Universidad de Castilla-La Mancha

Density and viscosity sensors based on
piezoelectric micro-resonators

Ph. D. Thesis
Author
Tomás Manzaneque García
Supervisor
José Luis Sánchez de Rojas Aldavero
Ciudad Real, 2015

© 2015 Tomás Manzaneque García
Please, do not distribute this document without permission of the author.

This document should be printed double-sided in DIN B5 size.
Formatted with LATEX.

Density and viscosity sensors based on
piezoelectric micro-resonators

A Thesis
by
Tomás Manzaneque García

presented for the degree of
Doctor of Philosophy
in
Science and Technologies applied to Industrial Engineering

supervised by
Prof. José Luis Sánchez de Rojas Aldavero

at
University of Castilla-La Mancha
Microsystems, Actuators and Sensors Group
Department of Electric, Electronic, Automatic and Communication Engineering
Technical School of Industrial Engineering
Ciudad Real (Spain)

A mis padres

Acknowledgements
I first want to express my gratitude to my doctoral supervisor, Prof. José
Luis Sánchez-Rojas, for giving me the opportunity to join the Microsystems,
Actuators and Sensors Group at Ciudad Real. This thesis would not
have been possible without his full support. I always found a close and
encouraging treatment from him, which supposed a great impulse for the
day-to-day work.
I would like to give special thanks to Dr. Jorge Hernando-García, for his
involvement in the research work. In addition, I highlight his good advice
when I needed and inspiring conversations. Special mention deserves
the good atmosphere in the laboratory, due to the companionship and
friendship of all the co-workers with whom I have had the luck to share
these years. Thanks for that to María Jesús, Víctor, Javier Toledo, Marta,
Kiko, Javier Vázquez and Graciela. Thanks also to the people from the
School of Industrial Engineering that accompanied me in the coffee breaks,
which helped me clear my mind daily.
It is my due to acknowledge the academic collaboration, in the fabrication of devices, of Prof. Helmut Siedel and Dr. Abdallah Ababneh
from the Saarland University; and Prof. Ulrich Schmid, Dr. Martin Kucera,
Dr. Achim Bittner and Elisabeth Wistrela from the Vienna University of
Technology.
My thanks to Prof. Ulrich Schmid and Prof. Reza Moheimani for welcoming me as a research visitor. Both doctoral stays allowed me to get
valuable knowledge and experience in an international work environment.
I would like to extend my thanks to my colleagues in both laboratories for
helping me at work and enjoying free time together. In this regard, I especially thank Martin and Sonja for their friendship and the good moments
spent in Austria and Spain.
I want to acknowledge the effort of all the public educational institutions
that have been involved in my formation, from basic to academic. In
particular, the FPI scholarship received from the Spanish Ministerio de
Ciencia e Innovación in 2010 made possible my doctoral studies.

vii

viii

Acknowledgements

Outside work, my first thanks is for my parents, Tomás and Ramona,
who gave me the chance to study at the University of Castilla-La Mancha.
I want to recognize their emotional support and patience since I started
studying in Ciudad Real in 2003. And of course, I cannot fail to mention
my sister and brother, Montse and Alberto, since great part of who I am is
due to them.
Thanks to my friends—from Alcázar, Burgos, Ciudad Real, Puertollano,
Talavera, Toledo, Valdepeñas, etc.—for making possible a huge amount of
those unrepeatable moments that one never forgets.
Last but not least, my most sincere gratitude to my partner Tere, whose
love, patience and support are a continuous motivation. Thank you for
always being there.

Abstract
The measurement of the physical properties of liquids, and specifically the
density and the viscosity, is of great interest for different industries, such
as automotive, biotechnology or food production. Current experimental
methods rely on benchtop instruments with moving parts that often involve
limitations in terms of cost, size and speed. The development of microelectro-mechanical systems (MEMS) has enabled on-chip micrometer-scaled
mechanical resonators. These devices, immersed in a fluid, offer valuable
parameters to determine the density and the viscosity. Their high integrability and ease of fabrication by available silicon technologies promise
low-cost compact sensor units, capable of monitoring the liquid properties
online.
The problem has been analyzed on two fronts: the design of adequate
resonators, and their inclusion in electronic circuits serving as interface.
For the former issue, piezoelectricity has been chosen for transduction.
Although it lacks the sensitivity reached by other mechanisms, the high
electronic compatibility and flexibility of design have proven a great advantage for the problem addressed. The optimization of piezoelectric
transducers on planar resonators has been approached. In addition, different resonator geometries and vibration modes were explored in order
to: first, get maximized response through high transduction and quality
factor; second, achieve adequate sensitivity of the resonant frequency and
quality factor to the target magnitudes, density and viscosity. From this
last consideration, out-of-plane modes appear as the suitable solution in
contrast to in-plane ones.
To interpret the resonator response, the aim of compact solutions requires simple circuits rather than instrumentation-based signal processing.
The oscillator circuit constitutes a simple technique to track the resonant frequency. Nevertheless, the high signal degradation suffered by out-of-plane
modes in liquid presents a challenge to this approach. A compensation
strategy based on a non-released reference device and an instrumentation
amplifier is proposed to overcome this limitation. The implementation of
a gain control loop enables to record the quality factor as well. A double
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calibration process allows obtaining the density and viscosity from the
electrical signals provided by the circuit.
The concept was proved with a rectangular plate resonator, vibrating in
its second-order out-of-plane mode. The resonance occurs at about 300 kHz
and presents a quality factor of 66 under immersion in isopropanol. The
oscillator solution, implemented with standard discrete components, was
demonstrated to drive a piezoelectric microresonator in liquid for the
first time. This result reveals the feasibility of a low cost compact sensor.
Accuracies of 0.4% in density and 8% in viscosity were achieved for the
measuring range from 0.680 g cm−3 to 0.905 g cm−3 in density, and from
0.4 mPa s to 7.3 mPa s in viscosity. The best resolutions attained in this
range are 1.83 × 10−7 g cm−3 and 1.74 × 10−5 mPa s, comparable to those
of commercially available instruments.

Resumen
La medida de las propiedades físicas de líquidos, concretamente la densidad y la viscosidad, tiene gran interés para diferentes industrias, como
la de automoción, la biotecnológica y la agroalimentaria. Los métodos
experimentales actuales se basan en instrumentos de sobremesa con partes
móviles que a menudo suponen limitaciones en términos de coste, tamaño y
velocidad de medida. El desarrollo de los sistemas micro-electro-mecánicos
(MEMS) ha posibilitado resonadores mecánicos de escala micrométrica
integrables on-chip. Estos dispositivos, inmersos en un fluido, proporcionan
parámetros válidos para determinar la densidad y la viscosidad. Su alto
grado de integrabilidad, así como la facilidad de fabricación mediante
tecnologías del silicio ya disponibles, prometen sensores compactos y de
bajo coste, capaces de monitorizar en línea las propiedades del líquido.
El problema ha sido analizado en dos frentes: el diseño de resonadores
adecuados, y su inclusión en circuitos electrónicos que sirvan como interfaz.
Para la primera cuestión, se ha elegido el efecto piezoeléctrico como mecanismo de transducción. Aunque este carece de la sensibilidad alcanzada
por otros mechanismos, la alta compatibilidad electrónica y flexibilidad de
diseño suponen ventajas importantes para el problema planteado. La optimización de transductores piezoeléctricos en resonadores planos ha sido
abordada. Además, se han explorado diferentes geometrías de resonador y
modos de vibración con el fin de: primero, maximizar la respuesta a través
de altos valores de transducción y factor de calidad; segundo, lograr una
sensibilidad adecuada de la frecuencia de resonancia y el factor de calidad
a las magnitudes objetivo, densidad y viscosidad. Bajo esta última consideración, los modos “fuera de plano” aparecen como la solución adecuada,
en contraste con los modos “en el plano”.
Para interpretar la respuesta del resonador, el objetivo de una solución
compacta requie circuitos simples, en lugar de procesado de señal basado
en instrumentación. El circuito oscilador constituye una técnica simple
para el seguimiento de la frecuencia de resonancia. Sin embargo, la alta
degradación de señal sufrida por los modos “fuera de plano” en líquido
supone un reto a esta aproximación. Una estrategia de compensación,
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basada en un dispositivo de referencia no liberado y un amplificador de
instrumentación, es propuesta para superar esta limitación. La implementación de un bucle de control de ganancia permite adquirir también el
factor de calidad. Mediante un proceso doble de calibración, se obtinen la
densidad y la viscosidad a partir de las señales elécticas proporcionadas
por el circuito.
El concepto se ha probado con un resonador tipo placa rectangular,
vibrando en el modo “fuera de plano” de segundo orden. La resonancia ocurre a unos 300 kHz y presenta un factor de calidad de 66 bajo
inmersión en isopropanol. La solución del oscilador, implementada con
componentes discretos estándar, ha sido demostrada por primera vez
para un microresonador piezoeléctrico en líquido. Este resultado revela la
factibilidad de un sensor compacto de bajo coste. Se han logrado exactitudes del 0.4% en densidad y 8% en viscosidad para el rango de medida
de 0.680 g cm−3 a 0.905 g cm−3 en densidad, y de 0.4 mPa s a 7.3 mPa s
en viscosidad. Las mejores resoluciones alcanzadas en este rango son
1.83 × 10−7 g cm−3 y 1.74 × 10−5 mPa s, comparables con las que obtienen
los instrumentos disponibles comercialmente.
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Chapter 1

Introduction
Nothing in life is to be feared, it is only to be
understood. Now is the time to understand
more, so that we may fear less.
Marie Curie

Summary: In this chapter, the fundamental theoretical concepts and
technologies of interest for this dissertation are introduced. At the
end, the state of the art is discussed and the main objectives are set.

1.1
1.1.1

Fundamentals
MEMS: A brief introduction

In the last decades, the development of modern microfabrication technologies has brought the appearance of complex micrometer-sized machines
(example in figure 1.1), giving born to the discipline known as microengineering [Fuj98]. The contribution of any domain of physics (e.g. mechanics,
electronics, fluid dynamics, optics, magnetism, etc.) is, in principle, possible,
opening a wide range of potential applications. Specifically, the combination of mechanical and electrical components, fabricated using integrated
circuit batch-processing technologies, has resulted in the so-called microelectro-mechanical systems (MEMS) [How90]. Their starting point can be
established in the early 80’s, with the pioneer paper of Petersen [Pet82]
claiming attention to the mechanical properties of silicon. The use of this
material has provided an economy of scale, taking advantage of the already
well developed industry of semiconductors.
1
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Figure 1.1: Micromirror with drive assembly. Courtesy of Sandia National
Laboratories, SUMMiT(TM) Technologies. http://www.mems.sandia.gov

One of the great potentials of MEMS is the integration of transducers,
either actuators, which translate electrical signals into mechanical magnitudes, or sensors, which allows for reading mechanical magnitudes by
conversion to the electrical domain. As long as the environment affects
its electromechanical response, a system can be used to measure physical
properties or perturbations from the medium. Due to the high capacity of
integration permitted by fabrication technologies in silicon, a single chip
can contain, in general, several elements as actuators, sensors, moving
parts, fluidic channels, etc. The integration of auxiliary functions, such as
control, signal processing or communications blocks, allows for complete
sensor systems on a single chip (figure 1.2). The concept of Lab-On-a-Chip
(LOC) refers to the integration of several sensing functions, together with
the microfluidic interface for liquid analysis.
The fabrication processes of MEMS in silicon carries several steps depending on the complexity of the structures. Usually, a sequence of deposition and patterning of different layers is performed, supported by
photolithographic techniques. When movable parts are required, two
approaches can be distinguished:




The surface micromachining [Bus98] consists in the definition of
the elements on a sacrificial layer previously deposited over the
fabrication substrate. This sacrificial layer is removed at the end,
creating suspended structures.
The bulk micromachining [Sei90; Kov98] involves the etching of a considerable wafer thickness, generating cavities that define suspended
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MEMS
Actuators

Sensors

Control

Signal
processing

PC

Communications
Silicon chip
Figure 1.2: Schematic representing the integration of different functions on
a chip.

structures.
Many applications of MEMS can be found in the literature: ink injection [Pri03], energy harvesting [Bee06], optical switching [Gil99], resonators
for frequency synthesis and filtering [Ngu07; Bee12], etc. Particularly, sensors have demonstrated to be the biggest source of new uses, with some
examples listed below:


Mass sensors. By surface functionalization, it is possible to develop
devices sensitive to specific substances, such as chemical agents or
biomolecules [Lav04].



Sensors of physical properties of liquids, object of study in this thesis.



Pressure sensors [Eat97].



Inertial sensors such as accelerometers and gyroscopes [Bar01].



Atomic Force Microscopy (AFM) [Alg10].



Microphones [Sch03].

With a growing amount of applications, the volume of MEMS industry
exceeded $10 billion in 2012 and current studies predict a size over $20
billion in 2018 [Joh13]. Already available devices can be found in the
following industries:

4

Chapter 1. Introduction



Consumer products.



Aerospace.



Automotive.



Biomedical.



Chemical.



Optical displays.



Wireless and optical communications.

1.1.2

Resonators

In this section, we will introduce the modelling of mechanical resonators.
As a starting point, we will consider the simple model of a single-degreeof-freedom (SDOF) linear system, like the one depicted in figure 1.3. It
consists of a rigid body of mass m, able to move only in one direction
and subject to three forces: the restoring force of a spring of constant k;
a viscous force, proportional to the mass velocity by the constant c, in
opposite direction; and an arbitrary external force ψ(t). The evolution of
the position over time u(t) is governed by the second-order differential
equation
du(t)
d2 u ( t )
m
+c
+ ku(t) = ψ(t),
(1.1)
2
dt
dt
or alternatively
ψ(t)
ü(t) + 2ζωn u̇(t) + ωn2 u(t) =
,
(1.2)
m
where
r
k
ωn =
(1.3)
m
is the natural angular frequency of the system and
ζ=

c
2mωn

(1.4)

is a non dimensional quantity known as the damping ratio. For the particular case of absence of external force (ψ = 0), or free vibrations condition,
if the system is underdamped (ζ < 1), equation 1.2 has a solution of the
form [Gat02, Ch. 4]
 q

−ζωn t
2
u ( t ) = u0 e
cos ωn 1 − ζ t − θ0 ,
(1.5)
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u(t)
k

m
ψ(t)
c
Figure 1.3: Schematic of a linear second-order single-degree-of-freedom
system.

where u0 and θ0 are constants dependent on the initial conditions.
This
p
response corresponds to oscillations at frequency ωd = ωn 1 − ζ 2 , called
damped natural frequency, modulated by an exponentially decreasing
amplitude, with decay constant ζωn . For the response to forced vibrations,
the use of the Laplace transform simplifies the calculations. Applying it to
equation 1.1, considering an external force with a Laplace transform Ψ(s),
we obtain the transfer function
H (s) =

1/m
U (s)
= 2
.
Ψ(s)
s + 2ζωn s + ωn2

(1.6)

By substituting s = jω, the response is particularized to a harmonic force
of frequency ω:
1/m
H (jω ) = 2
,
(1.7)
ωn − ω 2 + 2ζωωn j
which contains the information in gain and phase shift from Ψ(s) to U (s):

| H (jω )| = q

1/m

(ωn2 − ω 2 )2 + (2ζωωn )2


∠ H (jω ) = − arctan

2ζωωn
ωn2 − ω 2

,

(1.8)


.

(1.9)

The gain describes a peak, reaching its maximum at the resonant frequency
q
ωr = ωn 1 − 2ζ 2 .
(1.10)
The phase falls from 0º at ω  ωn to 180º at ω  ωn clockwise, reaching
exactly −90º at ω = ωn .
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The SDOF model enabled us to explain in a simple way the fundamental
concepts concerning resonators. To go one step further, let us consider
the system formed by the one in figure 1.3 with an additional rigid body
joined to m by an additional spring. Now, two independent spatial coordinates, one per rigid body, are necessary to specify the displacement
from equilibrium, so this system has two degrees of freedom. An indefinite
number of masses linked by elastic and viscous forces can be considered
to form multiple-degree-of-freedom (MDOF) systems. A complete explanation on their modelling can be found in [Gat02, Ch. 6]. As a summary,
the behaviour of an n-degree-of-freedom (n-DOF) system is described by
n independent equations. The system constants m, c and k are n-order
symmetrical matrices so that the model results in an eigenvalues problem.
The model eigenvalues determine the n natural frequencies of the system,
while the eigenvectors define the so called vibration modes. These are the
relations between the displacement of the different rigid bodies, associated
to each natural frequency. The n-dimensional vectors that describe the
displacement of the rigid bodies from their equilibrium position form a
Hilbert space. A rigorous mathematical definition of this concept can be
found in [Gat02, Ch. 2]; here we will consider it as a generalization of the
Euclidean space for n dimensions. It can be proven that the eigenvectors of
a MDOF problem are orthogonal and form a basis. By virtue of this fact,
the displacement of the n rigid bodies forming the system can be expressed
as a linear combination of the eigenvectors or vibration modes.
The mechanical systems described above, either SDOF or MDOF, are
based on the assumption that the physical properties involved, mass, stiffness and damping, are localized and identified with different elements:
rigid bodies, springs and dampers. However, real systems are formed by
structures of elements that are neither massless nor rigid. Every material
portion may posses mass and stiffness, and contribute to the damping, at
the same time. For this reason, it becomes necessary to resort to continuous models, in which the parameters m, k and c are distributed over the
resonator, and the displacement is a continuous function of both space
and time. The consequence of the continuousness is an infinite number of
degrees of freedom, which result in infinite natural frequencies. The key
points of the advanced analysis in [Gat02, Ch. 8] are given in the following
lines. As a starting point, let us consider a non-damped unidimensional
example. The longitudinal vibrations of a uniform clamped-free beam of
finite length L are governed by
EA

∂2 u( x, t)
∂2 u( x, t)
−
µ
= ψ( x, t),
∂x2
∂t2

(1.11)

where x is the spatial coordinate along the beam, u( x, t) is the displacement
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from the equilibrium position, E is the elastic modulus in direction x, A
is the beam cross-section area, µ is the beam mass per unit length and
ψ( x, t) represents a distributed external force. The variables x and t can be
separated by considering a function u of the form
u( x, t) = u x ( x )ut (t).

(1.12)

First, we will focus on the spatial part u x , for which we will consider the
homogeneous problem (ψ = 0). Introducing equation 1.12 into 1.11,
EA d2 u x
1 d2 u t
=
= −λ
µu x dx2
ut dt2

(1.13)

is obtained, where λ is an arbitrary constant that enables to split the
equation in two: one temporal and one spatial, being the latter
EA

d2 u x
= −λµu x .
dx2

(1.14)

The problem can be generalized by considering the expression
Ku x = λMu x ,

(1.15)

where K and M are linear operators, in the example
K = EA

d2
,
dx2

M = −µ.

(1.16)
(1.17)

Now, the problem is reduced to find the values λi and functions u xi that
satisfy equation 1.15 and are compatible with the boundary conditions.
These depend on the problem geometry and several cases are shown in
appendix A. For the example cited above, the boundary conditions are
u x (0) = 0,
du x
dx

= 0.

(1.18)

x= L

By analogy with the MDOF case, the λi and u xi are called eigenvalues and
eigenfunctions, respectively. The sense of this nomenclature lies in the fact
that the set of functions compatible with the boundary conditions form a
Hilbert space of infinite dimensions [Gat02, Ch. 2]. The main requirement
for this is the definition of an inner product. Regarding unidimensional
problems, for two functions g1 ( x ) and g2 ( x ), the inner product h g1 | g2 i is
defined as
Z

h g1 | g2 i =

L

0

g1 ( x ) g2 ( x ) dx.

(1.19)
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This operation enables to define all the properties of Hilbert spaces: orthogonality, norm, distance, etc. It can be proven that eigenfunctions of
different eigenvalues are mutually orthogonal,
u xi |u xj = 0

( i 6 = j ),

(1.20)

and M-orthogonal,
u xi | Mu xj = 0

( i 6 = j ).

(1.21)

By virtue of these properties, any function u x that satisfies the boundary
conditions can be expressed as a linear combination of the infinite u xi :
∞

ux (x) =

∑ yi uxi (x).

(1.22)

i =1

For this reason, each function u xi ( x ) is normally referred as a vibration
mode. The coefficients yi are the modal coordinates and represent an alternative form to express any deformation u x ( x ). Due to the homogeneous
nature of the problem, the eigenfunctions are indeterminate by a multiplying constant. When solving practical problems, solutions cannot involve
the infinite number of yi that exist in the most general case, and they have
to be truncated to a finite set of vibration modes. The higher number of
vibration modes included, the more realistic the approximation will be.
Now we have a spatial modelling of the solutions, we focus on the time
response. Letting the modal coordinates be a function of time, the general
solution given by equation 1.22 can be substituted in equation 1.11. In
generalized form,
∞

∞

i =1

i =1

∑ yi (t)Kuxi (x) + ∑ ÿi (t) Muxi (x) = ψ(x, t).

(1.23)

Using equation 1.15 and taking the inner product by u xj , we arrive at
∞

∞

i =1

i =1

∑ yi (t)λi uxj | Muxi + ∑ ÿi (t) uxj | Muxi = uxj |ψ(x, t)

(1.24)

Due to the M-orthogonality, only the terms j within the summations are
non zero, so we can simplify to
ÿi (t) + λi yi (t) =

hu xi |ψ( x, t)i
,
hu xi | Mu xi i

(1.25)

that reproduces the form of equation 1.2 for an undamped system (ζ = 0).
By simple comparison, the relation λi = ωi2 arises. Thus the system
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possesses infinite natural frequencies ωi . Also, an equivalent mass constant
can be defined as
mi = hu xi | Mu xi i ,
(1.26)
which leads to an equivalent elastic constant
k i = mi λi .

(1.27)

It is worth noting that their value is arbitrary since the eigenfunctions
contain an indeterminate constant. A common normalization convention is
to impose mi = 1 to simplify the formulae. Another possibility is to fix the
constants so that |u xi | ∈ [0, 1]. This way the modal coordinate represents
the maximum displacement at a given time. Equation 1.25 also reveals that
the distributed external force ψ( x, t) translates into an equivalent SDOF
force, different for each mode:
ψi (t) =

Z L
0

u xi ( x )ψ( x, t) dx.

(1.28)

The modelling of damping in continuous vibrating system results delicate. Only under special assumptions, damping phenomena can be decoupled in a modal way [Gat02, p. 420]. However, from a practical point of
view, it often results convenient to introduce viscous damping at the modal
level, without the need of modelling it in the general equation (1.11 in our
example). This way, coefficients ζ i (or ci ) are defined and introduced in each
modal equation. Their values can be chosen on the basis of experimental
measurements or fluid-structure simulations, as will be seen in following
chapters.
It can be concluded that the vibrations of a continuous unidimensional
linear system, defined for x ∈ [0, L], can be modelled as the superposition of
an infinite number of SDOF systems, each one corresponding to a vibration
mode governed by
mi ÿi (t) + ci ẏi (t) + k i y(t) = ψi (t).

(1.29)

A truncation in the number of modes considered leads to a less precise
modelling that can be an acceptable approximation depending on the frequency range of interest. Assuming enough separation between natural
frequencies, the behaviour of the system in the vicinity of a given mode, can
be assumed as SDOF, with effective coefficients mi , ci and k i that depend
on the structure geometry and properties, the boundary conditions and the
mode order i. In this section, we have illustrated continuous systems by
a simple unidimensional example: a clamped-free beam subject to longitudinal deformation. A generalized form of continuous unidimensional
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problems can be found in appendix A, along with some solved examples of
interest for this dissertation. The modelling presented in this section can be
extended to higher-dimensional problems in what respects to time dependence, as long as modal coordinates, not dependent on spatial variables,
can be defined. However, the spatial modelling of even two-dimensional
problems, shortly discussed in appendix A, becomes too intricate for the
scope of this thesis.
1.1.2.1

Figures of merit

The use of resonators for sensing applications relies on the dependence of
the resonant parameters described above on external stimuli or conditions.
Typically, the natural (or resonant) frequency of one of the vibration modes
is related to a change in either the equivalent mass or elastic constant
by virtue of equation 1.3. One of the pioneering applications of this
principle is the quartz crystal microbalance (QCM) [O’S99]. These devices
consist of a quartz crystal, usually a thin disc between gold electrodes,
which suffers shear deformation when is subject to voltage due to its
piezoelectric properties. The eventual adherence of mass to the electrodes
surface causes an increase in the equivalent mass of the shear vibration
mode. The deformation reaches a maximum at the resonant frequency,
that can be tracked and related to the amount of mass deposited. This
approach has also extended to the microscale, having the literature many
examples of sensing by the frequency shift of a MEMS resonator [Pan06;
Sha04]. In the development above, we have introduced the natural and
resonant frequencies in angular form (equations 1.3 and 1.10). However,
in applications, it often results more convenient to use the linear natural
frequency
r
ωn
1
k
fn =
=
,
(1.30)
2π
2π m
or the linear resonant frequency
q
ωr
fr =
= f n 1 − 2ζ 2 .
(1.31)
2π
The other important parameter defining the performance of a SDOF
resonator is given by the damping. Two different constant to express it were
defined above: c and ζ. However, in engineering, it is more conventional
to use a constant inversely proportional to the damping: the quality factor
(Q), defined as 2π times the energy stored by the resonator divided by
the energy dissipated per cycle of free oscillation. Given the linear SDOF
model of equation 1.1, all the energy dissipation is produced by the viscous
force cu̇(t) in absence of external force. Thus, if the resonator is oscillating
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Figure 1.4: Gain and phase of a resonant peak for different values of the
quality factor, with f n = 100 Hz and m = 1 × 105 kg.

with amplitude u0 ,

1
2
2 ku0

Q = 2π Z

2π
ωn

,

(1.32)

2

cu̇(t) dt

0

which leads to

√
Q=

1
mk
= .
c
2ζ

(1.33)

By introducing Q in equation 1.5, an alternative definition arises: the quality
factor is the number of cycles needed to reduce the resonator energy by
a factor e2π ≈ 535. To point out that Q represents an important figure
of merit for sensing applications, we will look at the forced vibrations.
The behaviour given by equations 1.8 and 1.9 is plotted in figure 1.4 for
different values of Q. It can be observed that higher values of Q translate
into sharper peaks, reducing the error committed when determining the
frequency of the maximum ( f r ). Another approach consists in track the
frequency of phase zero, coinciding with f n . Since the slope of the phase
curve is proportional to Q, the quality of the tracking will also benefit from
high values of Q.
Up to this point, we have treated resonators as systems that move or deform in a determined way as a result of the energy possessed or an external
force applied. We have to note that, for sensing applications, a mechanism
of actuation is needed so that the applied force can be controlled by an
input electrical signal. In the same way, a mechanism of detection must
provide an output electrical signal proportional to the modal displacement.
Besides the resonant parameters, the efficiency of actuation and detection define an additional figure of merit of a resonator. For piezoelectric
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resonators, this feature is discussed in section 2.4.1.
1.1.2.2

Mechanisms of actuation and detection

Here we list the most widespread mechanisms of actuation and detection
in the field of resonant MEMS:












1.1.3

Piezoelectric actuation/detection [TM04]. One of the layers forming
the resonator must be made of a piezoelectric material. An electric
field, generated through electrode layers above and below, produces
mechanical strain within the piezoelectric, which is equivalent to a
distributed force. Besides, the stress generated in the structure is
transformed to electric charge that can be collected by the electrodes.
Since this dissertation is based on devices that use this mechanism, a
detailed explanation on piezoelectricity can be found in section 1.1.3.
Electrostatic actuation/detection [Zha94]. A conductive part of the
resonator must be close to a fixed conductor. The actuation is produced by the electrostatic force induced when applying voltage to the
fixed conductor. The detection relies on changes in the capacitance
between conductors due to movement.
Magnetic actuation/detection [Li03; Rei10]. The resonator must include integrated conductors and an external magnetic field is necessary. When an electric current flows through a conductor, Lorentz
forces are produced. The detection principle is based on induced voltages generated in the conductors when moving through the magnetic
field.
Electrothermal actuation [Seo08]. Heating resistors allow to apply cycles of thermal expansion-contraction to specific parts of the resonator
structure.
Piezoresistive detection [Cer12]. Certain materials have the property
of changing their resistance when are subject to mechanical strain.
Optical detection [Tam01]. The reflection of a laser beam on the
resonator surface is used to detect its displacement. Unlike the above
alternatives, this is not on-chip integrable.

Piezoelectricity

The piezoelectric effect—from the Greek piezein: to squeeze or press—is
the capacity of certain materials to interchange energy between their mechanical and electrical states. This property is always dual: the direct effect
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transforms a force applied to the material into internal electrical charges;
the reverse effect consists in the generation of mechanical strain through the
application of an electric field. Only materials formed by fixed ions ordered
in some manner can present this behaviour, as it is based on the existence
of changing electric dipoles within the material structure. To illustrate
the mechanism in a simple way, let us consider the 2-dimensional crystal
structures shown in figure 1.5. The first case corresponds to a hexagonal
pattern, with positive and negative ions alternating at the vertices. Since the
unit cell, i.e. the smallest set of ions defining the pattern, presents a 3-fold
rotational symmetry point, no electric moment is shown at rest. When a
moderate external force is applied, the structure suffers elastic deformation
and the unit cell is altered. In the example, the horizontal compression
causes the lost of the rotational symmetry and, consequently, a vertical
non-zero electric moment. Then, as a result of the applied force, an electric
moment density or polarization (P) appears along the crystal, i.e. the crystal
presents direct piezoelectric effect. In a similar way, it can be seen that
applying an electric field produces a net deformation, i.e. the crystal also
presents reverse piezoelectric effect. The second structure corresponds to
a square unit cell. In this particular case, no electric moment appears for
whatever homogeneous deformation of the net, thus this net geometry
does not allow for piezoelectric effect. The reason is the centrosymmetric
nature of the unit cell. Although 2-dimensional nets have been used for
simplification, the reasoning can be extended to realistic 3-dimensional
materials. The piezoelectric behaviour of a material is conditioned by the
different elements of symmetry that can appear in a 3-dimensional unit
cell.
The piezoelectricity is usually a linear property that can be modelled as
the relation between the mechanical stress (σ) and the electric polarization
through the piezoelectric modulus (d),
P = dσ.

(1.34)

At this point, it has to be noted that the mechanical stress suffered by a
3D solid is completely defined by a second-rank tensor (9 components). A
detailed justification of this can be found in [Nye72, Ch. 5]. The electric
polarization is a vector, i.e. a first-rank tensor (3 components). Since d
relates these two tensors and, in the general case, is an anisotropic property,
it must be defined by a third-rank tensor formed by 27 components. This
way each component of P is related to the 9 components of σ:
3

Pi =

3

∑ ∑ dijk σjk ,

j =1 k =1

(i = 1–3).

(1.35)
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P=0

P

(a)
Structure

Crystal at rest

P=0

Crystal under stress

P=0

(b)
Figure 1.5: 2D illustration of the electric moment generation in a crystal by
elastic deformation for a hexagonal unit cell (a). A square unit cell does
not present this phenomenon due to its centrosymmetry (b).

When dealing with tensor algebra, the use of the Einstein convention is
highly convenient. It basically consists in omitting the summation symbol
and assume that the indices repeated inside each term, called dummy,
correspond to the summation indices. The other indices, called free, must
be present in all the terms. This way, equation 1.35 is rewritten simply as
Pi = dijk σjk .

(1.36)

The same kind of linear relation is obtained for the reverse effect. In this
case, the mechanical strain (e), a second-rank tensor, is obtained from
the applied electric field (E), a first-rank tensor. From thermodynamic
considerations, it can be proved that the third-rank tensor necessary to
describe the direct and reverse effects are the same for each material [Nye72,
Ch. 10], so that
eij = dkij Ek
(1.37)
defines the reverse piezoelectric effect.
In order to get a complete electromechanical model for piezoelectric
materials, the equations governing the mechanical and dielectric characteristics of solid bodies must be considered. The relation between the electrical
displacement (D) and the applied electric field is given by
Di = ε ij Ej ,

(1.38)
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where ε is the second-rank permittivity tensor. The mechanical strain and
stress are related through the Hooke’s law, generalized for 3D anisotropic
materials,
eij = sijkl σkl ,
(1.39)
where s is the fourth-rank compliance tensor, or alternatively
σij = cijkl ekl ,

(1.40)

where c is the stiffness tensor. To take into account the piezoelectric
behaviour given by equations 1.36 and 1.37, additional terms must added to
equations 1.38 and 1.39, resulting in the piezoelectric constitutive equations:
Di = dijk σjk + εσij Ej ,

(1.41)

E
eij = sijkl
σkl + dkij Ek .

