cannot form a
stock pallet, which is the total number of layers minus the layers going into
stock pallets. A case pallet can be half the height of the truck. Therefore,
an estimation of the number of case pallets is the sum of heights of these
layers divided by half the height of the truck, as in Equation (4.7). The sum
of the stock pallets and the case pallets is the pallet estimation, Equation
(4.8).

If all the layers are smaller than or equal to the pallet base, 14 pallets
could be placed lengthwise and 2 widthwise, given a maximum of 56 pal-
lets per truck. If the estimation of the number of pallets is divided by the 56
pallets that can be placed on a truck, we obtain a lower bound per position,
as in Equation (4.9).

spdj =

⌊
ndj
lsj

⌋
j ∈ J, d ∈ D (4.5)

cpdj = (ndj − (spj ∗ lsj)) j ∈ J, d ∈ D (4.6)

ncpd =

⌈∑J
j=1 cpdj ∗ hj

H
2

⌉
d ∈ D (4.7)

palletsd = (
J∑
j=1

spdj) + ncpd d ∈ D (4.8)

LBPd =

⌈
palletsd

56

⌉
d ∈ D (4.9)
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To illustrate how to calculate the lower bound, we have provided an
example with instance 5, day 1. In Table 4.2 we see the information of
each product order for that day where each row corresponds to a product.
The first column is the number of requested layers. The second column is
the number of layers that can be stacked to form a stock pallet, the third
column is the number of stock pallets that can be formed with those layers
according to Equation (4.5), the fourth column is the number of layers
left after building stock pallets, according to Equation (4.6), and the fifth
column is the layer height. The total number of stock pallets is the sum of
the third column and there are 119 stock pallets. The number of possible
case pallets is the total number of the case layers per layer height, divided
by half the height of the truck, as in Equation (4.10).

pallets1 =

J∑
j=1

spj +

⌈∑J
j=1 cpj ∗ hj

H
2

⌉
= 119 +

⌈
(1 ∗ 158.8) + . . .

2768.6
2

⌉
= 160 (4.10)

LBP1 =

⌈
pallets

56

⌉
=

⌈
160

56

⌉
= 3 (4.11)

For this day 3 trucks are needed to load the pallets per positions.

The values of the three lower bounds per day and instance appear in
Table 4.3. For each instance and each day the table includes the values of
the lower bound by volume LBV, Equation (4.3), the lower bound by weight
LBW, Equation (4.4) and the lower bound by position LBP, Equation (4.9).
The maximum of the three lower bounds is marked in bold and represents
the minimum number of trucks needed to supply the orders for that day.
The lower bounds have not been round up to see more clearly which bound
dominates each instance and day.

By looking at the analysis summarized in Table 4.3 for the 11 instances,
we can see that most times the highest lower bound is the lower bound
per weight. In this case the volume is not significant when determining the
number of trucks. As can be seen in these instances, the weight of the
products is the parameter with the greatest influence on the possible solu-
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Quantity Layers Stock Case Layer Quantity Layers Stock Case Layer
of layers per pallet pallets layers heights of layer per pallet pallets layers heights

8 7 1 1 158.8 12 4 3 0 295.1
5 5 1 0 247.6 4 4 0 4 268.2
10 4 2 2 254 4 4 0 4 309.4
3 13 0 3 88.9 4 4 0 4 309.4
5 10 0 5 115.9 4 4 0 4 309.4
5 10 0 5 115.8 8 4 2 0 309.4
7 6 1 1 190.5 1 14 0 1 85.7
8 4 2 0 301.6 9 6 1 3 195.3
8 7 1 1 158.8 5 10 0 5 115.9
2 7 0 2 157 5 10 0 5 115.9
8 7 1 1 158.8 3 10 0 3 115.9
24 4 6 0 295.1 5 5 0 5 222.2
8 4 2 0 309.4 4 4 0 4 301.6
8 4 2 0 268.2 3 7 0 3 158.8
8 7 1 1 158.8 2 6 0 2 206.2
5 5 0 5 225.6 6 5 1 1 211.1
3 14 0 3 85.7 2 6 0 2 206.2
11 10 1 1 115.8 2 7 0 2 158.8
5 10 0 5 115.9 1 5 0 1 209.6
5 10 0 5 115.9 3 7 0 3 171.4
4 10 0 4 115.9 3 5 0 3 225.3
4 10 0 4 115.9 4 5 0 4 230.1
3 10 0 3 115.9 7 6 1 1 177.8
5 4 1 1 254 4 4 0 4 300
3 5 0 3 211.1 28 4 7 0 295.1
8 7 1 1 158.8 4 4 0 4 273
5 5 0 5 225.3 84 4 21 0 309.4
4 4 0 4 268 144 4 36 0 309.4
3 5 0 3 207.8 1 7 0 1 166.6
4 4 0 4 273 4 4 0 4 273
4 4 0 4 295.1 3 12 0 3 99.1
4 4 0 4 295.1 2 12 0 2 99.1
30 3 10 0 334.8 2 6 0 2 206.2
8 4 2 0 295.1 5 5 0 5 231.8
32 4 8 0 300 5 10 0 5 115.9
12 3 4 0 317.5 4 10 0 4 115.9
4 4 0 4 295.1 5 10 0 5 115.9
2 12 0 2 99.1 4 4 0 4 301.6
5 5 0 5 231.8 5 5 0 5 225.3
6 13 0 6 92.2 3 6 0 3 196.8
5 10 0 5 115.9 3 6 0 3 196.8
5 10 0 5 115.9 2 6 0 2 200
4 10 0 4 115.9 2 5 0 2 209.6
5 10 0 5 115.9 4 4 0 4 274.7
8 7 1 1 158.8 3 6 0 3 206.2
3 7 0 3 158.8 2 6 0 2 206.2
6 6 0 6 196.8 1 11 0 1 104.8
2 5 0 2 208 6 6 0 6 180.8
3 5 0 3 209.6 3 6 0 3 181
4 7 0 4 158.8 3 5 0 3 215.9
6 6 0 6 177.8 2 5 0 2 215.9
4 4 0 4 250.7

Table 4.2. Layer information for day 1 of instance 5
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Day LBV LBW LBP Day LBV LBW LBP
INSTANCE 1 INSTANCE 2

1 0.62 0.65 0.86 1 0.41 1.06 0.52
2 0.11 0.10 0.13 2 0.47 1.13 0.61
3 0.40 0.62 0.46 3 0.28 0.68 0.36

Total 1.13 1.37 1.45 Total 1.16 2.86 1.48
INSTANCE 3 INSTANCE 4

1 0.49 0.75 0.59 1 0.5 1.2 0.6
2 0.60 0.90 0.71 2 0.2 0.5 0.2
3 0.70 0.98 0.84 3 0.2 0.4 0.2

Total 1.80 2.62 2.14 Total 0.8 2.1 1.0
INSTANCE 5 INSTANCE 6

1 2.3 2.4 2.9 1 0.9 1.1 1.1
2 0.9 1.0 1.1 2 0.9 1.1 1.1
3 1.3 1.5 1.6 3 1.5 1.8 1.9

Total 4.4 5.0 5.5 Total 3.4 4.0 4.2
INSTANCE 7 INSTANCE 8

1 0.7 0.7 0.9 1 1.4 1.7 1.3
2 0.5 0.7 0.7 2 0.1 0.2 0.2
3 0.8 1.0 1.0 3 0.6 0.7 0.7

Total 2.0 2.4 2.6 Total 2.1 2.6 2.2
INSTANCE 9 INSTANCE 10

1 0.2 0.3 0.3 1 0.5 0.6 0.6
2 0.7 1.0 0.9 2 1.8 4.9 2.3
3 1.3 2.2 0.8 3 0.6 0.8 0.7

Total 2.3 3.5 2.0 Total 2.9 6.4 3.5
INSTANCE 11

1 0.2 0.3 0.2
2 0.2 0.4 0.3
3 1.2 2.7 1.3

Total 1.6 3.4 1.8

Table 4.3. Lower bounds for each instance and day
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tions, so if we are able to efficiently distribute this weight, we will probably
obtain better solutions.

4.4.3 The problem approach

When deciding how to solve the problem introduced in Section 4.1, taking
into account the analysis of the instances in Section 4.4.2, we can consider
the problem as two subproblems. The first subproblem would be building
the pallets, where the input will be the list of orders and the output will be a
pallet list with all the products to send. The second problem would be how
to load the pallets onto the trucks, where the input will be the list of pallets
provided by the first problem and the output will be the number of trucks
that are necessary to load the whole list of pallets from the first problem.

With this approach we would have two independent problems where the
solution of the first problem is the input data of the second problem. The
second one depends on the solution of the first. The disadvantage of this
approach is that the two problems are independent and one does not take
into account the features and constraints of the other. In particular, in the
first problem the pallets are built without any information about the trucks.
Therefore, a good solution for the pallet loading phase is not necessarily a
good starting point for the truck loading phase.

Our proposal is to keep a constant flow of information between the two
problems, taking into account the constraints and the features of both.
In the truck loading phase, we gather information about the features of
the pallet, whereas in the building pallet phase, we collect the information
about the placement of the pallet in the truck. With both pieces of informa-
tion, we build the best pallet for a specific position in the truck using the
remaining products.

To solve this problem, we propose a multi-start algorithm with a con-
structive phase in which a solution is built by adding a pallet at each step
according to the information collected from the truck. In the next sections,
the algorithm is described in detail.
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4.4.4 Constructive phase

The constructive algorithm builds a solution by means of an iterative pro-
cess in two steps, the first one consists in finding a space in the truck to
place the pallet and the second one in building the pallet and placing it
onto the truck.

Step 1. Selecting a place

The first step is to select a position in the truck to place the next pallet.
If there are no oversize layers forming oversize pallets, each pallet would
have a predefined position in the truck because all the pallets would have
the same dimensions. But if there are some oversize pallets in which
some layers are larger than the base, the position of the pallet cannot
be predefined, because it depends on the pallet dimensions. That is the
reason why we have to select a place to put the pallet at each step.

Other constraints that have to be taken into account when selecting the
place are the center of gravity and the axle weight, because the position
of the pallet affects the weight that each axle will bear, and can move the
center of gravity away from the geometric center of the truck.

Since the weight has to be balanced between the two axles, we have
decided to divide the truck into two parts, front and rear, starting from the
center, as in Figure 4.5, in which white corresponds to front and blue to
back. By placing a pallet on a different side each time, we can control the
balance of the weight and keep the center of gravity approximately in the
center of the truck.

The center of gravity and the weight each axle will bear are calculated
with Equations (4.1) and (4.2). If the weight that axle 1 will bear is greater
than that of axle 2, the next space is selected at the front; otherwise, it is
chosen at the back.

Starting at the center of the truck and going in the chosen direction,
towards the front or back, we look for a space big enough to place a pallet.
We search the floor of the truck first and, if there is no space left, we look at
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Figure 4.5. Truck overview, divided into two parts

the top of the pallets already loaded. When the space is found its features
are extracted: its dimensions (Sx, Sy, Sz), the maximum weight that can
be put into this position Ws, and the stackability identification of the lower
pallet, idss, if the space is above another pallet.

With these features of the space, we go on to the next step.

Step 2. Building a pallet for this place

In this step, a pallet is built that is tailored to the space selected, taking
into account its characteristics. When building a pallet, we always use the
predefined layers.