(1.42)

εσ is the electrical permittivity at constant mechanical stress and s E is the
compliance at constant electric field.
Equations 1.41 and 1.42 reflect that the electromechanical behaviour of a
piezoelectric material, provided linearity, is fully defined by 117 constants:
81 for the elasticity, 27 for the piezoelectricity and 9 for the electric permittivity. However, the definitions of σ and e imply that both are symmetric
tensors [Nye72, Chs. 5-6]:
σij = σji

and

eij = e ji ,

(1.43)

which, for d, means
dijk = dikj

(1.44)

and, for s,
sijkl = s jikl

and

sijkl = sijlk .

(1.45)

This means that some of the tensors components are not independent and
equations 1.41 and 1.42 can be simplified without loss of generality. The
equations for the independent components can be expressed in the so
called Voigt form. The six independent components of σ and e are listed in
vectors, while matrices are used for d and s:
 
σ1

  
 σ2 
σ  
 ε
D1
d11 d12 d13 d14 d15 d16 
E1
 
11 ε 12 ε 13
σ
3
 D2  = d21 d22 d23 d24 d25 d26  
  + ε 21 ε 22 ε 23   E2  ,
σ 
D3
d31 d32 d33 d34 d35 d36  4 
ε 31 ε 32 ε 33
E3
σ5 
σ6
(1.46)
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e1
s11
e  s
 2   21
  
e3  s31
 =
e4  s41
  
e5  s51
e6
s61

E   
s16
σ1
d11
σ  d
s26 
  2   12
   
s36  σ3  d13
  +
s46  σ4  d14
   
s56  σ5  d15
s66
σ6
d16


d31
d32 
 E 

d33   1 
 E .
d34  2
 E
d35  3
d36
(1.47)
The subscripts 1–3 indicate the normal components of σ and e relative
to the three spatial axes, while 4–6 are used for the shear components.
The constants forming the matrices d and s in equations 1.46 and 1.47 can
be defined as from the tensor components of equations 1.41 and 1.42. In
simplified notation, the constitutive equations 1.46 and 1.47 are expressed
as
Di = dij σj + εσij Ej ,
(1.48)
s12
s22
s32
s42
s52
s62

s13
s23
s33
s43
s53
s63

s14
s24
s34
s44
s54
s64

s15
s25
s35
s45
s55
s65

ei = sijE σj + d ji Ej .

d21
d22
d23
d24
d25
d26

(1.49)

It is worth noting that alternative forms for this pair of expressions can be
formulated by tensor manipulation [Mei88]. For instance, the form explicit
in σ is widely used:
Di = eij e j + εSij Ej ,
(1.50)
σi = cijE e j − e ji Ej .

(1.51)

e is the alternative definition of the piezoelectric tensor and εS is the
electric permittivity at constant mechanical strain. These properties are not
independent of the ones in equations 1.41 and 1.42; particularly e and d are
related through
E
eij = dik ckj
.
(1.52)
The electromechanical conversion efficiency of a material for a pair of
directions i, j is defined by the electromechanical coupling:
dij
k ij = q
.
εσii s Ejj

(1.53)

Whilst D, E, σ and e are variables that describe the state of a material at a certain instant, d, ε and s represent invariant properties of that
material. Nevertheless, due to their anisotropic nature, the actual value
of the constants that conform them depend on the set of reference axes
chosen. Anyhow, these properties are completely defined by specifying all
the constants together with the reference system of the representation. The
transformation law for changing the reference axes of tensors of arbitrary

1.1. Fundamentals

17

order can be found on appendix B. Typically, for crystals, the properties are
referred to the so called principal axes of the unit cell. This choice usually
simplifies the tensors form, as some of the components become null or
linked by simple relations. For instance, the permittivity tensor presents
symmetry (ε ij = ε ji ). A property of second-rank symmetrical tensors is that
a set of axes exist, for which all the components but the diagonal are null.
Similar properties arise for higher-rank tensors such as d and s.
1.1.3.1

Piezoelectric materials

The physical properties of crystalline materials are determined by their
characteristic lattice, i.e. the particular arrangement of atoms that defines
the crystal net. The symmetry of the crystal lattice has the effect of reducing
the number of independent components defining a physical property,
although the coefficient values cannot be deduced by pure symmetry
arguments. The set of geometric symmetries of a crystal unit cell, that
keep at least one point unmoved, is called point group. For 3D space,
these symmetries can be: centre of symmetry, mirror planes, rotation axes
and inversion axes. In crystallography, there are thirty-two possible point
groups that define the thirty-two crystal classes.
Regarding piezoelectricity, the most important observation is that crystals whose point group includes a centre of symmetry, called centrosymmetric, are not piezoelectric, i.e. all the components of the piezoelectric
tensor are null. Other elements of symmetry make only some elements of d
vanish, or establish relations between different elements. Except for class 1,
which presents eighteen independent piezoelectric moduli, the matrices of
all crystal classes can be simplified further than in equations 1.46 and 1.47.
A detailed summary of the elements of symmetry of each crystal class,
and the consequences for the components of the piezoelectric tensor, can
be found in [Nye72, Ch. 7, App. B] and [Mei88]. From the thirty-two
crystal classes, only twenty present any non-zero piezoelectric modulus (all
non-centrosymmetric classes but 432), being divided in two groups: those
presenting a spontaneous electric polarization at rest, for which the piezoelectric effect involves a change in the polarization due to the applied stress;
and those which do not present electric polarization unless a mechanical
stress is applied.
Since the beginning of the electronics era, quartz has been the most
employed piezoelectric material. Chemically, it is formed by silica (SiO2 ),
which can present different phases with different crystal structures, depending on the conditions of pressure and temperature. The most commercially
interesting phase, which occurs at ambient conditions, is called alpha and
belongs to the 32 crystal class (trigonal system). This class is characterized
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by a piezoelectric tensor defined by two only independent parameters, d11
and d14 , being in reduced matrix notation

d11 −d11 0 d14
0
0
= 0
0
0 0 −d14 −2d11  .
0
0
0 0
0
0


dquartz

(1.54)

Quartz was used first as transducer for sonar systems. Years after, it
became a fundamental material for the development of electronics and
computing science, being employed to build mechanical resonators of
oscillator circuits for time reference. For sensing, the use of quartz crystal
microbalances (QCM) is widespread nowadays [O’S99]. Quartz needs to
be in a single-crystal form to present macroscopic piezoelectricity. This
makes microfabrication of quartz by Si-compatible processes not possible,
banning its use in MEMS applications.
In MEMS technology, piezoelectric elements are commonly fabricated
as polycrystalline thin films, obtaining a piezoelectric effect as an average
over all the grains. For this to be possible, the crystal point group needs
to be polar, which means that every symmetry operation leaves more than
one point unmoved. These points are aligned in a unique rotation axis,
called polar axis, whose direction is conventionally labelled as 3. For
polycrystalline films, the directions 3 of the different grains have to be
aligned in order to achieve net piezoelectricity [TM04].
One of the most interesting materials in microtechnologies is lead zirconate titanate (PZT) [Mur00]. It is a solid solution of the two ceramics
lead titanate (PbTiO3 ) and lead zirconate (PbZrO3 ), with variable stoichiometry: Pb[Zrα Ti1-α ]O3 . PZT is a ferroelectric, which means that its unit cell
presents spontaneous electric polarization whose direction can be reversed
by applying an external electric field. In a single crystal, there exist different
electric domains, or regions with constant direction of the electric moment,
independent of each other. For PZT films to present net piezoelectricity,
these domains need to be aligned by a post-process step known as polling,
that consists in applying large electric fields in some cases at high temperature. In a typical device situation [TM04], the electrodes sandwiching the
film for actuation and/or sensing are used for the polling step, so that the
preferential polarization axis is perpendicular to the film plane. Taking this
direction as 3, the directions 1 and 2 are therefore in the film plane. PZT
films are fabricated in polycrystalline form in such a way that directions 1
and 2 of each grain are randomly oriented. As a result, when referring to
a macroscopic film, directions 1 and 2 are equivalent, and their choice is
arbitrary, provided that direction 3 is fixed as the preferential direction of
the polar axis of the individual grains. This geometric restriction simplifies
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the piezoelectric tensor, that is defined by three independent parameters
(d33 , d31 and d15 ):


d PZT


0
0
0
0 d15 0
= 0
0
0 d15 0 0 .
d31 d31 d33 0
0 0

(1.55)

The crystal structure of PZT is based on the perovskite type, which is very
tolerant to element substitution to form solid solutions. Depending on
the concentration of Zr (α), PZT can present different phases at ambient
temperature [Mab80]: low Zr contents result in tetragonal phase and high
contents in rhombohedral phase. For α = 0.52, a morphotropic phase
boundary (MBT) occurs, meaning that in a small region around that value
both tetragonal and rhombohedral phases coexist. This situation allows
for higher variability in the direction of the polarization domains, which
translates into a higher effectiveness of the polling process with the subsequent maximization of the piezoelectric constants. Huge values can be
reached for PZT at the MBT (see table 1.1), and even higher by introducing
additional dopants as lanthanum (PLZT) [Pol98]. However, when it is
pretended to integrate PZT (or related compounds) in silicon chips with additional electronic parts, important compatibility issues appear [Pol98]. The
high temperatures involved in the process facilitate diffusion phenomena
between the piezoelectric layer and the silicon, making necessary additional
insulating layers.
Looking for an improvement in compatibility, zinc oxide (ZnO) and
aluminium nitride (AlN) have emerged in last years [Tad09], despite their
small piezoelectric constants in comparison to PZT (see table 1.1). Both
materials present the same wurtzite-type structure, belonging to the 6mm
crystal class (hexagonal system). Figure 1.6 shows their characteristic lattice
with the polar axis in vertical, coinciding with the 6-fold rotational axis.
The piezoelectric tensor for this crystal class coincides in shape with that
for polycrystalline PZT, having three independent parameters (d33 , d31 and
d15 ). In reduced matrix notation,

0
0
0
0 d15 0
= 0
0
0 d15 0 0 .
d31 d31 d33 0
0 0


d ZnO,AlN

(1.56)

It is worth mentioning that, unlike PZT, this tensor represents the piezoelectricity of AlN and ZnO as single crystals. However, it can be seen that
directions 1 and 2 result equivalent in equation 1.56. As a consequence, the
tensor does not change when considering polycrystalline films formed by
grains with their polar axis aligned along direction 3, even if directions 1
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Figure 1.6: Representation of the unit cell of AlN and ZnO. Orange balls
represent Al or Zn atoms and blue balls represent N or O atoms. Vertical
direction (3) corresponds to the polar axis.

and 2 are randomly oriented for each grain. Since these materials are not
ferroelectric, no polling is possible and the 3 orientation of polycrystalline
films has to be achieved by the fabrication process. Altering the 3 direction during the growth of the film is possible [Oga91], which causes the
piezoelectric tensor to change from equation 1.56 as detailed in appendix B.
Although the synthesis of highly oriented ZnO layers was developed before [Gha80; Mat88], the use of AlN is currently more widespread [Ton06;
Ger10]. The reasons [TM04]: first, Zn is a fast diffusion ion, which may
generate contamination problems; second, ZnO is a semiconductor with
a band gap around 3 eV, which may lead to intolerable conductivity due
to accidental doping. On the contrary, AlN is perfectly compatible with
silicon technology and its large band gap of around 6 eV provides low
conductivity. This characteristic is a great advantage as it simplifies the
integration of piezoelectric transducers with other electronic parts. Due to
its good electric properties and suitability for integrated fabrication, AlN
is normally referred in the literature as CMOS-compatible [Ger07].
Table 1.1 shows some reported values for the piezoelectric and stiffness
constants of PZT, ZnO and AlN. It has to be noted that there is no agree-
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Table 1.1: Reported constants of some piezoelectric materials interesting in
the field of MEMS.
PZT

ZnO

AlN

PVDF

[Ber60] Othersa [Car87] [Gop06] [Tsu81] [Ger10] [Vur03] [Ram14]
d31 [pm V−1 ]

−93.5 −59

d33

223

d15

−494

e31 [C m−2 ]

340

−5.74

−6.87

−2.65

−2.32

−2.1

6–20

10.44

14.04

5.53

4.85

5.4

13–28

−4.08

−4.07

−3.6

−11.84

−3.08

−0.51

−0.57

−0.58

−0.58

−0.40

e33

10.95

1.22

1.34

1.55

1.55

1.85

e15

−10.25

−0.45

−0.48

−0.48

−0.42

c11 [GPa]

114

157

206

345

375

396

c12

58

83

118

125

125

137

c13

59

83

118

120

120

108

c33

98

208

211

395

435

373

c44

21

38

44

118

118

116

7550

5720

ρb [kg m−3 ]
a

d31 from [She98]; d33 from [ES05].

2700
b Mass

1800

density.

ment in the literature on which set of piezoelectric constants to specify, d
or e. In table 1.1, d constants were obtained from e constants or vice versa,
depending on the set reported in each reference. The symmetry properties
of the 6mm crystal class impose a stiffness matrix in the form [Cho10]


c11 c12 c13 0
0
0
c

0
0
 12 c11 c13 0



0
0
c13 c13 c33 0

c ZnO,AlN = 
(1.57)
,
0

0
0 c44 0
0


0

0
0
0 c44
0
0
0
0
0
0 (c11 − c12 )/2
which, with equation 1.52, implies

 e31 = (c11 + c12 )d31 + c13 d33
.
e
= 2c13 d31 + c33 d33
 33
e15 = c44 d15

(1.58)

The same conversion arises for polycrystalline PZT.
Since the 1990s, there is a trend of exploring the piezoelectric properties of polymers [Ram14]. Some examples of bulk piezopolymers are:
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polyvinylidene fluoride (PVDF), polyamides, parylene-C, poliyimide and
polyvinylidene chloride (PVDC). Reported values of d31 and d33 of PVDF
can be found in table 1.1 as a representative example. For integration
in MEMS devices, these materials are usually dissolved, spin-coated and
poled. Another approach consists in the fabrication of composites of polymers and piezoelectric ceramics, e.g. PZT. They take advantage of the
mechanical flexibility of polymers and the large piezoelectric conversion
of ceramics, at the price of increasing the complexity of the fabrication
process.

1.1.4

Viscous damping

This section deals with energy dissipation of moving structures immersed
in fluids. The aim is to establish a model for the hydrodynamic loading suffered by a solid body oscillating inside a liquid, to be applied to resonators.
For a deep analysis on this issue, see [Lan13, Ch. 2].
Elastic solid bodies are often assumed as Hookean, which implies a
linear relation between the strain and the restoring stress (equation 1.39).
For modelling fluids, however, dissipative instead of restoring forces are
considered. A shear stress appears within the liquid as a consequence of
the spatial variation of the fluid velocity v. Assuming linearity, the stress in
tensor notation becomes [Lan13, pp. 44, 45]


∂v j 2 ∂vk
∂vi
∂v
σij = − pδij + η
+
− δij
+ λδij k ,
(1.59)
∂x j
∂xi
3 ∂xk
∂xk
where the Einstein convention applies, p is the pressure, η is the first
coefficient of viscosity, or shear viscosity, and λ is the second coefficient of
viscosity, or longitudinal viscosity. A common simplification is to assume
that liquids are incompressible. In that case,


∂v j
∂vi
σij = − pδij + η
+
.
(1.60)
∂x j
∂xi
This stress tensor defines the so-called Newtonian flow. From it, the NavierStokes equation for incompressible fluids is derived. In vectorial notation,
it is
1~
η
∂~v  ~ 
+ ~v · ∇ ~v = − ∇
p + ∇2~v,
(1.61)
∂t
ρ
ρ
where ρ is the liquid mass density. It assumes that η does not change
throughout the fluid. The ratio
ν=

η
ρ

(1.62)
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is called kinematic viscosity, while η is referred as dynamic viscosity.
Equation 1.61 has three components and involves four state variables (three
components of ~v and p). It needs to be completed by the continuity equation
for incompressible fluids,
~ · ~v = 0.
∇
(1.63)
The system formed by equations 1.61 and 1.63 defines completely the
flow when a solid body is moving through an incompressible viscous
liquid. Nevertheless, it can only be solved in a few cases that involve some
simplification. For instance, the so called second problem of Stokes [Sto50]:
a fluid bounded by an infinite plane moving along one of the in-plane
directions. By symmetry considerations, the second term in equation 1.61,
called convective, vanishes. In this dissertation, the interest is in oscillatory
motion. Then, the displacement of the plane is expressed in complex
notation as
u(t) = u0 ejωt .
(1.64)
The solution is an exponentially decaying velocity field in the liquid. The
depth of penetration, or distance at which the wave amplitude decreases
by a factor of e, is
r
2ν
δ=
.
(1.65)
ω
If x1 is the direction of motion and x3 is the normal to the plane, the drag
force per unit area exerted by the fluid in the plane is [Lan13, p. 84]
r
1
σ12 (t) = −
ωηρ (1 + j) ωu(t).
(1.66)
2
Using the properties of harmonic motion, it can be expressed in terms of
the velocity and acceleration of the plane:
r


1
1
σ12 = −
ωηρ u̇(t) − ü(t) .
(1.67)
2
ω
For oscillating objects of more complex shape, the problem becomes
highly intricate unless some simplification is taken. The Reynolds number
for oscillatory motion is defined as [Sad98]
Re =

ωW 2
,
4ν

(1.68)

where W is the characteristic dimension of the object, e.g. the width in
a cantilever. A small value of Re translates into a convective term small
in comparison with the other terms of the Navier-Stokes equation, so
that it can be neglected. The same simplification can be done if both the
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equivalent δ and the amplitude of the oscillations are much smaller than any
dimension of the object. Anyhow, the drag force over an oscillating object
is in general proportional to the velocity by a complex constant [Lan13, p.
87]:
ψ(t) = − ( β 1 + jβ 2 ) u̇(t).
(1.69)
This translates into two components as in equation 1.67:
ψ(t) = − β 1 u̇(t) + −

β2
ü(t).
ω

(1.70)

Let now the object oscillations be governed by a SDOF system model,
given by equation 1.1. Incorporating the drag force results in an effective
increase of the modal mass by a term β 2 /ω, while the damping constant c is
incremented by β 1 . Therefore, β 2 is the inertial part, and β 1 the dissipative
part, of the hydrodynamic force.
For continuous resonators, each part of the body vibrates in general
with different amplitude. In beams, the deflection u of many modes is a
function of the spatial coordinate along the length L, but not of the other
two coordinates; e.g. bending and extensional modes [Duf14]. In such cases,
a distributed hydrodynamic force per unit length can be defined. Taking
into account the relations for harmonic motion
u̇ = jωu,

(1.71)

ü = −ω 2 u,

(1.72)


ψL ( x, ω ) = − jωg1 ( x, ω ) − ω 2 g2 ( x, ω ) u( x, ω ),

(1.73)

this force is

where x is the longitudinal coordinate. g1 is the distributed damping
coefficient and g2 the distributed fluid mass. For beams of uniform crosssection, g1 and g2 can be assumed as constant along x. If so, they are
expressed as
β1
g1 =
,
(1.74)
L
g2 =

β2
.
ωL

(1.75)

Then, by using equations 1.3 and 1.33, the fluid effect in the resonant
parameters is
1
ωn = ωn0 q
,
(1.76)
Lg
1 + m2
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q
Qvisc = ωn0

1+

Lg2
m

Lg1
m

,

(1.77)

if ωn0 is the natural frequency in vacuum and m the modal mass constant.
Qvisc refers to the quality factor if only fluid losses are present. It can be
used as long as these are greatly dominant over the rest sources of energy
dissipation.
The fluid force per unit length is commonly expressed in terms of a
dimensionless complex function Γ = Γr − jΓi as [Sad98]
ψL (t) = πωηReΓu(t).

(1.78)

This implies
4
g2 ,
πρW 2

(1.79)

4
g1 ,
πρW 2 ω

(1.80)

Γr =
Γi =

where W is the beam width. It is worth noting that ψL might be the resultant
of a combination of normal and tangential stresses over the resonator
surface. This indetermination is contained in the hydrodynamic function Γ,
whose dependence on the resonator geometry and fluid properties is, in
principle, unknown.
As an example, for a thin beam oscillating in its plane, the stress can be
approximated by that of an infinite surface, given by equation 1.66. Then,
the force per unit length is ψL = σ12 W, which results in
r
2
1
Γr = Γi =
.
(1.81)
π Re
Regarding out-of-plane modes of cantilevers, Sader [Sad98; Van07]
reported a reasonably accurate hydrodynamic function for resonators in
which L is much larger than W, the thickness and the amplitude of vibration.

1.2
1.2.1

State of the art
MEMS sensors

In last years, the development of microsystem technologies is boosting new
applications of sensors. A higher level of miniaturization supposes several advantages, above all, higher integrability, lower cost thanks to batch
production and lower power consumption. An especially interested sector
is the automotive industry, which concentrates about 25% of the MEMS
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market [Mar11]. Already in 1998, Bosch introduced its first silicon micromachined yaw rate sensor [Lut97] for the Electronics Stability Program (ESP).
Another example of success is in the emergence of smartphones, linked
to the development of high integration techniques. Micro-gyroscopes and
accelerometers have enabled new integrated functions, and other ones are
promised by the incorporation of new sensors, e.g. for pressure or humidity.
In the field of clinic diagnosis, much effort is being put, as evidenced
by the numerous reviews on biosensors based on microresonators that
have appeared in recent years [Rai01; Alv10; Joh12; Pan12]. This emerging
technique involves the functionalization of the structure surface by means
of a reception layer for the target biomolecule. For instance, a layer of
antibodies provides selective reception for the corresponding antigen by
antibody-antigen bonding. The adsorption of target molecules suppose a
perturbation detectable through different transduction mechanisms [Oli13].
In the cases of suspended structures, the additional mass and elastic forces
between the molecules translate into a change in the mechanical properties
that can be detected by two methods. The static method [Wu01] involves
the measurement of the deflection of the structure, usually a cantilever. In
the dynamic method [Hwa04], the structure is brought into resonance and
shifts of the resonant frequency are detected. The latter alternative has
demonstrated much higher sensitivity, reaching the attogram order [Ili04].
Nevertheless, unlike the static response, the dynamic response is strongly
affected by characteristics of the surrounding medium, such as the liquid
viscosity, which implies additional complexity.
This working principle can be generalized to chemical sensors, where
the absorbed substances are not necessarily biological molecules. The detection of gases is of particular interest, e.g. for monitoring concentration of
toxic gases in the workplaces. The term electronic nose refers to an array of
electrochemical gas sensors, with partial specificity to different substances.
Pattern recognition can be applied for food quality monitoring [Lou15].
Pettine et al. [Pet13] demonstrated a compact detection system of volatile
compounds through a MEMS resonator with polymeric coating, achieving
a resolution of ppm-level.

1.2.2

Liquid monitoring

The monitoring of the physical properties of liquids is of great interest
in different areas. In some applications, the physical magnitude being
measured is the actual target. Nevertheless, most of the cases fall into
the so called physical chemosensors [Jak11], where the evolution of a
chemical process is indirectly determined through a physical magnitude.
An example of this is the monitoring of the fermentation process in wine
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making through the mass density. Respect to the standard chemical sensors,
as the mentioned above, this type has the advantage of avoiding a specific
chemical interface, with the consequent improve in cost, reusability and
reliability. The main limitation is that the chemical process of interest
must be understood. The example cited is based on the knowledge of the
reaction products, in this case mainly ethanol, and their influence in the
density. In condition monitoring of liquids, four categories of physical
properties stand out [Jak11]: electrical, thermal, optical and rheological.
The sensors that use electrical properties rely on changes in the liquid conductivity or permittivity [TP11]. A typical application is testing
dielectric liquids such as oils. Two metal electrodes forming a capacitor
are immersed in the liquid whose permittivity conditions the capacitance.
Operation in AC and passivation of the electrodes through an insulating
layer are normally convenient to avoid electrochemical interaction between
the electrodes and the liquid. In that case, the bulk permittivity of the
liquid is measured and the technique is known as dielectric spectroscopy
(DS). On the contrary, when the liquid/electrode interactions play a role
in the measurement, it is called impedance spectroscopy (EIS). For a dielectric medium, in an AC-driven experiment, both the permittivity and
the dielectric losses are frequency-dependent. The latter can be modelled
through a complex permittivity [TP11]. The use of electrical properties in
liquid monitoring is well documented with macroscopic structures [Jak04b;
Raa05]. Also micromachined sensors have appeared [Mam04], commonly
formed by interdigitated conductors on a planar surface. In that case,
since part of the electric field is distributed through the substrate, an offset
capacitance appears superimposed to the fluid-dependent one.
The thermal conductivity and diffusivity of a liquid constitute another
alternative. The technique of heating an immersed conductor by Joule effect
and measure the characteristic time of the cooling-down was reported more
than 30 years ago [Hea76]. Nevertheless, its application in condition monitoring has been limited by the long time responses and high heating powers
associated to macroscopic systems. Thermal liquid sensors consisting of
conductors above micromechanized membranes have been reported [Ern01;
Kun05a], demonstrating the feasibility of this principle in the microscale.
Optical characterization is a powerful tool for liquid monitoring. The
simplicity of design is an advantage, since contact-less assemblies are possible. Changes in a liquid may lead to changes in the light speed, which
can be detected through the refractive index. In [JM13], this parameter
is measured and related to the progress of wine fermentation, as an alternative to density sensing. Another approach is measuring the light
absorption [Ago04]. By spectral measurements, specific substances can
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be detected. This is based on the fact that absorption peaks occur for the
frequency values at which the energy of photons equals the difference
between two energy levels, characteristic of each material. Optical sensing
has a great potential in microfluidic devices [Ada03], where optical fibers
can be coupled to microchannels to apply laser beams and read them after
going through the liquid under test.
The last category is that of rheological properties. Specifically density
and viscosity are interesting in liquid monitoring. Since this dissertation is
focused on these magnitudes, and in particular their determination with
resonators, they are separately discussed in section 1.2.3. In the following
lines, some of the applications of sensing the physical properties mentioned
are exposed.
Lubricants are important in internal-combustion engines and many
industrial processes, and their chemical integrity is critical for optimum
operation. For this reason, an accurate monitoring of the ageing process
results advantageous to decide the substitution of the lubricant. Modern
lubricants are mixtures of petroleum hydrocarbons or synthetic oils with
diverse additives, in specific proportions to provide different properties
depending on the application. The degradation of both the base oil and
the additives occur simultaneously mainly due to oxidation at high temperatures [Mal96]. Also, contamination by fuel, soot, coolant (ethylene
glycol, water) or wear metals is an issue. The optical technique known
as Fourier transform-infrared spectroscopy (FTIR) is quite standardized
both for oxidation and contamination detection [Ago04; Bor05], and its
applicability in miniaturized sensors has been reported [Kas11]. Although
electrical methods cannot offer such a complete characterization as optical,
they provide more simple designs that may facilitate micromechanized
sensors [Wan97; Ulr07; Gua11]. Viscosity is a key parameter in oils, and
its increase due to ageing is one of the main reasons of the loss of lubricating properties. Its measurement provides valuable information of the oil
condition [Ago05] and can be accomplished by compact devices based on
acoustic waves propagation [Ham97; Jak03; Ash03].
The possible uses of sensors for the physical properties of liquids
also extends to biotechnology. The study of the flow properties of blood,
called hemorheology, is important in cardiovascular research and clinical
diagnosis. Specifically, blood viscosity measurements are necessary to treat
clotting-related diseases and some heart conditions. Some treatments need
a constant monitoring of the blood viscosity that currently is performed
by periodic blood sampling for laboratory analysis. Portable low-cost
devices would enable patients to safely treat themselves, in a similar way
of the widespread domestic glucose-testing kits. Zeng and Zhao [Zen09]
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demonstrated that impedance measurements can serve this purpose. More
recently, Cakmak et al. [Cak13] reported on a microcantilever with optical
readout, achieving resolutions below 0.03 mPa s for real blood samples of
healthy patients (1.1 mPa s to 1.3 mPa s).
The food industry represents a large source of applications of liquid
monitoring, since quality and safety of food are topics of major concern
nowadays. Methods relying on optical properties are the most spread.
In [Mig08], scattered colorimetry is demonstrated for several purposes, such
as certifying geographic origin of olive oil or classification of beer. Another
example is the monitoring of wine fermentation by refractometry [JM13].
Rheological magnitudes can be used to evaluate quality in many foods and
drinks [Lue97; Cul00; Pax12].