The layers are ordered by day, first days first, and by density, the denser
ones first. We take the first layer of the list and check whether there are
enough layers of this product to build a complete pallet, in other words a
stock pallet. If this is the case, we build a stock pallet. Otherwise, these
layers are added to the pallet and we continue searching for layers that
cannot form a stock pallet by themselves and add them to the pallet, build-
ing a case pallet with layers of different products.

One layer is selected if it satisfies several conditions. First, it fits into the
selected space. Second, the weight of the pallet, including this layer, does
not exceed the maximum allowed weight for this space. Third, the height
of the pallet does not exceed half the height of the truck.

The pallet built in that way is defined by its dimension, (lp, wp, hp), the
number of layers nlp, the weight qp, and the stackability identification,
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which will be the minimum identification of all the layers making up the
pallet.

The pallet is placed into the selected space, touching the nearest wall
of the truck, in such a way that the potential gap is left in the middle of the
truck, where it can be used by pallets on the other side and also by pallets
on top, always satisfying a 75% area of support, as can be seen in Figures
4.6 and 4.7.

Figure 4.6. First floor arrangement

Figure 4.7. Pallets arranged at the second level
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When the pallet is inserted into the solution, a new cycle begins, calcu-
lating the new center of gravity, the load bearing of the axles, the direction
to be chosen, and updating the list of layers.

When the first level on the floor of the truck is completed, all the pal-
lets are pushed to the front of the truck. The way in which we place the
pallets, starting from the center, may leave two gaps, one at the front and
another at the back of the truck, as can be seen in Figure 4.6. By pushing
the pallets to the front of the truck we join the gaps at the end, with the
possibility of placing another pallet in that gap. This process is performed
before starting the placement at the second level.

The constructive phase continues until all the layers have been placed
or until no more pallets can be placed on the truck because one of the
constraints, limiting the volume, the weight, or the number of pallets, has
been reached. If there are still pallets to be sent, a new truck is opened
and the process continues.

4.4.5 Deterministic constructive results

We have run the constructive algorithm in a deterministic way in order to
know how far the solutions are from the lower bounds and to study how
they can be improved. The tests were performed on a PC Intel Core i3-
2100 (3.1Ghz, 4GB). Table 4.4 shows the information about the solutions.
For each instance we can see the number of trucks, the percentage of
volume occupation of the truck, the number of pallets of the first day in that
truck, the number of pallets of the second day on that truck, the number of
pallets of the third day on that truck, and the reason for closing the truck.

There are three possible reasons for closing the truck: one of the axles
has reached the maximum weight, the truck volume is fully occupied, or
no available positions are left for new pallets because there is no space or
the stackability constraints do not allow another pallet to be placed on top
of the existing pallets.

As can be seen in Table 4.4, for these instances the volume is never
the reason. Weight is the most influential factor, as well as the stackability
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conditions. Note that when a truck is closed because there is not any
available position for a new pallet, the total number of pallets is usually
far short of the maximum number of 56 pallets per truck, indicating that
the stackability constraints are severely limiting the number of pallets per
truck.

Figure 4.8. Solution for instance 1 with two trucks

In Figure 4.8 we can see the solution for instance 1, in which two trucks
are needed, with percentages of volume occupation of 63% and 69%. The
first one is closed because we cannot place any more pallets of day 1. In
order to satisfy the priority constraint, if some products of day 1 are to be
loaded on the second truck, we cannot put any product of day 2 on the
first truck. Therefore, we open a new truck and place the remaining pallets
with products of day 1, then the pallets with products of day 2, and finally
the pallets with products of day 3.

In Table 4.5 we can see the comparison between the lower bound
and the number of trucks obtained by the deterministic constructive al-
gorithm, as well as the running time in seconds. In some instances we
have achieved the lower bound, so the number of trucks is optimal, but in
the others there are differences of up to two trucks.
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Instance Trucks Percentage of Pallets day 1 Pallets day 2 Pallets day 3 Closing condition
occupation

1 1 63 42 0 0 stackability
2 69 7 7 30

2 1 48 30 0 0 stackability
2 51 4 27 0 axle 2 limit
3 51 0 9 22

3 1 78 37 13 0 axle 2 limit
2 58 0 32 6 axle 2 limit
3 74 0 0 48

4 1 46 29 0 0 stackability
2 54 10 14 8 stackability
3 8 0 0 6

5 1 38 25 0 0 axle 2 limit
2 78 51 0 0 stackability
3 76 47 0 0 stackability
4 66 44 0 0 stackability
5 74 1 46 0 stackability
6 73 0 17 31 axle 2 limit
7 80 0 0 52 stackability
8 18 0 0 13

6 1 71 47 0 0 axle 2 limit
2 79 22 27 0 stackability
3 62 0 42 0 stackability
4 45 0 1 27 axle 2 limit
5 80 0 0 52 stackability
6 55 0 0 37

7 1 67 43 0 0 stackability
2 72 10 34 0 stackability
3 80 0 8 41 stackability
4 32 0 0 22

8 1 47 31 0 0 stackability
2 77 54 0 0 stackability
3 55 30 9 0 stackability
4 70 0 7 43 stackability
5 1 0 0 1

9 1 56 16 20 0 stackability
2 82 0 38 20 stackability
3 31 0 0 20 axle 2 limit
4 78 0 0 54 axle 2 limit
5 16 0 0 16

10 1 62 37 6 0 stackability
2 29 0 22 0 axle 1 limit
3 32 0 22 0 axle 1 and 2 limit
4 34 0 23 0 axle 2 limit
5 38 0 26 0 axle 2 limit
6 74 0 34 26 stackability
7 28 0 0 20

11 1 56 14 17 9 axle 1 limit
2 28 0 0 21 axle 1 limit
3 40 0 0 28 axle 2 limit
4 39 0 0 29

Table 4.4. Deterministic constructive algorithm results for the 11 test in-
stances
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Instance Lower bound Constructive Time (sec.)
1 2 2 0.1
2 3 3 0.1
3 3 3 0.3
4 3 3 0.1
5 6 8 0.5
6 5 6 0.4
7 3 4 0.2
8 3 5 0.2
9 4 5 0.3
10 7 7 0.3
11 4 4 0.2

Table 4.5. Comparing the number of trucks obtained by the deterministic
constructive algorithm with the lower bound

4.4.6 Randomized constructive algorithm

In order to improve the solution, our proposal is a randomized construc-
tive algorithm using the constructive procedure described in the previous
section and adding a random selection mechanism. In the constructive
phase the solution is built step by step by adding one element to a partial
solution, but in order to select the element to add, a greedy randomized
strategy is used to provide diversity to the process.

The randomization procedure for selecting the layer to be packed is
based on the strategy introduced by Resende and Werneck [86], in which
a restricted candidate list, RCL, is built by randomly selecting a fraction γ
( 0 ≤ γ ≤ 1) of the elements to be placed. Then, the first element of RCL
in the ordered list is selected.

It is difficult to determine the value of γ that gives the best average
results. The reactive strategy, proposed by Prais and Ribeiro (2000), is
to let the algorithm find the best value of γ from among a small set of
allowed values. The parameter γ is initially taken at random from a set of
discrete values D = {γ1, γ2, ..., γm}, but after a certain number of iterations,
the relative quality of the solutions obtained with each value of γ is taken
into account and the probability of values consistently producing better
solutions increases. In this way, the randomization procedure reacts to the
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results obtained in the iterative process, tuning the parameter to the most
suitable values for each instance. Initially we take 9 values, from 0.1 to
0.9.

We have tested our randomized constructive algorithm on the 11 test
instances. Each instance was run for 5000 iterations, updating the param-
eters every 500 iterations. The tests were performed on a PC Intel Core
i3-2100 (3.1Ghz, 4GB).

The number of trucks in the best solution for each instance is shown in
the third column of Table 4.6, together with the lower bound and the value
of the deterministic constructive algorithm. In this process the number of
trucks has been reduced for instances 8 and 9, but for instances 5, 6, and
7 the trucks are the same, indicating that some improving movements are
needed. In the cases in which the number of trucks has not changed,
we observe a decrease in the volume occupied in the last truck, so the
secondary objective shows an improvement.

Instance Lower bound Deterministic Randomized Time (sec.)
1 2 2 2 217.9
2 3 3 3 264.9
3 3 3 3 446.9
4 3 3 3 113.3
5 6 8 8 759.3
6 5 6 6 619.6
7 3 4 4 306.5
8 3 5 4 363.1
9 4 5 4 508.5
10 7 7 7 528.1
11 4 4 4 292.8

Table 4.6. Comparing the number of trucks obtained by the randomized
constructive algorithm with the lower bound
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4.5 Solving the problem by using mathemati-
cal models

The problem we deal with in this chapter is quite new in the literature. Few
exact algorithms ([80], [58]) have been proposed for solving some versions
of the problem. Therefore, we consider that it would be interesting to study
the structure of the problem that combines pallet and truck loading by using
mathematical models.

The idea is to model the characteristics of the problem, starting from a
basic model with the main characteristics of the problem and then grad-
ually add the rest of the features. The basic model includes the main
characteristics of the problem, such as not exceeding the truck height and
the maximum weight, and then we add axle weight constraints, we include
the pallet bases, considering one and two pallets per position, and finally
we consider additional conditions such as the center of gravity and the
minimization of the number of pallets.

In the next section we introduce the problem formulation and an ex-
tended explanation about how to work with the axle weights in order to
produce linear constraints to be added to the integer linear models.

4.5.1 Problem formulation

The problem is the same as the one described in Section 4.4.1, with a
relaxation of some of the constraints. Here we do not take into account
priority constraints because in the basic model the products do not have
due dates. All the layers can be stacked above the others, because no
stackability constraints are considered. Moreover, no overhang is allowed,
so the dimensions of the pallets correspond to the dimensions of their
bases and therefore are fixed. For completeness, the problem is described
again in this section.

The problem consists in supplying depots, whose demand can be de-
fined as a list of different types of products j ∈ J , which has to be com-
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pletely delivered. Each type of product has a layer composition with known
dimensions (lj, wj, hj), weight qj, and order quantity nj. The layers are
placed on a base with dimensions (lp, wp, hp) and weight qp, forming pal-
lets.

The pallets are loaded into trucks. Each truck k ∈ 1...K has dimensions
(L,W,H) and can bear a maximum weight Q. A truck has two axles that
can bear weights Q1, Q2, and are located at a distance δ1 and δ2 from the
cabin.

If the dimensions of the truck are (L,W,H) and the dimensions of the
pallet are (lp, wp, hp), we can place a fixed number of pallets, i ∈ 1, ..., I,
onto the truck, because we are not considering layers bigger than the pallet
base. Along the truck’s length we can place

⌊
L
wp

⌋
pallets, and across the

truck’s width
⌊
W
lp

⌋
pallets. Therefore, the number of pallets that can be

placed on the truck’s surface is |I| =
⌊
L
wp

⌋
∗
⌊
W
lp

⌋
. In the instances provided

by the company the dimensions of the trucks are (16015, 2489, 2591)
millimetres and they use europallets, whose dimensions are (1219, 1016,
142) mm. We can place

⌊
16015
1016

⌋
= 15 along the length and

⌊
2489
1219

⌋
= 2

across the width, so the truck floor can take up to 30 pallets.

As all the pallets have the same dimensions, their positions on the truck
are known and can be defined by their middle point (pxi , p

y
i , p

z
i ), where i ∈

{1, ..., |I|}, as can be seen in Figure 4.9, which represents a top view of
the truck with the different positions in which a pallet can be placed.