1.2.3

Sensors for rheological properties

The utility of rheological properties for liquid monitoring was documented
in section 1.2.2 with some references [Cul00; Ago05; Cak13]. Nevertheless,
traditional measurement methods present several disadvantages that may
be solved by a new generation of sensors based on miniaturized resonators.
The mass density, just density from now on, has been determined by
Archimedes’ principle-based hydrometers since time immemorial. These
instruments, although useful for quick non exigent measurements, lack of a
desirable characteristic basic in many applications: they are not automated
as rely on operator-dependent visual readings. Furthermore, a large liquid
volume is required and the measurement ranges are small, e.g. [HB14].
In the late 1960s, Stabinger et al. [Sta67] developed the U-tube density
meter, based on the vibratory behaviour of a tube filled with the liquid
under test. Currently prevalent digital instruments exploit this principle
and incorporate integrated temperature controls. State-of-the-art accuracies
reach 5 × 10−6 g cm−3 , with resolutions of 1 × 10−6 g cm−3 [Ant14a]. Although it is a powerful and automated characterization technology, U-tube
density meters are still restricted to laboratory or industrial usage, due to
the elevated cost and instrument volume.
Regarding viscosity, all the measurement instruments are based on
the drag force caused by the relative movement between the fluid and a
solid surface. The simplest viscometers are those that rely on gravity as
driving force. For instance, U-tube or Ostwald viscometers are laboratory
instruments that contain a glass capillary through which the liquid is forced
by its own weight. The time that takes for a certain amount of liquid to
pass is correlated to the kinematic viscosity. Advanced versions in form
of digital automated instruments are commercially available [Can14]. In
falling ball viscometers [Ant14b], a solid sphere is allowed to descend
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through a vertical or inclined tube filled with liquid. Once the ball reaches
terminal velocity, the time taken to travel a certain tube length is recorded.
Another version that uses the same principle is the falling piston viscometer [Nor14]. On the other hand, there are viscometers based on forced
movement, be it oscillatory or rotatory. As example of the former, oscillating piston viscometers [Cam14] consist of a metal piston immersed in the
liquid that is forced to move longitudinally by the magnetic field generated
by an external coil. The amplitude of the piston oscillations is used to
calculate the viscosity. Rotational viscometers [Haa14] measure the torque
required to turn a cylindrical or conical object in a fluid. Other rotational
variants are the electromagnetically spinning (EMS) viscometer [Kyo14],
based on the optical measurement of the rotational speed of a metallic ball
forced electromagnetically, and the Stabinger viscometer [Ant14c]. In this
instrument, the liquid is confined inside a closed cylindrical cavity that
rotates at constant speed. Inside, a hollow conical rotor turns driven by
the liquid. A magnet in the rotor induces Foucault currents in the external
metal housing, which produces a brake effect. The rotor speed is the result
of the equilibrium between the liquid dragging and the brake force, so that
it can be correlated with the liquid viscosity. A rotor density lower than
that of the liquid, makes the rotor remain in the middle of the cavity by
centrifugal forces, which avoids bearing friction. From the examples referenced, the specifications of the Anton Paar SVM 3000 [Ant14c] stand out,
reaching a reproducibility of 0.35% and a repeatability of 0.1%. It should
be remembered that the definition of viscosity is founded on Newtonian
behaviour. For non-Newtonian fluids, the so called rheometers can perform
non-linear and frequency-dependent characterizations.
As in the case of density, available instruments to accurately measure
viscosity tend to be bulky and costly. The techniques listed in the previous
paragraph rely on the movement of macroscopic parts and complex reading
mechanisms that prevents them from being implemented by microsystems.
The approach of viscosity and/or density determination by means of
resonators is attracting great interest [Jak10]. Nevertheless, some scaling
effects that condition the liquid-resonator interaction must be taken into
account.
The first attempts of applying resonators to physical sensing in liquid correspond to thickness shear mode (TSM) quartz resonators [Kan85;
Mar91; Ash03], based on the propagation of shear waves within the liquid.
Similarly, surface acoustic wave (SAW) devices have been employed, e.g.
Love waves [Jak98]. For the problem analyzed, these devices present two important issues. On one hand, resonant frequencies are typically in the MHz,
which may bring viscoelastic effects for liquids that behave as Newtonian
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at low frequencies [Kun05b]. This can be exploited if the characterization
of such behaviour is aimed [Bun98; Bun99], as oscillatory rheometers are
usually limited below 1 kHz. Nonetheless, viscoelastic effects may avoid a
correct response in specific applications, where interest is in monitoring
the low-frequency viscosity obtained by conventional viscometers. On the
other hand, a pure shear force between the liquid and the resonator surface introduces another limitation: changes in both the resonant frequency
and quality factor depend on the density-viscosity product, so that these
parameters cannot be sensed as separated variables [Mar91; Rod95]. To
overcome this problem, Martin et al. [Mar94] proposed TSM resonators
with textured surface to trap the liquid and get a density-dependent contribution. A problem beyond arises in applications with complex liquids
such as emulsions [Jak04b; Jak04a]. The penetration length, i.e. the liquid
layer that is significantly subject to the shear wave, is inversely proportional
to the frequency. For MHz-range frequencies, the penetration length in
water and similar liquids is in the sub-micron range. If an emulsion is
formed by droplets of much larger size, the shear wave will not be affected
by them, and the apparent viscosity will be that of the continuous phase.
For the same liquid, a rotational viscometer will read the bulk viscosity
of the liquid, dependent on both the continuous phase and the droplets.
This effect has to be considered, for instance, in hemorheology, since blood
behaves as a non-Newtonian liquid with a viscosity dominated by the
concentration and deformability of red cells [Zen09], with a diameter from
6.2 µm to 8.2 µm.
More recently, research has been focused on suspended structures, such
as cantilevers or plates. In-plane vibration modes have been reported
as an alternative to TSM resonators. Although lower frequencies can
be obtained [Rie09; Rei10], the problem of not-independent response to
density and viscosity remains, as far as the contribution of lateral faces is
not significant [Bru10; Cox12]. This persistence, in devices featuring a shear
type interaction with the liquid, can be explained by the higher quality
factors obtained with respect to out-of-plane modes [Duf14]. For instance,
Rahafrooz and Pourkamali [Rah10] demonstrated a quality factor of 284
in liquid with an all-shear interaction disk. In [Cas10; Luc11], liquids with
viscosities above 300 mPa s−1 were characterized with in-plane mm-sized
resonators.
Devices designed for out-of-plane vibration have been proposed for
sensing density and viscosity of liquids [Ode96; Mat99]. In this case, the
liquid loading is a combination of pressure forces, in the faces normal to
the vibration direction, and shear forces, usually negligible, in the faces
perpendicular to the vibration direction [Duf14]. Shear forces for an in-
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plane moving infinite plane were solved analytically by Stokes [Sto50]. On
the contrary, pressure forces associated to out-of-plane movement cannot
be obtained in closed-form. The pioneer model of Sader [Sad98; Van07]
achieved a reasonable accuracy for cantilevers of large aspect ratio. From
there, some authors have taken semi-analytical approaches, starting from
generic functional forms and obtaining the geometrical parameters on
the basis of experimental data [Maa05; McL06; Rie08; Duf14]. For liquid
sensing with out-of-plane dominant vibration, two different experimental
procedures can be distinguished: the resonant method [You11], in which
the liquid properties are extracted from the resonant frequency and quality
factor (or damping factor) of the resonant mode under consideration; and
the frequency-dependent method [Bel08], in which spectral measurements
enable to extract the hydrodynamic force in a range of frequencies, and
from it, the liquid properties. The former stands out for the simplicity of
the measurements: the only two parameters needed can be obtained in
time domain by discrete circuits, thus this method is more suitable when
aiming compact sensors. The latter method relies on frequency-domain
measurements, which hinders its applicability when low-cost systems are
required. Nevertheless, it can be applied even if the damping is so high
that no resonance is observed [Bel08]. Moreover, it is of great interest for
measuring complex behaviour of liquids, since density and viscosity are
obtained as a function of frequency. A rheological characterization up to
100 kHz is proved in [Duf12]. Under the assumption of constant density,
even viscoelastic behaviour can be measured [You12].
The feasibility of the resonant method to sense viscosity has been
demonstrated in several publications, even though quality factors of outof-plane modes can be lower than 10 [Ode96; Etc08; You11; Cak13]. Due
to this constraint, these works rely on the high sensitivity of laser-based
readout of the vibrations, which is not compatible with fully miniaturized
systems. Achieving out-of-plane resonators with higher quality factors is
strongly desirable, as it could allow all-electrical interfacing, with independent sensitivity to liquid density and viscosity. The group of Mutharasan
reported mm-sized piezoelectric cantilevers with quality factors of 30 in
water [Xu10a] and 43 in ethanol [Cam06]. Alava et al. [Ala10] demonstrated
piezoresistive detection in piezoelectrically actuated µm-sized membranes,
with a quality factor of 37 in water. In [Kuc14b], a quality factor of 197 in
water is reported, for a mm-sized piezoelectric cantilever vibrating in a not
usual roof tile-shaped mode.
From previous lines, it is clear that, for physical sensing in liquid, a
device with a suitable and measurable interaction with the liquid is essential. In addition, an interface system is needed to measure such response
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and, in monitoring applications, it is obvious that all-electrical schemes are
preferable to optical systems. Specifically, for the resonant method cited
above, continuous tracking the resonant frequency and estimation of the
quality factor are necessary for monitoring changes in the liquid under test.
Many tracking systems have been developed for TSM resonators [Arn08],
such as digital controllers assisted by iterative search algorithms [Rie07], or
analogical synchronous-detection loops, either by phase- [Fer01] or amplitude peak-locking [Jak05]. Oscillator circuits have been widely employed
for quartz crystals even in liquid media [Bar91; Bor02; RP04]. This solution
has great potential for sensing applications of MEMS due to its simplicity
and the possibility of implementation by low-cost circuitry. Several authors
have demonstrated oscillators featuring MEMS resonators in air [Bed04;
Par07; Seo08; Rin10; Pet13]. In liquid media, the only case found by the
author consists of an in-plane rotating disk with a quality factor of 94 in
water [Seo08]. The explanation for the lack of examples of out-of-plane
modes resides in the low quality factors, e.g. the cited in the previous
paragraph. So low resonances are difficult to measure electrically, to the
point of being covered up by parasitic signals.

1.3

Motivation and objectives

The global objective of this doctoral thesis is to contribute in the development of sensor-oriented solutions for the measurement of the rheological
properties of liquids. Specifically, the research has been focused on piezoelectric MEMS resonators. The motivation is twofold. On one hand, current
knowledge of the flow behaviour for most liquids is limited to rotational
conditions or oscillatory at low frequencies. New generation resonatorbased rheometers promise to shed light on this issue. Phenomena like
viscoelasticity at high frequencies, or viscosity associated to normal instead
of shear waves within the liquid, might offer new characterization tools.
On the other hand, the attainment of compact low-cost densi-visco-meters
would suppose leading rheological analysis beyond the scientific or industrial scope. Potential consumer-level applications are announced in the
literature, particularly in the automotive industry, medical treatment and
food production.
Several aspects of the problem have been addressed, with the following
individual goals:
1. Explore different resonator geometries and modal shapes, looking for
high quality factors. In any resonator, higher quality factor means
higher signal to noise ratio. This is especially important when resonators are supposed to work in liquid media, where energy losses
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due to resonator-fluid interaction become dominant.
2. Progress towards purely electrical interfaces of MEMS resonators.
Many demonstrations found in the literature take advantage of
optical-based readout systems, highly sensitive and immune to parasitic and crosstalk signals. Nevertheless, this option complicates
the design of final sensors and makes it impossible if a highly integrated system is requested. In this work the focus is on piezoelectric
transduction for both actuation and detection of the vibrations. The
emergence of aluminium nitride offers simplicity of integration in
electronic circuits and high compatibility with existing fabrication
processes. The main obstacle to save, especially with low quality
factors, is the low sensitivity. The geometrical design of piezoelectric
transducers has been approached, in order to maximize the response
for a given resonator and quality factor.
3. Study the influence of the modal shape and resonator dimensions
on the sensing performance. The prevalence of pressure forces over
shear forces on the resonator surface is necessary to obtain separated
responses to density and viscosity. This is accomplished by dominantly out-of-plane vibration modes of plates. Thus, getting high
quality factors, for such modes in liquid, is not only a challenge but
also a primary goal for the problem confronted. The fundamental
out-of-plane mode of simple structures such as cantilevers has been
used in many previous works. In them, the extraction of the liquids
properties is demonstrated. Nevertheless, due to the low quality
factors, they rely on optical instrumentation and/or complex signal
processing. It seems that higher-order out-of-plane modes are not so
deeply studied in this context. Doing so may lead to higher quality
factors at moderate frequencies, favouring systems based on simple
circuital techniques.
4. Use of feedback techniques to enhance the response of piezoelectric
resonators. The modification of the effective quality factor by this
technique is well-established in AFM systems, taking advantage of
optically recorded signals. In the field that concerns us, only allelectrical feedback loops are of interest not to incur a significant
increase in the sensor complexity.
5. Implement an electronic circuit, as simple as possible, to extract the
resonant magnitudes of a piezoelectric resonator with low quality
factor. The solution of including the resonator as the frequencydetermining element of an oscillator circuit has not been proved for
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microscaled devices in liquid media. Demonstrating this realization
would suppose an advance for any application in liquid of MEMS
sensors. Regarding the application of interest here, proving this
approach for out-of-plane modes is especially interesting, for the
reason mentioned in the third point.
All in all, the attainment of a compact system for density and viscosity
sensing is sought. In order to give a global response to the problem, the
design and implementation of both a piezoelectric microresonator with
proper response and a driving circuit, formed by discrete components, are
needed.

Chapter 2

Device modelling, design and
fabrication
Knowledge is limited. Imagination encircles
the world.
Albert Einstein

Summary: The fabrication processes to obtain the resonators used in
this work are described. The main aspects for the modelling of piezoelectric MEMS resonators are presented. Some design procedures are
explained and applied to example devices.

2.1

Introduction

The design and fabrication of resonant MEMS has become an important
field of research, since this type of structures are interesting for sensing
applications of many physical and chemical magnitudes, and the development of biological sensors [Shi08; Sha04; Lee06; Pan12]. Research on the
geometrical design and the corresponding resonant mode to achieve high
quality factors is of utmost importance, as most applications benefit from
it [Bee12]. Among the different configurations that could be considered,
transversal (out-of-plane) modes of single- and double-clamped suspended
beams [Lav04; GC08], i.e. cantilevers and bridges, were approached first.
Looking for higher Q factors, plates deforming in an in-plane fashion, i.e.
modes that involve a displacement parallel to the larger surface of the
structure, were also explored. These are expected to present higher Q in
liquid media, due to a reduced viscous loading. For example, Beardslee et
37

38

Chapter 2. Device modelling, design and fabrication

al. [Bea12] reported on the design of microcantilevers for mass sensing with
the first laterally vibrating mode; Castille et al. [Cas10] studied the electrical
detection of the first longitudinal mode of a millimetre-sized cantilever
in liquid; other authors have explored rotational modes of disks [Seo08;
Rah10].
Apart from Q, the performance of a vibration mode depends on the
efficiency of the actuation and detection mechanisms. For piezoelectric
devices, this is described by the electromechanical coupling coefficient. Unlike the quality factor, this magnitude is independent on the surrounding
media, provided that the modal shape remains reasonably unaltered. In
such devices, the actuation is performed by a a piezoelectric layer between
two electrodes with a driving potential applied. Simultaneously, the deformation of the resonator can be detected by measuring the current through
the electrodes, taking advantage of important effects in the impedance of
the device [Váz07]. Regarding the piezoelectric materials, lead zirconate
titanate (PZT) and zinc oxide (ZnO) are widely extended. The devices in
this work were fabricated with aluminium nitride (AlN), which represents
a good alternative due its high thermal and chemical stability and full
compatibility with conventional Si technologies. This feature, in combination with its good piezoelectric properties, makes AlN very interesting for
actuation and detection [And08; Cim07; GC08; Pia06].

2.2

Fabrication

The resonators described in this work were fabricated thanks to the collaboration with two research groups abroad: the group of Prof. Helmut
Seidel at Saarland University (Saarbrücken , Germany), and the group of
Prof. Ulrich Schmid at Vienna University of Technology (Vienna, Austria).
The two different fabrication processes used are described below. They will
be referred as ‘Saarbrücken process’ and ‘Vienna process’ from now on.
Both processes resort to Si-compatible fabrication technologies [Mal91;
Tad09]. They mainly consist in the deposition of different materials over
a Si wafer. After each deposition, the created layer can be patterned. To
do so, a photoresist is spin-coated and selectively removed by photolithography [Mal04, p. 51]. The holes created in the photoresist allow for a
selective etching of the layer beneath, defining its geometry. The succession
of several cycles of deposition and patterning results in complex structures
with different layers for specific functions.
The implementation of resonators usually requires creating suspended
parts. For that, two techniques are possible: surface micromachining [Bus98]
and bulk micromachining [Sei90; Kov98]. The fabrication processes used
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Figure 2.1: Picture of a wafer after the Saarbrücken process, cut in dice. In
this case, each die includes a single resonator.

here are based on this latter, which consists in carving a considerable thickness of the Si wafer to create a thin membrane where the resonator is placed.
Then, this membrane is patterned, getting the desired structure geometry.
On top of the micromechanized structures, an AlN layer is deposited as
piezoelectric transducer. The electrical interfacing is performed by electrodes beneath and above the piezoelectric, called respectively bottom and
top electrodes.
The wafer area is divided into small squares, each one including one
or more resonators. After the fabrication process, the wafer is cut into
individual dice, as shown in figure 2.1.

2.2.1

Saarbrücken process

The process starts from a 100 mm-diameter 450 µm-thick p-doped Si wafer
with (1 0 0) orientation. The Si is used as structural material and also acts
as bottom electrode, which makes necessary a low resistivity. For this to be
possible, the chosen wafer is highly doped, achieving a resistivity below
0.1 Ω cm. Over it, the following steps, corresponding to those in figure 2.2,
are performed:
1. The wafer is oxidized on both sides in a dry atmosphere for passiva-
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Figure 2.2: Step-by-step schematic of the Saarbrücken process. A top view
and cross-section of a die with a single resonator are shown for each step.

tion purposes, generating a 130 nm-thick SiO2 layer.
2. A 400 nm-thick Si3 N4 layer is deposited on the backside by plasmaenhanced chemical vapour deposition (PECVD) [Cho03]. This layer
serves as mask for the next step.
3. The wafer is thinned to a residual thickness of about 20 µm in the
desired areas of vibrating structures. This is achieved by wet directional etching with a 38% solution of potassium hydroxide (KOH) at
85 ◦C [Sei90].
4. The SiO2 on top is removed with HF over the membrane and another
area that will be used for electrical access to the Si.
5. A piezoelectric 1 µm-thick AlN film is deposited in a production-type
equipment from Ardenne. Reactive sputtering [Men91] is performed
with an Al target in a pure N2 atmosphere. The ambient pressure is
set to 4 × 10−3 mbar to achieve good c-axis orientation. Under these
conditions, the sputter rate is about 20 nm min−1 .
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6. A wet chemical etching of the AlN film is performed in hot phosphoric acid (H3 PO4 ). The piezoelectric layer is removed from the parts
of the Si membrane that will later be etched to create the suspended
structure, and from the area reserved for electrical contact with the
Si.
7. A 500 nm-thick Al layer is deposited and patterned in an 85% H3 PO4
solution at 40 ◦C. This creates the top electrode over the membrane
as well as contact pads for both the top and bottom electrodes, this
latter formed by the Si body. The low bath temperature minimizes
any etching effect on the underlying AlN film [Aba08].
8. The suspended structures are released by a front-side etching of the
Si with a SF6 –O2 gas mixture at cryogenic temperatures.
This process is based on the work described in [Aba09].

2.2.2

Vienna process

In this case, the process starts from a 100 mm-diameter silicon-on-insulator
(SOI) wafer. Wafers of this type have an intermediate SiO2 layer that divides
them into the so called device and handle layers. The handle layer is fully
removed in the areas where the resonators are placed, leaving only the
membrane formed by the device layer. The resonators thickness is given
by the device layer thickness, determined very accurately in the wafer
manufacturing. In this case, the Si is not doped, so an additional layer is
needed as bottom electrode. The process is defined by the following steps,
depicted in figure 2.3:
1. The wafer is coated on both sides with 250 nm-thick SiO2 and 80 nmthick Si3 N4 layers from manufacturer.
2. A Au layer for the bottom electrode is deposited with variable thickness (150 nm to 500 nm) by evaporation or sputtering. To avoid adhesion problems, a 50 nm-thick Cr film, not shown in figure 2.3, is
deposited in a preliminary step. For the patterning, two solutions are
possible: chemical etching with different acids, or lift-off by evaporating the Cr/Au stack over a previously patterned layer of resist.
3. A piezoelectric 620 nm-thick AlN layer is deposited by reactive sputtering [Men91] with an Ardenne LS730. The layer is patterned by a
lift-off technique based on the deposition of a sacrificial layer of Ti or
Cr. In this case, the AlN is left only in the resonator area.
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Figure 2.3: Step-by-step schematic of the Vienna process. A top view and
cross-section of a die with a single resonator are shown for each step.

4. The top electrode is implemented by the same method as the bottom
electrode.
5. An additional layer of AlN is sputtered and patterned to cover the
top electrodes for passivation and electrical insulation.
6. The device layer is patterned by deep reactive ion etching (DRIE)
on front side with SF6 . A preliminary etching of SiO2 and Si3 N4 is
needed before proceeding with the Si.
7. A bottom-side DRIE removes the body layer up to the SiO2 intermediate layer that stops the etching.
8. Finally, the residual SiO2 is removed by wet chemical etching with
HF.
Further details on this process can be found in [Kuc14a].
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Figure 2.4: Example of discretization of two three-dimensional solid bodies
for FEM simulation. Different colours correspond to different materials, for
which different properties can be specified.

2.3

Simulation

Finite element method (FEM) simulation is probably the most powerful
tool for designing deformable structures, such as mechanical resonators.
The fundamental idea is the discretization of continuous bodies in a finite
number of elements with very simple geometry. Two-dimensional domains
are usually split in triangles or quadrilaterals, while tetrahedrons or hexahedrons are normally used for three-dimensional domains. The physical
laws involved in the problem are applied to each element individually in
such a way that the variables of interest, e.g. displacement or mechanical
stress, have defined values only in the nodes, that is, the vertices of the
elements. External forces can be introduced, as well as boundary conditions
such as clamped faces. In summary, a continuous body is transformed into
an equivalent MDOF system of interconnected elements that is described
by vectors and matrices instead of continuous functions (see section 1.1.2).
The resultant system can be then solved by numerical methods and the
solution is an approximation to the behaviour of the continuous system.
The higher number of elements, the more reliable the simulation. In the
most basic case, only mechanical properties are taken into account, that
is, the elements are modelled as having mass and elasticity. Besides, other
physics domains can be incorporated to the model. For example, piezoelectric properties can be specified, so electric and mechanical variables
of a material become coupled (see section 1.1.3). Among others, thermal,
electrostatic or magnetic interactions can also be included.
The design of the devices used for the present work has been assisted
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by the commercial FEM simulation package CoventorWare. This software
provides a graphical interface to create three-dimensional models of continuous problems, allowing to define the discretization grid (see figure 2.4),
set the physical properties of the materials, apply loads, define boundary
conditions, etc. It also incorporates solvers for different analyses:










DC. It solves the static response of a system subject to loads.
Modal. It finds the eigenfrequencies and vibration modes (eigenvectors) of an undamped system. The maximum number of modes that
can be found is equal to the number of elements in which the system
is divided.
Modal harmonic. It uses the information from the modal analysis to
compute the harmonic steady state response at specific frequencies.
For that, it is necessary to specify the modal damping coefficients
manually, to prevent an infinitely growing response.
Direct harmonic. It computes the harmonic steady state response by
solving the system equations at specific frequencies directly, rather
than using data from a modal analysis. The advantage is that damping can be modelled in a non modal way, e.g. through internal friction
coefficients of the materials. It is usually much more computationally
expensive than the modal harmonic analysis.
Transient. Non harmonic time-domain analysis.

The package also incorporates a visualizer to plot the output variables.
Distribution maps in three dimensions of the mechanical strain, stress and
displacement are easily obtainable. Also, for piezoelectric materials, it
is possible to plot the distribution of electric charge as a consequence of
the structure deformation. This last feature can be exploited for tailoring
piezoelectric transducers to optimize their response, as it will be seen in
section 2.4.3.

2.4

Piezoelectric transducers

Typically, a piezoelectric MEMS resonator is formed by an elastically deformable structural layer, made of Si in our case, and a piezoelectric transducer over it. The shape of the transducer is of great importance, as it
determines the efficiency of actuation and detection for the different resonant modes. In practice, the shape is controlled by patterning the electrodes,
while the piezoelectric layer fully covers the structural layer. The parts of
the piezoelectric not covered by the electrodes have no influence in the
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electrical response, as no voltage is applied on them and the charge generated is not collected. Regarding the devices in this work (see section 2.2),
for those fabricated by the Saarbrücken process, only the top electrode is
patterned, as the bottom electrode is also the structural layer. The Vienna
process allows greater design flexibility, as both bottom and top electrodes
can be patterned.

2.4.1

Efficiency of actuation and detection

In section 1.1.2, the mechanical behaviour of continuous solid bodies, such
as the resonators studied in this work, was analysed. It was stated that,
assuming linearity, their response can be modelled as the superposition of
an infinite number of resonant modes, each one corresponding to a single
degree of freedom (SDOF) damped second-order system. Therefore, each
mode can be characterized by its own effective constants, i.e. mass (mi ),
stiffness (k i ) and damping factor (ci ). The frequency-domain analysis of
an individual mode is possible provided that its natural frequency is far
enough from the natural frequency of any other mode. In what follows, we
will restrict to a single mode, obviating in the nomenclature the mode order
and the effective character of the force applied and the constants mentioned
above. The transfer function of any mode, derived from equation 1.29, is
Ǔ (s)
1
=
.
2 + cs + k
ms
Ψ̌(s)

(2.1)

The variable ǔ is the modal coordinate defined in section 1.1.2. It must be
remembered that its election is arbitrary, due to the indeterminate constant
in the corresponding modal shape. In this analysis, ǔ will be assigned as
the maximum displacement, which fix the maximum of the modal shape
to 1. Under this criterion, the modal force ψ̌, defined by 1.28, represents a
punctual force applied at the point of maximum displacement, equivalent
to the actual distributed force over the resonator.
Now, the piezoelectric transducer will be introduced in the model. On
one hand, the voltage applied between the bottom and top electrodes v generates a stress distribution on the piezoelectric layer. For simplification, this
stress can be considered equivalent to a force in the mechanical response
(ψ̌), leading to the definition of the actuation electromechanical coupling
coefficient
ψ̌
αa = ,
(2.2)
v
which depends on the modal shape as well as on the pattern of the electrodes. On the other hand, the modal displacement resulting from the
mechanical response implies a strain distribution on the structure. This
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leads to an electric charge generated by the piezoelectric layer that is collected by the electrodes. The total charge collected qe is related to the modal
displacement through the detection electromechanical coupling coefficient
αd =

qe
,
ǔ

(2.3)

also dependent on the modal shape and the pattern of the electrodes.
For devices with the same electrodes for actuation and detection, both
electromechanical coefficients are equal for a given modal shape [Ho08], so
both will be denoted as α in what follows. Combining equations 2.1, 2.2
and 2.3 results in
Qe (s)
α2
=
.
(2.4)
V (s)
ms2 + cs + k
By considering the electrical current i = sqe , the admittance associated with
the resonant mode is
Yp (s) =

I (s)
=
V (s)

α2
k
ms + c +
s

,

(2.5)

which has the same form as the admittance of a series RLC circuit,
Yp (s) =

1
Ls s + Rs +

1
Cs s

.

(2.6)

Thus, each resonant mode of a piezoelectric resonator is electrically equivalent to an inductance (Ls ), a resistance (Rs ) and a capacitance (Cs ) in series,
with values
m
Ls = 2 ,
(2.7)
α
c
Rs = 2 ,
(2.8)
α
α2
Cs = .
(2.9)
k
The maximum of the admittance magnitude is reached for s = jωn and
corresponds to
1
Yp (jωn ) =
.
(2.10)
Rs
This value represents an important feature for any application [Bee12], as
it determines the signal magnitude achieved at resonance. The maximum
admittance depends on the quality factor. By introducing relations 1.33
and 1.3 in 2.5, we get to
Yp (jωn ) =

α2 ω n Q
= Cs ωn Q,
k

(2.11)
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Ls

Cs

C0
R0
Figure 2.5: Butterworth-van Dyke equivalent circuit with parallel resistance.
It represents a general model for the electrical response of a linear resonator.

in which the maximum conductance can be viewed as the multiplication
of two independent factors: a modal factor, or the product of ωn and Q,
which depends on the energy losses and therefore is highly influenced by
the surrounding medium; and a piezo-elastic factor, equal to the ratio α2 to
k, which depends on the resonator geometry but not on the medium, and
can be obtained directly from the electrical response as Cs .
In addition to the current generated by the modal response of the
structure, the dielectric behaviour of the piezoelectric layer must be taken
into account through the inclusion of a capacitance C0 in parallel with the
modal branch. This result in the so-called Butterworth-van Dyke circuit.
Also, resistive losses may be accounted by a parallel resistance R0 , resulting
in a more complete model shown in figure 2.5.
The natural frequency and quality factor can be calculated from the
parameters Ls , Rs and Cs , which can be determined by admittance measurements, through
1
ωn = √
,
(2.12)
Ls Cs
r
1
Ls
Q=
.
(2.13)
Rs Cs
Nevertheless, neither the electromechanical coupling coefficient nor the
other mechanical parameters can be determined individually from the
electrical parameters. To do so, the displacement performed by the device
at the natural frequency must be measured. The transfer function from
voltage to displacement is
Hv (s) =

Ǔ (s)
α
=
.
2
V (s)
ms + cs + k

(2.14)
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And its modulus particularized for the natural frequency,

| Hv (jωn )| =

αQ
.
k

(2.15)

This equation expresses the suitability of the structure to work as a modal
actuator. In a similar way to equation 2.11, two parts can be considered
separately: the modal factor, now equal to Q; and the piezo-elastic one, in
this case equal to the ratio of α to k. The electromechanical coupling can be
expressed as
√
Ls Cs
(2.16)
α=
Rs | Hv (jωn )|
so that it can be determined from the electrical parameters and the maximum displacement at resonance, which can only be measured by non
electrical methods, such as optical interferometry (see section 3.2.1).

2.4.2

Electromechanical coupling in plate resonators

In this section, the electromechanical coupling, defined in section 2.4.1, is
modelled for the case of a rectangular plate resonator subject to transversal
vibrations, with arbitrary boundary conditions. Let us assume that it is
formed by an structural layer of thickness h with a much thinner piezoelectric layer on top, sandwiched between metal electrodes. The direction
normal to the plate will be labelled as x3 , having its origin in the midsurface; the in-plane directions will be x1 and x2 with the origin in a plate
corner. For electrodes covering the whole plate, the electric charge qe due
to the stress/strain within the piezoelectric layer is collected all along the
length L and width W as in a capacitor:
qe =

Z WZ L
0

0

D3 dx1 dx2 ,

(2.17)

where D is the electrical displacement field. According to 1.48, D has
piezoelectric and dielectric components. The purpose of this analysis is to
restrict to the charge generated by the piezoelectric effect. The dielectric
charge, responsible of the parallel capacitance introduced in section 2.4.1, is
not taken into account (ε = 0). If the piezoelectric material is polycrystalline
x3 -oriented AlN, expression 1.56 leads to
qe =

Z WZ L
0

0

(d31 σ1 + d31 σ2 + d33 σ3 ) dx1 dx2 ,

(2.18)

which is also valid for ZnO and PZT (see section 1.1.3.1). Under transverse
displacement, taking the approximation of plain stress (σ3 = 0) and neglecting the Poisson effect, the stresses within the plate are related to the
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deflection u through [Lei11]
σ1 ( x1 , x2 , x3 ) = − Ex3

∂2 u
,
∂x12

(2.19)

σ2 ( x1 , x2 , x3 ) = − Ex3

∂2 u
,
∂x22

(2.20)

where E is the Young’s modulus of the structural material, assumed isotropic. As the piezoelectric layer is much thinner than the structural one,
its contribution to the global stiffness is neglected, being its stresses given
by equations 2.19 and 2.20 particularized for x3 = h/2. Thus, the collected
charge becomes
Z
Z
Ed31 h W L
∆u dx1 dx2 ,
(2.21)
qe = −
2
0
0
where ∆ denotes the laplacian. The modal decomposition of u (equation 1.22) leads to
∞

Ed31 hyi (t)
qe (t) = ∑ −
2
i =0

Z WZ L
0

0

∆u xi dx1 dx2 ,

(2.22)

in which u xi are only the transverse bending modes. Each term of the
sum corresponds to the charge generated by a single mode qei . If the
modal coordinates yi are assigned as the maximum displacement, the
electromechanical coupling, as defined in section 2.4.1, is obtained for each
mode as
Z
Z
qei
Ed h W L
αi =
= − 31
∆u xi dx1 dx2 .
(2.23)
yi
2
0
0
The same formula results from calculating the ratio of the modal force to
the voltage applied.
2.4.2.1

Modal optimization

Tailoring the electrodes may drastically change the level of excitation and
detection of a given mode. One might want to optimize the excitation of a
particular resonance that is known to have a high quality factor. For example, in section 3.3.2.1 it is shown that a torsional mode has higher Q than a
bending mode of similar frequency. However, this torsional mode is nominally forbidden for full-size electrodes due to symmetry reasons [Váz07],
and a design procedure is required to excite it properly. Torsional modes
are interesting for applications such as lateral AFM [Hua04]. For sensing
applications, the higher the displacement of a mode, the easier its detection
will be, which makes interesting to optimize the excitation by tailoring the
electrodes.
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The problem of geometrical optimization of piezoelectric transducers
has already been addressed in one dimension [Lee90; Pra92]. Based on these
works, the optimization of the modal response is proposed for rectangular
plates subject to transversal vibrations. Equation 2.23 reflects that αi is
proportional to the integral of the curvature of the corresponding modal
shape over the transducer area. For patterned electrodes, the integral
has to be restricted to the area covered by them. This is accomplished
by introducing a design function χ( x1 , x2 ) that defines what regions are
covered (χ = 1) and what are not (χ = 0), then
αi = −

Ed31 h
2

Z WZ L
0

0

χ( x1 , x2 )∆u xi dx1 dx2 .

(2.24)

The optimization problem, for the mode of order i, is formally written as
Maximize

Z WZ L
0

0

χ( x1 , x2 )∆u xi dx1 dx2 ,

with

χ = {0, 1}.

(2.25)

In order to solve it numerically, the scheme of the topology optimization
method [Ben03] is followed, consisting in the discretization of the design
domain in finite elements, in this case rectangles. Then, the problem is
reduced to find the value of χ in each element to maximize the target
function. Figure 2.6 shows two examples of modal optimization for a
540 µm × 200 µm cantilever, i.e. a plate clamped on one short edge. The
discretization elements are 5 µm × 5 µm, the mechanical properties of Si
with (1 0 0) orientation are considered and the plate thickness h is 20 µm. It
can be seen that, for the implementation of the real devices, disjoint areas
of electrodes are linked by narrow tracks.
2.4.2.2

Modal filtering

An extension of the problem consists in maximizing the response of a
specific vibration mode while suppressing unwanted ones [Jia06]. For
instance, in applications where the resonator is part of a closed-loop control
system, residual uncontrolled modes may lead to instabilities [Lee90], and a
systematic procedure to suppress them may be useful. Since the sign of the
vibration shapes curvature changes between different zones, an effective
cancellation of modes requires allowing χ = −1, defining electrode areas
with positive or negative sign. Physically, this means that the electrodes
have inverse polarity. For the Vienna process, two independent pairs of
electrodes can be fabricated and connected reversely to the same signal
source as in [Zun09]. For the Saarbrücken process, the bottom electrode is
unique and full-size, and only the top electrode can be split in two. The
solution is to connect the bottom electrode to ground and apply signals of
opposite sign to the two top electrodes.
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(b)

(c)
Figure 2.6: Examples of modal optimization: 15th and 18th modes of a
cantilever. (a) Modal shapes obtained by FEM simulation. The colour scale
represents the normalized displacement. (b) Optimal electrode layouts. The
areas that the electrodes must cover (χ = 1) are in black. (c) Pictures of the
devices fabricated by the Saarbrücken process.

The problem of maximizing the excitation of the mode with order i,
while suppressing the rest up to the order N, is formulated as
Maximize
subject to

Z WZ L
0

0

Z WZ L
0

0

χ( x1 , x2 )∆u xi dx1 dx2 ,
χ( x1 , x2 )∆u xj dx1 dx2 = 0,

with
for

χ = {−1, 1}
j = 1, . . . , N 6= i.