Figure 4.9. Pallet positions on the truck floor
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When the pallets are placed into the truck, the load cannot exceed the
maximum weight Q, and the distribution of the load cannot exceed the
maximum axle weights Q1 and Q2. These weights depend on the config-
uration of the truck, namely whether it has one, two or more axles. In this
problem the trucks have two axles, front and rear. The way in which the
pallet weight is supported by the axles follows the law of levers.

Figure 4.10. Lever principle example. Source:Axle load calculation.Scania
[88]

The lever principle can be described with the following example, taken
from Scania’s web page [88]. As can be seen in Figure 4.10, the load
the person supports varies in relation with the position of the load on the
trolley. When the system is not moving, the sum of all forces and torques
equals 0. When there is a torque equilibrium around the center of the
wheel, Equation (4.12) will apply:

U ∗ C = TR ∗ A (4.12)

where, U = the load
TR = the load’s reacting force on the person
C = the distance from the center of the wheel to the load’s center of gravity.
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A = the distance between the ground supports (the center of the wheel and
the person)

The axle load on a truck follows the same principle. The trucks con-
sidered in this study have two axles that bear the load. In Figure 4.11,
we have adapted the torques to our configuration. As each truck has two
axles, the system has two ground supports. A pallet can be placed in the
section between 0 and the first axle, section A, or between the two axles,
section B, or beyond the second axle, section C.

If a pallet is placed in a position i on the truck, defined by its middle
point on the length dimension pxi and its weight is qi, the force applied on
each axle depends on the position, as Table 4.7 shows.

Figure 4.11. Parameters of the truck for calculating axles forces

Position Force axle 1 Force axle 2
Section A 0 ≤ pxi ≤ δ1 qi(δ2 − pxi ) −qi(δ1 − pxi )
Section B δ1 < pxi ≤ δ2 qi(δ2 − pxi ) qi(p

x
i − δ1)

Section C δ2 < pxi ≤ L −qi(pxi − δ2) qi(p
x
i − δ1)

Table 4.7. Axle forces per section

If the pallet is placed in front of axle 1, the force on axle 1 is positive
and the force on axle 2 is negative. If the pallet is placed between the
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two axles, both forces are positive. But if the pallet is placed behind axle
2 the force on axle 1 is negative and the force on axle 2 is positive. The
forces have to be in equilibrium, not exceeding the maximum weight on
each axle. For that reason the sum of the pallet weight at each position
multiplied by the distance to the axle should be lower than or equal to the
maximum weight each axle can bear, thus satisfying Equations (4.13) and
(4.14).

∑
i∈I

qi(δ2 − pxi ) ≤ Q1 i ∈ I (4.13)∑
i∈I

qi(p
x
i − δ1) ≤ Q2 i ∈ I (4.14)

To summarize, the goal of the problem is to place all the products on
pallets and the pallets into the trucks, minimizing the number of trucks
needed to satisfy the customers’ orders. The order for each product is
given as a number of layers nj. The layers are placed on pallets, stacking
them on a base that has fixed dimensions. As no overhang is allowed,
all the pallets have the same dimensions and therefore the positions of
the pallets on the truck can be defined as a grid, depending on the truck
dimensions. There are some constraints that have to be respected, such
as the axle weight and the center of gravity. Both are important for safety
reasons. Excess weight represents a risk for traffic safety and can cause
damage to the road, so it is strictly controlled and severely punished.

4.5.2 Data analysis

We have 111 real instances provided by ORTEC [71]. They are one of
the largest providers of advanced planning and optimization solutions and
services. ORTEC’s products and services result in optimized fleet routing
and dispatch, vehicle and pallet loading, workforce scheduling, delivery
forecasting, logistics network planning and warehouse control.
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A data analysis of the instances has been performed, thus obtaining the
different types of layers and the demand. As can be seen in Table 4.8, the
distribution of the types of layers ranges between 1 type up to 142 different
types. The demand distribution varies from 241 to 9537 layers. The box
and whisker plot of the distribution by type and quantity of layers is shown
in Figure 4.12.

Type Quantity
Min 1 241

1st Quartile 3 1368
Median 8 1782

3rd Quartile 16.5 2510
Max 142 9537

Table 4.8. Statistical analysis of the type and number of layers

(a) by type (b) by quantity

Figure 4.12. Distribution of instances by types of products and quantity

Using these data we can calculate lower bounds for the number of
trucks required for each instance, according to the weight, volume and
positions. The number of trucks by weight is the sum of the weight of all
layers divided by the maximum weight a truck can bear. Table 4.9 shows
the distribution of the number of trucks by weight in the first column, trucks
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by volume in the second column and trucks per position in the third col-
umn. The box and whisker plot of the truck distribution is shown in Figure
4.13.

By weight By volume By positions
Min 3 2 2

1st Quartile 6 3 3
Median 8 4 4

3rd Quartile 11 5 6
Max 41 19 21

Table 4.9. Distribution of the lower bounds for the number of required
trucks

(a) by weight (b) by volume (c) by positions

Figure 4.13. Distribution of the lower bounds by weight, volume and posi-
tion

The maximum of these three bounds, namely, trucks by weight, volume
and position, is a lower bound for the number of trucks for each instance,
given by Equation (4.15).

LowerBound = max

{⌈∑
j∈J nj ∗ qj

Q

⌉
,

⌈∑
j∈J lj ∗ wj ∗ hj
L ∗W ∗H

⌉
,

⌈∑
j∈J hj∗nj

H

I

⌉}
(4.15)
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Upper bound

In the models we are going to develop, we need an upper bound on the
number of trucks in order to determine the number of variables. This upper
bound is calculated by using a constructive algorithm which is an adapta-
tion of the algorithm previously described in Section 4.4.3.

4.5.3 Basic models

The goal of this section is to introduce some initial integer linear program-
ming (ILP) models for the problem. These models do not solve the com-
plete optimization problem outlined in the previous sections, but focus on
the basic packing issues. They are used to assess the difficulty of the real-
world instances that we presented, and to provide valid lower bounds for
the more complex configurations that we address in the next sections.

This section is divided into two subsections: in the first subsection, pure
truck packing, we provide the basic model, which only deals with the pack-
ing of the layers into the minimum number of trucks, whereas in the second
subsection, axle weight constraint, we include a constraint that limits the
maximum weight on the truck axles, which is common to almost all real-
world problems.

Pure truck packing

Let us consider the version of the model in which we only deal with the
packing of the layers into the minimum number of trucks. We define two
decision variables:

• xkij = number of layers of type j that have been placed at position i

on the truck k.

• yk = 1 if the truck k is sent; 0 otherwise.

The problem can be modeled as the following ILP:



120 Chapter 4.

(Model 1) min
∑
k∈K

yk (4.16)∑
k∈K

∑
i∈I

xkij ≥ nj j ∈ J (4.17)∑
j∈J

hjxkij ≤ Hyk k ∈ K, i ∈ I (4.18)∑
i∈I

∑
j∈J

qjxkij ≤ Qyk k ∈ K (4.19)

yk ≥ yk+1 k ∈ K : k < |K| (4.20)

xkij ≥ 0, integer k ∈ K, i ∈ I, j ∈ J (4.21)

yk ∈ {0, 1} k ∈ K (4.22)

yk = 1 k ∈ K : k ≤ lb (4.23)

The objective is to minimize the number of trucks (4.16), sending all
the requested layers, constraints (4.17), not exceeding the height of the
truck, at each position, constraints (4.18), and not exceeding the maximum
weight of the truck, constraints (4.19). We need at least the number of
trucks given by the lower bound, lb, calculated using the equation (4.15).
Therefore, the constraints (4.23) have been added to the model, setting
the corresponding yk variables to 1.

The constraints (4.20) are not required for the completeness of the
model, but reduce the size of the enumeration tree by forcing trucks to
be used in increasing order of index. To keep the number of variables as
low as possible, the size of the fleet of trucks is set to |K| = UBcons, where
UBcons is a valid upper bound value computed by invoking a relaxed ver-
sion of the constructive heuristic of Section 4.4.3, in which only the pure
packing of the layers into the trucks is considered.

The ILP model obtained in this way has been solved with CPLEX 12.51,
maintaining the default parameters but imposing the use of a single thread.
The tests were performed on a PC Intel Core i3-2100 (3.1Ghz, 4GB), al-
lowing a maximum time limit of 300 CPU seconds per instance.
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Optimum Non-optimum LB UB Nodes Total time
109 2 1077 1079 159991 614.13

Table 4.10. Results of Model 1

Table 4.10 shows the results of applying Model 1 to the 111 test in-
stances. In 109 instances, the optimum was achieved, as shown in the
first column, and in 2 instances the optimality is not proven and there is
a gap, as shown in the second column. The lower bound of the sum of
the trucks needed for all the instances is in the third column and its upper
bound is in the fourth column. The total number of nodes explored by the
enumeration trees appears in the fifth column and the total time needed
to run the instances is shown in column six. Two instances used the 300
seconds and the rest just required 0.11 seconds on average. The differ-
ence between the upper and lower bounds, is just two trucks due to the
two instances that do not achieve the optimum. Details of the two unsolved
instances are shown in Table 4.11. Note that the model is very effective in
reducing the initial upper bound.

Instance LBeq4.15 UBcons GAP(%) LBmodel UBmodel Nodes
17 26 28 4 26 27 67940
106 15 21 6 15 16 85380

Table 4.11. Instances in which Model 1 does not achieve the optimum

In the second column (LBeq4.15), the table shows the lower bound calcu-
lated by Equation (4.15) and the third column, (UBcons), shows the upper
bound of the trucks needed, calculated by the constructive algorithm. The
fourth column is the GAP of the model, the fifth column is the lower bound
of the model and the sixth column is the upper bound of the model. The
difference between the upper and lower bounds of the model is 1 truck.
The nodes explored are shown in column seven.

Note that we could not find proven optimal solutions on these two in-
stances even by running the ILP model for 3 CPU hours. This confirms
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the asymptotic behaviour that is common to ILP applications for NP-hard
problems.

With regards to constraints (4.18), we may attempt to reduce the maxi-
mum height allowed for a packing by considering all combinations of layer
heights not exceeding H. If the maximum attained value, say, Z1, is lower
than H, then we can set H = Z1 and be sure that no feasible solution is
missed. The value of Z1 may be obtained by solving a subset sum problem
(SSP): given the set J of layers of height hj, find the subset of J whose
total height is a maximum but does not exceed H, model SSPH . Solving
an equivalent SSP but for the weight (SSPQ), we can obtain a bound for
the maximum weight Z2.

We found it convenient to use the dedicated algorithm [77] to obtain the
bounds in the bounded subset-sum problem.

The SPP can be formally stated by introducing an integer variable ξj

indicating the number of layers of type j in the selected subset, thus ob-
taining:

(SSPH) max Z1 =
∑
j∈J

hjξj (4.24)∑
j∈J

hjξj ≤ H (4.25)

0 ≤ ξj ≤ nj, integer j ∈ J (4.26)

(SSPQ) max Z2 =
∑
j∈J

wjξj (4.27)∑
j∈J

wjξj ≤ Q (4.28)

0 ≤ ξj ≤ nj, integer j ∈ J (4.29)
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Applying the bounds to the previous model, we obtain Model 2, where
Z1 is the height bound and Z2 is the weight bound.

(Model 2) min
∑
k∈K

yk (4.30)∑
k∈K

∑
i∈I

xkij ≥ nj j ∈ J (4.31)∑
j∈J

hjxkij ≤ Z1yk k ∈ K, i ∈ I (4.32)∑
i∈I

∑
j∈J

qjxkij ≤ Z2yk k ∈ K (4.33)

yk ≥ yk+1 k ∈ K : k < |K| (4.34)

xkij ≥ 0, integer k ∈ K, i ∈ I, j ∈ J (4.35)

yk ∈ {0, 1} k ∈ K (4.36)

yk = 1 k ∈ K : k ≤ lb (4.37)

The results are similar to those obtained by the previous model, al-
though the number of nodes has increased, as can be seen in Table 4.12

Optimum Non-optimum LB UB Nodes Total time
109 2 1077 1079 170655 612.13

Table 4.12. Results of Model 2

If we focus on the bounds for the instances that do not achieve the
optimum, instances 17 and 106, we realise that for instance 17 the height
has been bounded but not the weight, and for instance 106 neither the
height nor the weight have been bounded, as can be seen in Table 4.13.

The two instances are very different from each other. In instance 17,
the weight of the layers is a tight constraint, whereas their volume is not as
important. In instance 106 the volume is tighter than the weight. The dif-
ference between the upper and lower bound is just one bin in both cases,
so the gap is very small, as can be seen in Table 4.14. The Table is a
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Instances Z1 H Z2 Q

17 2666 2743 20956 20956
106 2743 2743 20049 20049

Table 4.13. Bounds for instances 17 and 106

summary of the results for these instances after applying Model 2. The
reason they do not achieve the optimum is because in instance 17, the
weight dominates the solution and the previous model does not bound the
maximum weight of the truck. In contrast, in instance 106 the volume dom-
inates the solution and the maximum height has not been bounded by the
previous model.

Instance LBeq4.15 UBcons GAP(%) LBmodel UBmodel Nodes
17 26 28 4 26 27 80322
106 15 21 6 15 16 88303

Table 4.14. Results of Model 2 for instances 17 and 106

Axle weight constraints

We address a problem whose main characteristic is the means of trans-
port, the truck. For this reason in the basic model we have to add the basic
constraints of this means of transport, not exceeding the maximum weight
each axle can bear. Taking the previous model (Model 2) as a starting
point, including the bounds Z1 and Z2, we add the axle weight constraints,
thus generating the Model 3:

(Model 3) min
∑
k∈K

yk (4.38)∑
k∈K

∑
i∈I

xkij ≥ nj j ∈ J (4.39)∑
j∈J

hjxkij ≤ Z1yk k ∈ K, i ∈ I (4.40)
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i∈I

∑
j∈J

qjxkij ≤ Z2yk k ∈ K (4.41)∑
i∈I

∑
j∈J

qjxkij(δ2 − pxi ) ≤ Q1(δ2 − δ1)yk k ∈ K (4.42)∑
i∈I

∑
j∈J

qjxkij(p
x
i − δ1) ≤ Q2(δ2 − δ1)yk k ∈ K (4.43)∑

j∈J

∑
i∈I

qjxkij ≥
∑
j∈J

∑
i∈I

qjxk+1ij k ∈ K : k < lb (4.44)

yk = 1 k ∈ K : k ≤ lb (4.45)

yk ≥ yk+1 k ∈ K : k < |K| (4.46)

xkij ≥ 0, integer k ∈ K, i ∈ I, j ∈ J (4.47)

yk ∈ {0, 1} k ∈ K (4.48)

The objective is to minimize the number of trucks (4.38), sending all the
requested layers, constraints (4.39), not exceeding the height of the truck,
bounded by the model SSPH , constraints (4.40), and not exceeding the
maximum weight of the truck, bounded by the model SSPQ, constraints
(4.41). To force the minimum number of trucks needed, we add the con-
straints (4.45). Constraints (4.42) and (4.43) ensure that the sum of the
angular momenta of the layers on the front and rear axle does not exceed
the available capacity Q1 and Q2 multiplied by the distance between the
axles (δ2 − δ1). We have added constraints (4.44) that order the trucks by
weight, to avoid symmetries, and constraints (4.46) to force trucks to be
used in increasing order of index.

Optimum Non-optimum LB UB Nodes Total time
108 3 1078 1081 367840 923.84

Table 4.15. Results of Model 3

The introduction of the axle weight constraints makes the model slightly
more difficult, as can be seen by comparing the results in Table 4.12 with
those in Table 4.15. The lower and upper bound values increase, respec-
tively, from 1077 to 1078 and from 1079 to 1081. Three instances are
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now unsolved for proven optimality: instances 17 and 106 (which were un-
solved even by Model 2) and instance 34. In particular, instance 34 had
LB = UB = 5 in Model 2, but LB = 5 and UB = 6 with the axle weight
constraints. Notably the GAP is just one bin for the three instances, and
the model is effective in reducing the upper bound provided by the initial-
ization phase.

In Table 4.16, you can see the details of the instances that do not
achieve the optimum.

Instance LBeq4.15 UBcons GAP(%) LBmodel UBmodel Nodes
17 26 28 4 26 27 46477
34 5 7 17 5 6 279117
106 15 21 6 15 16 39607

Table 4.16. Instances in which Model 3 does not achieve the optimum

To summarize this section, Table 4.17 shows the results of the three
models: Model 1 with the basic constraints, Model 2, which is the previ-
ous model bounded by the weight and height, and Model 3, adding the
axle weight constraints. The lower bound on the number of trucks has in-
creased by one truck from Model 2 to Model 3 due to instance 97, which
needed one truck more to satisfy the axle weight constraint. The other
instances achieved the optimum with the same number of trucks.

Optimum Non-optimum LB UB Nodes Total time
Model 1 109 2 1077 1079 126306 614.13
Model 2 109 2 1077 1079 170655 612.13
Model 3 108 3 1078 1081 367840 923.84

Table 4.17. Summary of results of Models 1, 2, and 3
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4.5.4 Introducing pallets into the model

In the previous models we have considered that the layers were loaded
directly into the trucks. However, in practice the layers have to be placed
on pallets, to facilitate the loading and unloading tasks. To build pallets, we
stack layers onto the pallet base, with dimensions (lp, wp, hp) and weight
qp. This base adds a weight and a volume to the load, which have to be
taken into account.

All the pallets have the same dimensions because overhang is not al-
lowed and therefore the positions of the pallets on the truck floor are fixed,
as we explained in Section 4.5.1. The idea is to add the pallets to the pre-
vious model. In the single pallet subsection, we study a model with just
one pallet per position, and in the double pallet subsection, we study the
model with up to two pallets per position, one above the other.

One pallet per position

In this section we describe the model with one pallet per position on the
truck floor. Starting with the previous model, Model 3, we add the charac-
teristics of the pallet base.

First the bounds for adjusting the height and weight have been modified.
The maximum height a stack can reach is the truck height minus the pallet
base height hp. The model to determine this maximum height is:

(SSPH2) max Z
′

1 =
∑
j∈J

hjξj (4.49)∑
j∈J

hjξj ≤ (H − hp) (4.50)

0 ≤ ξj ≤ nj, integer j ∈ J (4.51)

For the weight bound Z ′2, we can only assure that at least one pallet will
be placed into the truck.
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We calculate the weight bound with the following model:

(SSPQ2) max Z
′

2 =
∑
j∈J

wjξj (4.52)∑
j∈J

wjξj ≤ (Q− qp) (4.53)

0 ≤ ξj ≤ nj, integer j ∈ J (4.54)

With these bounds, we have developed a new model, Model 4. This
model requires a new variable, zik, which is a binary variable, taking value
1 if there is a pallet at position i of the truck k, and 0 otherwise.

(Model 4) min
∑
k∈K

yk (4.55)∑
k∈K

∑
i∈I

xkij ≥ nj j ∈ J (4.56)∑
j∈J

hjxkij + hpzki ≤ (Z
′

1 + hp)yk k ∈ K, i ∈ I (4.57)

∑
i∈I

(qpzki +
∑
j∈J

qjxkij) ≤ (Z
′

2 + qp)yk k ∈ K (4.58)

∑
i∈I

(qpzki +
∑
j∈J

qjxkij)(δ2 − pxi ) ≤ Q1(δ2 − δ1)yk k ∈ K (4.59)

∑
i∈I

(qpzki +
∑
j∈J

qjxkij)(p
x
i − δ1) ≤ Q2(δ2 − δ1)yk k ∈ K (4.60)

∑
j∈J

hjxkij ≤ (H − hp)zki k ∈ K, i ∈ I (4.61)

∑
j∈J

∑
i∈I

qjxkij ≥
∑
j∈J

∑
i∈I

qjxk+1ij k ∈ K : k < lb (4.62)

zki ≤
∑
j∈J

xkij k ∈ K, i ∈ I (4.63)

yk ≥ yk+1 k ∈ K : k < |K| (4.64)

yk = 1 k ∈ K : k ≤ lb (4.65)
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xkij ≥ 0, integer k ∈ K, i ∈ I, j ∈ J (4.66)

yk ∈ {0, 1} k ∈ K (4.67)

zki ∈ {0, 1} k ∈ K, i ∈ I (4.68)

The objective of the model is to minimize the number of trucks (4.55),
while sending all the requested layers, constraints (4.56). The pallet base
and the layers placed above it should not exceed the truck height, con-
straints (4.57), or the maximum weight (4.58), or the axle weight (4.59,
4.60). To relate variables zik with variables xijk we add constraints (4.61),
ensuring that there can be layers at a given position only if there is a pallet
in that position. Conversely, if there is a pallet base at one position, it is
because there are one or more layers above it, constraints (4.63). Con-
straints (4.62) order the trucks by weight to avoid symmetries. Constraints
(4.65) force the minimum number of trucks, and constraints (4.64) force
trucks to be used in increasing order of index.

The model was run for 300 seconds for each instance, and the results
are shown in Table 4.18. As can be noted by the comparison with the re-
sults in Table 4.15, the impact of the pallets on the model is quite consid-
erable. The time has increased, as well as the number of nodes explored.
The optimum has been achieved in 106 instances, while in 5 instances op-
timality has not been proven. The lower bound has increased by 2 trucks
and the upper bound by 4 trucks with respect to Model 3. More trucks
are needed because the pallet bases have increased the total weight and
volume.

Optimum Non-optimum LB UB Nodes Total time
Model 4 106 5 1080 1085 753727 1606.68

Table 4.18. Results of Model 4

For the instances in which the optimum is not achieved, the difference
between the lower and upper bound is just one truck, as can be seen in
Table 4.19
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Instance LBeq4.15 UBcons GAP(%) LBmodel UBmodel NODES
17 26 28 4 26 27 15194
60 8 9 11 8 9 300837
93 7 10 12 7 8 247866
95 12 16 8 12 13 105861
106 15 21 6 16 17 38327

Table 4.19. Instances in which Model 4 does not achieve the optimum

Two pallets per position

Another option in the loading process is to place up to two pallets per
position, because some customers want this configuration to facilitate un-
loading or storing the pallets in their warehouses or because the pallet
height is a constraint for handling reasons.

We can place up to two pallets at each position on the truck floor, one
above the other, using the same binary variable zik of the previous model,
doubling the positions in the truck, creating two floors or two grids for plac-
ing pallets.

Therefore, in this new model the number of positions in which a pallet
can be placed is |I2| =

⌊
L
wp

⌋
∗
⌊
W
lp

⌋
∗ 2. In this model we are working with

|I2| positions and each floor position i ∈ I has another above it, i+ |I2|
2

, so
that we have defined m = |I2|

2
as the difference between top and bottom

position. Note that pxi = pxi+m represents the positions of two pallets with
one on top of the other.