(2.26)
Two examples of application can be found in figure 2.7: on the left, the
optimization of the first torsional mode of a cantilever like the described
above, while suppressing the rest up to the 13th; on the right, the optimization of the fundamental mode of a bridge (two sides clamped) of the same
dimensions and characteristics, with suppression also up to the 13th mode.
It is worth noting that, in the real devices, the optimal layout is distorted
by the necessary tracks to link disjoint areas of the same sign. Also, a
minimum separation between areas of different sign must be imposed, due
to fabrication tolerances. The effect of this phenomenon in the response is
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(a)

-1

1

(b)

(c)
Figure 2.7: Examples of modal filtering in a cantilever and a bridge.
(a) Modal shapes obtained by FEM simulation. The colour scale represents the normalized displacement. (b) Optimal electrode layouts. In
this case, black represents one electrode (χ = 1) and white the other one
(χ = −1). (c) Pictures of the devices fabricated by the Saarbrücken process.

discussed in section 3.3.3.

2.4.3

General design procedure by FEM simulation

The optimization procedure described above is only valid for transversal
vibrations of plates. In the general case of AlN-actuated resonators of arbitrary geometry and modal shape, the modal electric charge qei is obtained
by evaluating equation 2.18. Nevertheless, an analytical closed-form for the
stresses can be highly complex or even non-existent.
FEM simulation provides a general method for electrode optimization.
The distribution of the stresses generated within the piezoelectric layer
can be obtained by modal analysis and translated into distribution of
the electric charge. An illustrative example is shown in figure 2.8. The
structure consists of a square plate attached to a linkage formed by two
beams joined in right angle. Its first in-plane mode, shown, is due to the
lateral deformation of the linkage. Looking to the charge distribution, two
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Figure 2.8: Example of modal optimization by FEM simulation. (a) Structure geometry at rest in grey. The structure deformed according to the first
in-plane mode is overlapped in colour. The scale represents the magnitude
of the normalized displacement. (b) Normalized distribution of charge
due to modal deformation. (c) Sign of the distribution. (d) Area that the
electrodes must cover.

facts are noticeable: first, the contribution of the plate area is negligible.
The reason is that this part is much more rigid than the linkage, which
concentrates most of the stress. Second, charges of positive and negative
signs are generated so that integrating the charge all over the linkage area
would result in a high cancellation. To avoid it, only the positive (negative)
charge, coloured in white (black) in figure 2.8(c), should be integrated. In
conclusion, the electrodes must be tailored to coincide with the white area.
Besides, they should be restricted to the linkage, since including white areas
of the plate would not make great difference to the total charge collected qei .
As counterpart, covering the plate might increase the dielectric capacitance
and resistive leakage between electrodes, represented respectively by C0
and R0 in figure 2.5.
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Base
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Figure 2.9: Picture of one of the tuning forks with the different parts
labelled.

2.5

Selective excitation in tuning forks

Complementary to the study of cantilevers, micro-scaled tuning forks were
designed [Kar95], consisting of pairs of coupled cantilevers. Oscillator
circuits for time reference regularly include this kind of structures at
the milli-scale [Mom97]. The resonators described here are specifically
designed to selectively stimulate or inhibit certain vibration modes. They
consist of two cantilevers with the same dimensions (400 µm × 100 µm),
coupled by a common base. A picture of one of the devices, fabricated
following the Saarbrücken process, is shown in figure 2.9. The rectangular
base, with variable dimensions, acts as coupling area and junction with the
holding frame. The top electrode layer is split in four individual conductors
distributed along the two arms of the resonator. Two parallel electrodes lie
longitudinally on each of the arms and they can be excited independently.
This is intended to selectively excite the different modes by varying the
sign of the applied signals.
Vibration modes of such devices can be classified based on whether
the cantilevers move in an anti-phase or in-phase fashion; or on whether
the dominant motion is in-plane or out-of-plane. Only the four first-order
modes of these categories were considered in the analysis. In figure 2.10,
the modal shapes are shown together with the corresponding charge distribution, both obtained by FEM simulation.
Two signals of the same magnitude but shifted 180° are used to be
applied to the electrodes. For simplicity, we will refer to them as (+)
and (−). The optimal signal configuration for each mode, indicated in
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Figure 2.10: (a) Modal shapes of a tuning fork obtained by FEM simulation.
(b) Normalized charge distributions associated. The sign of the net charge
collected in each electrode is indicated.

figure 2.10(b), can be deduced from the charge distribution on the device.
These configurations are consequence of the compressive (+) or expansive
(−) stress to which the different parts are subject when deformed according
to the corresponding modal shape. In out-of-plane modes, the bending of
the two halves of each arm occurs in the same direction, so the stress sign
on both halves is the same and, hence, the best configuration is (+ + ++)
or (+ + −−) for the two prongs in phase or anti-phase, respectively. On
the contrary, for the case of in-plane modes, each half of the cantilever
suffers stress of different sign. In-plane modes, thus, require opposite sign
of the excitation signal on the two electrodes of each arm, i.e. (+ − +−) or
(+ − −+) for phase or anti-phase modes, respectively.

2.6

In-plane modes: two approaches

The design of resonators for in-plane motion was addressed by two different
approaches: contour mode-based and flexure-actuated plates. The former
are basically a suspended plate that deform, and the resonance frequencies
are determined by the contour dimensions [Hol68; Pia07; Ho08]. In this
case, nearly the whole structure suffers considerable deformation. For
microdevices, these modes are usually found above the megahertz, what
helps to attain high quality factors. On the other hand, in flexure-actuated
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plates, a central plate is moved by the lateral bending of low-stiffness
flexures that also support it. This means that there is no deformation in
the majority of the plate, which acts like a moving mass. Thus, the plate
does not practically contribute to the elastic constant and the electromechanical coupling, dominated by the flexures. The resonance frequency
is determined by the shape of the flexures, which can be formed by the
concatenation of several beams, allowing for higher flexibility in the design.
The quality factor under viscous loading is difficult to predict for these
structures: although the plate performs higher amplitude of vibration than
the flexures, the viscous losses at the lateral faces of the flexures might
become dominant.
Devices following both approaches were designed in order to be compared in terms of quality factor and efficiency of actuation and detection. In
both cases, the electrodes pattern was designed to maximize the actuation
of the desired mode, by taking into account the sign of the charge distribution over the resonator surface (see section 2.4.3). Several structures were
fabricated in order to get a representative set of the two groups, contour
and flexure-actuated modes.

2.6.1

Flexure-actuated plates

For the design of flexure-actuated plates, the procedure reported by Pisano
and Cho [Pis90] was followed. A square plate (500 µm × 500 µm) is displaced in one of the in-plane directions by four L-shaped (or crab-leg)
flexures that deform laterally. The dimensions of the flexures, defined in
figure 2.11, have been chosen following the ‘equal stress rule’, whereby
the thickness and length ratios, rh and r L respectively, are fixed in a such
a way that the stresses in the three joints are equalled. The objective is
to get a stress distribution as constant as possible over the flexure. Three
different designs were realized following this rule, with their dimensions
summarized in table 2.1.
Table 2.1: Dimensions of the designed flexure-actuated plates and their
ratios.
Id

L1

L2

rL

h1

h2

rh

FA1
FA2
FA3

40
50
100

468
585
975

11.7
11.7
9.75

135
90
70

150
100
80

0.9
0.9
0.875

Pictures of the three resonators, fabricated following the Vienna process,
are shown in figure 2.12(c). The electrodes were designed following the
procedure described in section 2.4.3. Given the antisymmetrical nature of
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Flexure

Plate

Displacement
Figure 2.11: Schematic of a flexure with its dimensions. Only a quarter of
the structure is shown.

the charge distribution associated to this particular modal shape, shown
in figure 2.12(b), opposite voltages must be applied to each half of the
resonator in order to achieve the maximum actuation and detection. Alternatively, one port could be used for actuation and the other one for
detection, yielding half the displacement for the same voltage.

2.6.2

Contour-mode plates

For designing contour-mode plates, we first took the approach of considering free-plate modes. Three kinds of resonators were designed and
fabricated following the Saarbrücken process, as illustrative examples. The
first consists of a 1000 µm × 500 µm rectangular plate. A modal FEM simulation was realized setting free-plate condition, with means that the plate is
neither anchored nor constrained by external elements. The diagonal-shear
mode is represented on top of figure 2.13(a). Since anchors are needed in
any device to be attached to the substrate, these were designed trying to
minimize the disturbance in the modal shape (see section 2.7). A picture of
the device fabricated, with optimized electrode, is shown in figure 2.13(b).
The second example is a disk to resonate in its first dilation-type mode.
The free-plate vibration shape involves the radial displacement of each
point, as shown in figure 2.13(a). Devices of diameter 500 µm, 1000 µm
and 2000 µm were fabricated with three anchors in 120°, whose length was
chosen as explained in section 2.7. The electrodes cover fully the surface,
as the sign of the charge generated remains constant.
The third case shown in figure 2.13 corresponds to a pair of coupled
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Figure 2.12: (a) Modal shape considered in the design of the flexureactuated plates, obtained by FEM simulation. (b) Normalized charge
distribution associated. (c) Pictures of the three devices fabricated.

square plates, 600 µm-side, joined by a cross-shaped anchor. This design is
intended for the study of the second-order dilation-type mode, result of
the coupling between both plates. The sign of the charge is also constant
for this mode, which results in a full electrode.

2.7

Anchoring

In resonators such as cantilevers, bridges or flexure-actuated plates, the
resonant modes depend not only on the resonator geometry, but also on
the boundary conditions. In real devices, these are given by the anchoring
to the substrate. Nevertheless, systems with no constraints such as free
plates may also be considered. Whilst simulating systems not attached
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Figure 2.13: (a) Modal shapes considered in the design of the contour-mode
plates, obtained by FEM simulation. (b) Pictures of the devices fabricated.

to any external structure is possible, the design of real devices needs
some attachment between the resonator and the surrounding frame. This
makes convenient to adopt a design strategy in order to minimize the
disturbance produced by the anchors on the resonant frequencies and their
corresponding modal shapes. Furthermore, this aspect gains importance
by considering that anchors might facilitate acoustic radiation from the
resonator to the substrate, with the consequent energy transference that
implies a reduction in the quality factor.
First, the placement of the anchors must be chosen carefully. For a
given vibration shape, if the resonator contour has points that do not move,
the anchors should be placed there. For instance, the first-order Lamé
mode [Hol68] of a square plate presents no displacement at the corners.
Thus, a good design rule, for resonators intended to vibrate in this mode,
is to put the anchors there. For the contour-mode depicted on the top
of figure 2.13(a), there is no point with null displacement in the contour,
so any anchor will disturb the modal shape. In figure 2.13(b), it can be
seen that the anchors were located in the points of the contour with lowest
displacement, in this case the midpoint of each side. The dilation-type disk
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To the plate

0

Figure 2.14: Example of T-shaped anchor for a plate resonator. (a) 3D model
for FEM simulation. (b) In-plane modal shape whose resonant frequency is
tuned.

shown in second place represents an extreme case, as all the contour points
present the same displacement, making the anchor placement indifferent.
A more complex aspect to consider is the geometry of the anchors. In
this thesis, the approach used by Hao and Ayazi [Hao07] was followed.
It consists in tuning the anchor dimensions in such a way that one of
its resonant frequencies coincides with the plate resonant frequency of
interest. When using simple geometries, analytical calculations can be
applied. For instance, for an anchor formed by a simple beam, such as the
ones of the disk in figure 2.13, the length can be chosen to tune the resonant
frequency of the first-order longitudinal mode, given by equation A.14.
However, this may lead to inconveniently high lengths. Another option is
to consider more complex geometries. Figure 2.14 shows, as an example, a
T-shaped anchor. Its dimensions can be chosen in order to tune the resonant
frequency of the modal shape shown, obtained by FEM simulation. This is
the case of the rectangular resonator in figure 2.13.

Chapter 3

Device characterization
To see what is in front of one’s nose needs a
constant struggle.
George Orwell

Summary: The methods followed to characterize the resonators described in chapter 2 are exposed, together with some of the results
obtained with them.

3.1

Introduction

As it was argued in section 1.1.2.1, the quality factor is an important
figure of merit in the context of MEMS resonators. For example, a high Q
simplifies the integration of a resonator into an oscillator, providing better
stability. When targeting mass-sensitive resonators, a higher Q results
in a better mass resolution [Eki04b]. In liquid media, the achievement
of a Q value as high as possible is even more important, as damping
effects due to viscous losses increase dramatically, and usually suppose the
greater limitation for any application. The operation of microresonators in
liquid media has become an important challenge in areas such as MEMSbased sensors for biomedical applications [Pan12], making a good Q an
important pre-request. Therefore, the characterization of the Q factor
as a function of ambient media and the mode of vibration of different
micro-structures, as presented in this chapter, is of basic interest. For this
purpose, the identification of the vibrating modes is a fundamental point
to take into account. For piezoelectric devices, the resonant frequencies can
be found through the recording of the piezoelectric current generated in
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frequency domain. Nevertheless, this electrical approach does not provide
information about the modal shape associated with each resonance peak,
and only an indirect identification of the modes is possible through the
comparison of experimental data to simulations or analytical calculations.
In this work, optical instrumentation is employed to identify the modes
detected electrically.
The quality factor is a function of the energy stored by the structure
and the energy lost per cycle of oscillation. The latter may be specially
difficult to model and quantify, as mechanisms of different nature can be
involved [Yas00; Wei09]. An individual quality factor Qi can be defined for
each of the n mechanisms, being related to the global Q by
n
1
1
=∑ .
Q
Q
i =1 i

(3.1)

Energy losses can be classified into three main categories:






Internal friction. It is in turn divided into bulk and surface phenomena. The former are mainly due to two mechanisms: motion of lattice
defects during vibration [Zha93]; and thermoelastic dissipation (TED)
as a result of small differences of temperature due to strain. This
last phenomenon, first identified by Zener [Zen37; Zen38], is caused
by phonon interactions. Vibration modes that lack significant strain
gradients, such as Lamé modes [Hol68], present less TED [Cha09].
Surface effects are related to defects and absorbates, and may become
important for high surface to volume ratios [Yan02].
Support losses. These are due to the mechanical stress transferred
to the substrate, in form of acoustic radiation, through the resonator
attachment [Hao03; Hao09].
Fluid damping. It is caused by the transference of energy to the
fluid surrounding the resonator. In gas, two regimes are distinguished [Kwo05]: the molecular regime, at low pressure, in which
the gas behaves as a set of individual molecules; and the continuum
regime, which starts when the mean free path of the gas molecules
is much lower than the characteristic dimension of the resonator. In
dense gas or liquid, two kind of interactions between the fluid and
the resonator must be considered: shear forces, modelled by Stokes’
theory (see section 1.1.4), and pressure forces, normal to the resonator
surfaces [Cox12].

Although all these sources of energy losses coexist, in some situations one
source is dominant so that Q ≈ Qi . For instance, typically, microresonators
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present a reduction in Q of at least one order of magnitude from air to
liquid operation [Seo08; Bea12]. Given this difference, it can be concluded
that the overall damping, under liquid immersion, is dominated by the
fluid damping, so that the other mechanisms can be neglected. At the
other end, high vacuum operation often leads to a support-dominated
damping [Hao07]. Reducing the dimensions may result in the domination
of surface effects [Car99].
The other important figure of merit in piezoelectric resonators is the
electromechanical coupling. As stated in section 2.4.1, this feature cannot
be obtained by purely electrical methods. The displacement at resonance,
measurable e.g. via optical instrumentation, must be known. Unlike the
quality factor, this modal characteristic is independent of the surrounding
media, provided that the load induced is uniform so that the modal shape
remains unaltered.

3.2

Experimental setup and instrumentation

For the preliminary characterizations of devices presented in this chapter,
the first step is dicing the wafer in individual chips. Then, these are placed
on a probe station, where electrical contact is provided by tungsten tips
(see figure 3.1(a)). On this platform, it is easy to access the top and bottom
electrodes of the different resonators, in order to apply excitation signals.
Measurements over the devices can be then performed, by instruments
that lie in two categories: optical, which measure mechanical displacement,
and electrical, which measure voltage or current generated in the devices.
When more exhaustive measurements are required, or to incorporate a
resonator to a circuit (see chapter 4), it is more convenient to glue the die
to a package, like the ones shown in figure 3.1(b). The contact pads of the
resonator must be wire bonded, in order to get electrical access through
the package pins.
For investigations under liquid immersion, an option is pipetting the
liquid over the sample, contacted on the probe station, and cover it as
described in [Váz09]. For the measurements presented below in this chapter,
liquid cells were designed and manufactured as a more robust solution.
Two examples of them are shown in figure 3.1(c). These cells create a closed
chamber in which the resonator is situated, allowing the flow of liquid
through input and output channels. The top cover must be transparent
in order to let the light pass for optical characterization. These solutions
involve glueing the die to a piece of printed circuit board (PCB) or a
package.
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(a)

(b)

(c)

Figure 3.1: (a) Device contacted on probe station. (b) Two examples of
packages: above, ceramic 24-pin dual in-line package (DIP); below, 6-pin
TO-8 coated by Ni-Au layer. (c) Two liquid cells with optical window:
above, the resonator is glued to a PCB, sandwiched between the cell pieces;
below, cell adapted for TO-8-packaged resonators.

3.2.1

Optical characterization

The resonant frequencies and shapes of the different modes of the resonators were measured with a scanning laser vibrometer Polytec MSV400
(see figure 3.2). While the device under test is electrically excited, a helium
neon laser beam is pointed with the aid of a microscope onto the vibrating
device, and scattered back through the microscope to the interferometric
sensor. Due to the Doppler effect, the movement of the plate results in
the modulation of either the frequency or the phase of the reflected light.
This modulation is recovered with the aid of suitable decoders that convert the optical signal into an electrical signal corresponding to either the
displacement or the velocity of the device. The velocity decoder VD02 can
be used for frequencies up to 1.5 MHz. For frequencies up to 20 MHz, the
displacement decoder DD300 must be used. The system can scan a grid
of points in a certain area of the device. At each point, when the laser is
focused, the time-domain vibration signal is recorded by a data acquisition
module (DAQ). In a post-processing step, a software-implemented fast
Fourier transform (FFT) algorithm may be applied to obtain frequencydomain data. The amplitude and phase information at each point allows
to create pictures and animations of the movement at different frequencies.
To study the frequency response of the structures, i.e. resonant frequencies and corresponding modal shapes, a periodic chirp signal can be applied
between the electrodes and the FFT of the measured time-domain response
of each point is calculated. The periodic chirp signal consists of a superposition of sinusoidal signals over a certain range of frequencies. It is designed
to contain same-amplitude components of all the frequencies within the
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Figure 3.2: (a) Schematic of the experimental setup including the Doppler
effect vibrometer and the probe station. (b) Picture of the setup.

interval. Also, simple sinusoidal signals are useful to characterize at a
single frequency. By time-domain analysis, transient responses can also
recorded, such as the free vibrations decay of a given mode (equation 1.5).
For that, the instrument implements burst signals for the excitation.
Being a powerful characterization tool, the most important limitation
of the Doppler effect vibrometer is that only out-of-plane vibrations can
be detected. For this reason, the optical interferometer MEMSMap510,
developed by Optonor, was used as a complementary characterization
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Figure 3.3: Pictures of the Optonor MEMSMap500 and a device under test
illuminated by the green laser beam.

tool. A picture of the equipment is found in figure 3.3. The measuring
principle technique can be described as full field speckle pattern-based
interferometry. The full device under test is illuminated by an expanded
laser beam, and the object is imaged by a microscopic zoom lens onto
a charge-coupled device (CCD) array. For out-of-plane measurements, a
top perpendicular beam illuminates the sample, and an internal reference
beam is used to interfere with the light reflected by the object. For in-planemeasurements, two oblique laser beams from perpendicular directions are
used for object illumination.
The electrical excitation of the device is controlled by the system. The
MEMSMap510 uses a sinusoidal generator, meaning hence that the object
is vibrating at a single frequency during a measurement. The instrument
takes advantage of the speckle pattern over a rough surface to detect the
displacement of each point. By using a kind of lock-in technique for the
recording, the phase relations between the different directions are found.
Vibration amplitude can be displayed at real time. A post-processing
algorithm is used to calculate numerical amplitude and phase maps. With
this optical system, a full 3D representation of the movement of a plain
structure for any excitation frequency up to 240 MHz can be obtained, so
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Figure 3.4: Picture of the impedance analyzer Agilent 4294A. A device is
connected through a PCB that acts as interface.

every mode detected electrically can be identified.

3.2.2

Electrical characterization

The electrical characterization of devices was performed by the impedance
analyzer Agilent 4294A, shown in figure 3.4. This instrument performs allelectrical measurements, allowing to characterize the behaviour of resonant
peaks, theoretically given by the modified Butterworth-van Dyke equivalent
circuit (see figure 2.5), without information of the vibration shape. For that,
it applies voltage to the electrodes of the resonator at a single frequency.
Simultaneously, the current flowing is recorded by a lock-in technique
that gets its relative amplitude and phase. The standard setup uses four
wires for the measurements, two for applying the voltage and two for
measuring the current, although an optional accessory (42941A) simplifies
the interface to only two wires. Frequency sweeps can be realized, in
which successive measurements are performed at different frequency values
over a configurable range. A post-processing step allows to convert the
recorded data to admittance or impedance, in Cartesian or polar form.
The working range can be set from 40 Hz to 110 MHz. Some fixtures are
needed to connect the device to the instrument. In the case shown in
figure 3.4, a printed circuit board (PCB) serves as interface for the package
that includes the die with the resonator. These elements may introduce
additional impedance, particularly parallel capacitances. For high accuracy
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(a)

(b)
Figure 3.5: Pictures of the devices used. (a) Cantilever. (b) Bridge.

operation, the instrument provides a compensation routine for measuring
the influence of the fixtures and subtract it from the recorded data.

3.3

Cantilevers and bridges

In the first place, simple geometries were considered focusing on the quality
factor. Cantilevers are defined as beams clamped on one extreme, while
bridges are beams clamped on both extremes. Rigorously, beams are bodies
in which the length greatly exceeds the width and thickness. Nevertheless,
in MEMS literature, it is common to use this denomination for structures in
which the width is comparable to the length, and even this direction may
be characteristic for certain modal shapes, as it will be seen. For this study,
a 640 µm × 200 µm cantilever and a 680 µm × 200 µm bridge, fabricated
following the Saarbrücken process, were used. Both devices can be seen
in figure 3.5. The cantilever has a full top electrode, while the bridge has
a top electrode divided into two parts, giving freedom for a more flexible
excitation. For the modal characterization presented in this section, only
one of the two halves is connected to the driving potential, to allow the
excitation of antisymmetric modes.

3.3.1

Modal characterization

Figure 3.6 shows the displacement spectra of the two devices studied. The
measurements, with the Doppler effect vibrometer, are performed over a
grid of points covering the resonators surface. The quantity represented
is the average of the out-of-plane displacement in absolute value. The
devices are excited by a periodic chirp voltage signal limited to 5 V in
time domain, which implies an approximate amplitude of 30 mV per line
in frequency domain. Each peak corresponding to a vibration mode is
labelled with two numbers depending on its modal shape. A simplified
version of Leissa’s nomenclature [Lei69] is used: the first number counts the
nodal lines (no displacement) perpendicular to the beam length; the second
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Figure 3.6: Spectrum of the average out-of-plane displacement for the
devices studied in air. (a) Cantilever. Two vertical scales are used for better
visualization. (b) Bridge.

one corresponds to the number of nodal lines along the beam axis. The
shape of two of the modes cannot be classified in these terms and they are
designated as S1 and S2. It is important to remark that simulations predict
in-plane modes in this frequency range, which could not be measured
because the equipment used detects only out-of-plane vibrations.
Calculations based on FEM simulation were realized in order to assess
the structural behaviour of the resonators. Table 3.1 and figure 3.7 compare the frequency peaks and the modal shapes, both from measurements
and simulations, for the case of the bridge. There is a remarkably good
agreement between the measured and the predicted frequency peaks, giving a strong indication for very low mechanical stress associated with the
deposited thin films. It is also important to notice that the top electrode
of the beam is nominally symmetrical with respect to the longitudinal
direction. Therefore the induced stress is also symmetric, and vibration
modes with antisymmetric shape (n1) should not be detected under ideal
conditions. This is the case of torsional modes 41, 51 and 61. However, due
to imperfections from fabrication tolerances, modes 21 and 31 are detected.
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Figure 3.7: Modal shapes of the bridge, measured by Doppler effect vibrometry (left) and obtained by FEM simulation (right).
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Table 3.1: Comparison between the measured and calculated resonant
frequencies, in kHz, of the bridge-type resonator.
Mode Vibrometer Simulation Error (%) Mode Vibrometer Simulation Error (%)
20
21
30
31
40
50

3.3.2

297.85
718.55
804.49
1505.27
1560.55
2512.30

294.36
721.93
807.25
1517.22
1572.50
2582.09

1.17
0.47
0.34
0.79
0.77
2.78

60
22
32
70
42

3701.76
4332.03
4883.20
5323.05
5732.62

3821.29
4430.65
4979.93
5286.70
5840.99

3.23
2.28
1.98
0.68
1.89

Experimental procedures for determining the quality factor

Four different methods, to experimentally calculate the Q factor, were
demonstrated: two from optical measurements with the Doppler effect
vibrometer, and two by means of impedance measurements. The first
optical method involves the time-domain recording of the free vibrations
decay, given by equation 1.5. This experiment can be performed with either
the displacement or velocity decoder of the vibrometer. The evolution in
terms of velocity is obtained by differentiating equation 1.5 as
s
!
ωn
1
0 − 2Q t
0
u̇(t) = u0 e
cos ωn 1 −
t − θ0 ,
(3.2)
4Q2
where Q was introduced by virtue of the relation 1.33, and u00 and θ00 ,
related to u0 and θ0 , are constants that depend on the initial conditions. An
example of application of the procedure is shown in figure 3.8(a). The mode
under test is excited by a voltage signal of amplitude 1 V at the resonant
frequency. Once the steady state is reached, the signal is turned off (at
t = 0 in the figure). From then, the recorded data is fitted to expression 3.2
using a Gauss-Newton algorithm, where ωn and Q are the parameters
to be determined. This process was repeated for every mode labelled in
figure 3.6.
Alternatively, the Q factor can be estimated directly from the displacement spectrum, centred on a single peak. For this, the following approximation, valid only for Q  1, may be used:
Q≈

fr
,
∆f

(3.3)

√
where ∆ f is the peak width at the maximum displacement divided by 2,
as illustrated in figure 3.8(b).
Next, we introduce two different methods for the evaluation of electrical
measurements, which allow to estimate the Q factor. Due to the piezoelec-
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Figure 3.8: Optical methods for Q factor determination. (a) Example of
free vibrations decay for a resonant mode of the cantilever. The excitation
is removed at t = 0. (b) Example of frequency-domain calculation by the
peak width approximation.

tric conversion, the mechanical resonances can be detected as a change in
the impedance response of the device, measurable with the Agilent 4294A
impedance analyzer. In a first approach, the real and the imaginary parts
of the impedance data, in the region of the detected peaks, can be fitted
to the modified Butterworth-van Dyke equivalent circuit (see figure 2.5).
A Levenberg-Marquardt algorithm was used for the fitting procedure. Q
can then be determined using expression 2.13. The values found for the
equivalent circuit parameters, for four examples, are listed in table 3.2. The
fitting of the mode 10 of the cantilever is plotted in figure 3.9(a).
Table 3.2: Electrical parameters found by fitting for some modes of the
cantilever.
Mode

Cs [F]

Ls [H]

Rs [Ω]

C0 [F]

R0 [Ω]

10
20
40
12

8.75 × 10−15

8.37 × 102

1.20 × 106

5.55 × 10−11

4.82 × 10−15

3.94 × 101

1.18 × 105

5.53 × 10−11

7.96 × 10−16
1.30 × 10−14

9.12
1.02 × 10−1

3.51 × 105
2.94 × 103

5.72 × 10−11
6.57 × 10−11

9.49 × 106
1.40 × 106
9.16 × 104
3.72 × 103

The second method to calculate the Q factor from impedance data is
reported in [Mar04]. It involves finding the frequencies that maximize and
minimize the function susceptance divided by frequency, as illustrated in
figure 3.9(b). Then, the expression
Q=

2 f r2
f +2 − f −2

(3.4)
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Figure 3.9: Electrical methods for Q factor determination. (a) Impedance
fitting for the mode 10 of the cantilever. Black points correspond to experimental data, while the red line represents the model found. (b) Calculation
with the maximum and minimum of the function susceptance divided by
frequency, for the same mode.

is used, where f r may be calculated as
s
f +2 + f −2
fr =
.
2

(3.5)

The possibility of detecting electrically the different modes of a device,
depends on their modal shape [Váz07] and the amplitude of displacement.
This is the reason why only modes 10, 20, 40 and 12 of the cantilever and
none of the bridge could be measured by the described electrical techniques.
3.3.2.1

Results

Tables 3.3 and 3.4 gather the Q values measured in air by the different methods described above. Good agreement is obtained in most cases. Modes
12 of the cantilever and 40 of the bridge show the highest discrepancy,
about 15% and 30% respectively. Since every Q value is much larger than 1,
the approximation introduced in Q2 determination can be considered as
valid. Optical methods provide a direct measurement of the mechanical
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displacement whereas Q factors determined from electrical measurements,
although more convenient, rely on the electric circuit analogy. It is interesting to note the high Q factor found for torsional modes (n1).
Table 3.3: Q values of the modes detected for the cantilever: Q1 is from the
exponential decay, Q2 is from the peak width, Q3 is from the susceptance
spectrum and Q4 is form the circuital model.
Mode

Q1

Q2

Q3

Q4

Mode

Q1

Q2

10
20
11
30
21
40
31

256.1
746.78
1280.25
204.74
771.97
291.04
413.74

258.98
770.52
1256.53
183.65
698.49
280
420.93

276.68
743.43

257.83
765.41

41
50
12
S1
S2
32
42

613.81
269.05
889.22
103.12
318.85
867.1
596.37

613.99
279.94
1029.53
99.33
323.21
887.32
628.62

244.07

305.11

Q3

Q4

890.56

951.28

Table 3.4: Q values of the modes detected for the bridge: Q1 is from the
exponential decay and Q2 is from the peak width.
Mode

Q1

Q2

Mode

Q1

Q2

20
21
30
31
40
50

527.07
1100.34
223.46
400.53
255.23
213.89

533.47
1084.31
214.61
382.79
321.12
181.30

60
22
32
70
42

72.61
957.27
222.66
54.75
496.82

77.82
1002.68
233.09
56.81
503.31

The frequency response of both the cantilever and the bridge were characterized in water by means of the Doppler effect vibrometer (figure 3.10).
As expected, resonances are shifted to lower frequencies with respect to
the spectrum recorded in air, due to the mass loading effect of the water.
Furthermore, the increment in the viscous losses leads to lower and wider
peaks, i.e. lower Q factors. To quantify the decrease in Q factors, the two
optical methods described above, based on the line-shape and the transient
response, were used. The results are summarized in table 3.5. It is worth
pointing out that all the electrical resonances were below the detection limit
of the impedance analyzer.
Basak et al. [Bas06] and Ghatkesar et al. [Gha08] reported that, for a
square-shaped cantilever, the Q factor of the bending modes (n0) increases
with the mode order, if losses are dominated by viscous loading. Figure 3.11
plots the evolution of the Q factor for the bending modes present in the
cantilever spectrum. For the data obtained in air, the tendency mentioned

3.3. Cantilevers and bridges

75

Table 3.5: Q values of the modes detected for the cantilever and bridge in
water: Q1 is from the exponential decay and Q2 is from the peak width.
Cantilever

Bridge

Mode

Q1

Q2

Mode

Q1

Q2

10
20
30
40
12

14.74
25.06
54.65

18.55
27.99
47.17
55.21
37.75

20
30
40
22
32
42

17.37
49.40
33.58
37.91
40.23

20.11
42.50
36.36
41.19
39.67
26.94

56.96
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Figure 3.10: Spectrum of the average out-of-plane displacement for the
devices studied in water. (a) Cantilever. (b) Bridge.

is observed from mode 10 to 20, but not for 30 and 40. It can be explained
if we assume that other loss mechanism, such as radiation through the
support, dominates for modes 30 and 40. As the immersion in water
highly increases viscous loading, this mechanism becomes dominant. A
continuous increase of the Q factor with the order of the bending modes is
observed for the measurements in water, as predicted by the models cited.

3.3.3

Modal filtering

The modal filtering technique described in section 2.4.2.2 is evaluated here.
First, the bridge shown in figure 2.7 was characterized with the Doppler
effect vibrometer. Figure 3.12(a) shows the frequency response measured
on this bridge, designed to filter the fundamental mode. Modal shapes
are labelled according to the nomenclature aforementioned, based on the
nodal lines. As a reference, this figure also plots the response of the bridge
in figure 3.5(b), with different top electrode that consists of two simple
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Figure 3.11: Evolution of the Q factor of the bending modes for the cantilever, with increasing order, in air and water. Note that two different
scales are used.

square-shaped areas. Note that the thickness of the supporting silicon
layer is slightly different for the two devices, which explains the different
locations of resonances in the spectra. Although filtering is not perfect in
this particular case (some leak-through from other modes is present), mode
20 becomes clearly dominant. A significant reduction in the response of
the higher-order modes is demonstrated, showing that the implemented
design can significantly attenuate unwanted modes simply by shaping the
top electrode. In particular, modes 40, 22 and 42 show prominent peaks in
the reference device. Their amplitudes, relative to mode 20, are 13 dB, 19 dB
and 6 dB, respectively. In contrast, in the filtering device, the corresponding
amplitudes are −27 dB, −43 dB and −47 dB, also with respect to mode 20.
To obtain the two spectra of figure 3.12, the same excitation signal was used.
The reference device was excited in common-mode, i.e. same amplitude
and phase applied to the two top electrodes. In contrast, the filtering
device was excited in differential-mode, i.e. same amplitude but opposite
phase applied to the two top electrodes. Although both devices were
fabricated following the Saarbrücken process, a difference in the thickness
of the Si supporting layer arises from the experimental data. The nominal
thickness is 20 µm, whereas 18 µm and 25 µm are deduced by comparison
with simulation data, for the reference and filtering resonators respectively.
The results plotted on figure 3.12 also suggest that the modifications
applied to the ideal design (see figure 2.7), to make it manufacturable
according to design rules, can be critical. Simulations indicate that nearly
ideal filter characteristics would be reached asymptotically by reducing the
spacing between the two top electrodes to zero, and by omitting linking
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Figure 3.12: (a) Spectrum of the bridge designed to filter the fundamental
mode (20). (b) Spectrum of the reference bridge. In the insets, the sign of
the excitation applied to each electrode is specified.

metal lines. This is clearly noted in figure 3.13, where the normalized amplitude of the modes, against the gap between the electrodes, is calculated by
FEM simulation. The modal displacement calculated for the filtering bridge
is shown, when a variable gap from 0 to 10 µm is considered between the
black and white regions of figure 2.7(b). When the areas with opposite excitation (1 and −1) are separated by a gap, some modes, that are suppressed
in the ideal design, show up and become comparable to mode 20, even
for the small distances considered. It is also deduced from figure 3.13 that
the non-ideal behaviour measured cannot be explained only by the gap of
5 µm that the fabrication process imposes. Thus, the additional metal lines,
fabrication tolerances and approximations used in the model may also
contribute to the appearance of unwanted modes. For example, mode 30,
which is comparable to mode 40 in the measurements (see figure 3.12(a)), is
much smaller than mode 40 in the simulation (see figure 3.13). By contrast,
the amplitude of mode 60 seems to be very sensitive to the gap according
to the simulation results, but it is not observed in the experimental data.
Figure 3.14 plots the optical characterization of the other example in
figure 2.7: the cantilever to filter the first torsional mode (11). This time, the
attention is focused on the desired mode and its nearest resonance, which
is mode 20. In order to have a reference spectrum almost comparable to
that of a full-size top electrode, we just use the same sample and excite both
top electrodes with the same in-phase voltage (common-mode excitation),
instead of applying opposite voltages (differential-mode excitation), as
required for filtering. This comparison has the advantage of having the
resonances exactly at the same frequencies, avoiding the variability of
comparing different samples. As seen in figure 3.14, relative to mode 20,
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Figure 3.13: Amplitudes, obtained by simulation, of the different resonant
modes for the filtering bridge, as a function of the gap between electrodes.
It can be observed that, without gap, only the desired mode 20 appears.
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Figure 3.14: Amplitude of modes 20 and 11 for the cantilever designed
to filter mode 11. The differential-mode excitation scheme, suitable for
filtering, is compared to the common-mode excitation scheme.

the amplitude of mode 11 increases by a factor of 42 dB when the excitation
is changed from common-mode to differential-mode. Modes 11 and 20
present Q factors of 1500 and 700, respectively, as deduced from the peak
width method detailed in section 3.3.2, no matter the type of excitation

3.4. Tuning forks

79

used. It is remarkable that, whereas mode 11 could not be excited by a
full-size electrode (or any symmetric configuration) [Váz07], the design
obtained is able to make the amplitude of mode 11 even higher than that
of mode 20. The opposite (resonance 20 much greater than 11) is achieved
by just switching the excitation scheme.

3.4

Tuning forks

The tuning forks described in section 2.5 were characterized optically. To
evaluate the mode selection, a resonator with L = 250 µm and W = 200 µm
was used (see figure 2.9). For each mode depicted in figure 2.10, the
displacement at the end of one of the prongs was measured with the
Doppler effect vibrometer. Not only the out-of-plane but also the in-plane
displacement could be measured for each mode thanks to a special setup:
the tuning fork was collocated transversely on the vibrometer base, in
such a way that the laser beam struck its lateral edge. For the excitation,
a periodic chirp signal was employed with 2 V of maximum amplitude.
Tables 3.6 and 3.7 summarize the displacements obtained with the different
signal distributions specified in figure 2.10, for each of the modes studied.
Table 3.6: Out-of-plane displacement for each mode with different signal
distributions, in pm.
Mode
Out-of-plane

In-plane

Signal distribution

In-phase

Anti-phase

In-phase

Anti-phase

(+ + ++)
(+ + −−)
(+ − +−)
(+ − −+)

429.59
5.73
6.46
1.39

63.34
482.4
8.69
5.24

1.14
3.92
5.02
0.41

2.03
1.58
0.69
9.3

Table 3.7: In-plane displacement for each mode with different signal distributions, in pm. Vacancies mean non detection.
Mode
Out-of-plane

In-plane

Signal distribution

In-phase

Anti-phase

In-phase

Anti-phase

(+ + ++)
(+ + −−)
(+ − +−)
(+ − −+)

23.75

4.32
34.78
1.03

11.29
48.39
63.18
2.75

31.74
25.66
10.2
158.58

1.41
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In view of these results, the best configuration to excite the out-of-plane
in-phase mode ( f n = 116 kHz) is, as expected, the application of the same
signal to all four electrodes (+ + ++). On the other hand, the displacement
for the out-of-plane anti-phase mode ( f n = 170 kHz) is maximized when
the signals applied to each arm are shifted 180° (+ + −−). In-plane modes
are most efficiently excited when different signals are applied on each of the
electrodes lying on the same arm: (+ − +−) for in-phase ( f n = 582 kHz)
and (+ − −+) for anti-phase ( f n = 692 kHz). These data corroborate the
deductions about the optimal excitations done taking into account the
modal shapes obtained by FEM simulation. In-plane modes have been
included in the table with out-of-plane displacements, and out-of-plane
modes in the one with in-plane displacements, in order to account for the
contribution of the orthogonal direction in each case. The measurements
show non-idealities: out-of-plane modes exhibit some in-plane displacement, and in-plane modes some out-of-plane displacement. Table 3.8 lists
the ratio of the main displacement to the orthogonal one for the measurements and the results of FEM simulation. Although the FEM model also
predicts the behaviour, the spurious orthogonal displacements are significantly higher in the measurements. This can be attributed to discrepancies
between nominal and real dimensions, as well as misalignments occurred
during fabrication. These irregularities cause asymmetries in the devices
and may generate spurious displacements in other than the main vibration
direction.
Table 3.8: Ratio of the main displacement to the orthogonal one for the
in-phase out-of-plane and in-plane modes, obtained by simulation and
experimentally.
Mode (in-phase)
Out-of-plane
In-plane

3.4.1

Simulation

× 102

5.1
8.26 × 101

Measurement
1.81 × 101
1.26 × 101

Qualtiy factor

Once the optimization of in-plane modes has been confirmed by the experimental results, it is interesting to characterize the quality factor. Its determination was realized by the optical spectra measured with the Doppler
effect vibrometer. Table 3.9 summarizes the results in air for five devices
with different values of the base dimensions L and W (see figure 2.9).
These data prove that, in both out-of-plane and in-plane cases, antiphase modes exhibit a higher Q factor than their in-phase counterparts.
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Table 3.9: Quality factor of tuning forks in air as a function of the base
dimensions.
Mode
Base dimensions

Out-of-plane

In-plane

L [µm]

W [µm]

In-phase

Anti-phase

In-phase

Anti-phase

250
250
250
200
100

200
100
40
100
100

865
685
1060
622
677

2112
1060
2169
1012
927

1428
1543
820
965
1222

4344
3524
4143
3550
2901

This could be attributed to the fact that, for anti-phase modes, forces at the
base have opposite directions and propagating waves are cancelled, which
translates in reducing support losses [Vig08]. The difference in the quality
factor is quite significant and it reaches a ratio close to 9 in some cases.
The variation of the dimensions L and W has no clear influence in the
experimental values found. For the resonators studied, the highest quality
factor is achieved for the in-plane anti-phase mode, with a value above
4000, twice as high as the obtained for an out-of-plane mode of the same
tuning fork. Values around 3000 have been reported for single cantilevers
of similar dimensions optimized for in-plane vibration [Lei07].
The performance in liquid media was also characterized for the device
of L = 250 µm and W = 40 µm. The Q values found in water for the
in-plane modes were 60, for in-phase vibration, and 72, for anti-phase
vibration. These values are comparable with similar studies of in-plane
resonators [Bea10]. It can be seen that in liquid, where the main loss mechanism is the interaction with the fluid, the in-phase and anti-phase modes
show different Q. Although the difference is smaller than in air, the Q
values in water still differ by 20%. This fact suggests that, in analogy to support forces, the fluid-structure interactions also benefit from compensation
phenomena associated to anti-phase motion.

3.5

Flexure-actuated and contour-mode plates

In section 2.6, the design of resonators for in-plane vibration was addressed
by following two different approaches. Here the characterization of these
devices is presented. Impedance measurements allowed to obtain quality
factors, while the identification of the modal shapes needed optical measurements. The speckle pattern interferometer described in section 3.2.1
was used to render maps of in-plane vibrations. The magnitude of the
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Figure 3.15: In-plane modal shapes of the devices described in figures 2.12
and 2.13, measured by speckle pattern interferometry. The colour scale
represents the magnitude of the displacement, and the arrows the direction
at each point. (a) Lateral mode of flexure-actuated plate. (b) Diagonal-shear
mode of rectangular plate. (c) Dilation-type mode of disk. (d) Dilation-type
mode of coupled plates.

displacement was also obtained to estimate the electromechanical coupling.
The three flexure-actuated plates fabricated (FA1, FA2 and FA3) are
shown in figure 2.12(c), and their flexure dimensions in table 2.1. The
desired modal shape, which involves the lateral bending of the flexures,
was first optically identified for the three samples. As an example, the
distribution of in-plane displacement for the device FA2, measured with the
Optonor MEMSMap500, is represented in figure 3.15(a). Once identified,
the resonances were characterized in air by impedance measurements. The
equivalent circuital parameters resultant are listed in table 3.10. As several
different mechanisms may determine the Q factor in air, it is not easy
to extract any conclusion about it from these measurements, despite the
fact that Q seems to increase as the flexures become longer and thinner.
Looking to equation 2.11, Cs represents a figure of merit that determines the
motional resistance with independence of Q and ωn . FA1, with the shortest
flexures, features the highest value, but no tendency is observed as FA3
shows a value higher than FA2. The mechanical displacement at resonance
while applying a harmonic voltage between the electrodes was measured.
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With the displacement per volt (d/V), both the electromechanical coupling
α and the modal elastic constant k can be determined (equations 2.15
and 2.16). The results, in table 3.11, show that k decreases as the flexures
become larger and thinner as expected, validating this calculation approach.
Furthermore, α seems to grow with k, while the ratio α to k, representing
the efficiency of actuation (equation 2.15), presents the opposite tendency.
Table 3.10: Fitting parameters from the impedance measurements for the
flexure-actuated plates in air.
Id

f n [kHz]

Q

R0 [kΩ]

C0 [pF]

Rs [kΩ]

Ls [H]

Cs [fF]

FA1
FA2
FA3

420.2
212.5
79

1016.6
1990.5
2806.3

278.3
1004.7
53 308

113.5
116.4
105.5

44.9
82
135.9

17.3
122.3
769

8.3
4.6
5.3

Table 3.11: Displacement of the flexure-actuated plates per volt applied
between the electrodes, measured at resonance, and magnitudes derived.
Id

d/V [m V−1 ]

α [N V−1 ]

k [N m−1 ]

α/k [m V−1 ]

FA1
FA2
FA3

1.18 × 10−7
4.02 × 10−7
7.62 × 10−7

7.17 × 10−5
2.27 × 10−5
1.94 × 10−5

6.20 × 105
1.13 × 105
7.15 × 104

1.16 × 10−10
2.02 × 10−10
2.72 × 10−10

The three devices were introduced in isopropanol for Q investigation
under immersion. Impedance measurements were performed, revealing a
Q value of 29 for FA1, whereas no detection was possible for FA2 and FA3.
This poor performance under dominant viscous loading might be related
to the movement of the flexures, as they involve a large amount of lateral
surface compared to their mass.
For the contour-mode approach, three different resonators were described in section 2.6.2. The first is a rectangular plate based on the
diagonal-shear mode, whose recorded shape is shown in figure 3.15(b).
Two devices were fabricated, differing only in the anchors: one, whose
picture is in figure 2.13(b), has T-shaped anchors designed as described in
section 2.7; the other one is attached to the substrate by simple straight
beams. Both were characterized by impedance analysis in air and isopropanol, with the results in table 3.12. It is worth noting that a difference
of less than 1% for the Q factor in isopropanol was obtained for both kinds
of anchors whereas, in air, this difference grew to 400%. Assuming comparable viscous losses for both structures, the results in air demonstrate that,
first, the anchor losses are determinant and, second, the T-shaped anchors
present less losses. Besides, this anchor-related effect is barely noticeable in
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liquid media, due to the domination of viscous losses, as expected. If we focus on the magnitude of Cs , the values obtained indicate that, regardless of
Q, these structures are slightly less efficient for simultaneous piezoelectric
actuation and detection than the flexure-actuated plates presented above.
Optical measurements over the T-shaped anchored sample reveal a nearly
one order of magnitude higher α (3.43 × 10−4 N V−1 ), while the efficiency
of actuation α/k is much lower in comparison (2.53 × 10−12 m V−1 ).
Table 3.12: Resonant frequency, quality factor and equivalent circuit components deduced from the impedance measurements for the first diagonalshear mode of the rectangular plates described, with two different anchors
in air and isopropanol.
Anchor

Medium

f n [MHz]

Q

R0 [kΩ]

C0 [pF]

Rs [kΩ]

Ls [H]

Cs [fF]

Straight
T-shaped
Straight
T-shaped

Air
Air
Isop.
Isop.

4.05
4.15
4
4.08

952
4130
53
55

87
6950
355
73

43.2
47.7
49.7
59

49.9
10.7
843
634

1.9
1.6
1.8
1.4

0.8
1
0.9
1.2

For the second contour-mode example, disks with diameter 500 µm,
1000 µm and 2000 µm were fabricated. The dilation-type modal shape of
the 1000 µm-diameter device is shown in figure 3.15(c). The results of the
electrical impedance characterization in isopropanol are listed in table 3.13.
It is highly remarkable that the quality factor grows proportionally to the
diameter of the disk and the motional resistance decreases with it. The
quality factor is the ratio between the stored energy and the energy lost
per cycle. For any resonator, the stored energy is proportional to its mass
which, in this case, is proportional to the square of the diameter. To fulfil
the dependence seen in our measurements, the energy lost per cycle should
be approximately proportional to the diameter. The values of Cs also grow
with the diameter, and highly exceed the ones obtained for the resonators
analyzed previously. Optical measurements in air for the 2000 µm-diameter
disk reveal α = 4.14 × 10−2 N V−1 and α/k = 1.09 × 10−11 m V−1 , both
remarkably higher than the values achieved for the diagonal-shear mode.
The last example device, consisting of a pair of coupled plates, was
characterized in air and water . For the latter, two situations were considered: full immersion, with the liquid covering all the surfaces; and partial
immersion, with the liquid just covering the top surface, as in [Xu10b].
The results from the electrical characterization are shown in table 3.14. A
very good performance in air is demonstrated, which may be associated
with the tuning fork effect, or reduction of the attachment losses for balanced geometries. A high quality factor was also obtained when the fluid
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Table 3.13: Resonant frequency, quality factor and equivalent circuit components deduced from the impedance measurements for the dilation-type
mode of the disks described, in isopropanol.
Diameter [µm]

f n [MHz]

Q

R0 [kΩ]

C0 [pF]

Rs [kΩ]

Ls [mH]

Cs [fF]

500
1000
2000

9.68
4.79
2.49

12
22
42

45
21.5
15.6

83.6
137.4
340.3

72.4
11.9
3.3

14.8
8.7
8.8

18.3
126.9
465.6

(water) covers only the top surface of the plates. The full immersion of
the device had a drastic effect on both the natural frequency and quality
factor, suggesting that the movement of the edges generates more losses
than the top and bottom surfaces. The Cs values found are in the same
order of magnitude than that for the diagonal-shear mode. Optical measurements in air reveal also comparable values for α (9.76 × 10−4 N V−1 )
and α/k (1.07 × 10−12 m V−1 ).
Table 3.14: Resonant frequency, quality factor and equivalent circuit components deduced from the impedance measurements for the dilation-type
mode of the coupled plates, in air and water.
Medium

f n [MHz]

Q

R0 [kΩ]

C0 [pF]

Rs [kΩ]

Ls [mH]

Cs [fF]

Air
Water (partial)
Water (full)

7.02
7
6.87

4941
301
70

2984.5
3.9
16.4

260.8
410.5
128.6

4.4
31
223.2

517.7
204.3
364

1.9
2.6
1.5

3.6

Length-extensional vibrations of plates

Typically, the quality factor of micro-plate resonators based on out-of-plane
deformation suffers a substantial degradation when immersed in water or
other comparable liquids (see section 3.3). For instance, different authors
reported Q factors below 40 [Ala10; Cap10]. As an alternative, it is already
well-established to use in-plane vibration modes in order to achieve good
performance in liquid [Duf07], reaching Q values above 50 in water. Several
geometries involving different types of in-plane modes were reported in
the literature with promising performance in liquid, such as rotational
modes of disks [Seo08; Rah10]. In [Seo08], a Q value as high as 284 was
obtained in water, but no details were reported about the performance of
the device in more viscous liquids. Other examples include shear-mode
film bulk acoustic resonators [Web06], with a Q of 150 at 790 MHz; the
first lateral mode of cantilevers [Bea10], with a Q of 67 at 426 kHz; the first
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extensional mode of rectangular plates [Pan06], with a Q of 64 at 55 MHz;
or high-order extensional modes of rectangular plates [Zun09], with a Q
of 90 at 3.45 GHz; all of them in water. Some authors have pointed out
the inconvenience of high frequencies when measuring shear viscosity of
liquids, due to the appearance of viscoelastic effects [Jak11]. Therefore,
decreasing the resonant frequency and maintaining a high Q with high
viscous loading is a desirable although challenging goal. Besides the microscale, reports on the performance of millimeter-sized resonators in liquids
with viscosity up to 300 mPa s can also be found [Cas10; Luc11], but these
are not comparable in terms of size to the previous references or the devices
presented in this work.
In this section, we focus our attention on the performance of the first
extensional mode of midpoint-supported rectangular plates. Electrical
impedance measurements were performed in a wide viscosity range, revealing a Q factor of 100 in water and 18 in a commercial viscosity standard
of 51.15 mPa s at 3.7 MHz, which points out the suitability of the device for
high viscosity sensing. To get a more complete characterization, the mode
under study was experimentally identified by means of speckle pattern
interferometry, both in air and liquid. This implies an advantage with respect to the usual indirect identification based on the comparison between
measured frequencies and those obtained by FEM simulation. Moreover,
attention was paid to the effect of the structure dimensions on the Q factor
in viscous regime. The results, supported by fluid structure interaction
(FSI) simulations, point out the importance of taking into account the effect
of the structure edges as well as the finite thickness, as already reported in
the literature for laterally vibrating cantilevers [Bru10; Cox12].

3.6.1

Device description

Figure 3.16 shows a description of the structure and the modal shape
considered in this section. The devices studied consist of rectangular plates
of different dimensions, symmetrically attached to the surrounding support
by two anchors in the middle of the longest side. The structures were
fabricated following the Saarbrücken process with a variant: Au instead
of Al was used for the top electrodes layer. Due to the low conductivity
of the liquids considered in the characterization, no electrical passivation
layer was required. No indication of the interaction between the electrodes
and the liquids was observed during the experiments in this section. The
length L and width W of the plates fabricated are summarized in table 3.15.
The top electrode is divided into two halves in order to allow for a two
port configuration in conditioning circuits not considered in this study.
According to the design procedure detailed in section 2.4.3, a single top
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Figure 3.16: (a) Picture of one of the devices fabricated (L = 500 µm,
W = 125 µm). (b) Device schematic. (c) In-plane modal shape obtained
by FEM simulation. The colour scale represents displacement. The cross
section used in 2D FSI simulations is indicated.

electrode covering the whole surface is the proper layout to maximize
the displacement of the first extensional mode. In what follows, both top
electrodes are short-circuited and connected to the excitation signal to
maximize the response.

3.6.2

Results and discussion

Figure 3.17 shows the frequency-dependent electrical conductance of a
resonator, measured with the Agilent 4294A between the bottom and top
electrodes, in air and ultrapure water. The structure is 500 µm long and
250 µm wide. As it can be seen, in the frequency range of interest, in
which the first extensional mode is predicted by FEM simulation, two
different peaks clearly stand out in air. In order to identify the modal
shapes associated, the speckle pattern interferometer was used. The insets
in figure 3.17 depict a map of the measured in-plane vibrations of the
structure while vibrating at each of the conductance maxima. The first
peak plotted in figure 3.17(a) is identified as the diagonal-shear mode,
despite of not being excited with the appropriate electrode layout. The
second one corresponds to the first-order extensional mode aimed. The
identification is possible in spite of the influence of the diagonal-shear
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Figure 3.17: Conductance measurements of one of the resonators (L =
500 µm, W = 250 µm) in air (a) and water (b). The insets show the optically
measured in-plane displacement at the conductance peaks.

mode in the modal shape of the extensional one. For a driving voltage of
1 V, the maximum in-plane displacement in the length direction is 17.8 nm,
while a value of 1.7 nm was measured for the out-of-plane displacement,
resulting in a ratio of 0.09. This out-of-plane component is induced by
the multilayer structure of the device, as confirmed by comparing the
FEM-calculated modal shapes of a single Si layer and the Au/AlN/Si
multilayer. When the device is immersed in water (figure 3.17(b)), only one
of the two resonances remains, due to the high hydrodynamic loading. By
observing the optical measurement shown in the inset, it is recognized as
the first extensional mode. The measured ratio between the out-of-plane
and in-plane displacements in water was similar to that in air. These results
demonstrate the clear identification of the modal shape associated with the
resonance that is being tested.
Table 3.15 summarizes the experimental quality factors of the first extensional mode of structures with different dimensions in air and isopropanol.
A fitting procedure over impedance measurements was employed to determine these values (see section 3.3.2). For the measurements in liquid, a
cell was used (see figure 3.1(c)). Attention was paid, when filling the cell,
to ensure the full immersion of the resonator. Since it was rather difficult
to deal with water due to its high surface tension (Q values as high as 370
were obtained when water was lying on top of the device, without forcing
full immersion), isopropanol was used instead as reference liquid, since it
facilitates full immersion. The reported values are an average of several
measurements, with an error below 10%. Regarding the measurements
in air, a highest Q close to 4000 was achieved, which is comparable to
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previously reported values for similar structures [Ho08]. Measurements in
vacuum (0.05 mbar) were also performed and showed an increase in Q not
higher than 25%, confirming that the fluid damping is not the dominant
loss mechanism when operating in air. These values measured in air indicate that the width of the plate may have a strong influence on the total
losses, likely related to the attachment losses, although this aspect has not
been considered in this study.
Table 3.15: Experimental Q factors of the first extensional mode of devices
with different dimensions in air and isopropanol. Calculated Q factors
determined by the analytical model and FEM simulation in isopropanol.
The thickness H is 20 µm for all the cases.
Q in air

Q in isopropanol

L[µm]

W [µm]

Experimental

Experimental

Analytical

Simulation

500
500
500
1000
1000

60
125
250
125
250

3993
3080
2928
2505
3096

48
42
45
72
73

165
165
165
117
117

45
45
45
60
60

The measurements in isopropanol reveal a significant decrease in the
Q factor, in comparison with the values in air, as expected because of the
increased hydrodynamic loading. It is worth mentioning the dependence
found for the Q value with the length of the device: the longer the device,
the higher the quality factor. In order to give an explanation to this trend,
the theoretical determination of the Q factor, due to the fluid-structure
interaction, was considered. An analytical expression for the quality factor
of the first extensional mode of a cantilever was reported by Castille et
al. [Cas10]. This expression can be extended to the structures considered
here, as they consist of two cantilevers symmetrically attached. The interaction between the cantilever and the surrounding fluid is modelled
as the interaction between a zero thickness infinite plane, vibrating in its
first extensional mode along one of the planar directions (L), and the fluid
above and below the plane. The Q values derived in isopropanol with the
previous analytical model are included in table 3.15. According to these
data, two points stand out. First, the Q dependence with L is inverted with
respect to the experimental values. Second, the Q values are overestimated
in this model.
These two points reveal the need of completing the previous analysis
with additional considerations for the devices under study. Specifically,
we may account for the effects related to the edges and the thickness
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Figure 3.18: Evolution of the Q factor in isopropanol versus the length L
for two different values of thickness H, obtained by analytical modelling
and FEM simulation. Experimental data are also plotted for the devices
fabricated (H = 20 µm).

of the structure, as already considered before for the hydrodynamics of
laterally vibrating beams [Bru10; Cox12]. To throw light on this issue, FEM
simulations including the surrounding liquid were carried out using the
software package ADINA. A 2D model of the structure was considered,
consisting of the cross-sectional area L × H of the Si layer (see figure 3.16(c)).
The model accounts for the edge and thickness effects along the finite length
direction, but assumes an infinitely wide structure. A sinusoidal force close
to the resonant frequency of the extensional mode is applied to each of the
sides of the cross section . The transient response, of the displacement at
the structure end, is then fitted to equation 1.5, determining the Q factor
and the resonant frequency [Bas06]. Both magnitudes are characteristics
of the mode and do not depend on the excitation used, provided that the
driving frequency is close enough to the resonant frequency. As table 3.15
shows, the simulations keep the trend between Q and the length L found
in the experiments. Equally interesting is to notice the reasonably good
agreement between the calculated and the experimental Q values. Since this
simplified 2D model includes only the Si structural layer, the out-of-plane
component of the vibration is neglected, and therefore, it cannot be the
cause of the estimated evolution of Q with L.
Figure 3.18 plots the calculated Q factor in isopropanol as a function
of the length for two different values of thickness, 1 µm and 20 µm. For a
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Figure 3.19: Measurements in different liquids for a device of L = 1000 µm
and W = 125 µm. (a) Conductance versus frequency, vertical offsets are
applied to each curve for clarity purposes. The Q factor of each peak is
indicated in the legend. (b) Evolution of the Q factor as a function of the
density and viscosity of the liquid under test.

Table 3.16: Theoretical values of density and viscosity for the liquids used,
at 25 ◦C.
Liquid

Density [g cm−3 ]

Viscosity [mPa s]

Water
Ethanol
Isopropanol
D5
N10
N35

1
0.79
0.79
0.83
0.85
0.85

0.89
1.08
2.02
4.43
12.77
51.15

thickness of 1 µm, the values obtained by the analytical model and by FEM
simulation are in reasonable agreement, indicating that the assumptions
of the analytical model are applicable to that thickness. Nevertheless,
when the thickness is increased up to the fabrication process specification
(20 µm), the simulated Q values decrease dramatically from the values
predicted by the analytical model, and they increase with L as observed in
the experiments.
Finally, a characterization of the sensitivity of the Q factor to the viscosity was performed for a resonator of L = 1000 µm and W = 125 µm. For
this purpose, different commercial liquids were used including three viscosity standards (D5, N10, and N35) from Paragon Scientific. The theoretical
values of density (ρ) and viscosity (η) for the liquids used at 25 ◦C are
summarized in table 3.16. The results, which sweep a range of viscosities
from 0.89 mPa s to 51.15 mPa s, are shown in figure 3.19. Assuming that the
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Q factor is inversely proportional to the root square of the liquid ρ and η,
an acceptable linear behaviour is found, demonstrating the feasibility of
this kind of resonator to work as density-viscosity sensor even for highly
viscous liquids.

Chapter 4

Interface electronics
Violence is the last refuge of the incompetent.
Isaac Asimov, Foundation

Summary: This chapter deals with the implementation of electronic
circuits for driving piezoelectric MEMS resonators, to be used as
sensors. Two techniques are approched: the electronic amplification
of the quality factor, and the inclusion of the resonator in an oscillator
circuit to track the resonance.

4.1

Introduction

The use of MEMS resonators as sensors requires the determination of the
resonant magnitudes, natural frequency and quality factor, to be related
to the property being sensed. For instance, they can be associated with
concentration of chemical substances [Bed04; Fad04; Pet13] or physical
magnitudes, such as external forces in AFM [Alg10] or density and viscosity of liquids [McL06; Cer12]. Many works can be found in the literature
where this determination is performed by optical instrumentation [Tam01;
Xie08; Duf12]. In many other cases, the resonators incorporate detection
mechanisms (see section 1.1.2.2) that enable electrical measurements, using instruments such as impedance or network analyzers [Pan06; Win07;
Xu10b]. Although these are powerful characterization tools, its use beyond
the laboratory is often prohibitive. Final applications of MEMS usually demand compact solutions based on low cost circuitry [Bed04; Seo08; Pet13].
In this dissertation, the design and implementation of interface circuits,
that aim to bring MEMS resonators to final applications, are addressed.
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Previous to the determination of the resonant magnitudes, feedback
techniques to amplify the resonator response were tackled. As it will be
seen, using the vibrations velocity as feedback signal translates into an
effective amplification of the quality factor [Tam01]. The increase of the
effective damping by electronic feedback is well-established in structural
vibration control [Moh06]. In sensing applications, a widely known use
of this technique can be found in the field of AFM, where the control of
the resonator quality factor enables to optimize the scanning speed [Sul02;
Kar14]. The Q factor is a critical parameter in many other applications such
as gravimetric sensing [Eki04b], filters for telecommunications [Pia06] or
timing and frequency control [Ngu07]. In the context of gravimetric sensing with resonators, the mass resolution is proportional to the frequency
resolution, and the higher the quality factor, the better the frequency resolution [Eki04a]. Furthermore, for applications in liquid media, the quality
factor of MEMS resonators decreases dramatically due to fluid damping, as
various results detailed in chapter 3 demonstrate. For this reason, increasing the quality factor of a given resonance, through an electronic circuit
especially designed, may facilitate its detection.

4.2

Quality factor enhancement

Among the different approaches to enhance the quality factor [Wei09],
here we focus our attention on the electronic improvement by means of an
interface circuit. In order to illustrate the concept, the model of the resonator
can be simplified to a SDOF system like described in section 1.1.2. The
dissipative losses, and therefore the quality factor, are determined by the
term proportional to the velocity in equation 1.1. Thus, a positive (negative)
feedback of a force proportional to the velocity of the structure, applied
to the input, results in an equivalent decrease (increase) of the dissipative
forces and an increase (decrease) of the quality factor. Physically, the
situation is equivalent to considering that the feedback loop compensates
part of the energy lost per cycle by the structure.
The control of the quality factor of a microresonator by including it in a
suitable feedback loop is well-established [Dür92; Mer93; Anc98; Tam01].
In these works, the position of the vibrating element is detected optically
and shifted by 90° to convert it into a velocity-proportional signal and feed
it back to the input. In this study, however, Q control is demonstrated for a
device with a piezoelectric layer integrated into the microstructure. Such
devices can be self-actuated electrically without the need of an external
actuator and, at the same time, the charge induced by the piezoelectric
effect can be detected while moving. It has to be noticed that the modal
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displacement is proportional to the induced charge integrated over the electrodes, i.e. the velocity is proportional to the piezoelectric current [Lee90].
Therefore, the feedback of the piezoelectric current allows for the control
of the Q factor. This idea has been already documented in the field of the
vibration control of macroscopic structures with embedded piezoelectric
layers [Dos92; Lei03; Moh06]. In general, in a piezoelectric layer sandwiched between two electrodes, the total current measured consists of two
components: the parasitic contributions, dielectric and resistive, which
depend on the voltage applied between the electrodes, and the piezoelectric
contribution mentioned before.
In this section, the electronic enhancement of the Q factor of the resonant modes of piezoelectric AlN-based microresonators is demonstrated,
achieving values as high as 2 × 105 (amplified 200 times relative to the
intrinsic Q factor of the device). The resonators were incorporated in two
types of electronic circuits depending on their top electrode configuration.
One circuit involves the electronic cancellation of the parasitic currents.
The second alternative is appropriate for resonators with a top electrode
divided into two parts. One electrode part is used as actuator and the other
one as current sensor, enabling to feedback only the piezoelectric current
without the need of cancellation stage. With respect to this latter approach,
the effect of the modal shape in relation with the top electrode layout is
discussed.