We have adapted Model 4 to the new context with double positions.
First, we adapt the bounds. The weight bound is the same as the previous
one, Z ′2, but for the height bound, we define a new model:

(SSPH3) max Z
′′

1 =
∑
j∈J

hjξj (4.69)∑
j∈J

hjξj ≤ (H − 2hp) (4.70)

0 ≤ ξj ≤ bj, integer j ∈ J (4.71)
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(Model 5) min
∑
k∈K

yk (4.72)∑
k∈K

∑
i∈I2

xkij ≥ nj j ∈ J (4.73)

∑
j∈J

hjxkij + hpzki + hpzk,i+m ≤ (Z
′′

1 + 2hp)yk k ∈ K, i ∈ I (4.74)

∑
i∈I2

(qpzki +
∑
j∈J

qjxkij) ≤ (Z
′

2 + qp)yk k ∈ K (4.75)

∑
i∈I2

(qpzki +
∑
j∈J

qjxkij)(δ2 − pxi ) ≤ Q1(δ2 − δ1)yk k ∈ K (4.76)

∑
i∈I2

(qpzki +
∑
j∈J

qjxkij)(p
x
i − δ1) ≤ Q2(δ2 − δ1)yk k ∈ K (4.77)

∑
i∈I2

zki ≤ |I2| yk k ∈ K (4.78)

∑
j∈J

hjxkij ≤ Hmaxzki k ∈ K, i ∈ I2 (4.79)

∑
j∈J

∑
i∈I2

qjxkij ≥
∑
j∈J

∑
i∈I2

qjxk+1ij k ∈ K : k < lb (4.80)

zki ≤
∑
j∈J

xkij k ∈ K, i ∈ I2 (4.81)

zk,i+m ≤ zki k ∈ K, i ∈ I (4.82)

yk ≥ yk+1 k ∈ K : k < |K| (4.83)

yk = 1 k ∈ K : k ≤ lb (4.84)

xkij ≥ 0, integer k ∈ K, i ∈ I2, j ∈ J (4.85)

yk ∈ {0, 1} k ∈ K (4.86)

zki ∈ {0, 1} k ∈ K, i ∈ I2 (4.87)

The objective of the model is to minimize the number of trucks (4.72),
attending to the demand, constraints (4.73). The height of a stack can-
not exceed the total height, but in this context it is the height of the two
pallets, constraints (4.74), bounded by the model SSPH3. The weight of
the pallets of each truck cannot exceed the maximum weight bounded by
the model SSPQ2. The axle weights cannot exceed the maximum weights,
constraints (4.76) and (4.77). The total number of pallets in each truck
is bounded by constraints (4.78). The maximum height of one pallet is
bounded by Hmax, constraints (4.79). Constraints (4.80) order the trucks
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by weight to avoid symmetries. There is a pallet if at least one layer is
placed above a wooden surface, constraints (4.81), and a pallet cannot be
placed above if there is not a pallet below, constraints (4.82). Constraints
(4.84) force the minimum number of trucks and constraints (4.83) force
trucks to be used in increasing order of index.

The results of the model with pallet height Hmax = H
2

, which is half the
height of the truck, are shown in Table 4.20. The optimum is achieved in
107 instances, and only in 4 instances is the optimality not proven. The
total number of trucks needed has increased with respect to the previous
model. We need more trucks if we place two pallet bases per position than
if we just put one. Putting two bases per position increases the total weight
and reduces the height available for product layers.

Optimum Non-optimum LB UB Nodes Total time
Model 5 107 4 1089 1097 58674 1373.16

Table 4.20. Results of Model 5

The four instances in which the optimum is not obtained are shown in
Table 4.21. The GAPs in instances 17 and 106 are quite large. In this case,
twice the number of positions, and the consequent increase in the number
of constraints and variables, reduce the number of explored nodes by 3/5
times with respect to the case with single pallets, and thus the model is
not so effective in providing improved lower and upper bound values.

Instance LBeq4.15 UBcons GAP(%) LBmodel UBmodel Nodes
17 26 29 10 26 29 4900
37 6 8 14 6 7 15060
95 12 16 7 13 14 28855
106 15 21 15 17 20 7691

Table 4.21. Instances in which Model 5 does not achieve the optimum

To summarize this section, Table 4.22 shows the results of the models
with one and two pallets per position. The number of trucks needed to
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supply all the demand has increased by 9 trucks from the 1-position model
to the 2-position model. More trucks are necessary for placing two pallets
per position, because more pallet bases are included. It is also more diffi-
cult to put two pallets in the same floor position while satisfying the height
constraints.

Optimum Non-optimum LB UB Nodes Total time
Model 4 106 5 1080 1085 753727 1606.68
Model 5 107 4 1089 1097 58674 1373.16

Table 4.22. Summary of results with one and two pallets per position

4.5.5 Additional constraints

There are many additional constraints that can be added to the model,
constraints that are present in real world. In this section we consider two
cases. First, we add constraints related to the center of gravity. Then, we
try to minimize the unloading effort by minimizing the number of pallets.
These two cases are analyzed independently, to assess how they affect
the results of the previous models.

In the center of gravity subsection, we study the addition of new con-
straints related with keeping the center of gravity in the middle of the trucks,
and in the unloading effortsubsection, we study how to improve the model,
minimizing the total number of pallets required to send the requested prod-
ucts.

Center of gravity

A good distribution of the load inside the truck ensures safer journeys and
avoids movements when the truck is on the road. The center of gravity
of the load has to be placed in a position of the truck, (cgx, cgy), that is
previously defined. It could be in the geometrical center of the truck, or
any other position that does not exceed the rear axle.
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We have developed a general constraint, in which the center of gravity
can be placed in any position of the truck within a threshold along the
length (cgx−τx1 , cgx+τx2 ), and across the width (cgy−τ y1 , cgy+τ

y
2 ), where τ

is a distance defined in millimeters. The constraint takes also into account
the weight of the empty truck, Qe, to counteract the effect of placing the
first pallets out of the range defined for the center of gravity.

The constraints (4.88), (4.89), (4.90) and (4.91) force the center of grav-
ity of the load, including the weight of the truck, to be in an allowed position.
The parameters defining the position of the center of gravity, the threshold
along the length and width, and the weight of the truck, can be defined by
the user.

(Qe ∗ cgx) +
∑
i∈I

∑
j∈J

pxi qjxkij ≤ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgx + τx1 ) k ∈ K (4.88)

(Qe ∗ cgx) +
∑
i∈I

∑
j∈J

pxi qjxkij ≥ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgx − τx2 ) k ∈ K (4.89)

(Qe ∗ cgy) +
∑
i∈I

∑
j∈J

pyi qjxkij ≤ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgy + τy1 ) k ∈ K (4.90)

(Qe ∗ cgy) +
∑
i∈I

∑
j∈J

pyi qjxkij ≥ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgy − τy2 ) k ∈ K (4.91)

These constraints have been added to Model 4 to create Model 6:

(Model 6) min
∑
k∈K

yk (4.92)

∑
k∈K

∑
i∈I

xkij ≥ nj j ∈ J (4.93)

∑
j∈J

hjxkij + hpzki ≤ (Z
′
1 + hp)yk k ∈ K, i ∈ I (4.94)

∑
i∈I

(qpzki +
∑
j∈J

qjxkij) ≤ (Z
′
2 + qp)yk k ∈ K (4.95)

∑
i∈I

(qpzki +
∑
j∈J

qjxkij)(δ2 − pxi ) ≤ Q1(δ2 − δ1)yk k ∈ K (4.96)

∑
i∈I

(qpzki +
∑
j∈J

qjxkij)(p
x
i − δ1) ≤ Q2(δ2 − δ1)yk k ∈ K (4.97)

∑
j∈J

hjxkij ≤ (H − hp)zki k ∈ K, i ∈ I (4.98)
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zki ≤
∑
j∈J

xkij k ∈ K, i ∈ I (4.99)

yk ≥ yk+1 k ∈ K : k < |K| (4.100)

yk = 1 k ∈ K : k ≤ lb (4.101)∑
j∈J

∑
i∈I

qjxkij ≥
∑
j∈J

∑
i∈I

qjxk+1ij k ∈ K : k < lb (4.102)

(Qe ∗ cgx) +
∑
i∈I

∑
j∈J

pxi qjxkij ≤ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgx + τx1 ) k ∈ K (4.103)

(Qe ∗ cgx) +
∑
i∈I

∑
j∈J

pxi qjxkij ≥ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgx − τx2 ) k ∈ K (4.104)

(Qe ∗ cgy) +
∑
i∈I

∑
j∈J

pyi qjxkij ≤ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cy + τy1 ) k ∈ K (4.105)

(Qe ∗ cgy) +
∑
i∈I

∑
j∈J

pyi qjxkij ≥ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cy − τy2 ) k ∈ K (4.106)

xkij ≥ 0, integer k ∈ K, i ∈ I, j ∈ J (4.107)

yk ∈ {0, 1} k ∈ K (4.108)

zki ∈ {0, 1} k ∈ K, i ∈ I (4.109)

The model was run for 300 seconds for each instance, with these pa-
rameters:

• Qe = 3500 Kg.

• (cgx, cgy) in the geometric center of the truck floor

• τx1 the length of one pallet position and τx2 the width of one pallet
position

The results are shown in Table 4.23, in which 105 instances have achieved
the optimum and 6 instances have not. The lower bound has increased
from 1080 to 1134 due to the impact of the centre of gravity constraints.
These constraints can be relaxed if the interval, in which the center of
gravity can be placed, is extended.

Optimum Non-optimum LB UB Nodes Total time
Model 6 105 6 1134 1145 1440601 1955.15

Table 4.23. Results of Model 6



136 Chapter 4.

The instances in which the optimum is not achieved are summarized in
Table 4.24. The GAP is 1 bin, except for instance 106, whose GAP is 6
trucks.

Instance LBeq4.15 UBcons GAP(%) LBmodel UBmodel Nodes
60 8 11 11 8 9 449157
84 14 20 7 14 15 195900
93 7 10 12 7 8 230822
95 12 16 8 12 13 93642
103 11 16 8 11 12 391446
106 15 22 27 16 22 43054

Table 4.24. Instances in which Model 6 does not achieve the optimum

The center of gravity constraint has also been added to Model 5 to
create Model 7:

(Model 7) min
∑
k∈K

yk (4.110)

∑
k∈K

∑
i∈I2

xkij ≥ nj j ∈ J (4.111)

∑
i∈I2

(hpzki +
∑
j∈J

hjxkij) ≤ (Z
′′
1 + 2hp)yk k ∈ K (4.112)

∑
i∈I2

(qpzki +
∑
j∈J

qjxkij) ≤ (Z
′
2 + qp)yk k ∈ K (4.113)

∑
i∈I2

(qpzki +
∑
j∈J

qjxkij)(δ2 − pxi ) ≤ Q1(δ2 − δ1)yk k ∈ K (4.114)

∑
i∈I2

(qpzki +
∑
j∈J

qjxkij)(p
x
i − δ1) ≤ Q2(δ2 − δ1)yk k ∈ K (4.115)

∑
i∈I2

(zki) ≤ |I2| yk k ∈ K (4.116)

∑
j∈J

hjxkij ≤ Hmaxzki k ∈ K, i ∈ I2 (4.117)

zki ≤
∑
j∈J

xkij k ∈ K, i ∈ I2 (4.118)

zk,i+m ≤ zki k ∈ K, i ∈ I (4.119)

yk ≥ yk+1 k ∈ K : k < |K| (4.120)

yk = 1 k ∈ K : k ≤ lb (4.121)∑
j∈J

∑
i∈I2

qjxkij ≥
∑
j∈J

∑
i∈I2

qjxk+1ij k ∈ K : k < lb (4.122)

(Qe ∗ cgx) +
∑
i∈I

∑
j∈J

pxi qjxkij ≤ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgx + τx1 ) k ∈ K (4.123)

(Qe ∗ cgx) +
∑
i∈I

∑
j∈J

pxi qjxkij ≥ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgx − τx2 ) k ∈ K (4.124)
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(Qe ∗ cgy) +
∑
i∈I

∑
j∈J

pyi qjxkij ≤ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgy + τy1 ) k ∈ K (4.125)

(Qe ∗ cgy) +
∑
i∈I

∑
j∈J

pyi qjxkij ≥ (
∑
i∈I

∑
j∈J

qjxkij +Qe)(cgy − τy2 ) k ∈ K (4.126)

xkij ≥ 0, integer k ∈ K, i ∈ I2, j ∈ J (4.127)

yk ∈ {0, 1} k ∈ K (4.128)

zki ∈ {0, 1} k ∈ K, i ∈ I2 (4.129)

Model 7 was run with the same parameters of the previous model.