4.2.1

Device description

For the demonstration of the Q factor enhancement, two devices were used:
a cantilever and a bridge, shown in figure 4.1(a). Both were fabricated
following the Saarbrücken process, with a nominal thickness of 20 µm for
the structural Si layer. The cantilever has a top electrode that fully covers
the surface. With the bottom electrode (structural layer), it forms a port
that can be used for simultaneous actuation and detection, as depicted in
figure 4.1(c): the voltage applied v1 serves as excitation, while the current
generated i1 is measured. The circuital model considered is the Butterworthvan Dyke (see figure 2.5), where the parasitic part is assumed as purely
capacitive, i.e. R0 is neglected. The total current measured has then two
components: the piezoelectric one i1p , proportional to the vibration velocity,
and the dielectric one i1d . In what follows, this cantilever will be referred
as one-port device (1PD).
The bridge on the right presents two top electrodes that, referred to the
bottom electrode, define two different ports. This resonator, in what follows
two-port device (2PD), will serve to demonstrate an alternative scheme
based on using one port for actuation and the other one for detection.

96

Chapter 4. Interface electronics

One-port device (1PD)

Two-port device (2PD)

Si
SiO2
AlN
Al

(a)

(b)
Actuation/detection port

Actuation port

C0
i1d
i1p Cs
i1

(c)

Ls

Detection port
C0

C0
i1d
i1p Cs

Rs

i1

+
v1
_

Ls

Rs

+
v1
_

i2

Figure 4.1: Description of the one-port and two-port devices. (a) Optical
micrographs. (b) Structure of layers. (c) Circuital model of each device.

The advantage is that, as no voltage is applied to the detection port, no
dielectric current flows through it. Thus, the current generated i2 is purely
piezoelectric, given by the piezoelectric current of the actuation port i1p ,
multiplied by a real constant Kα . This constant arises from the fact that
the two ports cover different areas and, in the general case, may have
different size. Considering the definition of the electromechanical coupling
coefficient given by equation 2.3,
Kα =

αd
αa

(4.1)

arises, where αd and α a are the electromechanical coefficients of the detection and actuation ports, respectively. For the bridge considered here, Kα
will be 1 or −1, due to the symmetry of the structure and the electrodes,
respect to the middle line drawn in figure 4.1(a). The disadvantage of this
approach is that both α a and αd are reduced since less area is used, which
implies a lower response (see section 2.4.1).
The frequency spectra of both the 1PD and the 2PD were obtained by
the Doppler effect vibrometer from Polytec. The excitation was performed
by the application of a chirp signal in the range from 50 kHz to 8 MHz to
the top electrode (one half of it in the case of the 2PD), while the bottom
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Figure 4.2: Velocity spectrum and modal shapes of the 1PD (a) and 2PD
(b).

electrode was connected to ground. By carrying out a measurement on
a grid of points over the device surface, the spectrum of the averaged
velocity and the vibration shape at each frequency are obtained. Figure 4.2
shows the principal modes identified in the spectra, labelled according to
Leissa’s nomenclature (see section 3.3.1). Mode 20 of the 1PD was chosen
to demonstrate one-port Q enhancement with a capacitance cancellation
stage, detailed below. Regarding the 2PD, due to the symmetrical structure,
modal shapes can be only symmetrical or anti-symmetrical with respect
to the middle line. Modes 22 (symmetrical) and 32 (antisymmetrical) were
chosen to demonstrate Q-enhancement based on two-port interface.

4.2.2

Circuits

Figure 4.3 describes the electronic configuration for both interface circuits
used to improve the Q factor. The first one (figure 4.3(a)) is designed
to be used with the 1PD. It thus includes a parasitic cancellation stage
formed by the components OP3, R6 , R7 and C1 . This module is able
to subtract the dielectric component i1d from the total current passing
through the piezoelectric device i1 , yielding the piezoelectric current i1p .
The circuit used here to cancel the dielectric current has already been
reported [Fer01]. Other authors [Jah07; Aba01] fed back the whole current,
dielectric plus piezoelectric, requiring a phase shifter to add in-phase both
the input and the feedback signals. It is worth pointing out that in the latter
case, the frequency for maximum response does not match the resonant
frequency [Aba01].
The current i1p is converted into a voltage vout with the help of an operational amplifier (OP)-based current-to-voltage converter formed by OP2
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Vibrometer
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R1

R5
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R6
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C1

(a)

(b)

OP3

1
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2
1
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OP1
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R5

R2

i2
2PD

OP2

vout

R3

Figure 4.3: Circuit configurations for Q enhancement. (a) With capacitance canceller, suitable for the 1PD. (b) With the 2PD, the circuit can be
configured depending on the vibration shape.

and R5 . The resultant signal is then fed back through the inverting/noninverting adder made up of OP1, R1 , R2 , R3 and R4 . These steps result
in an actuation voltage v1 that is the sum of two contributions: one is
proportional to vin and the other is proportional to vout , both in phase. It
is important to note that vout is proportional to i1p and therefore to the
velocity. It is assumed that the capacitance canceller (OP3, R6 , R7 and C1 )
and the dielectric branch of the 1PD (C0 ) can be removed from the analysis
as their effects cancel each other if R6 , R7 and C1 are conveniently chosen.
Considering the electrical model of the 1PD, the dynamic response of the
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whole system is obtained as

− R3R+4R4 1 +

Vout (s)
=
Vin (s)
sLs +

1
sCs

R2
R1

+ Rs −



R5

R2
R1 R 5

.

(4.2)

From this equation, it is clear that the positive velocity feedback has the
effect of counteracting the series resistance Rs by a term RR21 R5 , which is
equivalent to increase the effective quality factor (equation 2.13).
The second circuit (figure 4.3(b)) is designed for the 2PD. It is based
also on OP-based configurations such as a current-to-voltage converter
and a gain amplification stage. Similar circuits can be found in the literature [Ngu07]. In this case, the amplification stage can be configured as
either a non-inverting adder or a non-inverting/inverting adder, depending
on the symmetry of the modes. Two important considerations have to
be taken into account. First, since the detection port is at virtual ground
thanks to OP2, no dielectric current flows, being the total current purely
piezoelectric (i2 = i2p ), and therefore a suitable signal for the targeted velocity feedback. Besides, the phase relationship between the two piezoelectric
components of each port, i1p and i2p , depends on the vibration shape. The
position of both top electrodes (ports) is nominally symmetrical, while the
modal shapes can be either symmetrical or antisymmetrical. For the former,
the currents in both ports are in phase (Kα = 1). For the latter, a shift of
180° between i1p and i2p appears (Kα = −1). Hence, to achieve the positive
feedback, two different configurations are needed for the circuit, depending
on the mode considered. If the switches in figure 4.3(b) are in position 1,
the set OP1, R1 , R2 , R3 and R4 functions as a non-inverting/inverting adder,
resulting in a configuration suitable for Q enhancement of anti-symmetrical
modes. In contrast, switches in position 2 configure OP1, R1 , R2 , R3 and
R4 as a non-inverting adder, allowing for Q enhancement of symmetrical
modes. Regarding the transfer function, when switches are in position
1 (anti-symmetrical modes), the system response is also represented by
equation 4.2. In position 2 (symmetrical modes), the analysis gives rise to
Vout (s)
=
Vin (s)
sLs +

( R1 + R2 ) R4 R5
( R3 + R4 ) R1
( R1 + R2 ) R3 R5
1
sCs + Rs − ( R3 + R4 ) R1

.

(4.3)

From all the previous considerations, the question remains: how much
can the quality factor be increased? According to equations 4.2 and 4.3,
if the feedback is such that the resistance Rs is completely cancelled, the
gain will be infinite at the natural frequency. In this case, self-sustained
oscillations appear, i.e. the system is unstable. Therefore it is interesting to
relate the Q factor with a parameter related to the stability of the circuit,
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Figure 4.4: (a) Block diagram of the circuit in figure 4.3(a). Its dynamic
response is given by equation 4.2. (b) Theoretically predicted Q values
versus the gain margin Gm for different values of the intrinsic quality factor
Q0 .

such as the gain margin Gm , in order to understand, from a conceptual
point of view, the limitations of Q enhancement in relation to stability. Gm
is defined as the inverse of the loop gain modulus, at the frequency for
which the phase of the loop gain becomes null. In the previous circuits, this
frequency matches the natural frequency of the mode under consideration.
Figure 4.4(a) represents the block diagram of the circuit in figure 4.3(a).
From it, Gm is easily obtained, expressed in dB, as


R1 R s
Gm = 20 log
.
(4.4)
R2 R5
With equations 2.13 and 4.2, the effective quality factor is obtained as
Qe f f =

Q0
Gm

1 − 10− 20

,

(4.5)

where Q0 is the intrinsic quality factor of the resonance without feedback.
Figure 4.4(b) shows Qe f f as a function of Gm for different values of Q0 . It
can be seen that, the higher the effective quality factor in a stable regime,
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Figure 4.5: Physical realization of the circuits described. The microresonator
is at the right bottom corner, glued and wire-bonded to a TO-8 package.

the lower the gain margin, i.e. the closer to instability. From a practical
point of view, the circuit becomes more prone to oscillation because of
feedback. Moreover, equation 4.5 expresses that, for a given Gm set in a
real implementation, the achieved Qe f f is expected to be proportional to
the original Q0 of the mode. This trend is also reported in [Ngu92]. The
same conclusions are applicable to the second circuit, in figure 4.3(b).
As mentioned above, the increase in the quality factor may improve
the frequency resolution in a given sensing application based on tracking
the resonant frequency. A widespread interface circuit for such a tracking
process consists of an oscillator, containing the electromechanical resonator,
and a frequency counter. In the case of the circuits presented in figure 4.3,
the oscillator could be implemented either by increasing the positive feedback beyond the stability limit, or by adding an additional loop to provide
phase locking [Fer01; Eki04a]. A crucial figure of merit for such an oscillator is phase noise. This is decreased if the intrinsic quality factor of the
resonator is increased [Rub10, Ch. 4]. In the case at hand, since the Q factor
is artificially increased by positive feedback, but the circuits used for this
feedback increase the noise of the system, a trade-off of both effects will
determine the final performance of the system and the final resolution in a
sensing application.
Regarding the implementation of the circuits, all configurations were
mounted on a conventional printed circuit board (PCB) (see figure 4.5).
Power was supplied by two 6 V batteries and by-pass capacitors were used
between ground and DC power terminals in order to avoid coupling of
AC signals. Input and output signals were provided by BNC connectors.
The microdevices were micro-bonded to a Ni-Au TO-8 package and incor-
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porated to the PCB. General purpose operational amplifiers AD8055/56
from Analog Devices were chosen because of their high bandwidth and
low noise. R2 is formed by a fixed resistor in series with a potentiometer
thus allowing a variable improvement of the Q factor in accordance with
equations 4.2 and 4.3. In the same way, another potentiometer in R6 allows
tuning the capacitance cancellation stage. Component values for the three
different experiments realized are summarized in table 4.1.
Table 4.1: Component values used for each circuit and switch position. Potentiometer values, in series with fixed resistors, are in brackets. Resistances
are expressed in kΩ and capacitances in nF.
Circuit

R1

R2

R3

R4

R5

R6

R7

C1

1PD
2PD (2)
2PD (1)

0.39
1.5
2.4

0.27(+5)
2.2(+10)
0.27(+5)

1.5
1
1.5

0.22
1
0.22

10
5.6
10

0.68(+1)

0.018

1

4.2.3

Results and discussion

In order to validate the Q factor enhancement with the three circuit configurations described above, their electrical response was characterized in time
domain. The transient recording and fitting described in section 3.3.2 was
performed for electrical instead of optical data. A burst signal was applied
to the circuit input vin with a function generator Tektronix AFG3102. The
frequency of excitation is set to the natural frequency of the mode being
tested. When the steady state is reached, the excitation ceases and the
decay of the output signal vout is recorded with an oscilloscope Tektronix
MSO4104. This technique, known as free-ring down, is well-established in
the literature for the determination of Q values [Rod95; Rod96; Yas00]. According to Rodhal et al. [Rod96], the measured Q factor does not depend on
the exact driving frequency, provided that it is close enough to the natural
frequency to produce a clear output signal. This procedure was performed
for the 1PD (mode 20), and for the 2PD (modes 22 and 32 for the switch in
positions 2 and 1, respectively), and the results are presented in figure 4.6(a)
and table 4.2. Measurements identified as 0 correspond to the system
without the feedback loop, and those labelled from 1 to 5 are obtained by
increasing the feedback gain, giving an increasing Q factor. Measurement
5, for each circuit, corresponds to the situation with the highest gain loop
(lowest Gm ) possible before the system becomes unstable (sustained oscillations). To reduce uncertainties, every electrical measurement was carried
out 256 times, and the average was obtained. These results demonstrate the
feasibility to control the Q factor of the modes under study with the help
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Figure 4.6: Electrical and optical measurements of Q enhancement. (a)
Output voltage vout of the circuits in time domain for the different configurations and feedback conditions. 0: No feedback. 5: Maximum feedback
possible before instability. The signals are normalized with respect to their
initial value. (b) Optical measurements of the displacement spectrum for
the same configurations and feedback gains as in (a). The excitation signal
has been increased in absence of feedback (0) to bring the response into the
same scale. Symbols correspond to measured data, while curves represent
the best fitting parameters.
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of the proposed circuits. A Q factor as high as 2 × 105 was achieved for
mode 22 of the 2PD. This results in a multiplication factor larger than 200,
with respect to the initial value of Q. For modes 20 of the cantilever and 32
of the bridge, the enhancement factor was about 50 and 100, respectively.
Table 4.2: Results of Q factor enhancement deduced from the two measurement methods, electrical in time and optical in frequency, carried out for
an increasing value of feedback gain from no feedback (0) to maximum
stable feedback (5). Shadowed results are subjected to uncertainties greater
than ±10 % caused by vibrometer frequency resolution.
Mode 20 (1PD)

Mode 22 (2PD)

Mode 32 (2PD)

Feedback

Electrical

Optical

Electrical

Optical

Electrical

Optical

0
1
2
3
4
5

6.47 × 102
2.89 × 103
8.47 × 103
1.63 × 104
2.84 × 104
3.16 × 104

6.59 × 102
3.02 × 103
1.08 × 104
1.76 × 104
3.1 × 104
3.33 × 104

9.07 × 102
6.03 × 103
1.86 × 104
3.96 × 104
8.68 × 104
2.29 × 105

9.6 × 102
5.96 × 103
1.79 × 104
3.48 × 104
8.08 × 104
2.37 × 105

4.62 × 102
2.76 × 103
5.53 × 103
9.78 × 103
1.75 × 104
4.16 × 104

4.75 × 102
3.03 × 103
6.56 × 103
1.28 × 104
2.87 × 104
5.04 × 104

The results were confirmed by optical vibrometry in frequency domain.
Displacement measurements were carried out in the frequency range of the
resonance peaks, while the resonator was included in the corresponding
circuit. The same feedback conditions as in the electrical measurements
0-5 were set, giving an additional estimation of the achieved Q factor by
fitting data to expression 1.8. The curves, result of FFT-transformation of
the displacement signal at the point of maximum amplitude, are plotted
in figure 4.6(b). Measurements without feedback (0) appear almost flat
due to the scale used to show the much higher peaks of measurements
identified as 5. With this approach, the Q enhancement can be observed
as the measured peak becomes higher and narrower for the same input
signal. Numerical results are listed in table 4.2. The frequency resolution
of optical measurements is 1 Hz for the frequency range required for 1PD,
and 49 Hz for the frequency range required for 2PD. Since the peak width
for curves with high Q is comparable to or even lower than the achievable
resolution, e.g. measurement 5 of mode 22, estimations given by the optical
method are unreliable for those cases (shadowed in table 4.2). In the other
cases, the optical determination of Q implies an additional verification to
the electrical procedure. The optical data presented here was obtained from
the average of 50 measurements.
To sum up, table 4.2 shows the Q factor resulting from both the electrical
and the optical methods, by fitting the respective signals in time and
frequency domain. Shadowed values, corresponding to unreliable optical
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measurements, are subjected to uncertainties greater than ±10 % caused
by the limited frequency resolution. The error was estimated taking into
account the relation of Q with the resonant frequency and the peak width
(equation 3.3). An acceptable correspondence between the two methods
can be observed despite the mentioned limitation in frequency resolution
for the narrowest peaks. The highest deviation occurs for mode 32 of the
2PD.

4.3

Resonance tracking

The accurate measurement of the natural frequency of a given vibration
mode, without precision instruments, can be accomplished by a number
of possible circuit configurations based on the resonator. Both open-loop
and closed-loop schemes have been reported [Arn08]. Iterative search
algorithms are a flexible alternative [Rie07]; aiming for fast and high
resolution tracking systems, synchronous-detection, closed-loop systems
are well known, either by amplitude peak tracking [Bru99; Jak05] or the
widespread phase-locking [Fer01; Kou05]. Regarding oscillator circuits,
although they do not offer superior accuracy or resolution with respect to
the mentioned phase-locked loops [Kim04], the possibility of eliminating
additional off-chip components may reduce the total size, cost and power
consumption of the system [Bee12]. This, together with the high simplicity
of the final circuit, makes the oscillator a very interesting solution for any
potential application scenario.
The oscillator circuit, for tracking the natural frequency by means of a
frequency counter, has been widely employed in quartz resonators [Bar91;
Bor02; RP04]. In regard to microdevices, many in-air oscillators can be
found in the literature for timing [Bee12] or sensing applications [Bed04;
Par07; Seo08; Rin10; Pet13]. Nonetheless, to the best of the author’s knowledge, only Seo and Brand [Seo08] have reported initial investigations of
an oscillator for a microresonator in liquid media, based on a disk-shaped
structure operated in a rotational in-plane mode. The implementation
of an oscillator becomes challenging for MEMS under liquid immersion,
as the response is dramatically degraded due to the hydrodynamic loading. Since the resonant signal decreases, it is masked by the electrical
parasitic response associated with the actuation/sensing ports of the resonator [Mul92], preventing the fulfilment of the oscillation condition. For
this reason, a strategy to cancel the resonator parasitic loads becomes essential. The possible solutions may involve the use of an additional circuit to
reproduce the parasitic signal [Fer01; Arn02], demonstrated in section 4.2,
or the introduction of a non-released compensating device [Lee09; Iva11],
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which actually reproduces the structure of the resonator, but having the
vibration physically impeded.
In this section, an oscillator that features an AlN-actuated microplate is
demonstrated, vibrating in an out-of-plane mode while immersed in liquid.
The reasonably good value of the admittance peak amplitude (about 5 µS),
along with the low natural frequency of the chosen mode (about 300 kHz),
allowed for a great flexibility and simplicity in the design and selection
of the electronic parts. Besides, the use of a parasitic cancellation scheme
based on a dummy device was found to be crucial. Testing the resonator
in isopropanol, a stable periodical signal was achieved, characterized by
an Allan deviation of 2.32 × 10−7 at 292 kHz, between one and two orders
of magnitude worse than the in-air MEMS-based oscillators referenced
above and improving the value previously reported in liquid [Seo08] of
2.3 × 10−6 . The results with the oscillator circuit are compared to the phaselocked loop (PLL) approach, implemented with benchtop instrumentation,
taking advantage of advanced and costly signal processing to perform a
tracking of the natural frequency. Frequency stabilities in the same order
of magnitude were obtained, which shows the advantage of using a simple
low-cost oscillator circuit.

4.3.1
4.3.1.1

Theoretical background
Oscillator

A resonator-based oscillator consists of a positive-feedback loop circuit as
shown in figure 4.7(a). This system becomes unstable when the Barkhausen
criterion is met, i.e. the loop gain reaches a modulus equal or greater than
1 and its phase equals 0° (Aβ = 1 in traditional oscillators notation). The
resonator is the frequency-selective element, as its piezoelectric admittance
Yp , given by equation 2.6 for a single mode, performs 0° at the natural
frequency ωn . As long as it presents parallel capacitance (see figure 2.5),
this behaviour is not guaranteed and a compensation strategy becomes
necessary. To reflect this, the β network of the system in figure 4.7(a) is
not simply the resonator, but a block F (Yp (s)) that represents an interface
circuit in which the resonator is included. The gain A, as in every oscillator,
is introduced to compensate the lack of loop gain to reach instability at the
expected oscillation frequency. The block diagram results in the following
transfer function:
H (s) =

Vout (s)
A
=
.
Vin (s)
1 − AF (Yp (s))

(4.6)

From the point of view of control theory, the complex conjugate poles of the
resonator admittance in equation 2.6 are displaced towards the imaginary
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(a)

(b)

Figure 4.7: (a) Diagram of a generic resonator-based oscillator. The block
F (Yp (s)) represents an interface circuit in which the resonator is included.
The input signal (dashed line) is not necessary, but has been included
by analogy with classic control systems. (b) Phase-noise model of the
oscillator. The input and output signals represent phase perturbations over
the oscillation wave.

axis due to the positive feedback. If A is high enough, the poles reach the
axis, making the system unstable at the natural frequency.
The performance of an oscillator, regarded as the frequency stability
of the output wave, is given by the response of the system to small phase
perturbations. To model this, the system is assumed to be oscillating at a
stationary frequency, while random phase variations are considered. In
this phase-noise domain, the system is represented by the block diagram
in figure 4.7(b). As proven in [Rub10, Ch. 4], the resonator behaves as a
single-pole low-pass filter,
B(s) =

ωL
,
s + ωL

(4.7)

with a cutting frequency, called Leeson’s frequency, determined by
ωL =

ωn
,
2Q

(4.8)

assuming oscillation at the natural frequency. The stage A performs no
phase-noise gain as it reproduces the phase noise from its input to its
output with no change. The phase noise that this stage may produce is
included in the system input φin , together with any other perturbation such
as fluctuations in the resonator. The transfer function of the phase-noise
model is
φout (s)
s + ωL
=
.
(4.9)
Hφ (s) =
φin (s)
s
Equations 4.7 and 4.9 are valid only for stationary oscillation at ωn . In real
systems, some deviation of the oscillation frequency ωosc may be produced
by phase shift from the amplification stage A, or deficient compensation
of parasitic signals (see section 4.3.3.1). This effect is accounted by the
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frequency detuning
ω̂ = ωosc − ωn .

(4.10)

In [Rub10, Ch. 4], it is stated that, if ωosc differs from ωn , the resonator
gain in the phase-noise model becomes


ω̂ 2
ωL s + ωL + ω
L
B(s) =
.
(4.11)
(s + ω L − jω̂ ) (s + ω L + jω̂ )
This results in an overall transfer function
Hφ (s) =

(s + ω L − jω̂ ) (s + ω L + jω̂ )
.
s (s + ω L )

(4.12)

The effect of detuning is an increase in the phase noise spectrum. It is
expressed, in relative terms, by the integral
2
2
Z ∞
Hφ (jω ) − Hφ (jω ) ω̂ =0
π ω̂ 4
dω
=
.
2
4ω 3
0

Hφ (jω )

ω̂ =0

(4.13)

L

The assessment of the frequency stability is often performed by taking
a set of measurements with a frequency counter in a given time interval.
For m adjacent measurements yi , each averaged over a sampling time τ,
the Allan variance is defined as [Wal86]
σy2 (τ ) =

m −1
1
( y k +1 − y k )2 .
2(m − 1) k∑
=1

(4.14)

This quantity, or its root-squared value called Allan deviation, is an useful
stability estimator for oscillators, where others estimators, such as the
sample standard deviation, do not converge. The relationship between
Allan variance/deviation and phase noise spectra depends on the dominant
type of noise [Rub10, Ch. 1].
4.3.1.2

Phase-locked loop

Alternatively to the classic oscillator scheme detailed above, the PLL gets
frequency tracking by an auxiliary oscillator, whose frequency is controlled
by the resonator response. The basic schema is depicted in figure 4.8(a).
A voltage-controlled oscillator (VCO) excites the interface circuit where
the resonator is included (the block called F (Yp ) above). A phase detector
(PD) compares the signals coming from the resonator and the VCO and
produces an output proportional to the phase difference. This provides a
control signal that, with the help of a proportional integral (PI) controller,
drives the VCO.
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VCO

PD
PI

(a)

(b)

Resonator + PD

PI + VCO

Figure 4.8: (a) Schema representing resonance tracking based on PLL. The
block F (Yp ) represents a circuit in which the resonator is included. (b)
Block diagram of the system as a control loop for the oscillation frequency.

Figure 4.8(b) shows the block diagram for the oscillation frequency ωosc .
The Laplace transform for variables representing frequency is denoted by
the symbol Ω. In this domain, the resonator circuit F (Yp ) is regarded as
a block that converts the oscillation frequency into a phase shift φr . For
simplicity, its frequency-to-phase gain has been linearized as the slope of
the phase-frequency curve at resonance, equal to the inverse of ω L . The
PD, in addition to calculate φr , acts as an n-th order filter with cut-off
frequency ωc . The PI controller is defined by the proportional gain k p and
the integration time tc . Since the natural frequency can vary with changes
in the surrounding media, it is considered as the input, with minus sign
to be coherent with the definition 4.10. Phase perturbations, e.g. from
electronic noise, are taken into account through the input φ per . For this
system, the response of the oscillation frequency to changes in the natural
frequency is given by
Ωosc (s)
=
Ωn (s)

s+
ωL
k p ωcn s ( s

+ ωc

1
tc
)n

+s+

1
tc

.

(4.15)

At steady-state (s = 0), the response is 1, which means that the system
is able to track ωn in the long run. The stability and bandwidth depend
on the denominator, so that the design parameters of the PD filter and PI
determine the loop dynamics.
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Actuation port

Si

Detection port

AlN

A

Au

Figure 4.9: Measurement based on two ports, assumed symmetrical, for
a device fabricated following the Vienna process. The voltage source and
current meter are external elements; C0 is the inherent capacitance of the
actuation and detection ports; C f t is the crosstalk capacitance between the
two ports.

4.3.2

Implementation

As discussed in section 4.2.1, the introduction of a piezo-resonator into
an electronic circuit can be implemented either by a single or double
port scheme. In the former, the parasitic capacitance (C0 in figure 2.5),
appearing across the single port, adds a dielectric current to that generated
by the piezoelectric effect, limiting the performance of the device. Our
approach is based on the two-port scheme; one for actuation and the
other for detection. The detection port is connected to a current meter,
which behaves as a low impedance path to ground and hence C0 does not
produce dielectric current, in contrast to the one-port scheme. Nevertheless,
previous publications [Mul92; Qiu13] and the results below show that
a capacitive crosstalk across the actuation and detection top electrodes
appears, which is represented by the capacitance C f t in figure 4.9. Typically,
this undesired effect is not noticeable for in-air operation. Indeed, in
section 4.2, Q enhancement based on a two-port scheme was successfully
demonstrated without taking care of C f t . Nevertheless, when operating
under liquid immersion, this effect becomes relevant as the modal signal is
greatly reduced. Measurements presented in section 4.3.3.1 confirm that
C f t is critical for an oscillator to drive a piezoelectric MEMS in liquid.
In summary, switching from one port to two ports has the effect of
replacing C0 by C f t in the response. Impedance measurements show that,
for the devices tested in this work, C f t is typically three orders of magnitude
lower than C0 , therefore the use of a two-port configuration is justified.
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In section 4.2.2, a two-port scheme was used in which the current at the
detection port was measured by a current-to-voltage converter based on
operational amplifier. Since the aim of working in liquid imposes additional
limitations, a different approach is taken here, based on instrumentation
amplifier. For the vibrations measurement, a low shunt resistor Rsh is
connected to the electrodes of the detection port, replacing the current
meter in figure 4.9. The voltage drop at its terminals is a suitable signal to
determine the current generated, provided that Rsh is much lower than the
impedance due to C0 at the operation frequency. The capacitive crosstalk
aforementioned produces a feedthrough term in the current measured.
Being vres the voltage drop across the shunt resistor, its response is derived
as
Yp (s) + sC f t
Vres (s)

.
=
(4.16)

Vin (s)
1
C f t + C0 s +
Rsh (C f t +C0 )
As seen, a negative real pole appears in the response. If Rsh is chosen
low enough to locate the pole at least two decades above the operation
frequency, the pole effect can be neglected, obtaining
Vres (s)
= Yp (s) Rsh + sC f t Rsh
Vin (s)

for

ω

1
.
Rsh C f t + C0

(4.17)

It is worth mentioning that the approach of using a shunt resistor much
higher than the impedance due to C0 is also possible. This case corresponds
to a detection port modelled as a voltage instead of current source. Now the
pole present in equation 4.16 is pushed towards low frequencies, obtaining
Cft
Yp (s)
Vres (s)
+
=
Vin (s)
C f t + C0
s C f t + C0

for

ω

1
 . (4.18)
Rsh C f t + C0

The upper limit for Rsh is determined by the bias current necessary for
the amplifier used to measure the signal, introduced below. Although
this alternative was firstly explored, it was finally discarded, as the 1s
factor imposes a phase shift of 90° at ωn . This would make necessary
additional phase compensation in the oscillator loop to get 0°, increasing
the complexity of the circuit.
Back to expression 4.17, the first term corresponds to the piezoelectric
response, while the second term is the feedthrough mentioned above. As
the immersion in liquid media degrades the quality factor of the resonator
modes, the feedthrough term becomes significant, which may prevent vres
from presenting a phase shift of 0° relative to vin at ωn . This behaviour is
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Resonator

AD8428

Dummy

Figure 4.10: Interface circuit to measure the resonator response and cancel
the feedthrough term by subtracting the response of a dummy device.

confirmed by the measurements in section 4.3.3.1. In order to overcome
the limitation, a compensation strategy is necessary. The approach of
using a dummy device, being basically an unreleased copy of the stack
of layers forming the resonator, has already been reported [Lee09; Iva11].
The interface circuit designed is shown in figure 4.10. It is based on an
instrumentation amplifier (AD8428) to subtract the dummy response vdum
from vres . Since the materials and dimensions in the dummy and resonator
devices are nominally equal, they are expected to have identical electrical
behaviour with respect to their parasitic effects. Hence the dummy model
will be assumed the same as that of the resonator (see figure 4.9) when the
piezoelectric current source Yp vin , which represents the mechanical resonance, is disconnected. The dummy transfer function is then represented
by
Vdum (s)
= sC f t Rsh .
(4.19)
Vin (s)
The interface circuit response is then
Gic (s) =

Vres (s) − Vdum (s)
Vic (s)
= Gamp
= Gamp Rsh Yp (s),
Vin (s)
Vin (s)

(4.20)

where Gamp is the gain of the instrumentation amplifier, set by the external
resistor RG . It is worth noting that the resistors Rsh for the resonator and
the dummy must be equal to achieve a good compensation. In the actual
circuit, they are implemented by a single potentiometer with its middle
terminal grounded, which allows for a fine tuning.
4.3.2.2

Oscillator circuit

An oscillator circuit was designed and implemented (figure 4.11), to work
at the ωn of the aimed vibration mode. Assuming an ideal compensation
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AD8055

Interface
circuit

LT1468

AD8055

Figure 4.11: Complete oscillator circuit including the interface circuit (figure 4.10), gain stage, follower and AGC. The switch is used for measuring
in open or closed-loop configuration.

by the interface circuit described above, vic is free of feedthrough signal
and its phase, relative to vin , is 0° at ωn . To be precise, it should be noted
that this phase can be either 0° or 180° (see section 4.2.2). In the latter case,
the problem is solved by just inverting the polarity of either the actuation
port or the instrumentation amplifier input. After the interface circuit, a
variable-gain stage (AD8055, R1 , R2 and J1 ) introduces the gain necessary
to get an overall loop gain of 1 at ωn . At its output, a passive low-pass filter
(R3 and C1 ) introduces a pole at a frequency much higher than the working
one. This stage is convenient to introduce a phase shift at high frequencies
to prevent higher modes from oscillating. A follower stage (LT1468) is
introduced at the output in order to avoid loading problems and properly
drive the resonator when closing the loop. An automatic gain control (AGC)
is implemented to regulate the amplitude of the output signal vout . For
this, an envelope detector, formed by the diode D1 (BAT43) and a low-pass
filter (R4 and C2 ), estimates the amplitude of vout . This value is compared
to the control input v agc (DC) and the result is integrated by the second
AD8055, R5 and C3 . The resulting signal serves to control the variable-gain
stage through the gate terminal of J1 (Fairchild MMBFJ112). As a result,
when closing the switch, self-sustained oscillations are produced at any
frequency at which the Barkhausen condition is met. The output amplitude
automatically adjusts to a constant value close to v agc , independently of the
oscillation frequency and quality factor of the resonator. Power supply was
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set to ±5 V for all the measurements.

4.3.3

Characterization

A digital lock-in amplifier Zurich HF2LI was used for the open-loop characterization of the circuit. This instrument is able to perform frequency
sweeps by injecting a signal at vin and recording vout . By signal processing,
the gain and phase of vout versus vin are obtained. Regarding the oscillator
(closed-loop) performance, a frequency counter Agilent 53220A allowed
for the sampling of the oscillation frequency to characterize the frequency
stability of the generated signal. Also, a PLL was implemented with the
help of the Zurich HF2LI for comparison. For this purpose, the instrument
provides software-based voltage-controlled oscillator, proportional integral controller and phase detector blocks that enable to track the natural
frequency, as explained in section 4.3.1.2.
In order to test the circuit, a resonator fabricated following the Vienna
process was used. It consists of a 20 µm-thick 1000 µm × 750 µm rectangular
plate anchored at the minor axis, shown in figure 4.12(a). A preliminary
characterization of the resonator described was performed by impedance
measurements in liquid at room temperature. For this test, isopropanol
was chosen due to its low chemical activity, low conductivity and moderate
viscosity (2.01 mPa s at 25 ◦C). The modal shape chosen for the oscillator
implementation is shown in figure 4.12(c), measured by Doppler effect
vibrometry. It can be described as the out-of-plane second-order bending
mode of a free plate, with three nodal lines crossing the length direction.
As seen, the resonator anchors are located in the modal shape central
nodal line, trying to minimize the energy transferred to the substrate
(see section 2.7). A fitting procedure over the impedance data reveals a
quality factor of 64 at a frequency of 293.5 kHz. Although higher order
modes present better quality factors, e.g. the sixth-order bending mode
gives 138, this one was chosen on the basis of a reasonably good peak
amplitude (about 5 µS) and moderate natural frequency. A low frequency
is desirable for two reasons: first, it allows for a flexible design of the
electronic circuit; second, it reduces viscoelastic effects appearing in liquids
at high frequencies [Kun05b; Jak11].
4.3.3.1

Open-loop measurements

The open-loop circuit response, vout /vin , was first characterized around
the chosen vibration mode, with the resonator immersed in isopropanol,
at room temperature. For these measurements, components of the values listed in table 4.3 were used, and the gate terminal of the transistor
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Dummy

Port 1
(b)

Resonator

Port 2

(a)

(c)

Figure 4.12: (a) Top-view micrograph of the resonator. The visible middle
line is the gap between actuation and detection ports. (b) Package with
the wire-bonded die containing three resonators and its corresponding
dummy devices. The devices employed in the oscillator tests are marked.
In the picture, the package square cavity is full of isopropanol, being all
the die immersed and covered by a glass slide to avoid the evaporation of
the liquid. (c) Modal shape measured under liquid immersion by optical
vibrometry.

J1 was grounded. Figure 4.13(a) shows the response when the dummy
device is not used and the negative input of the AD8428 in figure 4.10
is grounded. As it can be seen, the off-resonance gain is higher than the
amplitude change produced by the resonance, far from the symmetric
peak predicted by equation 2.5. Also, a phase jump of only around 20° is
produced by the resonance and the 0° phase condition is not reached at
any frequency. This highly non ideal behaviour of the resonator is caused
by the feedthrough term superimposed to the resonant signal coming from
the crosstalk capacitance (see equation 4.17).
Table 4.3: Values of the components used for the oscillation characterization,
as depicted in figures 4.10 and 4.11.
2Rsh

RG

R1

R2

R3

C1

R4

C2

R5

C3

200 Ω

330 Ω

1.5 kΩ

56 Ω

150 Ω

100 pF

10 kΩ

10 nF

1 kΩ

100 nF

Connecting the dummy device to the negative input of the instrumenta-
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Figure 4.13: (a) Open-loop response of the complete circuit around the
aimed mode in isopropanol with no dummy compensation. (b) Response
of the system in the same conditions but using the dummy compensation.
Vertical lines mark the frequencies of 0° and maximum gain. A smaller
resonance is seen at a slightly lower frequency.

tion amplifier, as in figure 4.10, results in an effective compensation, leading
to the response shown in figure 4.13(b). In this case, a symmetrical peak is
obtained over a very low baseline. Thanks to the amplification stage, the
maximum gain is larger than 1 (with J1 gate grounded), being a necessary
condition to start the oscillation. A phase jump of around 160° is achieved,
lower than the ideal 180°, due to the influence of the smaller peak that appears 30 kHz below the main resonance. In addition, the analytical model
for the resonator predicts a phase of 0° at the natural frequency (maximum
of Yp ). However, the circuit response reaches around −28° at resonance
and the 0° frequency is slightly lower than ωn . This phase lag is produced
by the poles present in the response: the low-pass filter formed by R3 and
C1 ; the limited bandwidth of the AD8428 (3.5 MHz at full gain); and in
particular the one formed by Rsh and C0 + C f t (equation 4.16). Although
the values for the circuit components could be chosen in such a way that
a smaller phase shift is produced at the operation frequency, the need
for filtering higher resonant modes imposed the values summarized in
table 4.3, in order to prevent these from oscillating when closing the loop.
The drawbacks of this convenient electronic filtering might be avoided by
substituting it by spatial filtering, that is to say, a suitable tailoring of the
electrodes layout to attenuate the response of undesired vibration modes
(see section 2.4.2.2).
4.3.3.2

Closed-loop measurements

By setting the circuit in closed-loop (switch in figure 4.11), a sinusoidal
output wave is obtained with an amplitude close to 1 V, adjusted via
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the input v agc . As predicted by the open-loop response, the oscillation
frequency is slightly lower than ωn . According to Rubiola [Rub10, Ch. 4],
this phenomenon translates into an increase in the phase-noise present
in the oscillator, with a consequent decrease in the measured frequency
stability.
The frequency stability of the output signal was evaluated by recording
1000 frequency samples and computing the Allan deviation. As this magnitude depends on the gate time used to determine each frequency sample,
data series were recorded for 10 ms, 100 ms and 1 s (recording times: 10 s,
100 s and 1000 s, respectively). Theoretically, there exist a gate time that
minimizes the Allan deviation, strongly influenced by the dominant type of
noise [Rub10, Ch. 1]. The values obtained, absolute and normalized with
respect to the sample mean, are summarized in table 4.4. It can be seen that
a gate time of 100 ms offers the best stability. The minimum value obtained
(2.32 × 10−7 ) improves by one order of magnitude the value reported by
Seo and Brand [Seo08] with a resonator featuring a quality factor value of
around 100 in water (2.3 × 10−6 ). Considering oscillators based on MEMS
resonators in air, reported Allan deviations go from similar to ours, to two
orders of magnitude better: 4.81 × 10−7 by Pettine et al. [Pet13]; 1.2 × 10−8
by Seo and Brand [Seo08]; 6.67 × 10−8 by Park et al. [Par07]; 4.84 × 10−9 by
Rinaldi et al. [Rin10].
Table 4.4: Frequency stability measurements for the closed-loop complete
oscillator with the resonator immersed in isopropanol.
Gate time [ms]

Mean [kHz]

Allan dev. [mHz]

Allan dev. [normalized]

10
100
1000

292.26
292.23
292.29

236.66
67.75
96.73

8.1 × 10−7
2.32 × 10−7
3.31 × 10−7

4.3.3.3

PLL measurements

An instrumentation-based digital PLL was used to track the natural frequency of the mode depicted in figure 4.12(c), serving as a reference for the
oscillator characterization. For this purpose, the complete circuit shown
in figure 4.11 was connected to the output and input ports of the Zurich
HF2LI, while the gate terminal of J1 was grounded. The amplitude of the
excitation signal was set to 1 V for all the measurements. The parameters
of the control loop ωc , k p and tc , adjustable via software, were calculated
to obtain different bandwidths considering the response described by equation 4.15, while preserving the loop stability. The target phase, i.e. the
circuit phase shift that the PLL continuously tracks, was set to 0° in order to
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reproduce the same operating point as in the oscillator. The Allan deviation
at the circuit input was determined for various bandwidth values (table 4.5).
A set of 1000 frequency samples was collected for each case, with a gate
time of 100 ms. It is worth noting that the Allan deviation of the VCO
output with no phase-locking (at a fixed frequency) was determined to
be 6.17 × 10−10 . Since this value is much lower than that obtained for the
phase-locked system, its influence in the results is not significant.
Table 4.5: Frequency stability measurements for the PLL-controlled circuit
with the resonator immersed in isopropanol. Different PLL bandwidths are
used. The target phase is 0°.
Bandwidth [Hz]

Mean [kHz]

Allan dev. [mHz]

Allan dev. [normalized]

0.1
1
10
100

292.28
292.29
292.3
292.31

15.44
63.6
68.62
72.07

5.28 × 10−8
2.18 × 10−7
2.35 × 10−7
2.47 × 10−7

As expected, decreasing the bandwidth makes the system slower so
that the phase-noise is reduced. Since the gate time is set to 100 ms, the frequency counter behaves as a moving average filter with a cut-off frequency
close to 10 Hz. This behaviour is coherent with the Allan deviation values
obtained, that seem to saturate near that bandwidth. Since the Leeson’s
frequency is above 2 kHz for the considered resonance, the measured Allan
deviation for the oscillator will be limited by the counter filtering. This
means that, for a fair comparison, the PLL bandwidth must be fixed higher
than 10 Hz. The results in table 4.5 demonstrate that the performance of
the oscillator circuit achieved in this thesis is similar in terms of frequency
stability to that achievable by using a PLL-based frequency control.
Thanks to the digital nature of the implemented PLL, the target phase,
or the phase value the circuit is locked to, can be set arbitrarily. This way
the PLL can be adjusted to work at different points of the phase curve (see
figure 4.13(b)). As a complementary test, the stability achieved by the PLL
was evaluated for different target phase values. The bandwidth used was
10 Hz for 1000 frequency samples recorded at a gate time of 100 ms. The
results, plotted in figure 4.14, show that a minimum Allan deviation is
obtained when the target phase is around −30°, which is coherent with the
phase shift of −28° introduced by the circuit that the open-loop response
reveals. The loss of stability, for a phase of 0°, corresponds to an increase
in the Allan deviation from 1.5 × 10−7 to 2.1 × 10−7 , which gives an idea
of the degradation produced by the −28° phase shift in the oscillator
performance.
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Figure 4.14: Normalized Allan deviation obtained for the PLL-controlled
circuit with the resonator immersed in isopropanol versus the tracked
frequency. Each point corresponds to a different phase target, indicated by
labels.

Chapter 5

Application
We have to remember that what we observe
is not nature herself, but nature exposed to
our method of questioning.
Werner Heisenberg

Summary: The performance of the oscillator circuit described in
chapter 4 is evaluated in different liquids. After a double calibration,
the sensing of density and viscosity is demonstrated. The main figures
of merit are discussed.

5.1

Introduction

The monitoring of the physical properties of fluids is of great interest for
different industries, such as automotive, medical and food manufacturing [Ago05; Pax12; Cak13]. The resonant characteristics of a mechanical
resonator immersed in liquid provide valuable parameters for density and
viscosity sensing [Mar91; Jak11; Duf14]. In particular, the combination of
microresonators with electronic circuits, for tracking their natural frequency
and quality factor, presents several advantages with respect to traditional
methods: low cost, real-time analysis, low liquid volumes, etc. In this
chapter, this concept is proved, applying the knowledge about resonators
and driving circuits presented so far.
The nature of the vibration mode under consideration determines the
suitability of the resonator for the mentioned application. For instance,
the resonant magnitudes of conventional TSM quartz crystals depend on
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the product of the liquid density and viscosity, which makes it impossible to solve for them [Mar91]. This problem is inherent to any vibration mode in which the dominant fluid loading is produced by shear
forces on the resonator surface [Mat99], e.g. in-plane flexure-actuated of a
plate [Luc11], length-extensional of a beam [Cas10], or high-order contour
of a plate [Zun09]. The fundamental out-of-plane mode of a cantilever is a
widely used option to circumvent this limitation, as it presents independent
responses to density and viscosity [Ode96; You11]. However, viscous losses
may be higher than for in-plane modes, degrading dramatically the quality
factor and thus limiting the range of viscosities. It is well-established that
higher order out-of-plane modes present better quality factors at moderate
frequencies [Bas06; Wil07; Gha08]. In this chapter, the second-order out-ofplane mode of a piezoelectrically actuated microplate is used, looking for a
compromise between sensitivity and quality factor.
In addition to the natural frequency, the quality factor of a resonator
embedded in an oscillator loop can be evaluated. In [Cha96; Bor02], an
automatic gain control (AGC), that keeps the oscillation amplitude constant,
provides a signal proportional to the energy dissipated by the resonator.
The sensor proposed in this work involves two steps. First, the resonant
frequency and quality factor of the resonator are determined. For this
purpose, the oscillator described in section 4.3.2 was implemented with
discrete components. The second step consists in relating the resonant
magnitudes recorded to the target magnitudes, density and viscosity. Modelling the hydrodynamic loading as a function of these properties becomes
then necessary. The model of Sader [Sad98; Van07] is only accurate for
cantilevers of high aspect ratio. For more general structures, the geometrical parameters of generic expressions can be obtained empirically [Maa05;
McL06; Rie08; Duf14].
Here, a densi-visco-meter is demonstrated, based on an oscillator featuring a micro-plate resonator immersed in the liquid under test. The system is
implemented by discrete circuital components. Only two electrical signals
must be recorded, which can be accomplished by standard instrumentation,
or even by additional discrete components. After a calibration process, the
density and viscosity of eight test liquids could be compared to measurements with a commercial instrument, showing differences lower than 0.4%
in density and 8% in viscosity. The minimum detectable changes were also
evaluated, being 4.09 × 10−6 g cm−3 for the density and 2.07 × 10−3 mPa s
for the viscosity, both for a viscosity of 7.36 mPa s at 10 samples per second.
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(a)
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(b)

Figure 5.1: Realization of the oscillator circuit with SMD components in a
PCB. (a) Interface circuit module. (b) Oscillator module.

5.2

Experimental setup

The circuit described in section 4.3.2 was implemented by surface mounting
device (SMD) components on a PCB, to be tested in different liquids. The
nomenclature for components and signals introduced in section 4.3 is also
assumed in this chapter. For practical reasons, two separated modules were
fabricated: one for the interface circuit (see figure 4.10), and one for the
rest of the oscillator components (see figure 4.11), that serve to drive the
interface circuit into oscillation while controlling the amplitude. A picture
of both modules is found in figure 5.1.
Three different types of measurement were necessary for the sensor
calibration, explained further in the text, and characterization. First, openloop measurements of the interface circuit were realized in eight test liquids.
To do so, frequency sweeps are performed with the help of the digital lockin Zurich HF2LI, as described in section 4.3.3 and illustrated in figure 5.2(a).
This setup is used just for calibration, to extract the natural frequency ωn
and quality factor Q of the resonator in the different liquids. For that, the
recorded spectrum, e.g. the one in figure 4.13(b), is fitted.
To measure the oscillation frequency of the whole circuit in closed-loop,
the frequency counter Agilent 53220A was used. The time gate was fixed to
100 ms for all the measurements. The evaluation of the quality factor might
be accomplished by measuring the control signal of the AGC loop [Cha96;
Bor02]. In this case, this corresponds to the voltage at the gate terminal of J1
(see figure 4.11). Due to the non linearity of JFET transistors, another option
was preferred: measuring the input and output signals of the interface
circuit during oscillation. A similar procedure can be found in [Arn02;
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Zurich HF2LI
Intput 1

Interface
circuit
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Input 2

Agilent 53220A
Intput

Interface
circuit

Figure 5.2: Measurements schemes used for the sensor calibration and
characterization. (a) Open-loop measurement: the lock-in drives the interface circuit and records its response. (b) Closed-loop measurements: the
oscillation frequency and the gain of the interface circuit are measured
simultaneously. In this case, the circuit is self-driven and the lock-in just
records the amplitudes of vin and vic .

Aug95]. For this purpose, the lock-in is connected to the oscillating circuit as
shown in figure 5.2(b). Although instrumentation-based frequency counter
and lock-in are used in this work, their tasks are potentially realizable by
discrete components to obtain a compact system.
In addition to the characterization of the circuit, reference measurements
of density and viscosity had to be done for each liquid. A densimeter Anton
Paar DMA4100M, based on U-shaped tube, was used. The viscometer
module Lovis 2000ME, based on falling ball principle, enabled to measure
the viscosity simultaneously.

5.3

Resonator

As it was pointed out in section 4.3.3, a high resonant signal at a moderate
frequency is a requisite for the proper operation of the oscillator circuit. In
addition, modes dominated by out-of-plane displacement present responses
more adequate for sensing density and viscosity as separate variables. This
will be argued in section 5.4.2. Such considerations invite an analysis of the
resonance magnitude of out-of-plane modes of thin plates, to get insight
into the dependence on the plate dimensions. For simplicity, the analysis
will be limited for the length-direction bending modes of rectangular
plates. Under some assumptions, exact analytical solutions can be obtained
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(see section A.1.1). The eigenfrequencies, given by equation A.6, can be
expressed as a function of material properties and plate dimensions. For
a plate of thickness H and length L, formed by an isotropic material of
Young’s modulus E and density ρs ,
s
H
E
ωi = λ2i 2
(5.1)
L
ρs
is obtained, where λi = β i L are the solutions of the transcendental equation [Ble79, p. 108]. For the free-free boundary condition, like the resonator
tested in this chapter, this is
cos λi cosh λi = 1.

(5.2)

u xi ( x ) = cosh β i x + cos β i x − γi (sinh β i x + sin β i x ) ,

(5.3)

The eigenfunctions are

where
γi =

cosh λi − cos λi
sinh λi − sin λi

(5.4)

and the arbitrary constant Uxi in equation A.11 has been fixed to 1. Considering equation 1.26, this choice implies that the modal mass is equal to the
total mass of the resonator:
mi = ρs W HL.

(5.5)

Let us consider now a piezoelectric transducer on top of the structure,
formed by a piezoelectric layer of thickness H p between metal electrodes. If
H p  H, the mechanical behaviour is well approximated by the previous
equations. The modal electromechanical coefficients can be calculated by
the procedure followed in section 2.4.2, adapted for a single dimension:
αi = −

Ed31 HW
2

Z L 2
d u xi
0

dx2

dx.

(5.6)

Introducing the modal shapes (expression 5.3),
αi = Ed31
where

HW
λ i ϑi ,
L



ϑi = γi 1 − (−1)i .

(5.7)

(5.8)

It is worth noting that γi ≈ 1 [Ble79, p. 108]. ϑi becomes null for the
even modes, due to their antisymmetrical nature. This does not happen
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for an electrode covering only half the resonator surface. Resorting to
equation 2.11, the admittance of the i-th resonance is
s
E3 W
Y (jωi ) = ϑi2 d231
Q.
(5.9)
ρs L
Y (jωi ) is thus proportional to four factors: one dependent on the mode
order, one formed by the materials constants, the ratio width to length, and
the quality factor. A more complete model would be obtained by knowing
the dependence of the quality factor on the resonator geometry. Nevertheless, there is no closed-form expression. The model of Sader [Sad98; Van07]
predicts a proportionality of Q with W/L, saturating for high W. This
suggest that wide resonators are advantageous over narrow ones, in terms
of signal magnitude. However, Sader’s model is only valid for low W/L
ratios. Thus, simulations of the fluid-structure interaction are necessary to
determine the optimal geometry.

5.3.1

Preliminary resonator characterization

For proof of concept, a resonator identical to the one described in section 4.3.3 was employed as sensor. Its frequency spectrum in isopropanol
can be seen in figure 5.3, obtained electrically with the setup in figure 5.2(a).
No baseline is observed, as a result of the crosstalk cancellation with
dummy device (see sections 4.3.2.1 and 4.3.3.1). By Doppler effect vibrometry, the modal shapes were identified. Labels are assigned according to
Leissa’s nomenclature (see section 3.3.1). In addition, the quality factor of
each mode is in table 5.1, evaluated from the optical measurement. It is
worth mentioning that in-plane modes, e.g. the length-extensional, appear
at higher frequencies. Such modes are inconvenient for sensing density
and viscosity, as explained in section 5.4.2.
Table 5.1: Natural frequency ( f n ) and quality factor (Q) values of the modes
labelled in figure 5.3, obtained from optical data.
Mode

f n [kHz]

Q

Mode

f n [kHz]

Q

20
02
12
30
?
?

106.13
211.96
273.02
306.7
574.18
660.69

36
35
47
64
34
48

50
04
14
60
70

1082.25
1213.86
1263.95
1630
2325.09

56
86
94
77
127

Among the out-of-plane modes, there is a trade-off between low resonant frequency and high quality factor. Mode 70 exhibits a quality factor
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Figure 5.3: Characterization in isopropanol of the resonator used. The
gain spectrum was obtained with the interface circuit and lock-in, as in
figure 5.2(a). The modal shapes were identified through optical measurements. Labels are assigned according to Leissa’s nomenclature, where the
first number correspond to the number of nodal lines along the width
direction.

of 127. However, at 2.3 MHz, the amplifiers experiment phase shifts incompatible with proper operation. Low frequencies are also desirable to avoid
viscoelastic effects in the liquids [Kun05b; Jak11]. Mode 30 was chosen,
since its quality factor is reasonably high, and its performance with the
circuit was successfully tested in section 4.3. A picture of the modal shape
can be found in figure 4.12(c).

5.4

Calibration procedure

In this section, it will be shown how the density and the viscosity of the
liquid in which the resonator is immersed can be determined from two
output variables in the circuit: the oscillation frequency and the gain of the
interface circuit module. The procedure is carried out in two steps, each
involving a model with adjustable parameters. First, the circuit calibration,
by which the actual natural frequency and the quality factor are derived
from the above mentioned outputs. The second step is the resonator
calibration. Based on an approximation to the hydrodynamic loading, the
resonance properties are translated into density and viscosity of the liquid
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under test.

5.4.1

Circuit calibration

To explain the first model, let us consider the transfer function of the
interface circuit, given by equation 4.20. This expression is particularized
for harmonic excitation at the oscillation frequency by taking s = jωosc .
Resorting to expression 2.5 for Yp , the complex gain
Gosc = Gic (jωosc ) = Kic

ωosc ωn2 j
2 + ωosc ωn j
ωn2 − ωosc
Q

(5.10)

is obtained, with
Kic =

Gamp Rsh α2
.
k

(5.11)

The modulus Gosc can be measured directly (see figure 5.2(b)). This variable
and ωosc are the inputs of the model. The phase of Gosc , ϕosc , is in principle
unknown. Under ideal conditions, the oscillation occurs at the natural
frequency, which is equivalent to ϕosc = 0. The resonant parameters can be
obtained then as
ωn = ωosc ,
(5.12)
Q=

Gosc
.
ωn Kic

(5.13)

The constant Kic must be determined by calibration, i.e. measuring Gosc for
several Q values and fitting the results.
Nevertheless, in section 4.3.3.1, it was found that a phase shift of about
28° is produced by the electronics. This has to be compensated by the
resonator (ϕosc 6= 0), resulting in a small detuning (ωosc 6= ωn ). In such
case, the expressions for the resonant parameters are derived by taking the
amplitude and phase in equation 5.10:
fn = q

f osc
1 − 2πKic sin

Q=

f
ϕosc Gosc
osc

f osc f n tan ϕosc
.
2
f n2 − f osc

,

(5.14)

(5.15)

For consistency with the experiments, linear frequencies, f n and f osc , are
considered instead of angular ones, ωn and ωosc . The model given by
equations 5.14 and 5.15 allows for transforming the circuit outputs, f osc and
Gosc , into the mechanical magnitudes of the resonator, f n and Q, provided
both Kic and ϕosc are not affected by the loading conditions of the resonator.
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These two parameters can be calculated by fitting the experimental data
obtained for different liquids.
A set of eight liquids, of variable density ρ and viscosity η, was used
for the calibrations, as summarized in table 5.2. The silicone oil 47V3
from Rhodorsil was used pure and mixed with 47V100 (5% and 20%); also,
the viscosity standard D5 from Paragon Scientific, isopropanol, heptane
and two mixtures of them. Their ρ and η were measured at controlled
temperature with the commercial densimeter-viscometer mentioned above.
Table 5.2: Liquids used to test the system. The short names given are used
from now on. The density and viscosity values were measured at the given
temperature T.
Liquid

Short name

T [ ◦C]

ρ[g cm−3 ]

η [mPa s]

Silicone oils: 47V3 with 20% of 47V100
Viscosity standard D5
Silicone oils: 47V3 with 5% of 47V100
Silicone oil 47V3
Isopropanol
Viscosity standard D5 with 40% of heptane
Isopropanol and heptane at 50%
Heptane

V3-V100-20
D5
V3-V100-5
V3
Isop
D5-Hept-40
Isop-Hept-50
Hept

24.75
25.5
22.65
24.55
24.25
25.4
25
23.50

0.9021
0.8346
0.8884
0.8852
0.7815
0.7770
0.7271
0.6810

7.362
4.555
3.068
2.527
2.069
1.304
0.720
0.388

The resonance in each liquid was measured in open-loop configuration
as in figure 5.2(a). The values of f n and Q, listed in table 5.3, were obtained
from fitting to expressions 4.20 and 2.5. The response of the oscillator
was evaluated, as in figure 5.2(b), right after the corresponding open-loop
measurement in each liquid at room conditions. Although the temperature
was not controlled in the resonator, it was registered during the operation
of the oscillator. The temperature values obtained were then used for
the measurement of the density and viscosity of the corresponding liquid
(table 5.2), in order to set a reliable calibration. Taking into account the
component names given in section 4.3.2, R2 was removed (0 Ω) and R1 was
set to 680 Ω. For the two most viscous liquids, R1 had to be increased to
845 Ω (D5) and 1 kΩ (V3-V100-20), necessary to reach enough loop gain
to start the oscillation. For the rest of the components, see table 4.3. The
output amplitude was fixed to 1 V in all cases.
A set of 1000 samples for f osc were recorded with a gate time of 100 ms
(total measurement time of 100 s). Over the same period, Gosc values were
obtained by sampling vin and vic amplitudes at 7 samples per second. The
mean of f osc and Gosc data series are shown in table 5.3. The random uncertainty ε r of both records was also evaluated, as it will ultimately determine
the minimum change detectable by the sensor. The temperature indicated
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Table 5.3: Natural frequency and quality factor of the resonator in each liquid, determined in open-loop with the interface circuit. Output magnitudes
of the oscillator for the same conditions.
Oscillator outputs
f osc [kHz]

Resonator
Liquid
V3-V100-20
D5
V3-V100-5
V3
Isop
D5-Hept-40
Isop-Hept-50
Hept

f n [kHz]
290.410
299.466
292.730
293.662
306.295
307.149
314.137
321.469

Q
35.7
43.3
52.1
59.4
64.8
78.9
107.4
148.7

Gosc

Mean

ε r ( f osc )

Mean

ε r ( Gosc )

288.102
297.473
291.200
292.351
305.128
306.018
313.567
320.994

2.27 × 10−4

0.0322
0.0402
0.0473
0.0547
0.0620
0.0747
0.105
0.147

4.02 × 10−6
2.96 × 10−6
3.12 × 10−6
4.54 × 10−6
4.53 × 10−6
4.69 × 10−6
3.38 × 10−6
3.45 × 10−6

1.59 × 10−4
1.09 × 10−4
8.29 × 10−5
7.11 × 10−5
6.49 × 10−5
2.89 × 10−5
2.08 × 10−5

in table 5.2 was checked before and after the total measurement interval, to
confirm that it was constant within the resolution of the temperature sensor
(Betatherm 10K3A542I). Despite that, and due to the high sensitivity of
viscosity to temperature [Vis10], both f osc and Gosc series may present small
drifts. The classic sample standard deviation formula overestimates the
standard deviation when the sample exhibits drift. Therefore, this tool is not
convenient to estimate the random uncertainty of Gosc . As proposed by von
Neumann et al. [Neu41], the ‘mean square successive difference’ method
was used instead, bringing the values in table 5.3. The random uncertainty
of f osc was evaluated by the Allan deviation (equation 4.14), which is not
affected by slow drifts as it is also based on successive differences [Wal86].
A least-square procedure was used to fit the means of f osc and Gosc series
and the open-loop measured f n and Q to the model given by equations 5.14
and 5.15. The best values for the model constants are
Kic = 5.6404 × 10−10 s
ϕosc = 29.31°.

(5.16)

The angle ϕosc found is consistent with that expected from section 4.3.3.1.
For these two fitting parameters, table 5.4 shows the values of f n and Q,
calculated from the corresponding oscillator outputs. The accuracy of the
model is evaluated by the systematic error ε s , obtained by subtraction
from the open-loop measured values of table 5.3. As it can be seen, the
accuracy of the system is within an interval of 0.1% for f n and 2% for Q.
Furthermore, the random uncertainty of f osc and Gosc can be translated into
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random uncertainty of f n and Q by considering the propagations
s
2 
2
∂ fn
∂ fn
εr ( fn ) =
ε r ( f osc ) +
ε r ( Gosc ) ,
∂ f osc
∂Gosc
s
ε r ( Q) =

∂Q
ε r ( f osc )
∂ f osc

2



+

∂Q
ε r ( Gosc )
∂Gosc

(5.17)

2
.

(5.18)

The partial derivatives can be calculated from equations 5.14 and 5.15. The
random uncertainties obtained, in table 5.4, are below 0.5 Hz for f n and
0.01 for Q.
Table 5.4: Values of f n and Q deduced from the oscillator outputs. Systematic errors (ε s ) respect to the reference values of table 5.3 and random
uncertainty (ε r ) deduced by propagation from f osc and Gosc .
Liquid

f n [kHz]

ε s ( f n )[kHz]

ε r ( f n )[kHz]

Q

ε s ( Q)

ε r ( Q)

V3-V100-20
D5
V3-V100-5
V3
Isop
D5-Hept-40
Isop-Hept-50
Hept

290.4
299.4
292.8
293.7
306.4
307.1
314.4
321.6

−6.38 × 10−2
3.84 × 10−2
5.23 × 10−2
1.43 × 10−1
−3.79 × 10−2
2.49 × 10−1
1.35 × 10−1
−6.38 × 10−2

3.67 × 10−4
2.16 × 10−4
1.52 × 10−4
1.41 × 10−4
1.20 × 10−4
9.50 × 10−5
3.93 × 10−5
2.53 × 10−5

36
43
52
60
66
79
108
148

2.05 × 10−1
9.64 × 10−2
8.44 × 10−2
9.02 × 10−1
6.58 × 10−1
−1.37 × 10−1
2.75 × 10−1
−8.94 × 10−1

4.51 × 10−3
3.22 × 10−3
3.48 × 10−3
5.03 × 10−3
4.80 × 10−3
4.96 × 10−3
3.49 × 10−3
3.48 × 10−3

5.4.2

Resonator calibration

As introduced before, a second step is required to derive the physical
properties of the liquid, ρ and η, from the resonator properties, f n and
Q. Van Eysden and Sader [Van07] proposed a model, without fitting
parameters, to predict the response of flexural modes of arbitrary order
in thin and long beams. It was applied to our device, considering the
measured ρ and η of our test liquids. The values of f n and Q found, plotted
in figure 5.4, follow a trend similar to that of the experimental values.
Nevertheless errors are unacceptable: around 17% in f n and 75% in Q.
This lack of accuracy might be associated with the model assumptions, in
particular the large length-width aspect ratio, not fulfilled by our structure.
As an alternative approach, a model of adjustable parameters was
considered. For this, a functional form of the hydrodynamic force based on
an oscillating sphere is taken [Blo92; Shi01]. As reported in [Duf14; McL06;
Rie08], arbitrary parameters are used as the resonator geometry-dependent
constants of the model. Expressions 1.76 and 1.77 relate f n and Q to the
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Figure 5.4: Plot of the (a) natural frequency and (b) quality factor values
obtained experimentally for the eight test liquids, with the model of Sader
and by fitting to a sphere-like response.

distributed damping associated with the liquid g1 and the distributed
equivalent added mass g2 , both per unit length.
The sphere model imposes that g1 and g2 are frequency-dependent
functions of ρ and η, constant along the length, of the form
g1 ( f n ) = a 1

p √
f n ρη + a2 η,

a4 √
g2 ( f n ) = a 3 ρ + p
ρη.
fn

(5.19)
(5.20)

These equations, together with 1.76 and 1.77, describe a system implicit in
f n that can be solved iteratively. The f n and Q values deduced from the
oscillator response and the known ρ and η of the test liquids were fitted to
this model by least-square optimization. For the fitting, it was necessary to
measure the natural frequency in vacuum by impedance analysis, giving
540.85 kHz. The optimal values for the constants are
a1 = 1.085 × 10−2 m
a2 = −3.959 × 102
a3 = 1.03 × 10−7 m2

(5.21)

a4 = 7.678 × 10−4 m.
The fitting results are plotted in figure 5.4. It is worth noting that values
different from zero in a2 and a3 enable to solve ρ and η. This contrasts with
the case of a surface experimenting a pure in-plane vibration, introduced in
section 1.1.4. Its g1 and g2 are obtained by introducing the gamma function
given by expression 1.81 in equations 1.79 and 1.80. Taking into account
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the definition of the constants given by equations 5.19 and 5.20, the values
a1 =

√
πW

a2 = 0
(5.22)

a3 = 0
W
a4 = √
2 π

are obtained, where W is the surface width. Thus, it is concluded that, for
pure shear interaction between resonator and liquid, the response is propor√
tional to ρη. For in-plane vibrations of plates, e.g. the length-extensional
resonator in section 3.6, lateral surfaces suffer normal forces [Duf14]. Depending on the dimensions, whether these forces are comparable to shear
forces will determine the possibility of reliably solving ρ and η.