• Qe = 3500 Kg.

• (cgx, cgy) in the geometric center of the truck floor

• τx1 the length of one pallet position and τx2 the width of one pallet
position

The results are shown in Table 4.25, in which 108 instances have achieved
the optimum and 3 instances have not. The lower bound has increased
from 1089 to 1142 due to the constraint for the center of gravity being
quite restrictive.

Optimum Non-optimum LB UB Nodes Total time
Model 7 108 3 1142 1149 232844 1746.93

Table 4.25. Results of Model 7

The instances in which the optimum is not achieved are summarized in
Table 4.26. In Model 5, there were 4 instances that did not achieve the
optimum, namely instances 17, 37, 95, and 106. With Model 7, instances
17 and 95 have achieved the optimum with 28 trucks in the first case and
13 trucks in the second. Instance 106 continues having a big GAP.

The comparative results are shown in Table 4.27. If we compare the re-
sults of Model 4 and Model 6, the number of trucks needed has increased
by 54 for the lower bound and by 60 for the upper bound. If we compare
Model 5 with Model 7, the lower bound has increased by 56 trucks and the
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Instance LBeq4.15 UBcons GAP(%) LBmodel UBmodel Nodes
37 6 9 14 6 7 8332
103 11 16 8 11 12 181315
106 15 22 23 17 22 5791

Table 4.26. Instances in which Model 7 does not achieve the optimum

upper bound by 53 trucks. If the centre of gravity has to be in the center of
the truck we need more trucks to satisfy these constraints. The center of
gravity constraint is quite a restrictive constraint that could be relaxed by
extending the interval in which the center of gravity can be located.

Optimum Non optimum LB UB Nodes Total time
Model 4 106 5 1080 1085 753727 1606.68
Model 5 107 4 1089 1097 58674 1373.16
Model 6 105 6 1134 1145 1440601 1955.15
Model 7 108 3 1142 1149 232844 1746.93

Table 4.27. Effect of adding the center of gravity constraints

Unloading effort

One important practical consideration is to minimize the number of pallets
loaded into the truck, in order to reduce the loading and unloading pro-
cesses. The first objective is to minimize the number of trucks needed
to meet the demand. Then, keeping this minimum number of trucks, the
second objective is to minimize the number of pallets.

We use two models, in a hierarchical way, in order to consider both
objectives. First, Model 4 gives us a number of trucks UBk and a number
of pallets UBz. As we have seen when analyzing Model 4, the number
of trucks is the optimal number in most solutions, but in some cases the
optimality is not achieved and we just have an upper bound. However,
Model 4 does not consider the number of pallets, so UBz can be seen as
a first approximation to the number of required pallets. Using these values,
that is UBk and UBz, we have developed Model 8.
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Model 8 has the objective of minimizing the number of pallets, meaning
that the sum of the variables zik has to be minimized (4.130), with the same
constraints as for Model 4. We have just added a constraint related to the
upper bound on the number of pallets (4.138). This value is given by the
solution of Model 4.

(model 8) min
∑
i∈I

UBk∑
k=1

zki (4.130)

UBk∑
k=1

∑
i∈I

xkij ≥ nj j ∈ J (4.131)

∑
j∈J

hjxkij + hpzki ≤ (Z
′
1 + hp)yk k = 1, . . . , UBk, i ∈ I (4.132)

∑
i∈I

(qpzki +
∑
j∈J

qjxkij) ≤ (Z
′
2 + qp)yk k = 1, . . . , UBk (4.133)

∑
i∈I

(qpzki +
∑
j∈J

qjxkij)(δ2 − pxi ) ≤ Q1(δ2 − δ1)yk k = 1, . . . , UBk (4.134)

∑
i∈I

(qpzki +
∑
j∈J

qjxkij)(p
x
i − δ1) ≤ Q2(δ2 − δ1)yk k = 1, . . . , UBk (4.135)

∑
j∈J

hjxkij ≤ (H − hp)zki k = 1, . . . , UBk, i ∈ I (4.136)

zki ≤
∑
j∈J

xkij k = 1, . . . , UBk, i ∈ I (4.137)

∑
i∈I

UBk∑
k=1

zki ≤ UBz (4.138)

yk ≥ yk+1 k = 1, . . . , UBk (4.139)

yk = 1 k = 1, . . . , UBk (4.140)∑
j∈J

∑
i∈I

qjxkij ≥
∑
j∈J

∑
i∈I

qjxk+1ij k = 1, . . . , UBk (4.141)

xkij ≥ 0, integer k = 1, . . . , UBk, i ∈ I, j ∈ J (4.142)

yk ∈ {0, 1} k = 1, . . . , UBk (4.143)

zki ∈ {0, 1} k = 1, . . . , UBk, i ∈ I (4.144)

Model 4 was run for 300 seconds to provide us with the upper bounds
on the number of trucks and pallets, and then Model 8 was run for another
300 seconds to minimize the number of pallets, and the results are shown
in Table 4.28. The first column gives the number of instances for which
the optimum was achieved, the second column the number of instances
in which the optimum was not achieved, and the third column gives the
number of instances for which Model 8 did not obtain a feasible solution.
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In this cases, the solution provided by Model 4 is reported. The fourth
column is the lower bound on the number of trucks, and the fifth column
is the upper bound. Column six gives the total number of nodes explored,
and column seven is the total time for running the 111 instances. The last
column gives the total number of pallets.

Optimum Non No LB UB Nodes Time Pallets
optimum solution

Model 4 106 5 0 1080 1085 753727 1606.68 18929
Model 8 61 46 4 1080 1085 25337742 27569.07 17367

Table 4.28. Effect of minimizing the number of pallets

The number of trucks needed is the same, namely 1080, after running
Model 8, but the number of pallets has been reduced by 1562 with respect
to Model 4. Model 8 only achieves the optimum in 60 instances, although
the GAPs are usually very small. There are 4 instances in which Model 8
did not obtain an integer solution, but Model 4 provided a feasible solution
for these instances.

Table 4.29 shows the distribution of the reduction of pallets between the
two models. There are 14 instances in which the reduction is 0 pallets, but
overall there is a significant reduction. The median of the reduction is 13
pallets, and in some instances the reductions are very significant, as in
instance 17 in which the number of pallets is reduced by 75. Model 4 does
not take into account the number of pallets and the solutions obtained
using it can have pallets with just a few layers. Therefore, Model 8 is a
step in the direction of obtaining more useful loading plans to be used in
practice.

Min Q1 Median Q3 Max
0 5 13 21.5 75

Table 4.29. Distribution of the reduction of pallets
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4.6 Summary

A real problem concerning how to place products on pallets and pallets into
trucks has been covered in this chapter. The problem has been studied
using two approaches: a heuristic approach dealing with all constraints at
the same time for producing feasible solutions for the real problem, and
an approach in which the problem has been studied in more depth by
developing mathematical programming models.

In the first approach, we developed a randomized constructive algo-
rithm based on a joint approach concerning the two subproblems involved:
to put products onto pallets and to load the pallets into trucks. Certain con-
straints such as the stackability conditions and the weight limit dominated
the solutions. For that reason it was necessary to study the behavior of
each constraint in the problem in order to obtain the best performance of
the algorithm and to achieve the best results.

In the second approach we studied different models for the problem.
We began with a basic model that included the main characteristics of the
problems as not exceeding the height dimension or the maximum weight.
Then, we added the axle weight constraints, the principal feature of this
means of transport. The models were improved by adding tighter bounds
on the height and the weight.

The next step was to model the formation of pallets, including one pallet
and two pallets per position on the truck floor.

Next, we studied the introduction into the model of additional constraints
limiting the position of the center of gravity of the load. A general equation
was developed, which can be parametrized according to the characteris-
tics of the fleet or the load. Finally, we tried to obtain more realistic solu-
tions by reducing the number of pallets. We ran the model with one pallet
per position, minimizing the number of trucks and then the results were
applied to another model in order to minimize the number of pallets inside
the trucks.

The computational tests on a set of 111 real problems provided by OR-
TEC show that optimal solutions were obtained in most cases in short
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computing times, even for models that became progressively more com-
plex. The only exception was Model 8, in which the number of pallets was
to be minimized, but even in this case the GAPs were usually small and
therefore the solutions were near-optimal. Furthermore, the results show
that, as expected, the number of trucks required increases when we add
additional requirements, making the solutions closer to loading plans that
are workable in practice.



Chapter 5

Conclusions, Contributions
and Future Work

This chapter presents the conclusions of the Thesis, reviews the contribu-
tions of this work, and suggests some possible future lines of research. It
also includes a list of publications obtained from the work presented here
as well as other contributions obtained as a result of collaborations with
researchers from different research groups.

5.1 Conclusions

In Chapter 2 we dealt with a real problem involving a distribution center and
a set of retailer shops. Each week each shop sends an order to the distri-
bution center consisting of a list of products with their required quantities.
At the distribution center they have to pack the products using appropriate
packages. The choice of package is very important because it protects
the products inside, avoiding damage, and has a direct influence on the
total cost of the products. The distribution center faces two related prob-
lems: first, how many different shipper types to keep in store, and second,
what the dimensions of these shipper types should be in order to minimize
the total transportation cost of the shippers required to supply all the shop
orders.

143
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The shippers have been designed by using an integer linear formulation
based on the cutting patterns model adapted to customer demand. The
main difference with previous models is that the demand is not known,
but modeled using distribution probabilities. A sample of the probability
distribution is generated, the problem is solved using the sampled data
and the solution is applied to larger samples, which are representative of
future orders, in order to assess the performance of the solution obtained.
A new integer formulation based on the cutting patterns model by Beasley
[8] has been developed. This model has been used to obtain good feasible
solutions in a three-phase procedure. First, a reduction method is applied
to select a subset of promising shipper sizes and some heuristic algorithms
are used to obtain a set of efficient packing patterns for each of these sizes.
In a second phase, the integer model is solved by using only the patterns
obtained in the first phase as variables. Finally, the solution provided by
the model is improved by using some improvement moves that look for
better sizes and better patterns. The computational results obtained on a
set of real data show that the proposed procedure obtains good results,
according to the relative distance to the lower bounds, and allow the user
to compare the expected results for different numbers of shipper types and
products.