5.5

Results

With the six fitting parameters in 5.16 and 5.21, the complete calibration
of the resonator and oscillator as density-viscosity sensor is attained. By
inverting the system formed by equations 1.76, 1.77, 5.19 and 5.20, using
the values in 5.21, the density and viscosity can be calculated from the
resonator magnitudes in each liquid as reported in [You11]. The results are
listed in table 5.5. The systematic errors with respect to the measurements
in the commercial densimeter-viscometer are also indicated and a graphical
comparison is found in figure 5.5.
Table 5.5: Values of ρ and η deduced from the oscillator measurements.
Systematic errors respect to the values from the densimeter-viscometer.
Liquid
V3-V100-20
D5
V3-V100-5
V3
Isop
D5-Hept-40
Isop-Hept-50
Hept

ρ[g cm−3 ]
0.905
0.832
0.890
0.883
0.782
0.778
0.727
0.680

ε s (ρ)[g cm−3 ]
2.68 × 10−3

−2.72 × 10−3
1.32 × 10−3
−1.97 × 10−3
2.80 × 10−4
1.18 × 10−3
2.02 × 10−4
−1.31 × 10−3

η [mPa s]

ε s (η )[mPa s]

7.3
4.8
3.2
2.3
2.0
1.3
0.7
0.4

−9.15 × 10−2
2.07 × 10−1
1.10 × 10−1
−1.93 × 10−1
−1.12 × 10−1
2.24 × 10−2
−2.87 × 10−2
−2.80 × 10−2

By differentiating the inverse equations from [You11], the sensitivities
of the resonant parameters to the liquid magnitudes can be calculated.
With them, the random uncertainties in the determination of density and
viscosity are obtained. For that, the random uncertainties of f n and Q have
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Figure 5.5: Plot of the density and viscosity values obtained from the MEMS
sensor and commercial instrument, for the eight test liquids.

to be translated into the liquid magnitudes by uncertainty propagation:
s
2 
2
∂ρ
∂ρ
ε r (ρ) =
εr ( fn ) +
ε r ( Q) ,
(5.23)
∂ fn
∂Q
s
ε r (η ) =

∂η
εr ( fn )
∂ fn

2



+

∂η
ε r ( Q)
∂Q

2
.

(5.24)

The sensitivities and random uncertainties derived from them are listed in
table 5.6.
In view of the results, the accuracy of the sensor, given by ε s , is
within 0.4% for density and 8% for viscosity for the working range from
0.680 g cm−3 to 0.905 g cm−3 and from 0.4 mPa s to 7.3 mPa s. As a reference,
the instrument used for calibration (Anton Paar DMA4100M with module
Lovis 2000ME) reaches accuracies of 0.03% for density (from 0 g cm−3 to
3 g cm−3 ), and 0.5% for viscosity (from 0.3 mPa s to 105 mPa s). Considering MEMS solutions, Cakmak et al. [Cak13] reported an accuracy of
6% for viscosity (from 0.86 mPa s to 3.02 mPa s), using a microresonator
with magnetic/optical interface. A commercial portable device from Argo
Hytos [Arg14] specifies 5% for viscosity (from 8 mm2 s−1 to 400 mm2 s−1 ).
The accuracy of the system presented here depends on the calibration pro-

∂ρ
[g cm−3 ]
∂Q
5.54 × 10−4
3.43 × 10−4
2.38 × 10−4
1.74 × 10−4
1.35 × 10−4
9.10 × 10−5
4.53 × 10−5
2.25 × 10−5

∂ρ
[g s cm−3 ]
∂ fn

−8.81 × 10−6
−8.06 × 10−6
−8.63 × 10−6
−8.56 × 10−6
−7.54 × 10−6
−7.50 × 10−6
−7.01 × 10−6
−6.55 × 10−6

Liquid

V3-V100-20
D5
V3-V100-5
V3
Isop
D5-Hept-40
Isop-Hept-50
Hept

6.07 × 10−7
1.12 × 10−6
−3.99 × 10−7
−3.94 × 10−7
4.31 × 10−7
2.19 × 10−7
2.13 × 10−7
1.72 × 10−7

∂η
[mPa s2 ]
∂ fn

−4.59 × 10−1
−2.43 × 10−1
−1.32 × 10−1
−8.27 × 10−2
−6.36 × 10−2
−3.55 × 10−2
−1.33 × 10−2
−5.00 × 10−3

∂η
[mPa s]
∂Q

4.09 × 10−6
2.06 × 10−6
1.55 × 10−6
1.49 × 10−6
1.11 × 10−6
8.43 × 10−7
3.18 × 10−7
1.83 × 10−7

ε r (ρ)[g cm−3 ]

Table 5.6: Sensitivities of ρ and η to f n and Q. Random uncertainties deduced for ρ and η.

2.07 × 10−3
7.81 × 10−4
4.57 × 10−4
4.16 × 10−4
3.05 × 10−4
1.76 × 10−4
4.65 × 10−5
1.74 × 10−5

ε r (η )[mPa s]

5.5. Results
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cedure and the model considered. Therefore it may be improved by a more
complex approximation to the fluid-structure interaction. Also, a more
reliable control of the temperature during sensor operation might lead to
better calibration coefficients, thereby reducing the systematic uncertainty.
On the other hand, the precision, given by the random dispersion of the outputs ε r , was demonstrated below 4.09 × 10−6 g cm−3 and 2.07 × 10−3 mPa s
for a rate of 10 samples per second. This characteristic defines the ultimate detection limit of the sensor, and constitutes a true performance
threshold not improvable by further calibration. It might be delicate to
compare different approaches in terms of precision, as some sources of
random uncertainty depend on the sampling frequency. The benchtop
instrument mentioned, which does not work on-line and needs considerable time for sampling, specifies a repeatability of 2 × 10−4 g cm−3 for
density and 3 × 10−4 mPa s for viscosity. Regarding on-line solutions based
on resonators, a minimum detectable change of 4 × 10−2 mPa s is reported
in [Cak13], while the commercial sensor mentioned [Arg14] specifies a
resolution of 8 × 10−2 mPa s.

Chapter 6

Conclusions
There are no small problems. Problems that
appear small are large problems that are not
understood.
Santiago Ramón y Cajal

This doctoral thesis has dealt with sensing the density and viscosity
of liquids through an immersed micro-resonator. Specifically, the use of
piezoelectric interfacing has been demonstrated as a good alternative to
obtain a compact sensor. Aiming a rather broad analysis of the topic, several
aspects have been addressed; from the basic design of the micro-structures,
to the implementation of driving circuits.
In a first step, basic structures were fabricated and their mechanical
and electrical resonances were characterized. Resonant frequencies and
modal shapes of cantilevers and bridges, up to 7 MHz, were measured
and compared favourably with the predictions of FEM simulations. Four
different methods for determining the quality factor were considered in
air. Their results were compared with each other, demonstrating the consistency between the electrical response of the piezoelectric interface and
the mechanical motion of the structures. From the values obtained for the
quality factor, modes with torsional symmetry stand out. Moreover, the
quality factor was measured in water by laser vibrometry for various bending modes. Its evolution with the mode order is in qualitative agreement
with calculations reported in the literature.
A novel design procedure to optimize the response of piezoelectric
transducers, for actuating flexible plates, was applied. Tailoring the electrode layout, the resonant displacement of a given mode can be maximized.
If desired, strong attenuation of other undesired modes can be obtained
simultaneously. Cantilevers and bridges were designed and fabricated
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following this technique, and their modal response was characterized by
laser vibrometry. Although the model predicts total filtering characteristics,
real devices do not show ideal performance. This difference can mainly
be attributed to minimum spacing between electrodes required by design
rules and additional metal lines providing contact to disjoint areas. The
experiments show that, compared to a full-size electrode, the optimum
designs can increase the displacement ratio between two resonances by
42 dB.
Resonators for in-plane vibration were designed from two different
approaches: contour-based and flexure-actuated modes of plates. The
relevant figures of merit were identified, measured and compared for a
variety of structures in air and liquid. It was pointed out that two different
properties determine the conductance at resonance. On one hand, the
quality factor, that depends on the stored energy and energy losses, and
is mainly determined by the surrounding media when the resonator is
immersed in liquid. It was found that, under liquid immersion, contour
modes present higher values than flexure-actuated plates. By comparing
the quality factor under full and partial immersion of a pair of coupled
plates, it was concluded that the losses produced at the lateral faces are
important, for the 20 µm-thick devices analyzed. A remarkable quality
factor of 70 under full water immersion was found for this resonator.
Besides, measurements on diagonal-shear resonators revealed a negligible
effect of the anchors in the quality factor in liquid. Finally, an increasing
quality factor with the diameter was found for dilation-type micro-disks in
isopropanol. On the other hand, the piezo-elastic behaviour of the resonator
limits the motional resistance, independently of the surrounding media.
This value was found to be much higher for the dilation-type modes of
disks than for the other contour modes, and a growing tendency with the
diameter was also demonstrated for this parameter. The flexure-actuated
plates result much less efficient in these terms, being comparable to the
rest of the contour-mode resonators analyzed. In spite of achieving lower
values of the electromechanical coefficient, the low elastic constant of the
flexure-actuated plates, makes them more appropriate when dealing with
the design of actuators, aiming at the maximization of the displacement
obtained by the structure. This Q-independent actuation efficiency is
characterized by the ratio of the electromechanical coefficient to the elastic
constant. The higher value, 272 pm V−1 , was obtained for the less rigid
flexure-actuated plate. Regarding the contour mode-based devices, they
present actuation efficiencies one order of magnitude lower, in the case of
the microdisks, and two orders for the rest.
The damping in liquid media of rectangular plates undergoing length-
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extensional deformation was deeply analyzed. Various devices were designed, fabricated, simulated, and characterized in various liquids. By
comparing the calculated and measured evolution of the quality factor
with the device length, the importance of an accurate modelling of the
fluid-structure interaction was demonstrated. In particular, accounting for
the edge and the thickness effects along the length direction, was found to
be crucial. The suitability of these resonators to work in liquid media was
proved even for total immersion in high viscous liquids up to 51 mPa s.
The control of the quality factor of AlN-based micro-resonators, by
the implementation of an all-electrical velocity feedback loop, was demonstrated. The current generated by the direct piezoelectric effect, being
proportional to the velocity of the component under investigation, had to
be separated from the dielectric component. A first approach, for one-port
devices, uses a a capacitance cancellation stage for that goal. In a second
approach, the piezoelectric current is isolated by a two-port configuration.
The symmetry of the considered mode must be taken into account, in
order to provide a proper positive feedback. The maximum values for the
effective quality factor are limited only by the stability of the system. An
amplification factor as high as 200 was achieved, relative to the quality
factor of the same device in air without feedback. Based on this promising
result, it seems reasonable to assume that a substantial enhancement of the
performance of micro-resonators even in liquid media can be demonstrated
in the future.
As final step, an oscillator circuit to track the natural frequency of
a piezoelectric MEMS resonator immersed in liquid was implemented.
The importance of an accurate strategy to cancel the parasitic effects was
evidenced. The approach followed, based on separated actuation and
detection ports and the use of a dummy device, resulted successful in the
achievement of a resonant response compatible with the requirements of an
oscillator loop. The Allan deviation obtained in isopropanol (2.32 × 10−7 )
improves by one order of magnitude the previous reported value for an
in-liquid MEMS-based oscillator. An instrumentation-based phase-locked
control system for the natural frequency of the same resonator provided a
comparable result.
The oscillator built, featuring a micro-plate vibrating in out-of-plane
fashion, was successfully used as density-viscosity sensor. The system
was able to determine both variables simultaneously in the range from
0.680 g cm−3 to 0.905 g cm−3 and from 0.4 mPa s to 7.3 mPa s, with acceptable error with respect to the values measured with commercial instrumentation. The best resolutions attained, for the testing range mentioned
and 10 samples per second, were 1.83 × 10−7 g cm−3 and 1.74 × 10−5 mPa s,
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while the upper limits were 4.09 × 10−6 g cm−3 and 2.07 × 10−3 mPa s.

6.1

Outline

The results reported in this thesis demonstrate that piezoelectrically excited
MEMS resonators, carefully combined with a well-balanced electronic
interface, promise to be a good alternative for liquid monitoring purposes,
especially when a compact design of the sensing unit is requested. The
models used were found adequate to calibrate the response of the set
circuit-resonator with reasonable accuracy. Only modal shapes with a
relevant out-of-plane component allow for the determination of density
and viscosity as separate variables, from the resonant frequency and quality
factor.
In the system proposed, the target variables are determined from the
relevant output signals of the circuit: osciallation frequency and gain of the
intermediate stage. The resolutions, in the measurement of the density and
the viscosity, are determined by two factors:




The higher the sensitivity of the resonant magnitudes to the target
variables, the better the resolution. The sensitivities reported in
table 5.6 show a benefit from the increase of both the quality factor
and natural frequency. The influence of the resonator dimensions is
an interesting line for future work.
The resolution in the electrical measurements determines the final
resolution in density and viscosity. For the stability of the oscillation
frequency, the relevant figure of merit is the quality factor. For out-ofplane modes, state-of-the-art models predict a benefit when increasing
the natural frequency. A trade-off arises, since the oscillator circuit
design imposes limits to the working frequency. On the other hand,
the resolution in determining the amplitude of the resonance peak
improves with this variable itself. Modelling out-of-plane bending
modes, the magnitude of this peak was found to be proportional to
the width to length aspect ratio, and to the quality factor, which also
depends on length, widht and thickness.

All in all, a better understanding of the fluid-structure interaction is
necessary to optimize the sensor presented here. Modelling the influence
of the resonator geometry on both the sensitivities and the quality factor
may lead the sensor to better performance, especially from the point of
view of the resolution.

Appendices

141

Appendix A

Continuous vibration
problems
In section 1.1.2, the vibrations of continuous systems were described by
means of a particular example system: a clamped-free beam subject to longitudinal deformations. In this appendix, some problems that fit the same
theoretical background, and are interesting for the present dissertation, are
gathered.

A.1

Unidimensional problems

As found in [Gat02, Ch. 8], a generic form to enunciate the spatial equation
of unidimensional problems is
"

p

dj
∑ dx j
j =0



dj
gj (x) j
dx

#

"

q

dj
ux (x) = λ ∑ j
j=0 dx



dj
h j (x) j
dx

#
u x ( x ),

(A.1)

where u x ( x ) is the spatial function to be found, x is the spatial variable,
g j ( x ) and h j ( x ) are arbitrary continuous functions with continuous derivatives up to the order p and q, respectively, and λ is the separation constant
introduced in section 1.1.2. The differential operators (bracketed) in left and
right terms are called respectively stiffness and mass operators by analogy
with MDOF systems, whose equation is
Ku = λMu,

(A.2)

with K and M being matrices and u being the vector of displacements,
counterpart of u x ( x ) in continuous systems.
In addition to the governing equation, a continuous problem is duly
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defined by its boundary conditions. These can be expressed generically as
"
 
#
2p−1 
dj
dj
u x ( x ) = 0,
(A.3)
+ bij j
∑ aij dx j
dx x= L
x =0
j =0
with i = 0 − 2p and aij , bij arbitrary constants.

A.1.1

Transverse vibration of beams

The first example is a beam subject to transverse flexural vibration. The
simplest model for this is found in the Euler-Bernoulli theory of beams,
which relies in the following assumptions:






The beam is slender, i.e. its width and thickness are much less than
its length, along direction x
Plain cross-sections of the undeformed beam remain plain and perpendicular to the neutral axis under deformantion
No axial loads are applied.

Provided these conditions, the spatial part of the solutions satisfy the
equation [Gat02, Ch. 8]
d4 u x
EI 4 = λµu x ,
(A.4)
dx
where x is the spatial coordinate along the longest dimension L, u x is the
x-transversal beam displacement from equilibrum, E is the elastic modulus
in x, I is the inertial moment of the cross-section area and µ is the beam
mass per unit length. Uniformity is supposed so that E, I and µ are
constant along x. The solutions for different boundary conditions are
written below [Ble79, Ch. 8].
A.1.1.1

Clamped-free configuration

A beam clamped by one of its ends is commonly known as cantilever. The
boundary conditions for length L are
u x (0) = 0
d2 u x
dx2

=0
x= L

du x
dx

x =0

d3 u x
dx3

x= L

=0
(A.5)

= 0.

The natural frequencies, obtained solving equation A.4 as ωi =
the form
s
EI
2
ωi = ( β i L )
,
µL4

√

λi , have
(A.6)
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with β i L = 1.875, 4.694, 7.855, 10.996 . . . calculable numerically. The corresponding eigenfunctions are

u xi ( x ) = Uxi cosh β i x − cos β i x

(cosh β i L + cos β i L) (sinh β i x − sin β i x )
−
sinh β i L + sin β i L


, (A.7)

where Uxi are arbitrary constants.
A.1.1.2

Clamped-clamped configuration

Now we consider a beam of the same characteristics but clamped on both
sides, commonly known as bridge. This configuration translates into the
boundary conditions
u x (0) = 0
u x ( L) = 0

du x
dx
du x
dx

=0
x =0

(A.8)

= 0.
x= L

The natural frequencies obtained have the same form of equation A.6, with
β i L = 4.730, 7.853, 10.996, 14.137 . . . . Now the eigenfunctions are

u xi ( x ) = Uxi cosh β i x − cos β i x

(cosh β i L − cos β i L) (sinh β i x − sin β i x )
−
sinh β i L − sin β i L
A.1.1.3


. (A.9)

Free-free configuration

A totally free condition of a beam results in the boundary conditions
du2x
dx2
du2x
dx2

x =0

du3x
dx3

x =0

x= L

du3x
dx3

x= L

=0
=0

=0
(A.10)

= 0.

Newly the natural frequencies are given by equation A.6, in this case with
β i L = 4.73, 7.853, 10.996, 14.137 . . . . Now the eigenfunctions are

u xi ( x ) = Uxi cosh β i x + cos β i x

(cosh β i L − cos β i L) (sinh β i x + sin β i x )
−
sinh β i L − sin β i L


. (A.11)
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Longitudinal vibration of beams

We assume again a beam with constant characteristics along its longest
dimension L. The longitudinal vibrations, arising from stretching and
contracting the beam along x, are governed by the spatial equation [Gat02,
Ch. 8]
d2 u x
(A.12)
E 2 = −λρu x ,
dx
where x is the spatial coordinate along the beam length L, u x is the longitudinal displacement from equilibrum, E is the elastic modulus in x and ρ
is the beam mass density in volume. The solutions for different boundary
conditions are written below [Ble79, Ch. 8].
A.1.2.1

Clamped-free configuration

Boundary conditions:
u x (0) = 0
du x
dx

(A.13)

= 0.
x= L

Natural frequencies:

(2i − 1) π
ωi =
2L

s

E
,
ρ

(A.14)

Eigenfunctions:
u xi ( x ) = Uxi sin
A.1.2.2

π (2i − 1) x
.
2L

(A.15)

Clamped-clamped configuration

Boundary conditions:
u x (0) = 0

(A.16)

u x ( L) = 0.
Natural frequencies:
iπ
ωi =
L

s

E
,
ρ

(A.17)

Eigenfunctions:
u xi ( x ) = Uxi sin

iπx
.
L

(A.18)

A.2. Bidimensional problems
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Free-free configuration

Boundary conditions:
du x
dx
du x
dx

=0
x =0

(A.19)

= 0.
x= L

Natural frequencies:
iπ
ωi =
L

s

E
,
ρ

(A.20)

Eigenfunctions:
u xi ( x ) = Uxi cos

A.1.3

iπx
.
L

(A.21)

Torsional vibration of beams

We assume again a beam with constant characteristics along its longest
dimension L. The torsional vibrations, or rotations about the middle axis
along x, are governed by the spatial equation [Gat02, Ch. 8]
k t d2 u x
= −λρu x ,
J dx2

(A.22)

where x is the spatial coordinate along the beam length L, u x is the angular
displacement from equilibrum, k t is the torsional rigidity, J is the polar
moment of inertia and ρ is the beam mass density in volume. The constants
k t and J depend on the cross-section of the beam; some examples of
calculation can be found in [Ble79, Ch. 8] and [Ble79, Ch. 5], respectively.
Since equations A.12 and A.22 are equal in form, the natural frequencies
and eigenfunctions for torsional and longitudinal vibrations of beams are
the same, just making the substitution
E↔

kt
.
J

A.2

Bidimensional problems

A.2.1

Transverse vibrations of plates

(A.23)

The transverse vibration of continuous plates when considering two dimensions is, in general, a difficult matter due to the complexity of the stresses
generated when a plate is bent. For a detailed and systematic analysis of
the subject, see [Lei69]. The problem can be simplified by the following
assumptions:
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Only transverse displacement is considered.
The plate is thin, i.e. the thickness h is much smaller than the length
L and width W.
Plain stress, i.e. the stress in the transverse direction σz is zero.
Surfaces normal to the mid-surface of the undeformed plate remain
straight, normal to the mid-surface and unstretched in length, during
deformation. This is called the Kirchhoff hypothesis and has the
consequence that, for plates homogeneous through its thickness, the
mid-surface does not suffer in-plane stresses during deformation.
Plain cross-sections remain plain under bending.
Small deflections, typically one-fith of the thickness is considered as
the limit.

Under these restrictions, the spatial function of the transverse displacement
u xy ( x, y), for a rectangular plate with 0 ≤ x ≤ L and 0 ≤ y ≤ W, satisfies
the equation
kb 4
∇ u xy = λu xy ,
(A.24)
γ
where γ is the plate mass density per unit area,

∇4 =

∂4
∂4
∂4
+
+
2
∂x2 ∂y2
∂x4
∂y4

(A.25)

is called the biharmonic operator, and
kb =

Eh3
12(1 − ν2 )

(A.26)

is the plate bending stiffness. E is the elastic modulus of the material and
ν the Poisson’s ratio, both considered constant. As in the unidimensional
case, infinite eigenfunctions that satisfy A.24 with their corresponding
eigenvalues. In order to extend all the development in section 1.1.2, the
inner product is defined as

h g1 | g2 i =

Z WZ L
0

0

g1 ( x, y) g2 ( x, y) dx dy.

The natural frequencies are obtained in the form
s
βi kb
ωi = 2
.
L
γ

(A.27)

(A.28)
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The coefficients β i depend on the boundary conditions and the ratio L/W.
A collection of values for different situations can be found in [Ble79, Ch.
11], along with a discussion on the eigenfunctions. There does not exist
a general closed-form solution to express them, although they can be
approximated by a series of beam modes in directions x and y, parallel to
the boundaries.

A.2.2

Contour-extensional vibrations of plates

Another popular family of vibration modes of plates is that involving
planar displacements in a contour-extensional manner. In this case, the
displacement is a vector of two components, in x and y, that in turn depend
on both coordinates. The differential equation for the displacement of any
interior point of the plate is

cijkl uk,l ,i = −ρλui ,
(A.29)
where the Einstein convention is applied with the subscripts varying only
over 1 and 2, and the comma denotes differentiation. c is the stiffness
tensor (see equation 1.40) and ρ the plate mass density per volume unit. In
general, this equation cannot be solved exactly, except for the special case
of the Lamé modes. A detailed discussion on the different subfamilies of
modes appearing in free rectangular plates can be found in [Hol68], along
with calculated values for the natural frequencies by approximate methods
for various values of the plate aspect ratio.

Appendix B

Tensors: transformation of axes
As mentioned in chapter 1, the values of the components forming a tensor
depend on the reference system used, even though the tensor may represent an invariant property of a material. For this reason, the magnitude
represented is not fully defined by the tensor components, but the set of
axes chosen must be also specified. A transformation of axes is understood,
in this context, as the change of one set of mutually perpendicular axes to
another set with the same origin. Figure B.1 illustrates the change from
the reference system formed by the axes x1 , x2 and x3 to a new arbitrary
reference system, whose axes are termed as x10 , x20 and x30 . By virtue of the
Euler’s rotation theorem, any transformation like this is fully defined by
a rotation about a specific axis. In figure B.1, the new system is obtained
by a rotation θ about the direction defined by the vector ŵ. Alternatively,
the direction of the x30 axis can be specified by the angles with respect to
x1 , x2 and x3 ; indicated in figure B.1 as φ31 , φ32 and φ33 , respectively. The
cosines of these angles are the so called direction cosines of the axis. The
same is applicable to the axes x10 and x20 , obtaining 9 components that can
be arranged in a matrix:


 

a11 a12 a13
cos φ11 cos φ12 cos φ13
a =  a21 a22 a23  = cos φ21 cos φ22 cos φ23  .
a31 a32 a33
cos φ31 cos φ32 cos φ33

(B.1)

This matrix allows for a direct transformation of the components of a vector.
For a vector p̄, whose coordinates in the system x1 , x2 , x3 are p1 p2 , p3 ,
the coordinate p10 of the new reference system is obtained by summing the
projections of the old coordinates on the new axis x10 , obtained multiplying
by the direction cosines:
p10 = p1 cos φ11 + p2 cos φ12 + p3 cos φ13 .

(B.2)
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x3ʹ x3
φ33
φ31

ŵ
θ

φ32

x2ʹ
x2

x1
x1ʹ

Figure B.1: Transformation of axes: the system formed by x10 , x20 , x30 is
obtained from the system x1 , x2 , x3 by rotating an angle θ about the
direction defined by ŵ. The angles of x30 respect to x1 , x2 and x3 are
indicated.

Although a is not a tensor according to the standard definition [Nye72, pp.
15, 16], the Einstein convention is applicable and the transformation law
for vectors can be formulated as
pi0 = aij p j ,

(B.3)

pi = a ji p0j .

(B.4)

or inversely
The use of the transformation matrix can be extended to higher-rank tensors.
The reasoning detailed in [Nye72, Ch. 2] leads to the transformation law
for an arbitrary second-rank tensor T:
Tij0 = aik a jl Tkl ,

(B.5)

Tij = aki alj Tkl0 .

(B.6)

or inversely
For third-rank tensor, the law is
0
Tijk
= ail a jm akn Tlmn ,

(B.7)

0
Tijkl
= aim a jn ako al p Tmnop .

(B.8)

and for forth-rank,
By these laws, the properties of a material can be calculated in any direction, provided that they are known in a reference direction. For instance,
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the piezoelectric tensor of AlN is expressed in equation 1.56 for the axis x3
coinciding with the polar axis of the unit cell (see figure 1.6). The election
of x1 and x2 is arbitrary for polycrystalline films. This representation is
suitable for films with their axis x3 oriented perpendicularly to the film
plane, so that electrodes below and above can be used to apply an electric
field in x3 . However, it may be interested to grow films in a different
orientation, in order to modify the response to x3 -oriented electric fields.
As an example, we will consider a rotation of θ about the x1 direction:


ŵ = 1 0 0 .
(B.9)
Any Euler’s rotation can be translated into a transformation matrix by this
formula:


 2

w1
w1 w2 w1 w3
1 0 0
a = 0 1 0 cos θ + (1 − cos θ ) w1 w2
w2
w2 w3 
2

w1 w3 w2 w3
w32


0
− w3 w2
− sin θ  w3
0
−w1  . (B.10)
− w2 w1
0

0 0 1

In this case, we obtain



1
0
0
a = 0 cos θ sin θ  .
0 − sin θ cos θ

(B.11)

To apply the transformation law for third-rank tensors, d has to be expressed
in full notation with three indices (see section 1.1.3.1). After applying
equation B.7, the resulting d0 can be expressed newly in reduced notation
with two indices. All the process results in


0
d0 =  d31 S
d31 C

0
d33 S3 + d15 C2 S + d31 C2 S
d31 C3 − d15 CS2 + d33 CS2

0
d31 S3 − d15 C2 S + d33 C2 S
d33 C3 + d15 CS2 + d31 CS2

0
d15 C d15 S
d15 C3 − d15 CS2 − 2d31 CS2 + 2d33 CS2
0
0  , (B.12)
d15 S3 − d15 C2 S − 2d31 C2 S + 2d33 C2 S
0
0

with C = cos θ and S = sin θ. As it can be seen, while the original
representation d has only 5 non-zero components, when considering the
new reference system, obtained by rotation about x1 , other components
arise. Figure B.2 plots the absolute value of the 10 components that become
non-zero, as a function of the rotation angle θ, taking d31 = −2 pm V−1 ,
d33 = 5 pm V−1 and d15 = −4 pm V−1 .
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Figure B.2: Polar plot of the non-zero piezoelectric moduli of AlN as a
function of the rotation angle about x1 . The radial coordinate corresponds
to 1 pm V−1 per division regardless the sign.

Appendix C

Experimental determination of
piezoelectric coefficients
Measurements of the piezoelectric coefficients d31 and d33 of AlN thin films
were realized. The purpose was to provide feedback data for the fabrication
process performed in Saarbrücken . Films grown under different conditions
were tested in order to maximize the response, as a previous step to the
fabrication of the resonators. The procedure followed, detailed in [Her08],
involves the use of structures formed by the full thickness (450 µm) of a
p-doped Si wafer, the AlN film sputtered on top, and a square metallic top
electrode (see figure C.1(a)).
The deformation profile of the stack, while applying voltage between
the bulk Si and the top electrode, depends on the piezoelectric constants
of the intermediate AlN. Doppler effect vibrometry (see section 3.2.1) was
used for the measurements. Since the instrument cannot perform static
measurements, the quasi-static deformation of the stack was evaluated
instead. For that, displacement measurements were done while applying
a sinusoidal excitation, at a low frequency far away from any mechanical
resonance of the stack. The samples were glued to a holder and placed
on a probe station, where a contact tip allows electrical access to the top
electrode. An example is shown in figure C.1(b). As seen, a fringe of the
electrode and the surroundings is scanned, with the aim of obtaining the
profile along one of the planar directions.
To deduce d31 and d33 , the displacement profile measured is compared
to that obtained from FEM simulation. The software package CoventorWare
(see section 2.3) was used to build a model of the test structure, shown
in figure C.1(c). As seen, the discretization mesh is finer around the
electrode edges, as the highest stress and strain gradients are expected
there. As boundary condition, the lateral faces of the Si prism are fixed.
155

156 Appendix C. Experimental determination of piezoelectric coefficients

Contact tip (W)
Top electrode
AlN
Si

Z
(a)

Top electrode
(b) AlN

X
Top electrode

AlN
(c)

Si

Figure C.1: Experimental determination of the piezoelectric coefficients. (a)
Cross-section of the structure for testing the piezoelectric coefficients. (b)
Example of measurement with Doppler effect vibrometer. The coloured
surface is a 3D representation of the vertical displacement measured on
a small portion of the top electrode (100 µm × 100 µm), when applying a
sinusoidal voltage of 18 V at 50 kHz. The dark figure is the contact tip. (c)
Model built for FEM simulation. White lines outline the elements, smaller
at the electrode edges.

Variable values of thickness for both the piezoelectric and electrode layers
were used, coinciding with the nominal values of the different samples
analyzed. For the top electrode, an area of 100 µm × 100 µm of Al was
the usual option. The piezoelectric coefficients for the simulation are
initially fixed to an arbitrary value. A DC analysis is performed, and
the displacement profile is obtained to be compared to the experimental
data, see example in figure C.2. Note that the sign of the profile in this
example is opposite to that shown in figure C.1(b), which is just a matter
of visualization. Particularly, the step S1 and the crest S2 are taken as
reference for the comparison. Preliminary measurements showed that S2 is
mainly proportional to d31 , while S1 depends on both d31 and d33 . Taking
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Figure C.2: Example of profile measured and simulation that best fits
it, with d31 = −1.28 pm V−1 and with d33 = 3.15 pm V−1 . Definitions of
the distances S1 and S2 , taken as reference to compare simulations and
experiments.

this into account, new d31 and d33 values are fixed in the FEM model, trying
to resemble the profile obtained experimentally. The result from the new
simulation is compared and corrected again. This procedure is repeated
until the S1 and S2 from simulation and measurement match reasonably.
This characterization method helped to optimize the sputtering conditions to grow AlN films of high c-axis orientation. This translates into good
piezoelectric coefficients, and so, an enhanced response of the resonators.
In addition, the influence of the underlying surface roughness in the quality
of the AlN was studied [Aba12].
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