In Chapter 3, we studied the container loading problem, where a set
of boxes have to be sent in a container with fixed dimensions, including
some non-standard constraints such as the load-bearing constraints of
the boxes. To solve the problem we developed a GRASP algorithm with a
new constructive procedure and some new improvement movements. The
main contribution is the simultaneous use of several criteria for selecting
the blocks, defining different strategies for filling the container. Each strat-
egy is selected randomly at each iteration of the algorithm, providing a new
solution. After 500 iterations the probability of each strategy is evaluated to
adjust these probabilities to favor the best performing rules for the instance
being solved. Then some improvements movements were added, such as
eliminating stacks, filling an upper part of the solution, exchanging blocks
or filling a partial solution. The proposed algorithm obtains better results
than other existing algorithms for all the classes in the test problems.
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In Chapter 4, we dealt with the problem of a distribution company that
has to decide how to put goods onto pallets according to the customers’ or-
ders and, then, how to efficiently distribute these pallets among the trucks
so as to reduce the trucks needed to supply the customers. In this chapter
two approaches were introduced, a heuristic approach and a mathematical
model approach.

In the approximate approach, we developed a multi-start algorithm with
a constructive phase in which a solution is built by adding a pallet at each
step according to the information collected, keeping an information flow
between the pallet building and the truck loading.

In the model approach we studied the problem by modeling its different
features and evaluating their effect on the solutions. First, we model the
basic features of the problem, not exceeding the maximum weight and
height. Then, we studied the pallet formation, adding one and two pallets
per position. For safety reasons the center of gravity of the load has to be
in a position near the geometric center of the truck. The corresponding
constraints were added to the model through a generic expression that
can be parameterized according to customer specifications or the law in
each area. Finally, we tried to reduce the loading effort by minimizing
the number of pallets required. We developed a new model that takes
the number of trucks obtained in the previous model and minimizes the
number of pallets, producing a significant reduction in the number of pallets
loaded into the trucks.

5.2 Contributions

The contributions resulting from the development of this Thesis are sum-
marised in the following list:

• We have dealt with real problems in the logistics field. All the problems
dealt with in this Thesis are real problems in distribution centers. In
Chapter 2 we dealt with the problem of determining the shipper sizes
for a distribution company. In Chapter 3 we dealt with the problem of
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packing a set of boxes into a container with additional constraints, and
in Chapter 4 we dealt with the problem of delivering products from a
distribution centre using pallets and trucks. All of them are problems
in the logistics field.

• We have studied the problems by analysing the data, the context and
the constraints. In each problem we have studied the context of the
problem to solve. We have analyzed relevant the data, constraints
and objectives in Sections 2.3, 3.3, and 4.4.1, in order to obtain infor-
mation to be used in the development of the algorithms.

• We have applied different techniques to solve the problems, including
mathematical models and metaheuristics. Different approaches have
been applied in the solution of the problems, such as:

– A new formulation has been developed for solving the shipper
sizes problem, then some heuristic algorithms obtain a set of pat-
terns for each size. The integer model is solved with these pat-
terns and the solution is improved by some local search proce-
dures. The solution strategy has combined models and heuristics
to obtain the high-quality solutions.

– A GRASP algorithm for solving the container loading problem with
a load-bearing constraint has been developed. The constructive
phase uses several criteria for selecting the blocks, defining dif-
ferent strategies for filling the container.

– A randomized constructive algorithm has been generated to solve
the problem of loading products onto pallets and pallets into trucks
in a real scenario. Then the problem has been studied by devel-
oping several integer linear models that progressively introduce
the relevant constraints.

5.3 Future Work

Obviously, the work presented in this Thesis can be extended in several
possible directions.
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Some of them are the following:

The problem of packing products into shippers
The algorithm developed in this work can be extended to other assortment
problems, for example to the three-dimensional case, and to other types
of information about the demand. We are also planning to test our method
using other transportation costs, not limited to the volume.

The problem of packing shippers into containers
The algorithm is flexible and could be adapted to other constraints such
as the maximum weight of the container, weight distribution and boxes in
which the weight is not proportional to the volume. This line of research
on container loading problems will be extended to include more practical
considerations such as multi-drop constraints and to consider combined
loading and routing problems.

A case study of delivering products by trucks
In this case there were two approaches, the approximate approach and
the mathematical model approach.
For the approximate approach, the solutions could be improved by adding
a new phase at the end of the constructive phase, based on local search,
developing some movements to improve the situations caused by the more
restrictive constraints such as stackability and weight. There were only 11
instances provided by the distribution center. We should obtain more in-
stances to check our algorithm.
For the mathematical model approach, we will continue studying the prob-
lem by adding other constraints such as dynamic stability to avoid move-
ments during the journey or grouping the products of the same family by
trying to put them as close together as possible in the trucks. The mod-
els could be extended to other types of constraints that the distribution
companies may require.

5.4 Publications and Collaborations

This is a summary of my research activity during these years.
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5.4.1 Papers published in JCR journals

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón;
Parreño Torres, Francisco; Tamarit Goerlich, José Manuel, (2014),
A REACTIVE GRASP ALGORITHM FOR THE CONTAINER LOAD-
ING PROBLEM WITH LOAD-BEARING CONSTRAINTS, European
Journal of industrial engineering (EJIE), volumen 8, number 5,
pages 669-694, doi:10.1504/EJIE.2014.065732

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón;
Parreño Torres, Francisco; Tamarit Goerlich, José Manuel, (2014),
DETERMINING THE BEST SHIPPER SIZES FOR SENDING PROD-
UCTS TO CUSTOMERS, International Transactions In Operational
Research (ITOR), issn:1475-3995, doi:10.1111/itor.12128,
url:http://dx.doi.org/10.1111/itor.12128.

5.4.2 International Conference Papers

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Parreño
Torres, Francisco; Tamarit Goerlich, José Manuel; Iori, Manuel, Studying
different models for the truck loading process, 20th Conference of the Inter-
national Federation of Operational Research Societies, IFORS, Barcelona,
Spain, 13/07/2014

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Parreño
Torres, Francisco; Tamarit Goerlich, José Manuel; Iori, Manuel, Modelling
truck loading problems, 11th ESICUP Meeting, Beijing, China, 19/03/2014

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Gromi-
cho, Joaquim; Parreño Torres, Francisco; Post, Gerhard; Tamarit Goerlich,
José Manuel, An inter-depot transportation problem, how to build pallets and
load onto trucks, 10th international Workshop on Cutting and Packing and
related topics, Germany, 11/09/2013

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Parreño
Torres, Francisco; Tamarit Goerlich, José Manuel, Algoritmo adaptativo para
el problema del contendor con restricciones de carga, Escuela Latino-Ibero
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americana de Verano en Investigación Operativa, ELAVIO, Valencia, Spain,
08/09/2013

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Parreño
Torres, Francisco; Tamarit Goerlich, José Manuel, An adaptive algorithm for
container loading problem with load-bearing constraints, 26th EURO Con-
ference on Operational Research, Rome, Italy, 01/07/2013

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Parreño
Torres, Francisco; Tamarit Goerlich, José Manuel; Gromicho, Joaquim; Post,
Gerhard, An algorithm for putting on pallets and loading products into trucks,
10th ESICUP meeting, Lille, France, 24/04/2013

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Parreño
Torres, Francisco; Tamarit Goerlich, José Manuel; Gromicho, Joaquim; Post,
Gerhard, Pallet building and truck loading strategies for an inter-depot trans-
portation problem, 25th EURO Conference on Operation Research, Vilnius,
Lithuania, 08/11/2012

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Gromi-
cho, Joaquim; Parreño Torres, Francisco; Post, Gerhard; Tamarit Goerlich,
José Manuel, Pallet building and truck loading strategies for an inter-depot
transportation problem, EURO Summer School on Cutting and Packing,
Porto, Portugal, 16/07/2012

• Alonso Martinez, Maria Teresa; Parreño Torres, Francisco; Alvarez-Valdés
Olaguı́bel, Ramón; Tamarit Goerlich, José Manuel; Gromicho, Joaquim;
Post, Gerhard,Two phase loading in presence of multiple constraints, 9th
ESICUP Meeting, La Laguna, Spain, 21/03/2012

• Alonso Martinez, Maria Teresa; Parreño Torres, Francisco; Alvarez-Valdés
Olaguı́bel, Ramón; Tamarit Goerlich, José Manuel, Un GRASP reactivo para
el problema del contenedor con restricciones de carga, VIII MAEB, Con-
greso español sobre metaheurı́stica, algoritmos evolutivos y bioinspirados,
Albacete, Spain, 08/02/2012

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Parreño
Torres, Francisco; Tamarit Goerlich, José Manuel, A hybrid algorithm for
container loading with load bearing constraints, 24th EURO Conference on
Operational Research, Lisbon, Portugal, 11/07/2010,
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• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Parreño
Torres, Francisco; Tamarit Goerlich, José Manuel, A hybrid algorithm for
container loading with load bearing constraints, ALIO-INFORMS Joint inter-
national meeting, Buenos Aires, Argentina, 06/06/2010

• Alonso Martinez, Maria Teresa; Alvarez-Valdés Olaguı́bel, Ramón; Parreño
Torres, Francisco; Tamarit Goerlich, José Manuel,A hybrid algorithm for con-
tainer loading with load bearing constraints, 8th ESICUP meeting, Copen-
hagen, Denmark, 19/05/2010

5.4.3 International Collaborations

• Research stay of 3 months in 2012 at Vrije University, Amsterdam,
Netherlands, working on the heuristic algorithm introduced in Chapter
4 with professors Joaquim Gromicho and Gerhard Post.

• Research stay of 3 months during 2014 at Università degli studi di
Modena e Reggio Emilia, Reggio Emilia, Italia, working on mathemat-
ical models for loading trucks, carrying out part of the work described
in Chapter 4 with professor Manuel Iori.

5.4.4 Projects

• ALEC: Aplicaciones Logı́sticas e industriales de los problemas de
empaquetamiento y corte, Ministerio de Economı́a y Competitividad,
Universitat de València, Universidad de Castilla-La Mancha, Universi-
tat Politècnica de València, Universidade de Porto (Portugal), 01/01/
2012-31/12/2014

• Desarrollo avanzado en la optimización del diseño de problemas in-
dustriales de empaquetado y corte, Junta de Comunidades de Castilla-
La Mancha, 22/06/2009-31/03/2012

• OPEC2:Desarrollos avanzados para optimización de procesos indus-
triales de empaquetamiento y corte, Ministerio de Ciencia e Inno-
vación, Universitat de València, Universidad de Castilla-La Mancha,
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Universitat Politècnica de València, Universidade de Porto (Portugal),
01/01/2009-31/12/2011

• Programa informático HORNET: Construcción de horarios en centros
de enseñanza, CI08-156,Editorial SM, Universidad de Valencia

• Programación flexible de la producción considerando datos de en-
trega a clientes, CI07-046,IMPIVA, Universitat de València, Universi-
tat Politècnica de València

5.4.5 Research activities

• Alonso Martinez, Maria Teresa, Scientific and Organizing Commit-
tee, The 9th International R User Conference, Escuela Politécnica y
Facultad de Ciencias Económicas y Empresariales, Albacete, Spain,
09/07/2013

• Alonso Martinez, Maria Teresa, Scientific and Organizing Committee,
VIII MAEB, Congreso español sobre metaheurı́sticas algoritmos evo-
lutivos y bioinspirados, Albacete, Spain, 08/02/2012
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[2] R. Álvarez-Valdés, A. Parajón, and J.M. Tamarit. A computational
study of LP-based heuristic algorithms for two-dimensional guillotine
cutting stock problems. OR Spectrum, 24(2):179–192, 2002.
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[15] A. Bortfeldt and G. Wäscher. Constraints in container loading a
state-of-the-art review. European Journal of Operational Research,
229(1):1 – 20, 2013.

[16] S.A. Canuto, M.G.C. Resende, and C.C. Ribeiro. Local search with
perturbations for the prize-collecting steiner tree problem in graphs.
Networks, 38(1):50–58, 2001.

[17] J. Carlier, F. Clautiaux, and A. Moukrim. New reduction procedures
and lower bounds for the two-dimensional bin packing problem with
fixed orientation. Computers & Operations Research, 34(8):2223 –
2250, 2007.



Bibliography 155

[18] S. Ceschia and A. Schaerf. Local search for a multi-drop multi-
container loading problem. Journal of Heuristics, 19(2):275–294,
2013.

[19] M.L. Chambers and R.G. Dyson. The cutting stock problem in the flat
glass industry-selection of stock sizes. Operational Research Quar-
terly, 27(4):949–957, 1976.

[20] S.G. Christensen and D.M. Rousøe. Container loading with multi-
drop constraints. International Transactions in Operational Research,
16(6):727–743, 2009.

[21] I.T. Christou and S. Vassilaras. A parallel hybrid greedy branch and
bound scheme for the maximum distance-2 matching problem. Com-
puters and Operations Research, 40(10):2387 – 2397, 2013.

[22] European commission of mobility and transport. Statistical pock-
etbook 2014. http://ec.europa.eu/transport/facts-fundings/

statistics/pocketbook-2014_en.htm, 2015. [Online; accessed 15-
January-2015].

[23] I. Correia, L. Gouveia, and F. Saldanha da Gama. Discretized for-
mulations for capacitated location problems with modular distribution
costs. European Journal of Operational Research, 204(2):237 – 244,
2010.

[24] A.P. Davies. Approaches to the container loading problem. Unpub-
lished Ph.D. dissertation, University of Wales, Swansea, United King-
dom, 2000.

[25] X. Delorme, X. Gandibleux, and J. Rodriguez. GRASP for set packing
problems. European Journal of Operational Research, 153(3):564 –
580, 2004.

[26] K.F. Doerner, G. Fuellerer, M. Gronalt, R.F. Hartl, and M. Iori. Meta-
heuristics for the vehicle routing problem with loading constraints.
Networks, 49:294–307, 2007.

http://ec.europa.eu/transport/facts-fundings/statistics/pocketbook-2014_en.htm
http://ec.europa.eu/transport/facts-fundings/statistics/pocketbook-2014_en.htm


156 Bibliography

[27] K.A. Dowsland, E. Soubeiga, and E. Burke. A simulated anneal-
ing based hyperheuristic for determining shipper sizes for storage
and transportation. European Journal of Operational Research,
179(3):759 – 774, 2007.

[28] H. Dyckhoff. A typology of cutting and packing problems. European
Journal of Operational Research, 44(2):145 – 159, 1990.

[29] J. Egeblad, C. Garavelli, S. Lisi, and D. Pisinger. Heuristics for
container loading of furniture. European Journal of Operational Re-
search, 200(3):881 – 892, 2010.

[30] M. Eley. Solving container loading problems by block arrangement.
European Journal of Operational Research, 141(2):393 – 409, 2002.

[31] ESICUP. Euro special interest group on cutting and packing. http:

//paginas.fe.up.pt/~esicup, 2015. [Online; accessed 15-January-
2015].

[32] T. Fanslau and A. Bortfeldt. A tree search algorithm for solving
the container loading problem. INFORMS Journal on Computing,
22(2):222–235, 2010.

[33] R. Z. Farahani, M. S. Seifi, and N. Asgari. Multiple criteria facility loca-
tion problems: A survey. Applied Mathematical Modelling, 34(7):1689
– 1709, 2010.

[34] S.P. Fekete and J. Schepers. A general framework for bounds
for higher-dimensional orthogonal packing problems. Mathematical
Methods of Operations Research, 60(2):311–329, 2004.

[35] S.P. Fekete, J. Schepers, and J. van der Veen. An exact algorithm
for higher-himensional orthogonal packing. Operations Research,
55(3):569–587, 2007.

[36] T.A. Feo and M.G.C. Resende. Greedy randomized adaptive search
procedures. Journal of Global Optimization, 6(2):109–133, 1995.

http://paginas.fe.up.pt/~esicup
http://paginas.fe.up.pt/~esicup


Bibliography 157

[37] F. Furini, E. Malaguti, R. Medina, A. Persiani, and P. Toth. A column
generation heuristic for the two-dimensional two-staged guillotine cut-
ting stock problem with multiple stock size. European Journal of Op-
erational Research, 218(1):251 – 260, 2012.

[38] H. Gehring and A. Bortfeldt. A genetic algorithm for solving the con-
tainer loading problem. International Transactions in Operational Re-
search, 4(5-6):401–418, 1997.

[39] H. Gehring and A. Bortfeldt. A parallel genetic algorithm for solving
the container loading problem. International Transactions in Opera-
tional Research, 9(4):497–511, 2002.

[40] D.D. Gemmill. Solution to the assortment problem via the genetic al-
gorithm. Mathematical and Computer Modelling, 16(1):89 – 94, 1992.

[41] D.D. Gemmill and J.L.Sanders. Approximate solutions for the cutting
stock portfolio problem. European Journal of Operational Research,
44(2):167 – 174, 1990.

[42] D.D. Gemmill and J.L.Sanders. A comparison of solution methods
for the assortment problem. International Journal of Production Re-
search, 29(12):2521–2527, 1991.

[43] J.A. George and D.F. Robinson. A heuristic for packing boxes into
a container. Computers and Operations Research, 7(3):147 – 156,
1980.

[44] P.C. Gilmore and R.E. Gomory. Multistage cutting stock problems
of two and more dimensions. Operations Research, 13(1):94–120,
1965.

[45] R.W. Haessler and F.B. Talbot. Load planning for shipments of
low density products. European Journal of Operational Research,
44(2):289 – 299, 1990.

[46] J. Hemminki. Container loading with variable strategies in each layer.
Technical report, University of Turku, Institute of Applied Mathematics,
1994.



158 Bibliography

[47] M. Hifi. Approximate algorithms for the container loading problem.
International Transactions in Operational Research, 9(6):747–774,
2002.

[48] O. Holthaus. A methodology for determining cutting stock sizes and
cutting patterns. International Journal of Industrial Engineering : The-
ory Applications and Practice, 9:351–362, 2002.

[49] O. Holthaus. On the best number of different standard lengths to stock
for one-dimensional assortment problems. International Journal of
Production Economics, 83(3):233 – 246, 2003.

[50] M.T. Hompel and T. Schmidt. Automation and organisation of ware-
house and order picking systems. Springer, 2007.

[51] INFORMS. The Institute for Operations Research and the Man-
agement Sciences . https://www.informs.org/About-INFORMS/

What-is-Operations-Research, 2015. [Online; accessed 15-
January-2015].

[52] M. Iori and S. Martello. Routing problems with loading constraints.
TOP, 18(1):4–27, 2010.

[53] Z. Jin, K. Ohno, and J. Du. An efficient approach for the three-
dimensional container packing problem with practical constraints.
Asia-Pacific Journal of Operational Research, 21(03):279–295, 2004.

[54] L. Junqueira, R. Morabito, and D.S. Yamashita. Three-dimensional
container loading models with cargo stability and load bearing con-
straints. Computers and Operations Research, 39(1):74 – 85, 2012.

[55] J. Karasek. An overview of warehouse optimization. International
Journal of Advances in Telecommunications, Electrotechnics, Signals
and Systems, 2(3), 2013.

[56] N. Kasimbeyli, T. Sarac, and R. Kasimbeyli. A two-objective math-
ematical model without cutting patterns for one-dimensional assort-
ment problems. Journal of Computational and Applied Mathematics,
235(16):4663 – 4674, 2011.

https://www.informs.org/About-INFORMS/What-is-Operations-Research
https://www.informs.org/About-INFORMS/What-is-Operations-Research


Bibliography 159

[57] S.C.H. Leung, D. Zhang, C. Zhou, and T. Wu. A hybrid simulated
annealing metaheuristic algorithm for the two-dimensional knapsack
packing problem. Computers and Operations Research, 39(1):64 –
73, 2012.

[58] A. Lim, H. Ma, C. Qiu, and W. Zhu. The single container loading prob-
lem with axle weight constraints. International Journal of Production
Economics, 144(1):358 – 369, 2013.

[59] J-L. Lin, B. Foote, S. Pulat, C. Chir-Ho, and J.Y. Cheung. Hybrid ge-
netic algorithm for container packing in three dimensions. In Proceed-
ings of the Ninth Conference on Artificial Intelligence for Applications,
1993., pages 353–359, Mar 1993.

[60] D. Mack, A. Bortfeldt, and H. Gehring. A parallel hybrid local search
algorithm for the container loading problem. International Transac-
tions in Operational Research, 11(5):511–533, 2004.

[61] O.C. Makarem and R.A. Haraty. Smart container loading. Journal
of Computational Methods in Science and Engineering, 10(1):231 –
245, 2010.

[62] S. Martello, D. Pisinger, and D. Vigo. The three-dimensional bin pack-
ing problem. Operations Research, 48(2):256–267, 2000.

[63] R. Martı́ and J. M. Moreno-Vega. Métodos multiarranque. Revista
Iberoamericana de Inteligencia Artificial, 7(19):49–60, 2003.

[64] R. Morabito and M. Arenales. An AND/OR-graph approach to the
container loading problem. International Transactions in Operational
Research, 1(1):59–73, 1994.

[65] R. Morabito and S. Morales. A simple and effective recursive proce-
dure for the manufacturer’s pallet loading problem. The Journal of the
Operational Research Society, 49(8):819–828, 1998.

[66] R. Morabito, S.R. Morales, and J.A. Widmer. Loading optimization of
palletized products on trucks. Transportation Research Part E: Logis-
tics and Transportation Review, 36(4):285 – 296, 2000.



160 Bibliography

[67] A. Moura and J.F. Oliveira. A GRASP approach to the container-
loading problem. IEEE Intelligent Systems, 20(4):50–57, July 2005.

[68] J.A. Nelder and R. Mead. A simplex method for function minimization.
The Computer Journal, 7(4):308–313, 1965.

[69] B.K.A. Ngoi, M.L. Tay, and E.S. Chua. Applying spatial representation
techniques to the container packing problem. International Journal of
Production Research, 32(1):111–123, 1994.

[70] Council of Supply Chain Management Professionals. Sup-
ply chain management terms and GLOSSARY. http:

//cscmp.org/sites/default/files/user_uploads/resources/

downloads/glossary-2013.pdf, 2015. [Online; accessed 15-
January-2015].

[71] ORTEC. company. www.ortec.com, 2015. [Online; accessed 15-
January-2015].

[72] C. Park and J. Seo. A GRASP approach to transporter scheduling for
ship assembly block operations management. European Journal of
Industrial Engineering, 7(3):312– 332, 2013.
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